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ON ENTIRE FUNCTIONS DEFINED BY A DIRICHLET SERIES.“ 


By 8. MANDELBROJT and J. J. GERGEN.} 


1. Introduction. It is a well-known fact that there corresponds to every 
integral transcendental function f(z) at least one ray L, issuing from the 
origin, such that in every angle, with vertex at the origin, containing L, 
f(z) assumes each value, with possibly one exception.{ Moreover, that there 
are certain analogies between these half-lines, which are ordinarily called the 
“ Jines of Julia,” or “lines J,” of f(z), and the singularities of a non-integral 
function has been pointed out by Bloch § and concretely demonstrated by 
several authors. Biernacki ff has proved that if f(z) is an entire function 
of non-zero order, at least one of its lines J is also a line J with regard 
to all the derivatives and integrals of f(z). Gontcharoff || has shown that 
if E is an arbitrary closed set of half-lines issuing from the origin, then 
there exist entire functions of order p= 1/2 whose lines J coincidé with X, 
and entire functions of order p > 1/2 whose lines J coincide with the subset 
of # situated in the angle with vertex at the origin and opening equal to 
the larger of the two numbers m/p, 2w — r/p. Finally, Pólya has found 
analogues to several of the theorems on the singularities of a function defined 
by a lacunary Taylor series. In particular, he established recently the second 
of the two related propositions: 


* A résumé of the theorems contained in this paper was published in a note, 
“Sur les fonetions définies par une série de Dirichlet,” in Comptes Rendus des Séances 
de VAcadémie des Sciences, Vol. 189 (1929), pp. 1057-1059. 

+ National Research Fellow. 

This proposition is due to Julia. A proof may be found in Monte’, Leçons sur 
les familles normales de fonctions analytiques, Paris (1927), pp. 81-85. Hereafter we? 
shall refer to this book by the letter M. 

§ Bloch, “Les fonctions holomorphes et méromorphes dans le cercle-unité,” 
Mémorial des Sciences Mathématiques, Paris (1926), p. 15. 

J Biernacki, “Sur les droites de Julia des fonctions entières,” Comptes Rendus 
des Séances de VAcadémie des Sciences, Vol. 186 (1928), pp. 1260-1262 and pp. 1410- 
1412. See also Biernacki, “ Sur la theorie des fonctions entières,” Bulletin de V’Acadé- 
mie Polonaise des Sciences et des Lettres, Série A (1929), p. 529. 

|| Gontcharoff, “Sur les fonctions entières et les droits de Julia,” Comptes Rendus 
des Scances de V Académie des Sciences, Vol. 185 (1927), pp. 1100-1102. 
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Tueorem A.* If the maximum density + of the non-vanishing coeffi- 
cients of a power series 


œœ 
y(z)= > by, 
n=O 
with unit radius of convergence, is equal to A, then, on every are of the unit 


circle of length 2rA, (z) has at least one singular point. 


Tueorem B.} If the maximum density of the non-vanishing coefficients 
of an entire function 


00 
y (z) a 2 bz", 


of infinite order, is equal to A, then, in every angle with vertex at the origin 
and opening 2A, y (z) has a line J. 


Theorem A has, of course, been generalized to Dirichlet series,§ 


[eo] 
(1) o AO X ane (s =o + it) 
n=0 
= ào LAL à t lim w=; an Æ 0, n >Q. 
n=00 


In particular, it has been shown {| that, if 


lim (Ana—An)=G@>0 


n=O 


* This proposition is Pélya’s generalization of a theorem by Fabry. Fabry’s 
original theorem may be found in his paper “Sur les séries de Taylor qui ont une 
infinité de points singuliers,” Acta Mathematica, Vol. 22 (1898), on p. 86. For refer- 
ences to Pélya’s generalization and related theorems, see Pélya’s paper “ Untersuchungen 
über Lücken und Singularitiéten von Potenzreihen,” Mathematische Zeitschrift, Vol. 29 
(1929), p. 626. 

+ That is, if 

lim lim {N (7) — N (rE) }/(r— rE) ] =A, 
t=1-0 r= 
* where W(r) is the number of 4,’s not greater than r. Cf. Pólya, loc. cit., p. 559. 

t Cf. Pólya, loc. cit., p. 626. 

§ The condition that CA be different from zero for n different from zero is 
imposed for purposes of exposition. It involves no loss of generality except in 
Theorem VI. 

{This is a particular case of a theorem of Pólya. For references to this and 
related theorems see Valiron, “ Théorie générale des séries de Dirichlet,” Mémorial 
des Sciences Mathématiques, Paris (1926), pp. 21-25. V. Bernstein has recently obtained 
some results in the same order of ideas. “Sur les points singuliers des fonctions 
representées par des séries de Dirichlet,’ Comptes Rendus des Séances de VAcadémie 
des Sciences, Vol. 188 (1929), p. 539. 
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ad the azis c of convergence of (1) is finite, then f(s) nas at least o 
cg ler point on every segment of ¢ of length 2a/(. 
Theorem B has as vet, however, never been generalized to these sv ie. 
1 {is in part the purpose of this paper to consider this provlem. Wi 
‘s n mind the lines of interest are clearly horizontal lines parallel to 11 - 
z's ai reals, and the regions some horizontal strips. Rather, howivcr, “we 
ts» our attention to regions in which the function in «question uss. 
value, save possibly one, only once, we shall consider those in whieh 
© seach value, with the possible exception, infinitely many tinus. > i 
vef weapon in the analysis is the theory of normal families {his n o'e 


Lvecivble d'fierence in the proofs. Our propositions ar. eoro msi 
+ atd defined as follows: 

Definition. A line L, parallel to the axis of reals, is a line J u` 
on t(s) if, in every horizontal strip containing L, f(s) ussames 6 


With possibly one erception, infinitely many times, 


Defini ion. A ray L, issuing from the origin, is a half-line Je af °l 
crery angle, wih vertex at the origin, contain ng L, Pus) esscmes ere 
ta with piossibly one exception, infinitely many times. 


x 


Theorems I to IV of Section 2 are on the lines J of the series (1 
CL orem II we obtain an analogue of the above mentioned heoo « 
‘+> oularities of (1). In Theorem IIT we suppose that the Axs aro int we - 
d obtain a generalization of Pélya’s result B, weakening the condition ¢ - 
' ver or f(s). We employ in the proof a lemma of Pélye. The there - 
S ction 3 are on the lines J, of the series (1). 


241. The Lines J. Tueorea I. Suppose that the series (1) is ove 
>+ (absolutely *) convergent and that lim (AOZ G >D Tre, | 


2-00 


"+ { Z ax/G, be any horizontal strip of width 27/G, either f(s} h 


~ 


lie J in T, or else 


lim | f(su)e%*™ | = 00 
MFN 


voc ryu and every sequence of points {Sm = om + tha} such that 


2 Um „= — <, lim | tn—t E rU. 
w o mow 


The proof depends partly upon certain results found in the theo-y - ° 
47 -al families and partly upon the following lemma: 


It in known that for series of this type the axis of simple convergeme coincié 
th "oe axs of ahsolute convergence. Cf. Valiron, loc. cit., p. 3. 
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Lemma. If 0< A <d2' ++ and lim (àn/n) 2 G > 0, then 


n=O 


io) œ 
p= È Pma =a JI A/a?) (mf), jml 


m=0 


is entire, and for every positive number e 
(3) (2m +1)! | CPomss |S Ar(e) {r (1 + €)/G}™, 
where 4; (e) is independent of m and j. 


That g;(z) is entire is well known. Let then mo be chosen so large that 
n = nG/(1 +e) 


for n = no, and let 
Aale) = {n (à + 1) (G + 1)/Ai}™. 
We have for any product À = Ax,Ang* °° Atm of distinct An’s 
(4) Aadma" * Aem = krka’ + + Fem{G/(1 + €) 3”. 
In fact, if each factor Ax, is less than Ang, 


(5) Aer = Akyke eS emà” /no” 
> Akika +  km{G/ (1 + À Jr 0a/ (Ge) }” 
= kika’ i -bm{G/ (1 + 6) }" 


whereas, if no factor is less than Ang 
(6) AZ kilo’ + + Rem{G/(1 + €) J” 


and (5) and (6) together show that (4) holds in general. 
Now for m = 1, 


00 co cO 
OPa |= SY Ye SY (Ande t t Nem)? (kp £j) 
kl kakı+1 Kkm=km-14+1 
= fo 3] oo [2,9] , 
LAUH.) D oo D (kika: + + lem)? 
kizi kakytt kmekm-itl 


= AP {r (1 + €)/G}"/(2m + 1), 
the last relation being deduced from the identities 
co eo 
ait TI (1 + 22/n?)= sin ris = i $, (ma) ?™8/(2m + 1)! 
1 m=0 


Accordingly, since 
| QP | =1 5S 4,', 


(3) holds with 4: = @A2”. 
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3 ? ny 7 ” grar t . + 
.2. Returning vow to the proof of Theorem I, we consider the w 


CO 
1) i (s) = p> CP ama feme (s), 
m=0 
ver the CH s., are defined as above. From the inequalities 


(>) Pet max | f(s) (Se ma, Lh 


` 


¿muce that the series (7) converges uniformly in every close} vojo, 
© d ince that },(s) is entire. Moreover, denoting by F(s) the serics 


fe) 
F(= X | an | om, 
, ` n-o 
-hoye for ¢ 220 . 
x oe) 
pet y | an (- - An) 27ga | == pomel > | Qn | Anti lea 
aul ni 


SD pint | Fewo (0) l 
S (2m +1)! F(—r), 
tlt in the series (7) it is permissible, when o 220, to replace "10t (+ 
aS 
it pansion Man( Aa) te and to change the order of sumination 


1 
© ths is done, we get 


x 
() bi(s)= - 2 uf (An) ens = -- jg, (Ap) e™S, 
nat 
«i, being valid for e 20, is valid throughout the plane. 
“rom (9) it now follows that for every positive e 


“yy | jg; (Age? |S d(e) maximum | f(z) | = As.V(s). 


1778, = TE 


Toor, e=(9 -f ¢)/G, and d; is independent of j and s. In fact, 


Pes) 5m +1) 1 {G/ (r +e) PLN (s), 


ia 


jy (Ajo | = | oj (s) | 
Cc 
SD | OPa | | (e) | 


m-O 
S A (e)N (s) pa {2r/ (Rm + €)}2" 1 
— alg(e).V(s), 


Tek =e (r $+ e). 
“eu tions of this type have been used in similar circumstances by several authors 
rae ences ste Valiron, loe. eit.. pp. 21-25. 
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With the aid of (10) we prove that, if for some u the function | f(s)s* | 
is bounded on a sequence of points {sm = om -+ ttm} satisfying (2), then, no 
matter how small the positive number e, the family of functions 


(11) fn(S) = f(s — 2nx/@) (n= 0,1,2,-* *) 


is not normal * in the square Rs 


[o| <(w+ 3)/@, | t—t| <(+3e)/G. 


This, of course, is sufficient to establish the theorem. For under these circum- 
stances there is at least one point in R, at which the family is not normal,t} 
and thus, since e is arbitrary, there is at least one point s’ =o” + i’ in the 
square Ro 


to|0/G, |t—t|S~/G, 


at which it is not normal. Accordingly,{ in every horizontal strip containing 
the line t= ?’, f(s) assumes each value, with one possible exception, in- 
finitely many times. Hence the line tT is a line J. 

We observe firstly that, if | f(s)e** | is bounded on some sequence of 
points satisfying (2), then |f(s)] is bounded on a set of points 
{Sm = Om’ t ttn’} such that 
(12) lim ow =— o, |t—t| S(r + 2)/G. 

m= 
In fact, if the contrary were true, we should have for all n sufficiently large, 
say n È m, 
| fa(s) | >1 


for all s in the square Rz 
|o|S(r+2)/G, |t—t| S(r + 2e)/G; 
and thus, by a theorem of Mandelbrojt,§ for all n =, and s and z in the 
square R, 
[o| S(r +e)/&, |t—i] S(7+0)/G, 
it would follow that 


(13) log | fa(s) | San, log | fa(z) |, 


* For the definition of normality see M, p. 32. 

1M, p. 34. 

tM, p. 61. Evidently the normality or non-normality of a sequence of functions 
is independent of any finite group of functions. 

§ Mandelbrojt, “Sur les suites de fonctions holomorphes,” Journal de Mathé- 
matiques (Liouville), Vol. 18 (1929), p. 176. 
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where &g, is independent of s, z and n. But, on the other hand, because of 
(10) and our assumption as to the boundedness of | f(s)e%* |, we can choose 
a subsequence {fn,(s)} from the sequence (11), and two sets of points 
{a}, {a}, all contained in R,, such that 


lim (ng! log | falz) | )== ©, 
k=% 
0 < log | fay (2) | < Aane, 
where A. is independent of k. We thus have 


lim {(log | fm (2) |) log | fn) |} = ©, 


which evidently contradicts (13). Hence the boundedness of | f(s)e%? | 
implies that of | f(s) | itself. f 

To complete the proof we have then only to show that, if | f(s) | is 
hounded on a set of points satisfying (12), the family (11) is not normal 
in We For this we observe that under these conditions a subsequence 
{fn,(s)} can be chosen from the sequence (11), together with two sets o: 
points {z}, {2x}, all contained in Ra, such that 


lim | fru(2e) |= 20, | fma) | Ae 


where .{, is independent of k. It is then evident that the sequence {fn,(s)} 
cannot converge uniformly to a holomorphic function in R», and that the se- 
quence { | fa (s) | } cannot become infinite uniformly there. Thus the family 
{fa} is not normal in #,; and the theorem is proved. 

2.3. In our next theorem we employ the notion of order, as defined 
by Ritt,” of an entire function f(s) represented by an everywhere absolutely 
convergent Dirichlet series. This order, which we shall call the R-order of 
f(s), ts, by definition, the + 

lim {(—«)-) logs M;(o)}, 

g=-00 
where Mr(o) is the least upper bound of | f(s) | on the vertical line with 
abscissa o. It is to be noted, firstly, that the R-order is a natural generaliza- 
tion of ordinary order, inasmuch as the R-order of the entire function 


* Ritt, “On Certain Points in the Theory of Dirichlet Series,” American Journal 
of Mathematics, Vol. 50 (1928), p. 77. 
+ By definition 


ie _ flog log A, A>lL 
tog 2 A= 4 "9 ; AZ. 
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= 2 ane” 


is equivalent to the ordinary order of y, (z)= y(— log z), and secondly that, 
as in the case of ordinary order, we have the fundamental theorem,” that 
the R-order of 


oO 
f(s)= 2 Gne7 8 
n> 
is p when and only when 


(14) lim {(An log An)“ log | an | } = — 1/p, 
n=00 % 
this conclusion holding if the series is everywhere absolutely convergent and 


lim (A,/logn) > 0. 
n=00 
This formula (14) is important for us. By means of it we are able to 
eliminate the second of the two possibilities of Theorem I. We prove 


2.4, THxorpm II. Jf the series (1) is everywhere (absolutely) con- 

vergent and lim (àn — àn) = G > 0, and tf the R-order of f(s) is = p > 0, 
n=00 

then f(s) has a line J in every horizontal strip of width 2x/a, where « is the 

smaller of the two numbers 2p and G. 


The proof rests on the two following lemmas. 


Lexma 1. If 


mama Uy AOS ee EG CTE eee 
then, for 7 = 2, 
oO 
(15) G3 S 16mpj? | ga (mj) | = 1623 Vy’ | 1 — p5?/pn? | (n j). 


We have, writing py = (j + n) G = pG, 

| gi (ua) | = pa (u? /B? ia — 1) (1 — m? / jt) ii (1 52/pn® — Dia — py? / pn 
j-1 co 
= jG/(j +2)? g (u? /n? — 1) H, (1— p?/n?) 
j-i wo 

= jG8/{ys?(j + 2)?} I (u? /n? —1) ah (1— p/n’). 

Hence, if 0< 7 <1, 
| 3293 (us) | = JG | sin wy | /{4r (7 + 2)3y(1 — n) }- 


* Ritt, loc, cit, p. 78. 
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Now 


| sin wy | = W% (1—7), 
so that 


| vs?gi(us) | = 78G8/{2x(7 + 2)9} > G3/ (167r) 
and (15) holds for 0< <1. But g;(z) is a continuous function of z; 
hence (15) also holds for 7 = 0. 


Lemara 2. Let e be an arbitrary positive number, and T’, |t—t| 
S(r + 2€)/G, an arbitrary strip of width (r +- %)/G. Then under the 
hypotheses of Theorem II, 


lim {(—o)+ log: M;(o,T’)} =p, 


g=-00 


where Milo, I’) is the maximum of | f(s) | on the segment of the vertical 
line of abscissa o contained in T”. 


We first choose a positive integer no so large that 


Nasi — An = rG / (2a + e= Gy 


when n = no — 1, and then select a sequence of numbers mi, pe,* * * COD- 
taining the sequence àn, Angi,’ © * and such that 

(16) nG, S yn <n +1)Gy pan — pn = G1/2 

for n=1,2,:--. 


Now, writing 


cae] 
h(s)= X anes 
NENy 


o9 œ 
91(2)— È OPi —= 2 IE (1 —22/un?) (nj), 
bi n= 
we have, as before, 
oo s co 
$3(8)—= D CPomah?m? (s) =— X angs (An) ee; 
mz NEN, 


and, in particular, if j» denotes an integer such that pj, = An yx, this reduces to 


Pin (S) = — Anok ir (Bir) Or. 
Hence, by Lemma 1, 


0< As(e) l Angst Etot | = Angst” | $3,,(S) | > 


where A, is independent of sand k. But, by the lemma of Section 2. 1, 


| bin(s) | Sauls) È (m+ 1) 1CP ama {G/ (w+ 2) J 
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SAs(«)Ma(s) È [Gla + 6)/(Ga(w + 2) (2r +0) ) 12 


ee] 
== AWa(s) Z {Cr+ e)/(x + Re) Pmt 
= Ag(e) Ni (8), ; 
where W,(s) is the maximum of | A(z) | on the circle | s— z | = (r + 2«)/G, 
K = e/ (2m +e) and A, is independent of s and j. Accordingly, we have 
for m= no and all s 
(17) 0 < Ar(e) | ane? | S M?Na (8), 


where A, is independent of s and j. 
By employing this inequality, it is not difficult to show that 


(18) lim {(—o)~ loge Milo, T’)} 2p, 


where M(c, T”) has the same meaning with regard to h as M;(o, T”) has with 
regard to f. Suppose that ô is arbitrarily small but positive. Let 


on ==— {(1—8)p}* log An. 


Let Sn be the point on + it and let sa’ = oy" + it,’ be the point on the 
circle | s— Sa | == (7 + 2«)/@ at which | A(s) | is a maximum. Writing 
P = exp [—p(1—8) (x + 2)/G] 

we have, from (17), 
(19) exp [p(1—8)on’] log Mx (ax’, 1) = p exp [onp(1 —8)] log Na (sn) 

= Prat [log(AAn®) + log | an | + {e(1 —8) JAn log An] 

= P log An [ (An log An) log (Arw?) 

H (An log An)“ | an | + {o(1 —8)}*]. 

Thus, from (14), 


lm {e%'P1-8 log Mr (an’, T’)} = 03 
n=-00 


and this, of course, proves (18). 


To conclude the proof of the lemma it is necessary now only to observe 
that 


M;(o, T’) = My (co, T’)— Bere, 
where B is independent of o, for this implies that 
g=-00 


lim {(—o)-! log, M;(o,7”)} = lim {(—«) loge Mr (0, T’)} = p. 


2.5. As a consequence of Lemma 2, Theorem I, and a theorem due to 
Valiron, the proof of II is almost immediate. Let us suppose that T, 
|¢—t|S-/a is an arbitrary horizontal strip of the plane. Then if e is 


; X= a{l1—e), and Te is the horizontal +t: 
- 2i 52 'a,. we have 
lim {(— e) log, Milo, Tà) } > %/2, 
o--& 
v hero Ue(o, Te) has the same meaning with regard to Te as Mr(o, 4") hi 
ancegarë to 7. In faci, 


Aco 


‘) 


Ut 


N 


e 


aa 
ee ONS? 
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LUNCTIONS DEIINED BY A DIRICHLET SERIES 


wiry hut positive, 


Qa/%_ = Ma/{G(1-—«)} > 2hr + 2) /G, 
O ons 


p= aH (1—e)} > @/2. 
Now. according to Valiron,* if £(z) is holomorphic in an anu: 
ring on angle S, the latter having its vertex at the origin and an ope 


y iadi 
Tim {(-—log r)-t logs Mg (r, 8)} > y,?, 
ri 


LIR ‘) is the maximum of /(z) on the are of the circle 
of ad iu N 


| then £(z) assumes each value, save possibly onc, on er 
sequence of points in S’ admitting the origin as a limit point 


- thea th transformation z = es, we find that | f(s 
hace OF points {8u = ow -+ 


+ ilma} such that 


Is DOLD u 


fim o 


1 =- - Bw, eee a= -a(l +e), Xe- 
how 


his together with Theorem I is sufficient to establish II, fox 


lim (A, n) = G > % (1 +e), 
aN 


tu refore in the strip 


t- Li S e(l + e) /ze 


But ¢ is arbitrarily small and ge— z tends to zero sit. « 
a line J in T. 


Tas a line J, 
here is 


Ju. When the A,’s are integers the conditions on the gaps in Theo vu 


be mad: onore general, Pólya + has shown that, if an entire ‘uretia 
v order p is represented hy a series 


oo 
w(z)—= È are, 


n-O 


ich the maximum density of the sequence {An} is A, then Y(2} i 


liron, “ Ponctions entières ct fonctions méromorphes d'une variable,” Memoriu 


15. 
Polya. doe. cit, p. 622, 


, 


12 S. MANDELBROJT AND J. J. GERGEN. 


effectively of the order p in every sector S with vertex at the origin and 
opening 27A. That is to say, 


lim { (log r) log, My’(r, S)} = p, 
r=00 


where My’(r,S) is the maximum of |y| in the are of the circle |z|—r 
contained in 8. By observing that* lim (A,/n)=1/A and employing this 


n=00 
result rather than Lemma 2 in Section 2.5, we deduce 


THEOREM III. Suppose that in the series (1) the ws are integers, that 
their maximum density is A, and that f(s) is an entire function of R-order 
=p>0. Then f(s) has a line J in every horizontal strip of width 2x/a, 
where « is the smaller of the two numbers 2p and 1/A. 


2.7% We conclude our theorems on the lines J with the following: 


THEOREM IV. If the series (1) is everywhere (absolutely) convergent 
and lim (Anu—An)= 0, and if f(s) is of unbounded R-order, then every 


n=00 
horizontal line is a line J of f(s). 


This is evidently an immediate corollary of Theorem II. 


3.1. The Lines Jı. Turning now to the lines J, of a function repre- 
sented by a Dirichlet series, we prove 


THroreM V. Suppose that the series (1) is everywhere (absolutely) 
convergent and that lim (A,/n)=G>0. Then if L, s==re! (r=0), 


n=00 
be any ray issuing from the origin and lying in the left-hand half plane, 


oS 0, either L is a half-line J, of f(s), or else 
lim | f(8m) | = œ 
m=CO 

on every sequence of points {sm = me} such that 


(20) lim tm= ©, lim m= ð. 
m=00 m=O 


The proof rests on the inequality (10) of Section 2.1. We show that 
if | f(s) | is bounded on a sequence of points {sm} satisfying (20), then, no 
matter how small the positive number £, the family of functions 


fu(s) = f(2"8) (n= 1,2,- + °) 


is not normal in the region S, 
2<r<i, |o—6|<z (s = reh). 


* Cf. Pólya, loc. cit., p. 559. 
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T is «esin Theorem I, is sufficient to prove V, for under these circumsia n 
we must be a point on L at which the family is not normal; thus 4 i> 
e Jan 

We observe that if the point $=6-+ if and the number 7 are so chox ` 


at ike cirele C, 


boi ge 


| s—s | =, 
`> e1‘irely contained in S as well as in the left-hand half-plane, ther 


J: lim .V/,(s)= œ, 
nN 


wee My (x) is the maximum of | f(s) | on C. In fact, we hase 
É Nn (S)= N4 (sa), 
wo No(s.) is the maximum of |f| on the circle Ch, 
S&S 2h, Sa = DMS. 
Sov the cirdes Ca are, for n great enough, of arbitrarily large vacii: . 
ts. by the inequality (10) of Theorem I, we have, for all large volw s > 


Ny, (8a) 2 AE, 


woe tis imlependent of n. Thus, by (22), we get (21). 
Krom (21) and the houndedness of | f(s) | on the points {s} it cenlo 
uncolately that the family is not normal in ð; and this completes the pii 
32, The second of the two possibilities in the preceding thor <. 
( tainatec in certain cases. In particular, since 


IGIS È al, 


id the series on the right converges, we have 

Tarore VI. Under the hypotheses of Theorem V, the uppe a 
wee halecs of the imaginary axis are half-lines J, of f(s). 

r.. Another way of eliminating this possibility is to make cit 
vp theses as to the order of f(s). Thus: 

“arene VII If the series (1) is everywhere (absoluteluy ioni cy 
wim (A. y- An) > 0, and if f(s) is of non zero R-order, then every t 


DS 
re. suig from the origin, and lying in the left-hand half-plone, is” | 
ta of f(s). 


‘This theorem is a particular case of VI when the line coincides w 
“as “riaginary axis. Let us then consider a line L, s= re” (r 2 1). a 
w 32 <A < 32/2, and the values of ' f(s) | in the angle X, 


it is readily verified that this conclusion holds for any exponential polyr mn 
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o<r, [0—48) <6 
where ¢ is any arbitrarily small positive number. We shall show that 


[f(s) | S1 
on a sequence of points {zm} lying in S and such that | zm| becomes infinite 
with m. Because ¢ is arbitrary, this is, by Theorem V, sufficient to prove VII. 
We prove firstly that 


(23) Tim {(log r)- loge If’ (r, 8)} = ©, 
T=00 


where M’(r,s) is the maximum of | f(s) | on the segment of the circle 
| s | = r contained in S. For this we choose 0 < @ S lim (Anu: — An) and em- 


T= 
ploy the results and notation of the Lemma 2, Section 2.4, with the exception 
that in this case we denote by sn the point whose real part is on and which 
lies on L. We then have for large values of r, rather than (19), 


eet-Bon’ Jog | h(s) | = Pee log | h(sn) | 
= P log An [ (An log àn) ~t log (AzAn) 
+ (An log An) | ax | + {o(1 —8)} 7], 
where p is finite, positive and less than the R-order of f(s). Hence 
lim [erað log | h(s) | ] = 0. 
n=00 


But 
on S — |s |b, 


where b is the smaller of the two numbers | cos Goan) |, | cos 6+8) l. 
Hence, since 
| f (S8n’) | = | h(s) | — Beds’, 


where B is independent of n, we get 
Fim {Clog | ss’ |)“ loge | F(s) |} = œ, 


which justifies (23). 

To complete the proof we now need only apply the theorem of Valiron 
for an angle, as stated in Section 2.5 for we are thereby assured of the 
existence of the sequence of points {zm} lying in S on which | f(s) | is 
bounded. 

4. In conclusion we remark that we are not prepared to state whether 
it is possible for the second of the alternatives of Theorem I to be fulfilled. 
The same may be said for Theorem V. Another problem which suggests 


itself is that of determining under what conditions a Dirichlet series has a 
line J. 


ON SETS OF POLYNOMIALS AND ASSOCIATED LINEAR 
FUNCTIONAL OPERATORS AND EQUATIONS.” 


By I. M. Suerrer.t 


I. INTRODUCTION. 


La {P (r)} (n =0,1,:>-) be an infinitive sequence of polynom l 
t hat P.(s) is of degree not exceeding n. As we sbail be cus’. ¢ 
it. With sequences having this property, we shall refer to sacha - pn. 

i. asa se’. We consider in § H an algebra of sets of pulynomial. ¢. 

i garelut P. Associated with a set is a triangalar infirite ri 
» de ivpe used in summability theory for series; and the properties ot +4 
osina wom consideration of these matrices. 

VC consider integral and non-integral powers of a set, and aor]: h 
© e elation, to solving linear equations in sets. Then power sree. 
‘consid red, and applied to implicit functions of sets and 10 “hy ene 
neers te equation. Characteristic polynomials correspording to o sd gn 

caed, aud in terms of them a canonical form is obtained er : 
Fo aly., we taxe up as a particular case the set M which correspopes to <h 
“oa meetix (in divergent series theory), and determine conduits o 


4 


t 


t P be commutative with JM. 

S H is devoted to the analytic aspect of the theory of sets of pob «pu 
‘1.1 P gives rise to a linear functional operator L (and hess te e 
:i on), which can be expressed as a linear differential operator of inton 
.1 Ti nossesses characteristic functions which are precisely ils cas 
ev -ti¢ polynomials already introduced. Associated with D is a serous 
opon tor, Æ, which possesses the same characteristic nui rs a L 
“ase cheracteristic functions are formal power series. The treaties 
s focwal, Tn terms of the characteristic functions of L and 4 we ca: 
. ‘ai? dormal expansions of functions and solve formal y the Tirear Yiu 
voaa equations that arise. 

IV we take up the systems of linear equations in infini ly wor 
“was vhich arise from sets. By replacing characteristic polynomials h 
ay, forist e vectors, much of the preceding theory can he applied. 

> esented to the Society under the two titles “On Systems of Polynomials vhu 

ts mutable." (Dec, 1928); “The Linear Functional Operators and Equetion 

ci “ed with Nets of Polynomials,” (March, 1929). 


i Nations] Research Fellow. 
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It may be of some value to indicate the position of the present paper 
with respect to related publications. The algebraic aspect of sets is an at- 
tempt to generalize the permutability property enjoyed by the so-called Appell 
Polynomials.” 

On the subject of linear differential equations of infinite order, it is 
necessary to mah mention of the fundamental memoir by Bourlet,} where 
it is shown that linear operators are formally equivalent (in the field of 
analytic functions) to differential equations of infinite order, and where an 
equation for the “resolving” operator is obtained. Subsequent works on 
special equations have been published by von Koch, Perron, Hilb, H. T. Davis, 
the present writer, and others.{ 

The use of the adjoint equation (that is made in § III) was suggested 
by the equation for the resolving kernel derived in a previous paper § for 
quite a different equation. This concept we believe to be useful in even more 
general linear differential equations than are considered here. 


II. THE ALGEBRA OF SETs. 


1. Integral Powers and Permutability. Let {Pa(x)} be a set of poly- 
nomials. We denote the set by P, and consider P as an element in an algebra 
subject to the two rules of operation: 


(i) Addition: P+ Q is the set {Pa(x)+ Qu(x)}, (n=0,1,- °°). 
(ii) Multiplication: Let 

Pa(t)= pao + Pmt +++ © F pant", Qn(%)= qno + Ime +: + ++ Gun”. 
Then PQ is the set {PQn(v)}, (n =0,1,---), where 
(1) PQn() = PuoQo(%) + PnrQi(@) + * * + Panga (T). 


* Appell, “ Sur une classe de polynomes,” Annales Scientifiques de VEcole Normale 
Supérieure, (2), Vol. 9 (1880), pp. 119-144. In a later footnote we give the definition 
of these polynomials. 

7 C. Bourlet, “Sur les opérations en général et les isats différentielles linéaires 
d’ordre infini,” Annales de VÉcole Normale Supérieure, (3), Vol. 14 (1897), pp. 133-190. 

+ References can be found in H. T. Davis, “ Differential Equations of Infinite 
Order with Constant Coefficients,” this Journal, Vol. 52 (1930), pp. 97-108; I. M. 
Sheffer, “ Linear Differential Equations of Infinite Order, with Polynomial Coefficients 
of Degree One,” Annals of Mathematics, Vol. 30 (1929), pp. 345-372. 

§ I. M. Sheffer, “ Expansions in Generalized Appell Polynomials, and a Class of 
Related Linear Functional Equations,” Transactions of the American Mathematical 
Society, Vol. 31 (1929), pp. 261-280. 
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It is easily seen that the usual laws of association and distribution hold, 
as does the commutative law for addition; and that in general multiplication 
is not commutative. 


Definition. If PQ = QP we shall say that the sets P and Q are per- 
mutable.” A necessary and sufficient condition for permutability is given, in 
terms of the coefficients pj, qaj, by expanding PQ and Q ` and equating like 
powers of a. 

Given a set P: Pa(t)==pao+ poe +` ` + pant, (n=0, 1, +>). 
With P we associate the triangular infinite matrix Mp: || Mar ||, where 
Mas = Pnr (k = 0,1, +, Nn; Man = 0, k >n); and we observe that 


P+ Q in sets becomes Mpig = Mp + Mg in matrices; 
PQ in sets becomes Mpg = Mp: Mog in matrices. 


The algebra of sets is, then, essentially the algebra of the associated infinite 
matrices; and we can rewrite the properties of matrices in terms of sets. 

Notation. I:In(æ)=zs* is the identity set; D:Dn(x)—= dnr? is a 
diagonal set; : 

S: 8,(2)= sx" is a scalar set. 

I, 8, and 0 are the only sets permutable with every set. 

Definition. For every positive ł integer i, Pt == PP* is the i-th power 
of P, and we write Pt: {Pa*t(r)}, (n= 0,1,:-°-). 

P? is uniquely determined from P, and is permutable with P. 

Definition. P4:{Py1(z)} is defined by [—P°==P(P); and 
Pr: {Px®(x)} by P-P = P(P*), 


Definition. P is non-singular if Pn(w) is of degree exactly 2, 


(n=0,1,-- +); otherwise singular. 
P-1, P-*,- + - exist if and only if P is non-singular; and when this is so, 
P-1, P-,- ++ are uniquely determined, and Pa*(s) is of degree exactly a. 


Further, P+, P? are permutable for all integers i, j. Some immediate 
corollaries are: { 


* An interesting system of permutable sets is furnished by the Appell Polynomials: 
If P (0), Q,(@) are defined by 
oO 
BESS ae (ev) tn/n!}, Bi) oe —= $0, (a) in/n}, 
then P and Q are Saniute, and, in fact, the set PQ is given by 
A(t) B(t)eto= 5 PQ, (2) tn/n! 
0 


Par 
t When negative powers are used it is assumed that P is non-singular. 


2 
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m t 
(i) àiPt and $, w,Pi are permutable.* 
a j=-8 


(ii) PiP! = Ps, i, j any integers; and (P*)i==(P5)i = Pi, 

(iii) If P is non-singular then the only set Q satisfying the equation 
PQ=0 is Q =0. 

(iv) If P is non-singular then a necessary and sufficient condition that 
Q and È be permutable is that POR = PRQ. 

(v) If P and Q are non-singular then (PQ) = QIP. 

(vi) If P and Q are permutable, so are Pt and Qi, i, j any integers; and 


m t mt 
so are f S AiP4, = riQJ;and >, AizP*Qi is permutable to P (and to Q). 
dom] =-8 isje-L-s 


(vii) If Pan is the coefficient of z” in P,»(x), then Pan? is the coefficient of 
x” in Pat (z), i any integer. 


2. Non-Integral Powers. Till now we have considered only positive and 
negative integral powers, It is however desirable to have the complete con- 
tinuum (real or complex) of powers. 


Definition. The numbers {pn = Pan}, (n=0,1,-- +) in Pa(t)= Pno 
+++ +++ pant” are the characteristic numbers } for P. 


COROLLARY. The characteristic numbers for Pt are {prt}, i any integer; 
and if s(A) is any polynomial, the set s(P) has the characteristic numbers 
8(fn). Moreover, if P, Q have the characteristic numbers {pn}, {qn}, then 
PQ and QP have the characteristic numbers {pngn}. 


Definition. P is complete § if Dm Æ Pa, (m Æ n). 


Definition. Let o be any number (real or complex). Then P° is any 
set which satisfies the two following conditions: 


(i) P* is permutable with P; 
(ii) the characteristic numbers {pa} for P* are given by ] pn“ = pn’. 


* These series may extend to infinity in both directions, provided convergence takes 
place. We shall consider this point presently. 

+ See preceding footnote. 

{The reason for this name will appear. It should not be overlooked that the 
characteristic numbers form an ordered set of numbers. 

§ Our use of the property of “completeness” is such that its definition can be 
widened to include a more general class of sets. We shall return to this remark in 
a later footnote. 

T We may agree to choose the same determination (for all n) of the logarithm 
in Po = ec log pn, 
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We obrve that for o = i = integer, this definition coincides with iat 

io ady givn ror PÈ 

L ata. t P be complete, and let {qa} be an arbitrary set of state os 
ssri ristis u unique set Q with characteristic numbers {qa} which i 

nt bhl ëh P. 

lome ‘olovs from a consideration of the equations resultine s hen o3 
au- PO with QP. 


{ 
{ 


“i EOREM. Jf P is complete there exists at least one set PE vor ero tu 
seal part is positive; and if in addition, P is non-singular there i «s 
rf one LE for all a. 
Ine h perts of the theorem iollow from the preceding lemma. Trei 
: st wore than one P7 is a consequence of the mary-vuluedacs~ of s» 
‘o integer. 


LEMMA. The properties PAPE = PB, (Pe) — P83 nole forel? g 5 

Aypplicution to Equations in Sets.t Let s(A) be ‘he polyni cis: 
S(A) == SA + SA? + + + 4 SpA? 

1:4 P boa givn set. We seek a set Y which satisfies the equation * 
(03 SX + sA +--+ yy Ve P. 


‘a4 tho characteristic numbers of P be {pa}. If X exisis then P, bon, 
o' > omi:l in Y, is permutable with X. Also, {za} being the character -ti 
r moors of X, 
vo) SEn + SEn? + + + + Spt” = pn, (n= 0, 1,- °°). 
Cam usely, any set V, which is permutable with P and whose character +t’ 
powe sow, satisfy (b), is a solution of (a). By a preceding lemma, | 
i cc nplete such an X can be found. Hence 


> 


Faoi”, X is a solution of (a) if and only if it is permutae ivr? 
“+s its characteristic numbers {a} satisfy (b). If P is compiere, i> 
ro erists a! least one solution X. 


Ti, is to be understood that when any determination of the many-valucd fum tio’ 
ve vi has beeu made on one side of the equation, then a suitably chosen detotnin- 
an uu the other side will make the equation a true one. 

the methods here used apply equally well to equations in square motrices (se. 

< oi aj, when the given matrix has 2 linearly independent invariant directions 

If sf\) contains a constant term s, we can reduce the case to (a) by irar: 
oun sI to the right. 
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In a similar manner we can treat the set-equation 
(e) LX + LX? p- o o mP, 


where Lu’. +, Lp are permutable with P. Letting ln, pn, ta be the char- 
acteristic numbers of Li, P, X, we obtain the 


THrorem. If X is a solution of (c) then the xn satisfy 
(d) bn Paty InP an? + + Man = Pr, (n=0,1,:°-). 


Moreover, tf P is complete, there exists at least one solution X which is 
permutable with P. 


And we can equally well consider the set-equation 


r: 
(e) D Li... irata «+» Xr = P 
ta eens ig=0 
in the & unknown sets X;,: * +, Xu, where there is no term independent of 


the X;, and where the Li,...i„ are sets all permutable with P. 


THEOREM. If a solution X1,--+,AX% exists, then the characteristic 


numbers EnV, (l== 1, ` +, k) satisfy the equations 
p 
(£) D pa gpp Diag Di e - pp O it = p,, (n=0,1,° °°); 
dys eee 1420 


and if P is complete, there exists at least one solution X1,---,Xx, each X; 
permutable with P. 


4. Power Series in Seis; Characteristic Equation. Let QY, QU,- 
be an infinite sequence of sets. We may then form the series 


(1) l= FQ, 
k=0 
and ask when this symbol is itself a set. 


Definition. The series (1) converges if 


s Ry T 


n =0,1,2, 
i= 0,1, n? 


qni = lim 5 qmi™® exists, { 


s=00 k=0 , 


and the sum is the set 


Q: {Qn(2)= no + Init + err + Gnn&"}. 


If Q\ == f,P*, where the fys are scalars, we have a power series in 
the set P: 


SETS OF POLYNOMIALS. $a 


FP) = È fal. 


k-09 
Lt M be a square matrix of order n, and let its n characteristic numl. i» 
e Àn tAn. Then it is known that 


LEMMA. Jf Ay,° cAn are distinct, a necessary and sufficient condii or 
x oo 

5 X fl converge is that the series f(z) = X, fra? converge “n, 
0 0 


Nett yApg ond if àn’ ',àn are not necessarily distinct a suta.. 
o liwa for convergence is that for each distinct à (of order s, suy), ©: 


s Mee FIX). EA), © e, FEE (A) shall converge. 


To apply this lemma we make the following observations: 
J] P is any set, its associated matrix Mp has the characteristie sain 
- grotto. If we denote by Mp, the matrix consisting of the first n-'- | 
w sud columns of Wp, then Mp, has the characteristic numbers py. + +. 
wa t) tt the lemma applies. Furthermore, the operations P + Q. PQ % 
bor sjuivaents Mp o = Vp + Mo, Mpo = Mp: Mo give rise to tav ap o 
host Wipe. Up, + Me, Miva, = Mpa Me, As we let n terd to in 


` 


‘iy. then, there results the 
WrEORIM. If P is complete, a necessary and sufficient cond on 
i OO is.) 
sos res (P) =} f-P* converge is that $ fiz" converge for z-= n 
o a 


C + 0.1,- -); and for any set P a sufficient condition for convergente . 


“o> eneh distinct pi (sey of order s;), the series f(p.). 7C) 
~. oT (pı) shall converge. 


, 


Xx 
COROLLARY. If f(P)-= 3 frPt converges, its characteristic numbers ar 
oO 
ae ian ee 
Conontany. f(2?) is permutable with P. 


xX w 
Let f(z) =X r, (2) = $ s.: (z) be two expansions for the analvtic fene 
(0 0 


~ Yv 
ca a). Tf Bira(A) and X sa(4) both converge one may ask it ihe 
0 (E 


cite sane sum-set, But first: what are we to mean by radi) s (1 
T r +) ond s-(2) are polynomials there is no difficulty. But if they m 
ro, neret anulytie functions, ra (41) and s,(.4) must be deiined, Wo meh 
O inition: Let f(z) be an analytic function. Then (P) is any se 
1g Ce conditions 


vis pamissible. 


wa 
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(i) f(P) is permutable with P; 
(ii) the characteristic numbers f, of f(P) are related to the pa of P by 
F(Pn)= fn, (n=0,1,- + -). 

It is to be noted that given f(z), f(P) need not exist for every P, and 
for two reasons: (1) some p» may be outside the region of existence of f(z) ; 
(2) even if the f(pn) exist, it does not follows that a set with these char- 
acteristic numbers will exist and be permutable with P. Further, if f(z) 
is multiple-valued, f(P) if it exists, will not be unique. 

With this definition we can now establish the 


wo 
Tuuorem. Let f(z) = > re(z) converge at z= py, (n=0,1,--°-), 
ie=0 


co 
where f(z) and the ru(z) are analytic functions. Further, let F, (P) 
k=0 
converge. Then its sum-set is f(P). 
Proof. Let Q be the sum-set. 1,(P) is, by definition, permutable with P. 
We then find by direct multiplication that QP = PQ. Again, the char- 
acteristic numbers of r,(P) are {7:(pn)}, so that qn = $ T~ (pn). But this 
k=O | 
is f (pa). Hence Q =f (P). 
Two interesting examples of power series are e? and log(1 + P): 


e? =I + P/1! -4 P?/2! +; log + P)= P — P2/2 + P3/3—-:-. 
If P and @ are permutable then we have the functional equation e? - e@ = eP*9, 
Let f(x,y) be analytic in (x,y) in a region about (0,0), and suppose 
f(0,0)== 0, 0f(0,0)/dy540. By the implicit function theorem there exists 
o0 
a function y (£) = È yaz” analytic about z = 0, with y(0)== 0, which makes 
n=0 


f(z, y)=0 in z. Now let P be a variable set, and consider the set-equation 


(a) f (P ? Q)= 0, 

in the unknown set Q. There exists a solution in the form Q = 5 Yn P” 
n=0 

provided the characteristic numbers of P are sufficiently small; and Q is 

permutable with P. 

Given a set P. To its components Pn(z) there correspond finite char- 
acteristic equations; and to P itself, under suitable convergence conditions, 
there corresponds a transcendental characteristic equation. The precise rela- 
tions are given by the two following theorems. 


THEOREM. Let 


(1) An(A)—=(A— po) (A= pa) ++ (Apa), (n = 9, 1,+ + +); 


prow 
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An(Pn)= 0. 


A (A) = no + Òn À + sone -+ Sand", 


Snol?..9 (a) - Sala! (2) + + Baral et (ry) 0, (a =O 1: 


i Mp derote again the matrix of the first n +1 tows and. lip 


ce Theon (X) is a restatement of the fact that Mp, satisies ds uii > 


( woLLARy. We also have 

ò POr ò Paitr) + wa oe + Baal") (a) == 0, (2 OL, 4 
ToT. Let the complet: set P have the characteristic aun bees {p 
roealyte Mupetian A(z y= SEE er'sis such that the series e, A 


9 
Vd) æl converge, and such that A(z) vanishes ot ond s'ia 


© E sutisjes the “ characteristic ” equation 


A(P)=0: $ aP = 0. 


mt 
Pwoif. By a previous theorem A(P)== > 8&2?" converses, are it 
th 


uʻaole with P. Further, its characteristic numbers are Mpo in 
» ron the fact that P is complete follows that A(P?): 0. 

It imay naopen that A(z) vanishes at z == p, but that the pars suc 
Aes (Uv ines at z-= p. We cannot then use the pover erie. Bot 
soctiple. the set of numbers {p,} Hes in a simply-comuerted reston in 
h A(c) is analytic, we can expand A(z) in a series of polyeo niols, 


eT nt it this region: 
Ni 
A(z)== X Gaz); 
0 
- _ E 
‘Inq P satisfies the characteristic equation X, Ga (P)= 0. 
0 


4 Ciamtiristie Polynomials; Canonical Form. Associated with. 
Po. a set © shieh is of importance in questions of permutability, avd 
‘a of which a canonical form for P is possible. It has, moreover, en 
na ive character under an operation soon to be considered, and we ten 


i is to he recalled that P ifr) is the (n + 1)st polynomial in the act P’. 
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it the characteristic set for P; its polynomial components @,(%) are the 
characteristic polynomials. 

Let {pn} be the characteristic numbers for the set P, and define P* as 
the diagonal set {P,,*(r)== prv"}. Then 


Definition. © is a characteristic set for P if it satisfies the two conditions: 


(i) OP = P*0; 
(ii) ©, (x) is of degree n, so that © is non-singular. 


It is to be observed that if © is a characteristic set, so is C® where C is any 
diagonal set all of whose characteristic numbers are different from zero. But 
‘this is the maximum of arbitrariness, and is for our purpose unessential : 


‘TrrrorEM.| If P is complete there exists a characteristic set © which is 
unique to within an arbitrary diag ona set multiplier on the left with non-zero 
characteristic numbers. 


Proof. If we equate the n-th T on both sides of (i) we obtain 
a set of equations for the coefficients of @,(x). These equations permit Onn 
to be arbitrary, after which 6n,n-1,;° °°, Ono are uniquely determined. The 
arbitrariness of Own (5£0) allows for multiplication of © by a diagonal set 
on the left. 

By its definition, © is non-singular, and ©? exists. Hence 


THEOREM. If P is complete tt possesses the canonical form 
(1) P=o"'P*@, 
We come now to a theorem on permutability: 


THEOREM. Let P be complete and © its characteristic set. A necessary 
and sufficient condition that Q be permutable with P is that Q possesses © 
as a characteristic set; and Q has then the canonical form Q = ©-1Q*O. 


Necessity: Given PQ == QP. Then ©PQ = OQP;; that is, P*©Q = OQP, or 
(a) (0Q)P = P* (00). 


In other words, the set @Q satisfies the first condition for a characteristic set. 


+ It was remarked in a previous footnote that the definition of completeness can be 
enlarged. Thus, to have the set © exist it is not necessary that p,, £ Pp M wen. 
What is necessary is that for each n, the matrix M, (of order n -+ 1) have n- 1 
linearly independent invariant directions. The definition of completeness could be 
given to be equivalent to this property, and most of the subsequent results would 
continue to hold. 
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vc towriie (a) in terms of the polynomial components, we linc tiat 
©), (2) mut be a multiple of ©,(x), so that (b) ©Q = DO, D deing e 
lt sonal set. Now Our 540 so that on equating the coefficients of w° in th 
wth potynomial of (b) we have dn = gn, or D = Që. 
So ciency: Given Q = 0719". Then 
OPQ = P*0Q = P*Q*®, OQP = Q*OP = Q" P*O. 


{ P*Q* = Q*P*, whence by operating on both equations with O1 e 


Bit 
to ka we obtain PQ = QP. 
THEOREM., Jf P possesses a characteristic set ©, and s(A) is e pry 
al" thee s(P) has the canonical form s(P)=@1ts(P")O, Further 
~X 
P) - X FPE converges, then f(P)=@1f(P*)®@. 
Ln 
6. The Cesaro Set, and Permutability.} Let Mp be the triangular m 
« tc matiix associated with P: 
Povo 


Pipu 
Mp: . . © è œ ° 


PeoPai °° * Pen 
sick matrices are of some interest In the summability theory of divers 
© hs: they g've rise to the Silverman-Toeplitz methods of summation. Pu 
icp. ihe most important method both historically and practicaliy is 1! 
‘metho of arithmetic means. Its matrix is i m," mar = ln t 
0,1,735 mm = 0, k > n), and the corresponding set of polynotaie 
"o 1(2)} is given by 
My(#)=(1 + @ +++ ++ 2")/(a +1). 
“ve hall o‘tain the canonical form for M, and shall coasider ihe concith 
vr imatability § with V. 


T 


\/o use the LEMMA, AN diogonal sets are permissible. 
tn this seetiou we usually omit proofs; they are easily provided. 
“in divergent series theory, permutability is of interest, for if two “regalo 
sof uwimetion are permutable, they give the same sum to any sequence whe | 
t: w. 
“om the stendpoint of matrices, a characterization of sets (that is. matov 
thle with JM has been given by Hausdorff, Mathematische Zcitsehrifft, Vel 
{ty pp. 74-109; pp. 280-299. 
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Let P be a set, and {pa} its characteristic numbers. On equating PM 
with MP we obtain the 


THEOREM. A necessary and sufficient condition that P be permutable 
with M is that 


(A) Pala) pat" —( P) Apna? (2) Apa2 — + + H (— 1)” (3) Apm 
where Apn = Pa — Pn-1, A? Pn = A (Apn), ete. 


Further results on permutability are: 
THEOREM. P is permutable with M if and only if 

(B)  Pa(e)= pale — 1) +( p) Prale — 1)" $ (2) Po: 
COROLLARY. P% is permutable with M, and 


Pas (2)= pa (8 — 1)" + (9) P'ra (2—1) A + HR) Pot. 


THEOREM. Let P(t) be the formal power series P(t)~S pat?/n 
0 


A necessary and sufficient condition that P be permutable with M is that 
oO 
(C) eP [t(x—1)] ~ È Pale) t/n! 
0 
Definition. P(t)~ S pri®/n! is the generating function for the set 
0 
P:{P,(2)}. 


COROLLARY. If P(t) is the generating function for M-*, then 


P(t) —(d/dt) {t- a@a»P(t)}, 


and 

(1) sP (t) = etSr (t) 

where 8;,(t) is a polynomial of degree k defined by 

(2) So(t)—=1,  Se(#)—=(¢ + 1) Sra (t) H te (2). 
Furthermore, 

(3) n = DnoDo (t) + bni: (ee banSn(t) 


where the bni are given by 


(4) R,(¢)==1(¢—1) ($—2) + + + (6 — 1) == br + bmt +> + + bnt”; 
and 
(5) Sn(t) = dno + dab ++ > + + annt” 


where the an; satisfy 
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te -= aBa lt) + Hardly (t) + O T Gan Len(t). 
L.itmyg R, S denote the sets (2a(z)}, {Sa(e)}, we sce that 
(£8)n(t)=(Sh) a(t) = i = 1, (1). 


C: oLnany. i ond K are inverse sets: R=S81, §= LL. 
F oeu the recarrence relation (2) for 8.(¢) we can establish the 


L'ama. Tle zeros of a(i) are real, negative, and simple, ond Hes 
ae the zeros of Sua(t). 


Taronga. Jf P and Q are each permutable with M, then P aad vi: 
ale, 

( i litteas CA), (B) and (C) for permutability with Y iu ive | 
a dte numders {p,} of P. From (C) we obtain a futher recess iv 


ala eleni Cunoltion: 
1 Foley) (DREH FA) PaO -1) ae U 
ua this we eet a condition independent of the characteristic 1 am» - 


Tuvopr. AU sets P opermutable with M (and only those) si osiy. 


ina H 


DEEN (EOE FED P LO} 
~ a (Polar) (Gf) Pala) st -1)8(") Pa} -= 0. 
(necte 003. 


I. livergent series theory, J and its positive integral powers (the C s’ 

t of pestive integral order) are very important, wWoeress the cega oo 
er. are useless since they give rise to summation methods which do noi 
“arc conyerzeni series. It is therefore rather remarkah e that airy wf 
“7s pe muteble with M (and this includes M, Uf. Wee th an oo 
» sed tsa seris of polynonuals in Mt: 


Saron. Let P be a set permutuble with M, and {pp} its chacuceee 
a uabers, Let {qa} be defined by 


aP SO pe A gee eee l 
L a Try pan T talor 


` ea P is a'ren by the following convergent series of polynomials in 21-1; 





rar (E). primes denote differentiation. 
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Pe = dul (M-4 —1) (M1 —2) + + + (I4—n). 
Proof. Set T™® == I(M7— 1): -+ (W— n). On expanding we have 
LPO = Baol + bnm M ++ + + + Band", 
so that the generating function for T™ is 
T (£)—=Dno* P(t): © < + Ban’ nP(t)= tet. 
Now let Ly(t)~ > lint”, (t==0,1,° + +), and suppose 2 lin = ly exists, 
(mn —=0,1,-- +); and set L(t)~ 3 lat”. Further, let 
e'L,[t(a@—1)] ~S Lin(a)in/nt, eL[t(e—i)] ~È LIn(x)i*/n!. 
Then 
In(2)= È Dala), (a=0,1,: ++), 
and each series is a convergent series. 
Applying this, we see that K = Š QaT™® will converge if in the formal 


CO 
sum >) qaT™ (t), the coefficients of 1, ¢, #,-- - all exist. But this is true 
n=0 


since 


Ege (y~ St [go/n! + q/ (0—1) bo ga/01] ~ È pat*/n 


œ 
Hence the sum-set K exists and its generating function is $, pnt”/n!. Since 
0 


this is also the generating function for P, we must have K = P. 
The characteristic set for M is a very simple set: 


THEOREM. M has the characteristic set 
@: © (z)=(z— 1)”. 


COROLLARY. The set P, with characteristic numbers {pn} is permutable 


with M if and only if 
P = 0tP*O, 


where P*: {P,*(v)== pat”} and © is given above. 
We can now give a new proof of the second preceding theorem: Mt has 
the characteristic numbers {n +1}, (n = 0,1,- ++), whence 7 has the 


’ 


i 
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` acte-istie numbers {1 - k(k—1) --- (k—an + 1)}, (h=0,1,-°°°). 


~~ 
ve ore K= Sg,7 has the characteristic numbers 
0 


(Bae 1b 1) + (k--n)}, 


== {i} [gokt + g./(k—--1)!+> 4 -+ q0! |} = {pr}, 
(0, 


ut ~, the K-series converges, and K = P. 


Jti. Lincarn OPERATORS AND EQUATIONS ASSOCIATED VITI NETS. 


1 Fatruduction. We have considered in § II the algebraic asy.cts .. 


Coing forther, it is possible to treat sets of polynomials onelvtic: iy 


` so doing we are led to associate with each set a definite linear opora ov 


~i tal. pair: the set of polynomials and the operator in tura give rse ʻo: 
ma oper tor and set of functions (no longer polynomials}. We oer e 
r.ivtions existing between these pairs, and in general consider {> Jor va 
itim of the functional equations on the two operators. The ftreatwen? i 


se ts? 
2. The Lineor Operator L. Let P be a given set: 
P: P: (ry= Pno + Pmt ++ + + + Pant”, (n =0, 1; +). 


y -h to determine a linear operator L which will transiorm polyrem o 


<” w'ynomials and in such manner that the identity set I is carried irie # 


i L{[z”] = Pa(2), (n=0; Le). 


“yo operator may be put in various forms; for our purpose it wil! h 
niu ent 10 express Z as a differential expression of infinite order. 


tUreonra. The linear operator 


3) PEG = = La(x)y™(z), 


‘i? Lar) is the polynomial 


:) L.(a)=(1/n!) [Pa(a)— (*)2Pn-s(2) 
HYPE) + > + (—1)*2*Po(x) J, 


ves I in'o P. 


Conditions under which the formal processes can be shown to hold rigsornm y 


č- lesorved for another occasion. 
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Proof. The method of induction can be used. Or better: define the 
formal power series 


(4) P(t32)~ È Pa(z)i"/n!, 
(5) Daray = Ln (2). 


The right hand member of (3) is the coefficient of ¿” in the expansion of 
e*#P(t;2), so that on multiplying (3) by i” and summing we obtain 


(6) L(t; 2)~e*P(t; 2). 
Again, from (2), 

(7) Ljet] ~ e#L(t;4)~ P(t; 2); 
and also 


Ljet] ~ (t/n!) L[o"]. 
0 
On comparing this with (7) we have L[z"] = Pa (2). 


Lemma. If Lis the operator (2), and Q is any set, then 
LIQ] = QP; i.e, L[Qn()] =(QP)a(z), (n= 0,1,--°). 


COROLLARY. If Lp, Lo are the operators for P, Q, then Lp, Le are 
commutative tf and only if P and Q are permutable. 


In the study of linear operators one usually seeks the characteristic func- 
tions; that is, those functions which repeat themselves (with a constant 
multiplier) under the operation. For L we have the 


THEOREM. The linear differential equation of infinite order 
(8) L[u(2)] —Au(z)= 0 
has a polynomial solution if and only if à is one of the characteristic numbers 


{pn} of P; and if pe pi (tn), then to X= prn corresponds a unique 
polynomial,* which is of degree exactly n. 


Proof. On substituting u(s)== u, +g -+> -+ uss? into (8) one 
finds for Uo,’ * +, Ua a set of s + 1 linear homogeneous equations, the deter- e 
minant of which vanishes only when A=, 71,‘ * *, Pe When A has one 
of these values there is at least one solution. If for all 4 different from n, 
Pi == Pn, then to À = pn corresponds just one solution, and it is of degree s = n. 

If some of the characteristic numbers {pn} are equal there need not 


* There is however an arbitrary constant multiplier. 
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t oply: oratal solution of (8) for cvery degree n=U,1.---. ‘Lite: 
"a r ble, so we limit ourselves to the case pus pa, m Ha. 


i 
Cn OLLY. Jf P is complete there exists one and only one pi Yr or ` 
v died of (S) for every degree n==0,1,+ °°. 
De reaver, 
‘Tuvonem. Zf P is complete the polynomial solutions of (8) torm tre 


roca psti set tor P. 


J’ wef, Let © denote the characteristic set for P. Then OP- P O, 
Y. LO, = OP end (P*O), (2) = p,®,(2), so that L[@.(7) -= yO Ge), 
L“ P be non-singular. Then P- exists, and if L-1 is the linear opereter 
eee Lee 
Ifa" | = Prt (c), 


ho c 

Leima, LOL = LL is the identity operator; that is, 
IP .(z)] =a", LLP. (2)] = 2". 

CoroLLiny, .1 formal solution of the functional equation 


Lly(z)] = f(z) 





y (=)= L4[f(2)]. 


vo geceral, however, this expression does not converge. 
| P= D is a diagonal set: D(x) dag’, L assumes a simple fom: 


Lly(a)]= X ouety™ (2), 
ia n=0 
o, =(1;n!) [da - a 1) ana +++ -4(—1)d}. 
‘Tuconru. If P ts complete, and Lp, Lo, Lr, Lg are the opervtors fo, 
7 PE, Ol, thea 
Lp = LgLp* Le, 


' o vations being performed from left to right. 


S. The Linear Operator £. We have defined P(t;x) and L(t3.r) in 
v « (4) as formal power series in ¢. If we rewrite them as power se.i 
* ¢ have 
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(£) P(t32)~ È Pali)a"/nl, 
(5°) ta = £,(t)2", 


where P(t), Ln(t) are themselves formal power series beginning with i”: 
zai n Parn gp — Premrn ans me 
Lra (t) ~ lant” + brstnt™t + lniz nt? + PRS 
Definition. A sequence 3 :{ dn(t)}, (n =0,1,;-:) is a triangular 
function set if 3n(t) is a formal power series beginning with ¢” or higher 
power; and the characteristic numbers of 3 are the coefficients of 1, ¢, t, °° 
in alt), 3:(t), Balt), -> respectively 
COROLLARY. The characteristic numbers for P are the same as those 
for P, namely {pn}. 
In addition to L we consider a second operator, £, the adjoint of L: 


(9) Lex £ u(t) ] = È Liu). 


THEOREM. $£ carries triangular sets into triangular sets, and in par- 
ticular, the identity 2: {Qn(t)} =t} goes over into the triangular set 


P: {Pa(t)}: 
(10) L [E] =Pu(t). 
The first part of the theorem is immediate. (10) can be proved in the way 


that (1) was established. 
Consider now the equation 


(11) £ [D(t)] —-aAD(t)—0. 
THEOREM. Equation (11) has a formal power series solution if and 
only tf X==pn (n =0,1,: ++); and tf Pn is such that pi an, (in), 


then there exists a unique formal series D (t) for à = pn, and the coefficient 
of t” in D(t) is not zero, but all preceding coefficients are zero. 


The result follows on substituting the series D (t)= do + dit +--+ into 
(11), and equating coefficients of like powers of ¢. . 


Definition. The triangular set P is complete if P is complete; and it 
is non-singular if P is non-singular. 


THEOREM. If P is complete there exists for cach n one and only one 
power series D (t) whose first non-zero coefficient is that for t”. 


Let Dna(t) be the unique power series corresponding to n. Then 
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(12) L[Dn(t)] — paDn(t)— 0. 
We term the power series {M,(t)} the characteristic functions for the 
operator £. 

Since Da(t) begins with t” (the coefficient being different from zero), 
we have the 

CoroLLaRY. The set D of characteristic functions is non-singular. 


Definition. Let 3 : 3dalt)—~ onnt® + onma +--+ be a triangular 
set. If J is another such set, then 8J is the set 


3d : ( BS )n(t)~ an Tn(t) + anni Inst (t) +` ene 


THEOREM. If P is complete, D: {Dn(t)} is a characteristic set 
for P; ie, 
(13) DP = P*D, 


where 
PH: Pa (E) = pal 
Proof. For every set 2, | 
(14) 2P = L [2]. 
Taking 2=9 : DP = LD] =P* D.t 
lemma. If 3 is non-singular then 3-1 exists such that 
S18—JS1—J (identity). 
COROLLARY. If P is complete it has the canonical form 
(15) P= DIP* D. 


THEOREM. If P is complete, a necessary and sufficient condition that 
Q be permutable with P is that 2 =—D1Q*Q. 


4. Associated Functional Equations; Formal Expansions. With regard 


to L and £ we make the convention that L operates in the variable z and 
£ int. 
Let P be non-singular so that P- and L- exist. 


TurorEM. Formally we have t 
(17) LIP (t;2)] ~et ~ ¥[P-1(¢;2)]. 
This follows from the relations 


i PEQ is the set CDD) nlt) ~ 2D, (4). 
$ P-1(t; œ) is not {P (t; @)}-1. 


3 
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LIPA (t;a) ] ~ X (P/a LPa ta)] ~ È tatya, 
LIP (t;2)] ~È (2"/n!) LPa > grijat. 
This result enables us to obtain a formal solution to the equations 
(18) Liy(2)] = f(z), (19) L[u(t)] = s(t). 
Let fle) = È fav be an entire function with lim sup | f™(0) | /"—o, 
so that P(a)= Sn! fn” has a non-zero radius of convergence (= 1/0). 


Then fla)— 55 . EO ords, 
ce 


C being a contour sufficiently close to, and surrounding, the origin. 


THEOREM. (18) has the formal solution 


eae gee ee ) 

(20) sle) f  pa( 4s )at, 
T 

T surrounding the origin. 


Proof. From (20), 
TEENETEST RENE 
T T 


Likewise we have the 





) gaidi = f(z). 


THEOREM. (19) has the formal solution 
1 B(z) p ot 
(21) u(t)~ aq Seer (i; = )de. 
T 


Formal solutions can be obtained in yet another way, namely in ®,(2)- 
expansions and Dn (t)-expansions. Consider the equation with a parameter: 


(22) y(t)= f(z) + AL[y(z)]. 
The corresponding homogeneous equation is satisfied by @,(%) for A= 
An = 1/pn. 


THEOREM. If 


(23) f(2)~ È Onla) 
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then ; 
(24) 4 (a) ~ È dnfaOn(2) / (n —A) 
is a formal solution of (22) for every A= An. 
Proof. L{y]~ > fn@n(@)/(An — A), so that both members of (22) agree. 


Likewise 


THEOREM. If 


(25) s()~ È Da(t), 
then 

is a formal solution of 

(27) u(t)=s(t)+ALfu(t)] 


for every A =F An. 


THEOREM. The function e? has the expansion * 


(28) et? m > @n(2) Dalt). 
Proof. Set et? ~ $ On (2)Na (t). From 
o 
(29) Lle] = £[e"] 
we obtain 


È Pan (2) Ma (t) ~ È On (2) L[Mn()], 
so that 


R(t; > (LIN (¢)] — Pala (t) J@n (2) =0. 


Now let May be an operator commutative with L and having the character- 
istic numbers 
(a) (mP): pm ® — Bay nk, pa be po 


Having the same characteristic polynomials @,(x) as has L, then 
~ 
(M — L)[B(t5 ©) ] ~ E (um — pn) {L[Bn(t) ] — Pa Hn (t) }On(a) = 0; 


and on using (a) this reduces to 


* Since 0, (@) and Q(t) are unique only to within arbitrary constant multipliers, 
it is assumed in (28) that these multipliers are suitably chosen. It suffices that the 
product of the coefficient of æn in ©, (a) and the coefficient of tn in g(t) be l/nt. 
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LIN (t)] — pr Bla (t)= 0. 


P being complete, Na(t) must then coincide with Dz(i); which estab- 
lishes (28). 

The expansion (28) is in terms of @,(z), Da(t). Recalling how 
P(t;x) is related to P, we see that et? bears the same relation to the identity 
set I. Now I has the characteristic numbers {i,=1}. This suggests an 
expansion for P(t; v): 


THEOREM. P(t;x) has the expansion 


(30) P(t;2)~ È p(z) Dat). 


(80) follows from (7) and (28). 
(30) may be regarded as a canonical form for P(t;a). It puts in evi- 
dence the characteristic polynomials ®, (x), functions Da(t), and numbers pn. 


COROLLARY. If P is complete, a necessary and sufficient condition that 
Q be permutable with P is that 
foe] 
Q(t32)~ È qa@a (2) Da (i), 


where {qn} are the characteristic numbers of Q. 
If in (28) we expand in powers of ¢ or of x we find: 


(31) a = Do (0) (x) -+ Di (0) @.(x)+- + ++ Da™ (0)O, (2), 
(32) = On (0) Da (t) + Ona (0) Dass (é) + Onsa™ (0) Dalt) +. 


From these relations can be determined the formal expansions of functions 
of x or of t in @,(x)-series or Dn(t)-series respectively. 


IV. SYSTEMS or LINEAR EQUATIONS ASSOCIATED WITH SETS. 

The theory of the operators L and £ has a counterpart in the related 
field of systems of linear equations in infinitely many unknowns. This is 
the subject of the present section. 

Consider again the operator 


(1) L: L{y(2)] =$ La(a)y (2), 
where 
Ln (£) = Ino + lms + + + F lna” 


* The other alternative: Qf, (t)= 0 is not possible, for it would mean that on the 
right hand side of (28) there was no term in antn, 
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co 
On operating with L on the power series y (x)= >| yng” we arrive at a system 
0 


of linear expressions to which (1) is formally equivalent: 
(2) Le: L* {y= tuyi + tiry + ruti $e’, 

(t= 0,1,°° ye 
The quantities ais, li; are related by 


(3) Ont. = k! [lon 0/0! + liensra/(m — 1) ! -° + ++ ben/O1], 
(4) lun = (1/k !) [ans — ( 1) Ont, +e t+ (—1)"o,n-n]. 
But the right hand member of (3) is seen to be precisely prn, so that 


LEMMA. ane is gwen by 
(5) Ank = Phn. 


In other words, if we write out the infinite matrix representing the operator 
L* of (2), then the elements in the successive columns are the coefficients 
of the polynomials P)(z), Pi(z), >+. 

The operator L* carries vectors into vectors in space of infinitely many 
dimensions. In particular, if all components of a vector beyond the i-th are 
zero, the transformed vector has the same property. We term a sequence of 
vectors q”: qa” ==(no, Qn. > *) a set if in ga” all components after the 
one of index n are zero. L* carries sets into sets. 

Let i* be the identity set: în“ —(0,---,0,1,0,---), the 1 appearing 
as the component of index n. 

THEOREM. L* carries set i* into set p*: L*{i,"} = pr". 

With (2) we consider the system of homogeneous equations 
(6) liyi + tiiti $i = AY (i=0,1,-°-). 

THEOREM. A vector solution of a finite number of components exists 
if and only if à = ps, (s =0,1,- - +); and if py is such that pi =Æ pa, in, 
then to A == pa corresponds only one vector solution with all components zero 
after that of index n (and this last component is not zero). 


THEOREM. If pm} pn, mn for all m, n, to each n exists one and 
, only one solution of degree n; and the set of these solutions is the set + 


0*: On” = (Ono, Onis Koe Onn 0, 0, cae -) : 
L* {6y*} ni Pnbn. 


This is a consequence of the relation (OP)n(£)= pr@n(z). 


Corresponding to £ there is a second system of linear expressions. In 


+ It is to be recalled that ©, (s) = bno F fnt ++ - -+ Opna” is the characteristic 
polynomial of degree n for P. 
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(7) L: Cul] —¥ Lau (2) 


œ 
substitute u(t)== $; unt”. There results 
PaO 


(8)... LF: L* {u} = bito + birta H> + ++ Deus, (i=0, 1, +>). 
£* carries a vector, whose first k components are zero, into another such 
vector. For this operator we define a set of vectors as a sequence “q: {*qn} 
in which all components of “gq, of index less than n are zero. &* carries 
sets into sets. - 


Lemma. We have bi; = jlpis/t} : 

COROLLARY. In the matric || bi; || which defines £L*, the elements in 
the successive columns are precisely the coefficients of Polt), Pilt); °°. 

THEOREM. Y£* carries the identity set *i into “p: L*{*in} = "Pn 
where the components of “pn are the coefficients of 1, t, t, > + in Pul(t). 

THEOREM. If Pm Pn, m==n, the homogeneous equation , 

L*{u} = du 
has a solution if and only if X= pa, (n=0,1,- - -); and to each n corre- 
sponds one solution “dn, and its components of index less than n are zero. 
Moreover, the set *d: {*dn} of solutions is precisely the set 
"dn =(0, ier | 0, dan; dami Ta, *)5 

where - 
Dn(t) ~ dant” + dnnt +--+. 

Definition. If q*, r* are the sets 

quë = (qno Qars” * 5 Qam 005° * *)y Taž = (Tno * 5 Tans 0, 05° - °), 
then (gr)* is the set 

(gr) n* = qnofo* + qar * +--+ QnnTn® 3 

and if 


*@3 "On = (qan, Qn,n+1," * ‘), "pr r= (Tan Tnn ` D) 
then 


* (qr) : *(qr)n pea qnn” Tn + Qnn Tns -+ coy 


TEEOREM. For pm == pn, m= n, the vector sets p*, *p have the canoni- 
cal forms 


p“ Wa 6-1 (p**) 6, a ae * q-1 (*p*) a*, 
where t p**, *p* are the (same) diagonal sets 
put = "pr =(0, 0, © +50, pn, 0,7 + +). 
PRINCETON UNIVERSITY, 


PENNSYLVANIA STATE COLLEGE. 


f The different notation p**, *p* for the same vectors is to accord with previous 
notation, 


CONCERNING SIMPLE CONTINUOUS CURVES AND RELATED 
POINT SETS. 


By R. L. WILDER. 


In his paper “Concerning Simple Continuous Curves,” * R. L. Moore 
applied the term simple continuous curve to any point set which is either 
an are, a simple closed curve, an open curve or a ray, and gave various topo- 
logical characterizations for a point set that falls within the general class of 
such curves, as well as for the individual types of curves.t 

The intent of the present paper is to supplement the work of Moore 
just cited, extending two of his results to more general spaces, and giving 
certain new definitions which the author believes may be of value.[ As 
Moore made clear in his paper, the requirement of bowndedness in a defini- 
tion of are may introduce great difficulties in certain problems. It will be 
noted that none of the definitions of arc, simple closed curve, ete., given in 
the present instance makes use of this condition. Furthermore, the condition 
that the set in question be closed is eliminated in-several cases—a feature 
that would seem to be of importance in problems concerning non-closed sets. 

To summarize briefly, before proceeding to the demonstrations: In §1, 
Moore’s characterization of simple continuous curves as a class is extended 
to any euclidean space, and is then applied to establish a new characterization 
based on a certain iype of set which the author has found useful in other 
connections. In §2 definitions are given of arc, the more general class of 
sets known as irreducible connexes,§ and of simple closed and quasi-closed 
curves. 

In this connection it is indicated how a simple proof may be obtained 
of the theorem] that every interval of an open curve is an arc; also a 


* Transactions of the American Mathematical Society, Vol. 21 (1920), pp. 313-320, 
This paper will be referred to hereinafter as C. S. C. 

t Other definitions have been given by various authors, but no attempt will be 
made here to give a complete bibliography of these. Cf. C. S. C., however. 

ł As indicated in following footnotes, the results of this paper were submitted to 
the American Mathematical Society several years ago, and as now published the 
details differ in some particulars from the original, due chiefly to the fact that by 
unification of treatment it is possible to present the various results in a single paper. 

§ Cf. B. Knaster and C. Kuratowski, “Sur Jes ensembles connexes,” Fundamenta 
Mathematicae, Vol. 2 (1921), pp. 206-255, §§ 2 and 3. 

"Cf, R. L. Moore, “On the Fundations of Plane Analysis Situs,” Transactions 
of the American Mathematical Society, Vol. 17 (1916), pp. 181-164, Theorem 49, and 
C. S. C., Theorem 3. Both of the proofs given by Moore are for the plane. 
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simple proof of Moore’s first definition of arc in C. S. C. is outlined, which 
establishes it for general spaces; In §3 the notion of quasi-closed curve 
is used to obtain further definitions of simple closed curve, three of which 
require neither that the set in question be bounded nor that it be closed. 


§1 
A property which characterizes simple continuous curves.* 


It is well known + that if, in a plane S, C, and Cz are two closed, mutually 
exclusive point sets and M is a bounded continuum having at least one point 
in common with each of the sets Ci, C2, then there exists a point set H, a 
subset of M, such that H is connected and contains no point of either ©, 
or C2, but such that C, and Cz each contains at least one limit point of H. 
In case Cı and Cz are subsets of M, we shall say that H, together with its 
limit points in C, and C2, is a set K(C1,C2)M. In general, if M is not 
bounded, there may not exist any set K(C,, C2) M for certain subsets Ci, C2, 
of M, but it is easy to see that every continuum, whether bounded or not, 
contains some sets K (C1, C2.)M for the proper selections of C, and C2.t We 
shall show that a continuum in which every set K (01, C2) is an arc § must 
be a simple continuous curve. 


* The content of this section was presented to the American Mathematical Society 
April 2, 1926. 

7 Cf. Anna M. Mullikin, “Certain Theorems Relating to Plane Connected Point 
Sets,” Transactions of the American Mathematical Society, Vol. 24 (1922), pp. 144-162. 

For instance, if A and B are distinct points of M, let K, and K, denote circles 
with centers at A and radii d, and d, respectively, such that d, < d, < distance AB. 
Let K, M =0;, (i= 1,2). Then M, whether bounded or not, contains a set 
K (0, 02) M. 

Since we shall not restrict ourselves to the plane in the present paper, it should 
be pointed out that Miss Mullikin’s theorem cited above holds in euclidean space of 
any number of dimensions. 

So far as the existence of sets K (C, 0,)M is concerned, the condition of con- 
nectedness im kleinen, or local connectedness, as applied to connected sets in general, 
seems to imply more than closed. For in the case of a connected set M which is 
connected im kleinen, if 0, and C, are mutually exclusive sets that are closed with 
respect to Af, then M, whether bounded or not, contains a bounded set K (0, 02) M. 
Cf. my paper “ The Non-Existence of a Certain Type of Regular Point Set,” Bulletin 
of the American Mathematical Society, Vol. 33 (1927), pp. 439-446, Theorem 4. For 
other applications of the notion of a set K(C,,C,)M, or of related sets, see papers 
of mine in Proceedings of the National Academy of Sciences, Vol. 11 (1925), pp. 725- 
728, and Vol. 16 (1930), pp. 233-240. 

§ As our basic definition of arc, we take the following: An are is a closed, 
connected point set which is irreducibly connected between two points. Cf. N. J. 
Lennes, “ Curves in Non-Metrical Analysis Situs with an Application in the Calculus 
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Lemma 1. A continuum M which has the property that every set 
K(C;, C2) M is an arc is a continuous curve. 


Proof. Suppose there exists a continuum Jf such that every set 
K(C,, C2)M is an arc and which is not a continuous curve. Then by a 
theorem due to R. L. Moore and the present author * there exist two con- 
centric spheres K, and K, and a sequence of subcontinua of M, viz., Mo, Ma, 
M., Ma,’ + + such that (1) each of these continua contains at least one point 
of K, and Kz, respectively, but no point exterior to K, or interior to Ko, 
(2) no two of these sub-continua have a point in common, and no two of 
them contain points of any connected subset of M which lies wholly in the 
set Kı + K: +I (where I consists of all points whose distance from the 
common center of K, and K: is a number whose magnitude les between the 
radii of K, and Kz on the real number continuum), (3) Moo is the sequential 
limiting set of the sequence Mı, M2, Ms,---, (4) if K is that component 


of Variations,’ American Journal of Mathematics, Vol. 33 (1911), pp. 285-326; 
G. H. Hallett, Jr., “ Concerning the Definition of a Simple Continuous Arc,” Bulletin 
of the American Mathematical Society, Vol. 25 (1919), pp. 325-326; B. Knaster and 
C. Kuratowski, loc. cit., Theorem 27. The last two papers just referred to establish 
the fact that the word “bounded” may be omitted from Lennes’ definition. That a 
set satisfying the above definition is compact, in very general spaces, may be shown 
by a method of argument similar to that used by R. L. Moore in the proof of 
Theorem 49 of his paper “On the Foundations of Plane Analysis Situs,” loc. cit. 
(cf. footnote in Hallett’s paper in this connection). From the argument of Knaster 
and Kuratowski, it is evident that such a set of points, when imbedded in a locally 
compact metric space, is homeomorphic with the linear interval [0,1]. For their 
Lemma XXVI is true in such a space (the word “compact” being substituted for 
the word “bounded ”), and the proof of their Theorem XXIII holds in such 2 space 
if one recalls a theorem of Alexandroff to the effect that a connected and locally 
compact metric space is separable. Cf. P. Alexandroff, “ Über die Metrisation der im 
Kleinen kompakten topologischen Raume,” Mathematische Annalen, Vol. 92 (1924), 
pp. 294-301. Accordingly, unless specifically stated otherwise, we shall assume 
throughout the present paper that the point sets considered are imbedded in such a 
space, although it will be clear that many of the proofs given below hold in more 
general spaces if an are is defined as above for those spaces. 

As several of the proofs given below depend upon the theorem that every two 
points of a continuous curve (i.e. a connected and connected im kleinen continuum) 
are the end-points of an are of that curve, we point out that this theorem may be 
proved, on the basis of the above definition of are, by a type of argument introduced 
by R. L. Moore, in “A Theorem Concerning Continuous Curves,” Bulletin of the 
American Mathematical Society, Vol. 23 (1917), pp. 233-236. 

* Cf. R. L. Wilder, “ Concerning Continuous Curves,” Fundamenta Mathematicae, 
Vol. 7 (1925), pp. 340-377, Lemma 1. This lemma is true in any locally compact 
metric space whether the continuum in question is compact or not. Cf. G. T. Whyburn, 
Bulletin of the American Mathematical Society, Vol. 34, p. 409, abstract no, 18. 
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of M: (Kı + K,4-1) which contains Mo, then all of the continua M, Ma, 
Ma, +: lie in a single component U of M— K. If we let C, and Cz be 
two distinct points of the set Moo, it is clear that the set U -+ Cı + C2 is 
a set K(C,, C2)M which is not an are, and consequently the supposition that 
M is not a continuous curve leads to a contradiction. 

The same proof evidently establishes the following lemma: 


Lema 2. If a continuum M has the property that every set K (Ci, C2)M 
is an arc, then every subcont:nuum of M is a continuous curve. 


For the purposes of the present paper, we shall define an end-point of a 
continuous curve M to be a point of M that is not an interior point of any 
are of M.* 


Lemma 3. Let E be any set of end-points of a continuous curve M. 
Then M — E is connected. 


For if M — E were the sum of two mutually separated sets M, and M2, 
an arc of Jf joining a point of M, to a point of M, would contain a point 
of E as an interior point. 


Lemma 4. In any euclidean space, if no continuous subset of a con- 
tinuum M has more than two boundary points with respect to M, then M is 
an arc, a simple closed curve, an open curve or a ray.} 


Proof. It is clear from the characterization of continua that are not 
continuous curves, quoted in the proof of Lemma 1 above, that M must be a 
continuous curve. 


Suppose M contains a simple closed curve f J. If M — J is not vacuous, 


* Since this paper was originally written, it has been shown by G. T. Whyburn 
(for the plane) and W. L. Ayres (for any euclidean space and certain types of metric 
spaces), that an end-point in this sense is equivalent to an end-point as defined in 
my paper “Concerning Continuous Curves” (loc. cit., p. 358). Of. G. T. Whyburn, 
“Concerning Continua in the Plane,” Transactions of the American Mathematical 
Society, Vol. 29 (1927), pp. 369-400, Theorem 12, and W. L. Ayres, “ Concerning 
Continuous Curves in Metrie Space,” American Journal of Mathematics, Vol. 51 
(1929), pp. 577-594, Theorem 5. ‘ 

t Lemma 4 is of course an extension of Moore’s Theorem 6 of ©. S. C., which 
was proved for the euclidean plane. It is important to observe that we are using 
the definition of boundary point just as given by Moore in this connection, viz., 
if M is a subset of N, the boundary of MW with respect to N is the set of all points 
[X] such that X is either a point or a limit point of Af and also either a point or a 
limit point of N — M. 

t By a simple closed curve we mean a sum of two ares that have common end- 
points, but have no other points in common. By open curve and ray we denote point 
sets as defined by Moore, C. 8. C., p. 341. 
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let P be a point of M that is not on J. ‘Then M contains an are PQ whose 
end-points are P and a point Q on J, and. such that PQ — Q is a subset of 
M —J. Let A be a point of PQ—(P + Q), and let B and C be points of 
J neither of which is identical with Q. Let QB and QC denote arcs of J 
that do not contain C and B, respectively. Then it is clear that the set 
AQ + QB + QC, where AQ is that arc of PQ whose end-points are A and Q, 
ig a continuous subset of M that has at least three boundary points with 
respect to Jf. Consequently, M =J. 


Suppose Jf contains no simple closed curve, and that it has at least two 
end-points, A and B. Then it is clear, from a method of argument similar 
to that used in the preceding paragraph, that M cannot contain any points 
other than those that lie on an are of M from A to B. 


Suppose M contains no simple closed curve and has one and only one 
end-point, A. Since every bounded continuous curve contains at least two 
points which do not cut it," and since every non-cut point of an acyclic 
continuous curve is an end-point of that curve,f it is clear that M cannot 
be bounded. Then, by a theorem of Kuratowski,{ A is the end-point of a 
ray in M. It is easy to see that M can contain no points that do not lie 
on this ray. 


If M contains no simple closed curve and has no end-point, it follows 
as in the preceding paragraph that Mf is unbounded. Let P be any point 
of M. Then M — P is the sum of two mutually separated sets, M, and Jf2.8 
Consider the continuous curve M, -+ P.] It follows easily from our hypothesis 
that P is a non-cut point of M, + P, and hence an end-point of M, + P. 
Consequently, as shown in the preceding paragraph, M, + P contains a ray r 


* Cf. S. Mazurkiewicz, “Un théorème sur les lignes de Jordan,’ Fundamenta 
Uathematicae, Vol. 2 (1921), pp. 119-130. 

+ Cf. R. L. Wilder, “ Concerning Continuous Curves,” loc. cit., Theorem T. Al- 
though the sufficiency proof of this theorem (the part needed in the present con- 
nection) makes use of an accessibility theorem true in general only for the plane, 
the proof is easily modified so as to avoid this theorem. However, since the present 
paper was originally written, W. L. Ayres has shown (loc. cit.) that any point of 
a continuous curve Af which is both a non-eut point of M and lies on no simple closed 
curve of M is an end-point of J. We have already noted above the validity of these 
theorems for end-points as defined in the present paper. 

tC. Kuratowski, “ Quelques propriétés topologiques de la demi-droite,” Funda- 
menta Mathematicae, Vol. 3 (1922), pp. 59-64. 

§ Cf. my paper “Concerning Continuous Curves,” loc. cit, and W. L. Ayres, 
loc. cit. 


< That H, -+ P is connected follows from a theorem of Knaster and Kuratowski 
(loc. cit., Theorem VI). 
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with P as end-point. Similarly, M, + P contains a ray re with P as end- 
point. Evidently r, + rz is an open curve which is identical with Jf. 


THEOREM 1. In order that a continuum M in a euclidean space should 
be a simple continuous curve, it is necessary and suficient that every set 
K (C, C2) be an are. 


Proof. The condition stated in the theorem is necessary. For let K 
denote some set K (C1, C2)M of a simple continuous curve M, and let A and 
B be points of C, and C2, respectively. 

In case M is a simple closed curve, M —(A -+ B) is the sum of two 
mutually separated sets, Mf, and Mə. Since K —(A -+ B) is connected, it is 
a subset of M., say. But M, + A + B is an arc and therefore a set which 
is irreducibly connected from A to B. Consequently K=M,+A-+B. 

In case Jf is an are, there exists only one arc, t, from A to B in M, 
and every connected subset of M which contains both A and B contains t. 
Hence (1) K contains ¢. On the other hand, since M — (A -+ B) is the sum 
of the set (A + B), and a set (vacuous or non-vacuous) which is separated 
from t—(A + B), the subset K —(A -+ B) of M —(A + B) must lie wholly 
in ¢—(A + B), a set with which (as already shown) it has points in common. 
Consequently, (2) t contains K. From (1) and (2) it follows that t = K. 

The proofs for the cases where M is a ray and an open curve are similar 
to the proof of the preceding paragraph. 

The condition stated in the theorem is sufficient. For suppose M is not 
a simple continuous curve. Then it has a continuous subset, NM, which has 
at least three distinct boundary points, A, B and C, with respect to M 
(Lemma 4). We note that by Lemma 2, N is a continuous curve. 

The points A, B and C are end-points of N. Suppose C, for instance, 
is an interior point of an are ¢ of N, and let a and b be the end-points of t: 
Let R be a sphere with center at C and not enclosing a or b. Since, by 
Lemma 1, M is itself a continuous curve, there exists a sphere Æ, concentric 
with Æ such that all points of Jf interior to R, are joined to C by an are 
of M which lies wholly interior to R. As C is a boundary point of N, there 
exists, interior to Ri, a point x of M — N. Let s be an are of M with z and 
C as end-points and lying wholly interior to R. On s, in the order from x 
to C, let y be the first point of t. It is clear that y is distinct from a and b. 
Let that portion of s from s to y be denoted by u. Then the set 
(u + t)—(a +b + gx) is connected and u + t is a set K(a+b,x2)M. But 
u -+ tis not an arc. Hence the supposition that C is not an end-point of N 
leads to a contradiction. 

By Lemma 3, N—(A+B+@) is connected. Hence N is a set 
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K(A+8B,C)M and is therefore an arc. This is absurd, since an are is 
disconnected by the omission of any three distinct points. Hence the sup- 
position that W has more than two boundary points with respect to M leads 
to a contradiction, and M is a simple continuous curve. 


§ 2 
On connected sets which cut the plane.* 


In a recent paper + I investigated some of the properties of a connected 
set Jf which contains more than one point and which remains connected on 
the omission of any connected subset. I found that M is a point set having 
properties very similar to those of a simple closed curve. Thus, if A and B 
are any two points of M, M is the sum of two sets K and N which are 
irreducibly connected from A to B and such that K—(A + B) and 
N —(A + B) are mutually separated. Furthermore, if M lies in a plane S, 
then S is cut by M in the sense that there exist at least two points, v and y, 
of S — JM which do not lie in any subcontinuum of 8 — M. 

For the purposes of the present paper I shall call a point set which has 
the internal properties of the set Af described in the last paragraph a quasi- 
closed curve. 


Lexma 5. In order that a connected set M should be irreducibly con- 
nected between two of its points, A and B, it is necessary and sufficient that, 
if P be any pont of M distinct from A and B, M—P should be the sum 
of two mutually separated sets, K and N, neither of which contains both A 
and B. 


Proof. That the condition stated in this lemma is necessary follows at 
once from a theorem proved by Knaster and Kuratowski.t 

That the condition is sufficient is easily shown as follows: Suppose M 
is not irreducibly connected from A to B. Then it contains a proper con- 
nected subset, m, which contains both A and B. Let Q be a point of M — m. 
By hypothesis, M — Q is the sum of two mutually separated sets, K and N, 
neither of which contains both A and B. As m is connected, and K and N 
are mutually separated, m is a subset of one of the latter sets, say K. But 


* The content of this section was presented to the American Mathematical Society, 
December 30, 1924. 

ł“ On a Certain Type of Connected Set Which Cuts the Plane,” Proceedings of 
the International Mathematical Congress, Toronto, 1924, University of Toronto Press, 
pp. 423-437. 

t Cf. B. Knaster and C. Kuratowski, loc. cit., Theorem XVI. 
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m contains both A and B and therefore K contains both ‘A and B contra- 
dictory to the hypothesis. 
As a consequence of Lemma 5 an are may be defined as follows: 


THEOREM 2. If A and B are distinct points, an arc from A to B is 
a closed and connected set of points M containing A and B such that if P is 
any point of M distinct from A and B, M—P is the sum of two mutually 
separated sets neither of which contains both A and B. 


It is perhaps of interest to point out here that the definition of are 
embodied in Theorem 2 is sufficient to prove Theorem 3 of C.S.C., to the 
effect that if A and B are two points of an open curve M the interval AB 
of M is an arc from A to B. The proof as given in C. S.C. shows that the 
interval AB satisfies the above definition. I mention this, since the proof 
of Def. 1 in C. S. C., upon which depends the proof of the fact that AB is an 
arc, is rather long and assumes the Zermelo Postulate. 

It may be of interest, however, to give a simple proof of Moore’s Def. 1, 
as well as to show that it holds in more general spaces than the euclidean 
plane: 


THEOREM 3. In a locally compact metric space, let A and B be distinct 
points, and M a closed and connected set containing A and B, such that 
(1) M—A and M— B are connected, (2) if P is any point of M distinct 
from A and B, then M—P is the sum of two mutually separated connected” 
sets. Then M is an arc from A to B. 


Proof. The set Jf is a continuous curve. For if not, there exist two 

eoncentrie spheres K, and Ke, a sequence of sub-continua of M, viz, Moo, Ms, 
M, Ms, > +, and sets K and U satisfying the conditions (1)—(4) outlined 
in the proof of Lemma 1 above. If we let Ọ denote U together with its limit 
points, it is clear that Ọ contains Mo. 
_ By hypothesis, all points of Moo, except possibly two, disconnect M. But 
clearly none of these points disconnects U. The set of all these points being 
non-denumerable, a violation is obtained of a theorem of R. L. Moore * to 
the effect that no continuum M contains a continuum U which contains a 
non-denumerable set of points that disconnect M but not U. Thus the 
supposition that M is not a continuous curve leads to a contradiction. 


** Concerning the Cut-Points of Continuous Curves and of Other Closed and 
Connected Sets,” Proceedings of the National Academy of Sciences, Vol. 9 (1923), 
pp. 101-106, Theorem B*. Alexandroff has shown (loc. cit.) that every connected and 
locally compact space is perfectly separable, and hence satisfies the Lindelöf theorem, 
upon which the proof of Moore’s theorem depends. . 
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The curve M contains no simple closed curve, for if it does, another 
violation of the theorem of Moore just quoted results. 

The curve M contains an arc from A to B. Denote this arc by t, and 
consider the set M — t If Jf—¢ is vacuous, the theorem is proved. If 
M — t is non-vacuous, let C be one of its components, and let P be the 
boundary point of C in ¢ (it is easy to see that C can have no other boundary 
point in t, since Af contains no simple closed curve). It follows from con- 
dition (1) of the theorem that P is distinct from A and B. But then 
M — P is the sum of three mutually separated sets, viz., C, Ca and Cz, where 
Ca is the component of M — P that contains A, and Cg the set M —(P + C 
+ Ca). That Cz is not vacuous follows from the fact that it must contain 
the point B. But this is a violation of condition (2) of the theorem, and 
consequently M — t is vacuous. 

As another application of Lemma 5 we have the following theorem. 


THEOREM 4. In order that a connected set M should be a quasi-closed 
curve, it is necessary and sufficient that it contain no cut-points and be dis- 
connected by the omission of any two of its points. 


Proof. That the conditions stated in the theorem are necessary follows 
from the properties stated in the first paragraph of this section, and the 
theorem of Knaster and Kuratowski referred to in the proof of Lemma 5. 

The conditions stated in the theorem are sufficient. Let A and B be any 
two points of M. Then 


M—(A+B)=—=K-+N, 


where K and N are mutually separated sets. e 
The set M— A is connected by hypothesis. Hence M— 4 is a con- 
nected set which is disconnected by the omission of a point B, and therefore 
K +B and N + B are connected. Similarly, K -+ A and N + A are con- 
nected. Let 
k=K+A+B, 
and n=N-+A+B. 


Clearly % and n are connected sets. 

Either K contains non-cut points of k or it does not. Suppose it does, 
and that P is such a point. Similarly, suppose that N contains a non-cut 
point, Q, of n. Then 


M—(P + Q)=(k—P)+(n—Q). 
That is, M —(P + Q) is the sum of two connected sets which have a point, 
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A, in common and is therefore connected. This is a contradiction of the 
hypothesis. Hence either K contains no non-cut points of & or N contains 
no non-cut points of n. Suppose the latter to be the case. Then every point 
of n, except A and B, is a cut-point of n. Hence, if v is a point of N, 


n — T = Ny + Ne, 


where n, and ne are mutually separated sets. 
Neither of the sets nı, m2, contains both A and B. For suppose n: con- 
tains both A and B. Now 


M—-2=—(K+n—2)=—K +m + n 


The sets K and nz are mutually separated, since nz is a subset of N and K 
and N are mutually separated. Hence M —vz is the sum of two mutually 
separated sets, K + nı and nz, and M is disconnected by the omission of v, 
contrary to hypothesis. Thus neither of the sets nı, 2, contains both A and B. 

Hence n is a connected set containing A and B such that if @ is any 
point of n distinct from A and B, n — v is the sum of two mutually separated 
sets neither of which contains both A and B. By Lemma 5, n is irreducibly 
connected from A to B. 

Suppose K contains non-cut points of k, and let P be such a point. Let 
z be a point of N. Then 

n — T= Ny F Ne, 


where n, and na are connected sets such that n, contains A and n; contains 
B, and 
W— P — gz =(k— P)+ Ny + ne. 


But each of the connected sets n, and na has a point in common with k — P, 
and since the latter set is connected, M — P — sz is connected contrary to 
hypothesis. Hence K cannot contain any non-cut points of k. That is, every 
point of & distinct from A and B disconnects k. That k is irreducibly con- 
nected from A to B can now be shown as in the case of n. It follows that M 
is a quasi-closed curve. 


COROLLARY. In order that a closed and connected set M should be a 
simple closed curve it is necessary and sufficient that M should contain no 
cut-points and be disconnected by the omission of any two of its points.” 


* Since I presented this paper to the Society it has come to my attention that 
J. R. Kline has announced the result contained in this corollary for the case where the 
set M lies in euclidean space of two dimensions. Cf. his paper in Proceedings of the 
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§3 
On the definition of simple closed curve.” 


Lemma 6. Let M be a set irreducibly connected from A to B, and let 
K be a subset of M which consists of all points of some arc, t, except an 
end-point, P, of that arc. Then P is a point of M. 


Proof. Suppose P is not a point of M. Let Q be the other end-point 
of t, and let z be a point of ¢ distinct from P and Q, lying between + Q and B 
on M. Denote by m that portion of M from Q to B. The set m is irre- 
ducibly connected from Q to B.t 

The set t—(P + Q) is a subset of m. For suppose y were a point of 
i —(P + Q) lying between A and Q on M. Now M — Q is the sum of two 
mutually separated connected sets, AZ, and Jf2, neither of which contains 
both a and y.§ Let K; denote the set of those points of K —@ that lie in 
My (i=1,2). Then t—(P + Q)= K— Q = K, + K, and as K, and Ke 
are mutually separated sets, (P+ Q) is not connected. As this is im- 
possible, it follows that no points of t—(P + Q) lie between A and Q on M. 

The point B does not belong to ¢ For suppose it does. Then all of m 
belongs to t; for if y were a point of m not in £, it would follow from the fact 
that m— y is the sum of two mutually separated sets containing Q and B, 
respectively, that ¢—(P-+@Q) is not connected. Consider the set é- -B. 
Since B cannot be either P or Q, t— B is the sum of two mutually separated 
sets, 4 and tą which contain P and Q, respectively. Since K is clearly 
identical with m, in view of what has been shown above, we must have t = P 
and f,==m—B. But then P is not a limit point of m, and consequently 
not of ¿— P. As this is impossible, the supposition that B is a point of ¢ 
leads to a contradiction. 


National Academy of Sciences, Vol. 9 (1923), pp. 7-12 (Theorem 4). Kline refers, in 
this connection, to an earlier result of Tietze, who stated a similar result but imposed 
the unnecessary condition of connectedness im kleinen on the set M, as well as certain 
restrictive conditions upon the space in which Jf is imbedded which do not hold when 
the space is an euclidean n-space (~>1). Cf. Mathematische Zeitschrift, Vol. 5 
(1919), p. 289. In the same connection Tietze has a result (for the same type of 

: imbedding space) similar to Lemma 7 of the present paper. 

* The content of this section was presented to the American Mathematical Society 
January 1 and September 8, 1926. 

t We are of course referring here to the linear order on 4f. Cf. Knaster and 
Kuratowski, loc. cit., Theorem XX. 

t Knaster and Kuratowski, loc. cit., Corollary XXIV. 

§ Cf. Knaster and Kuratowski, loc. cit., pp. 219-220. 
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Denote the set ¿— P by m, and the set m — m, by mz. As mez contains 
B, mz is non-vacuous. Since we have supposed P not a point of M, me can 
contain no limit point of mı. Then since m is connected, m, contains a limit 
point, C, of mə. Let D be a point of t between C and P. It is easy to see 
that D is between C and B on m. Denote the portion of ¢ from Q to C by QC. 
The set m2 being connected,” it follows that QC + M, is a connected set 
containing Q and B. But this set does not contain D, and hence is a proper 
connected subset of m containing Q and B, contradicting the fact that m is 
irreducibly connected from Q to B. Thus the supposition that P is not a 
point of M leads to a contradiction. 


THEOREM 5. Let M be a connected im kleinen continuum which is the 
sum of two sets N; and No, each irreducibly connected from A to B, such 
that N,-N2=A-+B. Then M is a simple closed curve. 


Proof. Let 
N,—(A+B)=n, 
N.—(A + B)= na 


If n, and na are mutually separated, it follows at once that N, and N: are 
closed sets and therefore arcs with end-points A and B. In this case M is 
a simple closed curve. 

Suppose that n, and n are not mutually separated, and that, for the 
sake of definiteness, ns contains a limit point, P, of m; I shall show that 
in this case M cannot be connected im kleinen. 

The point P is a sequential limit point of a set of distinct points, 
Pı, Pa, Ps,- + - all belonging to m,. There exists, between the points of n, 
and the points of the linear continuum 0 S g <1, a one-to-one correspond- 
ence T in which order is preserved. For every positive integer n, let the 
point of the linear continuum corresponding to Pa under the correspondence 
T be denoted by £n; suppose the point whose abscissa is zero corresponds to A, 
and is denoted by a, and that the point whose abscissa is 1 corresponds to B 
and is denoted by b. The set of points {zn} has at least one limit point, z, 
and v is a limit point of some subset of this set which is contained, say, in, 
the interval az. Call this subset XY. Then v is a sequential limit point of a 
sequence of distinct points of X, viz., a1, @2, a3, * +, where for every positive 
Integer n > 1, an lies on the interval a.2. 

For every positive integer n, let the point of the sequence Pi, Po, Ps, - - 


* Knaster and Kuratowski, loc. cit., Theorem XV. 
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which corresponds to €n under the correspondence T be denoted by yn. Clearly 
P is a sequential limit point of the sequence 41, ye, ys,’ °°. Let that point 
of N, which corresponds to + under the correspondence T be denoted by Y. 

The point F is a limit point of that portion of N, from A to Y, and 
there exists a sequence of distinct points of Ny, viz., 21, 22, 23° © ° having Y 
as a sequential limit point, and such that for every positive integer n = 1, 
the point zn lies between yn and Yn on Ny. Let that portion of N, from 
Yn to Zn be denoted by tn. The limit set * of the sequence of sets t, fo, tatc 
is a closed and connected + point set ¢, containing P and F. 

Let K be a spherical neighborhood with center P and such that Y is 
exterior to K. Denote the point set consisting of K and its frontier, F, by k. 
There exists a continuum NV which is a subset of ¢ and of k, and contains P 
and at least one point of F.[ The set N contains no points of Ny. For 
suppose Q is a point of N, belonging to N. Then Q is a point of that portion 
of N, from Y to B, and, since it is a point of ż, a limit point of that portion 
of V, from A to Y. The point Q is therefore identical with Y. But this is 
absurd, since Y is not a point of k. Hence N contains no points of Nj. 

As M is closed, N is a subset of Af, and therefore of ne. Then N is an 
are, since every closed and connected subset of an irreducible connexe is 
an are.§ Let C be a point of this arc distinct from its end-points. There 
exists a spherical neighborhood T, with center at C such that if ¢, denotes 
the point set consisting of T,, plus its frontier, then ¢, contains neither 
Y, A, B, nor any points of N: that are not also points of N. As M is a 
continuous curve, there exists, concentric with and lying interior to T4, 
a spherical neighborhood Ts, such that if a and b are points of M lying 
interior to T's, there exists an are ab whose end-points are a and b, is a 
subset of M, and lies wholly interior to T.. 

There exists a positive integer 7 such that y; and yj,1 lie interior to T3 
and z; lies exterior to T,. There exists an are s which is a subset of JM, 
has y; and Yj as end-points, and lies wholly interior to Tı. No points of s 
belong to Nz. For suppose such points exist. Call the set of such points r. 
All points of r are obviously points of N, and r is closed, being the set of 
points common to two closed sets. Hence, as y; is not a point of r, there 








* By the limit set of a sequence of sets M, Ma, Mj,.--+- is meant the set of all 
points {r} such that æ is a limit point of some set of points ma Ma Ma. +--+ where 
for every positive integer n, m, is a point of M, 

+ Cf. S. Janiszewski, “Sur les continus irreductibles entre deux points,” Journal 
de L'Ecole Polytechnique (2), Vol. 16 (1912), p. 98, Theorem 1. 

Cf. Anna M. Mullikin, loc. cit., Theorem 1. 

§ Cf. Knaster and Kuratowski, loc. eit., Corollary XXVIII. 
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exists on s, in the order from y; to yj, a first point, D of r, and D is dis- 
tinct from y;. That portion of s from y; to D is an arc e. All points of e 
except D belong to N,. Hence D is a point of Ni, by the above Lemma 6. 
But as D is obviously distinct from A and B, it must be a point common 
to n, and mg. This is a contradiction of the hypothesis. Hence the sup- 
position that s contains points of N, leads to a contradiction. It follows 
that s is a subset of Ni, and is identical with that portion of N, from y; to 
Yin. But as z; is a point of this portion, z; is therefore a point of s. This 
is impossible, as s contains no points exterior to 71. 

Thus the supposition that m and nz are not mutually separated leads 
to a contradiction, and the theorem is proved. 


LEMMA 7. If M is a connected im kleinen set which is irreducibly con- 
nected from A to B, then M is a simple continuous are having A and B as 
end-points.” 


Proof. It is necessary to prove only that M is closed. 

Suppose M is not closed. Then there exists a point P which is a limit 
point of Wf and does not belong to M. There exists a correspondence, T, 
preserving order, between the points of M and the set of points of the linear 
continuum 0S z 1, in which A and B correspond to the points whose 
abscissas are 0 and 1, respectively. Denote the latter points by a and b, 
respectively. As in the proof of Theorem 5, it can be shown that there exist, 
on M, two sequences of points, Y1, Y2 Ys,° * ` and Zı, 22, %3,° °°, such that 
(1) the set of all points on ab corresponding, under the correspondence T, 
to points of these sequences has a sequential limit point, z, whose transform 
in M is a point Y, (2) all points of these sequences lie between A and Y 
(or Y and B) on M, and for every positive integer n = 1, zn» lies between 
Yn and Yuu. on M, (3) Y is the sequential limit point of the sequence 
Z1, 22, 23,' °°, aud P is the sequential limit point of the sequence Yı, yo, Yst. 

That M is not connected im kleinen at Y is shown very easily by con- 
sidering a spherical neighborhood T with center Y and such that P is ex- 
terior to T. 


THEOREM 6. If M is a quasi-closed curve which is connected im kleinen, 
_ then M is a simple closed curve. 


* Since this paper was originally written, the result stated in this lemma has 
been given with a different proof by G. T. Whyburn, in his paper “ Concerning Regular 
and Connected Point Sets,” Bulletin of the American Mathematical Society, Vol. 33 
(1927), pp. 685-689; also, a different proof of the lemma has been given by the 
present author in his paper “On Connected and Regular Point Sets,” ibid., Vol. 34 
(1928), pp. 649-655. 
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Proof. As Jf is a quasi-closed curve, it is the sum of two sets Jf, and Mz 
which are irreducibly connected between two points, A and B, of M, and 
such that 4f,--(A + B) and M, (A+B) are mutually separated. That 
3, say is connected im kleinen at all points distinct from 'A and B is evident. 
To show that it is connected im kleinen at the latter points, consider the 
point A in particular. If M, is not connected im kleinen at A, there exists 
a spherical neighborhood K, with center at A, not enclosing B, such that if 
K., is any neighborhood concentric with K, and lying interior to Kı, then 
E, encloses a point z of M, such that the portion of M, from z to A contains 
points exterior to Kı. Since M is connected im kleinen at A, there exists a 
neighborhood C with ‘center at A, such that if P is any point of M interior 
to C, P is joined to A by a connected subset of M which contains no points 
of M exterior to Kı. Now there exists a point x of M, interior to C, such 
that the portion of IM, from z to A contains points exterior to Ki. But there 
does exist a connected subset, N of M, containing both v and A and lying 
interior to Kı. Obviously N is not a subset of M,. Let : 


N: (Mi—A)=Ni, (i=1,2). 


Then NV — A is the sum of two sets N, and No, where N, and N: are mutually 
separated sets. The set N, + A is a connected subset * of M, containing x 
and A and lying wholly interior to Ki, which is clearly impossible. Thus 
M, is connected im kleinen at A and similarly at B. Likewise Ms is con- 
nected im kleinen at both A and B. The theorem now follows as a conse- 
quence of Lemma 7. 


LEMMA 8. Let M be a connected point set such that if A and B are 
any two distinct points of M, then M —(A + B) is the sum of two mutually 
separated connected sets. Then M is a quasi-closed curve. 





Proof. The set M contains no cut-points. For, suppose there exists 
in M a point A such that M — A is the sum of two mutually separated sets, 
K and N. Then K and N are connected. For if K, say, is the sum of two 
mutually separated sets K, and Ke, then, if B is a point of N, 


M —(A + B)= K, + K: +(N— B), 


and the sets Kı, Kz and N — B are mutually separated, thus contradicting 
the condition of the theorem. 


“Knaster and Kuratowski, loc. cit., Theorem VI. 
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The sets K and N contain no cut-points. For if K, say, contains a point 
B such that X — B is the sum of two mutually separated sets K, and Ka, 


M— (A +B)=K, 4K: +N, 


where Kı, Kə and N are mutually separated sets, thus contradicting the 
condition stated in the theorem. 

Then, if P is a point of K, and Q is a point of N, K — P and N—Q 
are connected sets which have a common limit point, A. Hence 


M—(P + Q)=(K—P)+(N—Q)+4, 


and therefore M —(P-+-Q) is the sum of two connected sets (K — P)-+-A and 
(N —Q)-+ A having in common the point A, and is therefore connected, 
contradicting the condition stated in the theorem. 

Thus the supposition that M contains a cut-point leads to a contradiction, 
and the fact that M is a quasi-closed curve follows from Theorem 4. 


THEOREM 7%. In order that a continuum M should be a simple closed 
curve, it is necessary and sufficient that if A and B are any two distinct 
points of M, then M —(A + B) is the sum of two mutually separated con- 
nected sets. 


This theorem is a consequence of Lemma 8. 


THEOREM 8. In order that a connected and connected im kleinen set M 
should be a simple closed curve, it is necessary and sufficient that if A and B 
are any two distinct points of M, then M —(A + B) is the sum of two mu- 
tually separated connected. sets. 


Theorem 8 is a consequence of Lemma 8 and Theorem 6. It will be 
noted that the definition of simple closed curve embodied herein does not 
require that the set M be either closed or bounded. This is also characteristic 
of the following two definitions. 


THEOREM 9. In order that a point set M should be a simple closed curve, 
it is necessary and sufficient that it be connected and connected im kleinen, 
and that it should contain no cut-points and be disconnected by the omission 
of any two of its points. 


Theorem 9 is a consequence of Theorems 4 and 6. 


THEOREM 10. In order that a connected and connected im kleinen point 


T 
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set M shouid be a simple closed curve, it is necessary and sufficient that it 
remain connected upon the omission of any connected subset. 


Theorem 10 is a consequence of the result referred to at the beginning 
of § 2, and of Theorem 6. 


Theorem 10 is perhaps more striking than any of the others, in view of 
the fact that there exist * connected and connected im kleinen point sets 
which contain no continua whatsoever and in that the addition of the simple 
condition that the set remain connected upon the omission of any conrected 
subset is sufficient to render the set into such a simple continuum as a simple 
closed curve. 

It seems to me probable that the following theorem is true: Let M be a 
connected im kleinen point set which is the sum of two sets M, and Mz which 
are irreducibly connected between two points A and B and which have only 
A and B in common. Then M is a simple closed curve. I have not yet 
been able to establish it, if true, but it obviously includes Theorems 5 and 6. 
and is more general than either. 


UNIVERSITY OF MICHIGAN, 
Ann ARBOR, MICHIGAN, 


* Cf. R. L. Wilder, “A Connected and Regular Point Set Which Has No Sub- 
continuum,” Transactions of the American Mathematical Society, Vol. 29 (1927), 
pp. 332-340; also B. Knaster and C. Kuratowski, “A Connected and Connected im 
Kleinen Point Set Which Contains No Perfect Subset,” Bulletin of the American 
JLathematical Society, Vol. 33 (1927), pp. 106-109. 


NOTE ON FUNCTIONS OF R-TH DIVISORS. 
By E. T. Berr. 


1. The term r-th divisors of n (r, n integers, r = 0, n > 0) is used 
by D. H. Lehmer * to designate the set of positive integers defined as follows: 
ŝo = n; 5, = the set of all divisors of all the integers in the set 8,.. (r= 1). 
The set dr of r-th proper divisors is defined similarly with the restriction 
that a proper divisor of an integer m > 0 is a divisor < m of m. If r is not 
an integer = 0, the definition can easily be extended, and in fact r may be 
any real or complex number provided that u", which is defined presently, 
is interpreted in the irregular field IF of all numerical functions as demanded 
by the postulates of the field; namely as exp (rlogu). The theory of trans- 
cendental analytic functions in IF is developed in a paper to appear shortly.+ 


2. The entire theory of functions of the numbers 8,, dr is implicit in 
the equations in IF. 
2.1 f=uwf, Pui), 


in which f is an arbitrary numerical function (or arbitrary element of IF), 
u is defined by u(m)= 1 for all integers n > 0, and the definitions of +f, f 
are (for all integers n > 0), rf (n)== E f (8), of’ (= UH (ar), of = of’ SF. 
The notation in 2.1 is as in any of the papers cited in § 5; the $s refer to 
all numbers of the respective sets 8,, dr. To prove 2.1, it is sufficient to 
translate the definitions of -f (7), -f (n) into the notation of IF; namely 


f= urf f =(u—l)raf, 


for all integers r>0. As in IF, the equations 2.1 then define ;f, f for 
all real or complex numbers r. 

Since u is regular in IF it has a unique inverse, ut = m, (Möbius or 
Mertens function). To develop the properties of „f, -f’ ad libitum it is 
sufficient merely to manipulate the right-hand members of 2.1 according to 
the rules of elementary algebra, not dividing by f if f is irregular (f is 
irregular in JF if and only if f(1)= 0), as IF is an instance of an abstract 
irregular field. If at any stage it be required to interpret the results in 


* American Journal of Mathematics, Vol. 52 (1930), pp. 293-304. 
t Transactions of the American Mathematical Society. Further references are 
collected in Section 5. 
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terms of sf, „f, this may be done (for all r) by the substitutions, equivalent 
to 2.1), 
2.2 f= f/u = ef =f /(w— 1) 





3. A few examples will suffice to show how the properties of -f, -rf 
follow by elementary manipulations of 2.1. First may be noted the alterna- 
tive definitions for all integers r: u’f is the rth so-called numerical integral, 
and (w—1)*f the r-th proper numerical integral of f. If -f, -f be regarded 
as having been obtained by this process, instead of by summations over ôr 
dr, we shali write fr, fr. Thus 


3.1 f=fre=wvf, P =fr =u l), 


and as in 2.1 we take for all real or complex numbers r as definitions of 
fr, fr the elements wf, (u—1)*f of IF. In passing it may be repeated 
(as pointed out in the papers cited in Section 5) that the numerical integral 
uf of Bugaieff is in no way distinguished from any other simple (binary) 
product in IF, and similarly for the Liouville-Dedekind inversion; namely. 
if uf =F, then f= F/u= pF, which is on the same footing as gf = h, 
f = h/g = gth, where g is any regular element of IF and g is its reciprocal 
in IF. 

Let r be an integer. If in IF a product gf is factorable( see Section 5, 
references}, and one of its factors, say g, is factorable, then f is factorable. 
Since u” is factorable, a necessary and sufficient condition that f,(= +f) be 
factorable is that f be factorable. Hence if for any particular integer r, 
fr is factorable, it is factorable for all integers r. 

As a second example, since "+s == u'u® = u'u”, and similarly for u — 1, 
we see from 2.1 that 

right = hrie = rhs = shr (h =f or r) ° 


Again, if F= uf, and it be required to express the inversion formula 
f=F/u in terms of functions F,, we write u— 1==v for convenience, 
so that 


fo Pum F/(l+ 0) Fo +8 — +) 3 (P 


The last series obviously terminates when f has the argument n (an arbitrary 
finite integer), as Fy(n)= 0 for j = a certain finite integer, from the defini- 
tion of dj. 

The connection between rf, rf is obvious from 2.1. For simplicity let 
r be an integer = 0. Then, (v=u—1), 


58 E. T. BELL. 


(—1)4f =a) a 3 (— yf = 3 (1)! OEE 
fovp=l+)f=¥ ez Oi. 
As another identity suggested by 2.1 we have 
PHD =f n] È (1) G) why, 
and hence, if F = uf, 
PHO DA= È (DH GP 
An alternative form has F; instead of ;F, since 


us-luf = wip = jal? == Fiai 





The binomial theorem for a positive integral exponent r has a variety 
of interpretations. To take only one, u— v == 1; hence 


f=(u—o)'f = $ (D (5) wor, 


and we write uiv™-if in either of the forms (among others) w (orif), 
v4 (uff), and hence as any one of 


wras Whrs, of, vfs, 
that is as any one of the eight 


(nsf )5, alaf) (Prada, iPr- 
GF Yr- rea Gf)’, Yr- ra fi)’: 


Hence f has (among many more) the eight binomial expressions 
r 
= X (— 1) (N FD 
f= SCD Qr, 


where PP denotes any one of the above functions. The forms of the FP (n) 
are immediately written out from the notation: a prefix s denotes a sum 
over s-th divisors, a suffix s an s-iterated numerical integration, an accent 
indicates proper, lack of an accent all divisors of the set, and operations 
within the ( ) are to be performed before those outside. This example illus- 
trates the commutative, associative and distributive laws in ZF, which are 
abstractly identical with the like in a field. 


FUNCTIONS OF R-TH DIVISORS. ! 


Fenally, by the simple properties of what were called functional pov 
FF th io wules for ff + ean be transposed from sam 10 oad 
viis a'thout computations. In the papers cited in Section 5 the extens 4 
to at tions of elements in any commutative semigroup having a wre 
( . piasition theorem (as for example in any finite abelian group) wes pocs 


one developed. 


Lo The eapheit forms of sf, sf (and hence of f, f) are with pees 
© uc Tom the generator (see papers 5.3 and that of 1915) of i T 
sc ov ble, and F (e, z) is its generator, the generator of pf is #(r,2) oi 

etri is the coelficient of 24 in the formal developmert of this oox a 
sa gener series in z, the explicit form of f-(n) is 


a fr(n)= IIha(p), 


Tore aes: ] [pt is the prime decomposition of n. If f is not taitoa: 
‘js the csseutially simplest form of +f; the form corresponding tu 1.1 4 
c tained as in the papers cited. To find the explicit form of +f” we apol; 
u aw explicit form of fr the theorem (— 1)"f’ = 2 (—- 1)/( DEE 

The simple, general method for obtaining the generator of a given `f «r 
is arthmetical delinition was given in the previous papirs, and ir thu: o 
e3 4 lis: of the generators of practically all of the factorable nuri»: 
uretions in the literature, with many more, was written out. Some or ih 
usol s are: the generator of u is I/(1--2); that of Eulen ọọ © 
‘P-—2)/(1 —-rt): that of o (sum of k-th powers of all divisors) 
„(1 z)(i- ec); that of p is 1--2; that of the unit finetion yan 77 
s 1; ‘hat of the zero function œ in IF is 0. 

‘The de‘inttions of sf, rf connect an arbitrary numerical funci.on vwati 
hove special ones u, u-— 1. If for the latter any elements ~, F, 
41 JF he substituted, the treatment is precisely the same. From the stera 
noat of JF, which is the irregular field of oll numerical functions, tw. | 
w particulur reason for distinguishing u, w-—1,-- + from any other cle 
moat) of IF. 


ea 


7. A concise account of the theory is given in Algebraic Arithm tic 
t.luerictn Mathematical Society Colloquium Publications No. 7, 1927). am 
ar a equate summary in The Journal of the Indian Mathematic? Soes 
Vo ti (1925). It was however developed first in University of Washingt», 
Prbhleations in Science, Vol. 1, No. 1 (1915), pp. 1-44, where there os: 

uous applications. For the specific parts used in this paper we mo 
er to 
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5.1 Tohoku Mathematical Journal, Vol. 17 (1920), pp. 221-231. 


5.2 Bulletin of the American Mathematical Society, Vol. 28 (1922), 
pp. 111-122. 


5.3 Transactions of the American Mathematical Society, Vol. 25 (1923), 
pp. 135-154. 


5.4 L'Enseignement Mathématique, t. 23 (1923), pp. 305-308. 


The last contains everything necessary for the present paper except the 
theory of generators, which will be found in 5. 3. 

It may be pointed out that the generalizations to any systems having 
unique-decomposition theorems are not true generalizations in the sense of 
modern algebra; they are merely other solutions of a certain set of postulates. 
To obtain true generalizations, the set of postulates must be modified in the 
direction of weakness. 

For the theory of irregular fields, see either Algebraic Arithmetic 
above, or 


5.5 Annals of Mathematics, Vol. 27 (1926), pp. 511-536. 


THE UNIFORM APPROXIMATION OF A SEQUENCE OF 
INTEGRALS. 


By R. L. JEFFERY. 


Let 91, Jo," * *, Jp be p functions of s summable on (a,b). It has been 
shown by Lebesgue.* that there exists a finite sub-division a of (a,b), and 
on each interval of this sub-division with length a; a point é of v such that 


b 
(1) |f gnda—S gnlé)as| << (h=1,2,- +p) 


Lebesgue remarks + that such an approximation can evidently be made for 
an infinite sequence of functions. Our investigation seems to show that this 
remark needs some qualification, even when the sequence is bounded in g 
andn. In Lebesgue’s results, for a given e, both a; and é are fixed. We show 
that it is always possible to find é; on each interval with length a; so that 
(1) holds, for any « with norm sufficiently small. Conditions are also 
determined under which the approximation can be made, independent of n, 
for an infinite sequence of functions. The paper concludes with some applica- 
tions to functions of two variables. 

It will make for brevity if we agree once for all that æ shall represent 
a finite sub-division of (a, b), and £ a sub-set of the intervals of «; æ; and &, 
B; and &; shall denote the length of and a point on an interval of a and £ 
respectively. 

Turorem I. Let gı, gz,' ` `,9gp be p functions of x summable on the 
measurable set E contained on (a,b). Then fore >0 and € > 0 it is possible 
to choose from a with norm sufficiently small a sub-set of intervals B, and on 
each interval of B a point é; of E, such that 


| fi, Emele A= +40), 


and at the same time | mE — mB | < €. If Eis the interval (a,b) then the 
approximating sums can be taken over all the intervals of a. 


We shall first establish the theorem for two bounded functions, gı, and go. 
Let 7 and L be the bounds of the set defined by ga (h =1,2). Divide (1, L) 


* Annales de Toulouse, (3), Vol. I, p. 33. 
ft loc. cit., p. 34. 
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into n equal parts each of length y, where n is large enough to insure the 
following results: 

(a) „(b —a) < ¢/3. 

(b) |f, gndz—S {+G Dime] <3 (= 1,2), 
where e;* has the usual significance. Let e: be the set of points common 
to e:t and e;?. Let ¢ be greater than zero but otherwise arbitrary. Following 


the method used by Lebesgue, we can associate with each set ej a finite set 
of non-overlapping intervals ai; with the following properties: 


(1) Each interval of aij contains at least one point of e: and the 
measure of the part of ei; not on ai; is less than t. 


(2) The measure of the part of ei; on ai; differs from the measure of aij 
by not more than 7. 


(3) There are no points common to any of the n? sets ai; (4, j = 1,2, 
++, 0). 
(4) The measure of ai; and ei; differ by not more than t. This follows 
from (1) and (2). 
If U is the larger of the two numbers | Z| and |1|, and 
Kè = $ {1 +(i— 1)y}me* - (h==1,2), 
% n 
Sž = Z H1) E muj 
i=l j=l 
n n 
S2—= $ {1 +(t—1)y} & mari, 
jal 1 
then from (4) and the fact that 


et = > ei and ej? = > Eijs 
įj=1 4=1 
we get 
(5) | 3» — S| < w°Ut (h=1,2). 


Let M be the largest number of intervals in any of the n? sets aij. Let 8 >0 
be less than the length of the smallest interval in any of these n? sets, but 
otherwise arbitrary. Let a be any finite sub-division of (a,b) for which 
a <8, and let wi; be the intervals of « which have a part in common with 
aij, and which contain points of e,;. Then mui; can neither be greater than 
maiz by more than 2M8, nor, on account of (2), can it be less than mai; by 
more than ¢ Hence in any case we have 
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(8) | mui — mais | < 238 + t. 
Consequently, if we write 
Sy = 2 {1 +-(i— 1)y} > Mii 
=}, j= 
and 
So = 2 {1 +(j—1)9} >> Mij» 
it is easily seen that 


(7) | Sat — Sy | < neU (2M8 + t) (h=1,2). 


Tf now for all combinations of 1,7 we fix in each interval of the set wij a 
point of ¢;;, and in the expansion of S,' and S,? we replace 1 -+(i—1)y and 
1+-(j —1)y by the value of the corresponding function at the point so fixed, 
we arrive at 


I galés) Bs (h=1,2), 
where @ includes all the intervals of the n? sets wij From (4) and (6) 
we get 
(8) | mE — mB | < n®t + n?(2M8 + t)=d., 
It is also easy to verify that 
(9) | Ss! — Si | < g (b —a)=p. 
Combining (5), (7), and (9), we get 
(10) | S — 8| < UA+ p (h =1, 2). 
Then from (a), (b), and (10), we have 


f, grde — X ga(&;) Bs | <e (h =1,2), 


and at the same time the right hand side of (8) is less than ¢, provided 
first ż¿, and then 8 has been fixed sufficiently small. 

In the case of » bounded functions the procedure would be the same, 
except that in the place of the n? sets e:i; there would be n? sets similarly 
defined. 

Now suppose the functions gi,- - +, gp unbounded but summable on F. 
For N a positive integer let Hy be the part of E at which —N S gp SEN 
(h==1,2,---+,). It is clear that Ey is measurable, and that the limit as 
N becomes infinite of Hy is all the points of E. Hence for N sufficiently 
large, we have 
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(1) | mE — mEy | < €/2, 

and at the same time 

(2) x Lf pds — f grdz | < ¢/2 (h == 1, 2,- S sp) 
JE By 


The functions g, are bounded over Ex, and we have seen that if the norm 
of & is sufficiently small, then from « we can pick a sub-set of intervals 8 
and points é; of Ey, for which 


(3) | f nir—Z alé) | </2 h= 2: p), 
y 

and at the same time 

(4) | MEn — mg | < ¢/2. 


Combining (2) with (3), and (1) with (4), we get the first part of the 
theorem. 

Now let E be the interval (a,b). It is evident that there exists § > 0 
such that if e is any measurable set on (a,b) with me < 8, then 


J, nl + lool ae < 0/8. 


Also, on account of the first part of the theorem, if the norm of « is suffi- 
ciently small, we have 8 a sub-set of æ such that 


(1) | f gde— Sane Bi|</® (=L +p), 


and at the same time | b—a— mg | <8. If y=a— £, then my < ô, and 
it is easy to show that there exists ¢ on each interval of y with length yz 
such that 


AOE E Sr OEE f° AE 


Hence 
|B ga(éu)ye | < 6/2 (h==1,2,---,p), 
and this with (1) gives 


Lf do — Egla <e h= p) 
a PAT ea galei i E€ ( ee) >P): 


None of the foregoing results hold, in general, for an infinite sequence 
of functions. We give three examples which throw light on this point from 
various angles. 

Let ga =n(1— ngr) on 0 <s & 1/n, and ga = 0 elsewhere on (0,1). 
Then for every n we have 
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i 
f gadt = 1/2. 
0 


It is easily seen, however, that for any sub-division # whatever of (0,1), and 
for any choice of é, we have 
> ga (Éi) =0 

for all n sufficiently large. ' 

In this example the sequence converges for each v, but it is not bounded 
in z and n, nor is it integrable.” 

Let gar = log n on k—1/n Sa S k/n, and gas = 0 elsewhere on (0,1) 
(k= 1,2,- +, n, n= 1,2,- +). In this case 


1 
f garde = log n/n S 1/2. 
0 


But if 3 is arbitrarily large, then for any sub-division whatever of (0,1) 
and any choice of &, it is possible to find gax so that 


È, gre(ilar > M. 


In this example the sequence is neither bounded in v and n, nor is it 
convergent. We conclude with an example of a sequence which is bounded 
in gz and n. 

Divide the interval (0,1) into n parts and bisect each of these parts. 
Let gns be zero at the irrational points of one-half of each sub-division, and 
unity at the irrational points of the other half. Doing this in all possible 


ways gives rise to 2” functions ga, (4 —=1,2,:-:~-,2*) on the irrational 
points of (0,1). For æ rational on (0,1) let gm ==0 for all n and 
ke=1,2,-+-,2", We thus arrive at an infinite sequence of functions 


` bounded in z and n, and such that 


1 
Í gudr = Ya (k = 1,2, <, n=1, 2). 


But it is not difficult to show that if (é, &,---+,&) are any l irrational 
numbers on (0,1) then there exists at least one function gax such that 
gur(i)==0 (t= 1,2,---+,2). From this it would readily follow that for 
any sub-division « of (0,1) and any choice of é; there exists at least one 
function gay for which 


D gn (Si) ai = 0. 


We now prove 








* Hobson, Functions of a Real Variable, second ed., Vol. 2, § 201. 
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THEOREM II. Let gı, g2,° `- be a sequence of functions, measurable on 
(a,b), bounded in x and n, and such that as n increases gn(x) converges to 


g(x). Then there exists 8 > 0 such that if a: < è, it is possible to choose & 
so that 


b : 
|S odz--Z gliale w=). 


For an arbitrary n > 0 let S(y,1) be the set of s-points for which 
| gn(z)— g(x) | <x for n=l. It can be shown that this set is measurable, 
and that as Z increases the measure of S(y,1) approaches b—a. This, and 
the fact that g» is bounded in z and n allows us to fix 1 so that, 


b , 
(1) Lf, gads — J Jada | <4 (n =1,2,: - -), 
a Z EI) 
and at the same time ' . ; 
(2) b—a— mS (ml) <7. 
Also, we can find n’ = 7? such that, 
(2) if pis— f gude) <a (nEn). 
Sap’) J Sty, i) 


Then, on account of Theorem I, from æ with norm sufficiently small we can 
choose a sub-set of intervals 8, and on each interval of this set a point é; of 
S(m, 1) such that both the following inequalities hold: 


(4) o fap EREB (MLB + 01). 
(5) | m8 (n,1)—mp | < n 


Since n’ Z= Y and é; belongs to S(y,1) we have, 
(6) |E gn’ (&) Bi — E gn (Es) Bs | < (b — a) (n= w). 
j j 


Since (4) holds for n = n’, then by taking into consideration (3) and (6), 
we have 


M If gudo + Son(G)B/1 < a+) m=) 
SI) 4 


and this with (1) gives 


(8) If gude— EEB] <Ha) (n=). 
SMi j 
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Let y==a—, and let M be the least upper bound of | gn | for all n and z. 
Then, on account of (2) and (5), for any choice of é: we have 


| È ga (é) va | < M (n==1,2,° °°); 


and since 7 is arbitrary, this with (8) gives the desired result. 

If the sequence gı, ga, > > is not bounded in z and n, but is such that 
the sequence of integrals is equi-convergent,* then g is summable,} and the 
sequence of functions is completely integrable.{ With these facts established, 
it is not difficult to obtain inequalities (1) and (2) above. We can then 
proceed as above to inequality (8), thus getting 


CorortaRy I. Let gı, gz, ``: be a sequence of functions, summabie on 
(4,8), convergent to a summable function, and such that the sequence of 
integrals is equi-convergent. Then fore > 0 and e > 0 tt is possible to choose 
from « with norm sufficiently small, a sub-set of intervals B and on each inter- 
wl of B a point é; such that 


b A 
if Jada — È ga (Ei) Bs | <e (n=1, a, ); 


and at the same time |b—a—mB| <d. 


The question now arises as to whether or not the conditions of Corollary I 
are sufficient to permit the approximating sums to be taken over all the inter- 
vals of any set « with norm sufficiently small. An example answers this 
question in the negative. This example also brings to light a class of func- 
tions, satisfying the conditions of Corollary I, for which there exists no ô > 0 
such that for every æ with «; < 8 it is possible to find & for which 


b 
(1) If ands — Enu | <6 


but for every § > 0 it is possible to find at least one a with a, < 8, and a choice 
of é: so that (1) holds independent of n. 

Divide the interval [1/ (k + 1), 1/k] (k = 2,8,---) at the points ty, tox, 

> + where tir = 1/k, and where tin- — tar = 1/K° so long as the point tr 

falls to the right of or on 1/(k + 1) + 1/h*. If by making ¢¢n.yn— tnr = 

1,/4° the point tax would fall to the left of 1/(k +1) +1/k® then place the 


* Hobson, Functions of a Real Variable, second ed., Vol. 2, § 208. 

tde la Vallee Poussin, Transactions of the American Mathematical Society, Vol. 
15, Theorem I. 

+ Hobson, loc. cit., § 209. 
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point tay half way between tn-iyx and 1/(k +1). Let ga= k? on tak, tonaye) 
(k = 2, 8,- + -), and gn = 0 elsewhere on (0,1). 

It is easily shown that gn converges to a summable function g, that for 
all n 


fo nde < Be), 
0 k 


and that the sequence of integrals is equi-convergent. But if M is arbitrarily 
large and ô is any positive number, it is possible to find a sub-division æ of 
(0,1) with norm less than ô, and a value of n such that 


(1) D gn (és) ti >M. 
Fix k = k, so that 
k3/kı(kı +1) > M, and 1/kı(kı +1) <8. 


Take any sub-division « of (0,1) with norm less than 8 and such that one of 
its intervals is (1/k, -+ 1, 1/k,). Denote this interval of the set a by aj, 
and fix é; any point on «;. Then for some n we have 


Galé) a; Z kaj Z k/k (ki +1) Z MY, 


and inequality (1) follows from this. 

Nevertheless, for e and ê any two positive numbers, it is possible to find 
a sub-division of (0,1) with norm less than ô and points é; such that for this 
particular sub-division and choice of £ we have 


1 
I| gude— Egliai] <e 
It is easily verified that 


L/h oo oo 
(1) f pda SS (1/6) SS (1/6) </2 
0 k' k 


for all n, provided k’ is sufficiently large. 

On (1/k’, 1) gn is bounded in z and n, and consequently satisfies the 
conditions of Theorem II. Hence there exists 8 < è such that for any sub- 
division &’ of (1/k’,1) with norm less than 3 it is possible to find é for 
which 


(2) | fade Eatu] <A m=) 


To any such sub-division of (1/k’,1) adjoin the interval (0, 1/%), thus get- 
ting a sub-division « of (0,1). If on this adjoined interval of a we fix 
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é = 0, the desired result readily follows from (1), (2), and the fact that 
Ga(0) = 0 for all n. 
We now state 


THEOREM III. Let the sequence of functions gı, g2, ` > > be summable on 
(a,b), and converge uniformly to the summable function g. Then on each 
interval of any finite sub-division a of (a,b) with norm sufficiently small, it is 
possible to find & so that 


b 
If Jnd — x gn (Ei) a | <e (n= 1, eae © 


This readily follows from the uniform convergence of the sequence, and 
the fact that Theorem I applies to any finite number of functions of the 
sequence. 

A study of the sequence gn = log n/n for 0 S s S 1/n, and gn = 0 else- 
where on (0,1) shows that the uniform convergence requirement of Theorem 
III is not necessary. 


Turorem IV. Let gı, ga `>- be a sequence of functions summable on 
(a,b) which converges to the summable function g. Let č be the points of 
non-uniform convergence of the sequence. If č has zero content, if gn is 
bounded on & and n, and if the sequence of integrals is equi-convergent, then 
there exists « and & such that 


b 
if Jade — 2 gn (Es) i | <e (n=1, 2,°- J 


Under the conditions, of the theorem the set # can be put in a finite set 
of intervals @ such that if é is a point of # then 


(1) | È gn(é) Bs | < €/8, 
and at the same time , 
(2) if, gadar | < €/3. 


If (aj, bj) is oue of the p closed intervals of the set complementary to £, then 
on (aj, bj) the sequence converges uniformly to g. Hence by Theorem III, 
for any sub-division « of (aj, b;) with norm sufficiently small, we have 


b. 
(3) If gede— Z glida <p GLR p). 


We can now combine (1), (2), and (3), to obtain the desired result. 
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Applications to a Function of Two Variables. Let f(z, y) (aSaSb, 
¢ Syd) be bounded, continuous in y for each v, and measurable in g for 
each y. For 6 and y, two arbitrary positive numbers, let Gey be the set of 
z-points for which | F(x, y) — f(z, y”) | < xq for every pair of values y’, y” 
for which | 7’ — 9” | <8. The set Gs, is measurable.” 

To show this let y be an everywhere dense countable set on (a,b), and 
let Gs, be the set of 2-points for which | f(z, 9’) —f (z, g”) | <n for any 
two values 9’, Y” of ġ for which | Y’ —9” | <n. That Gs, is measurable 
readily follows from the countability of ğ and the fact that for a fixed y, 
f(z, y) is measurable. The continuity of f(x,y) in y for a fixed x can then 
be used to show that Gs, and Gs, are identical. As 8 approaches zero, Gy. 
tends to include all the points of (a,b); this and the boundedness of f(z, y) 
give, for ô sufficiently small, the following two inequalities: 


D |J, fena fy fend <a 

(2) b — a — M Gsn < 7. 

The function F (y) = f f f(x, y) dz is continuous. + 

Hence there exists & < 8 such that 

(3) |F(y’) — Fy”) | <a 

for any two values y’, y” of y which satisfy | y’—y’|<&. Let (c,d) be 


divided at the points yo = c, Yı, Yo,° * `, Yp =d where 0 < yxr—Yur < È 


(hk =1,2,---,p). Applying Theorem I to the function f(z, yx) (k = 0, 1,. 
+++, p) and z on Gsp we can select from a finite sub-division of (a,b) with. 
norm sufficiently small, a sub-set £, and é; a point of Gs, such that 


(4) If Nemi E iimw keL B: p) 
6 J 


and at the same time | m8 — MGên| <n. The above inequalities, together: 
with the boundedness of f(z,y) and the fact that é; belongs to Gs, readily 
gives the following theorem: 


Let f(z, y) satisfy the conditions stated above. Then for any finite sub- 


* Concerning the non-measurability of sets defined in a manner very similar to- 
that of Gay see Hobson, loc. cit., third ed., Vol. 1, p. 727. . 

+W. H. Young, Monatshefte fiir Mathematik und Physik, Vol. 21 (1910), pp.. 
126-127. 
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division a of (a,b) with norm sufficiently small, we have, for a proper choice 


of Éi, y 
b 
| f. f(z, y)de — 5 faye | <e 
If f(x,y) is unbounded but summable in x for each y, and such that for 


e any measurable part of (a,b) with me sufficiently small, if f(x,y) dz | 
¢€ 


is arbitrarily small independent of y, we shall say that F (y) is equi-convergent. 
The continuity of F(y) would then follow from Vitali’s theorem,” and this 
gives inequality (2) and (8) above, while (1) would follow from the equi- 
convergence of F(y). We could then proceed to (4), thus obtaining the fol- 
lowing theorem: 


Let f(x,y) (aSr Sb, cS yS d) be continuous in y for each z, sum- 
mable in x for each y, and such that F (y) is equi-convergent. Then for <« > 0 
and e > 0 it is possible to select from a with norm sufficiently small a sub-set 
B, and on each interval of B a point é; for which 


| f Heande— 3 fl, 98/1 <6 
a i 


and at the same time b —a—mB < é. 

If it is known that f(a, y) is continuous in y at y only, the other con- 
ditions in either the first or second case above remaining unchanged, it does 
not follow that the set of z-points for which | f(z, ya) —f(x,y) | < y when 
| ¥o—y | <8 is measurable.+ But if we assume further that f(z, y) is such 
that this set is measurable for each pair 8 and 7, it is then possible to establish 
the first theorem above for some interval about yo if f(x,y) is bounded, and 


the second theorem in case f(z,y) is not bounded but is such that F(y) is 
equi-convergent. 


* Rendiconti del Circolo Matematico di Palermo, Vol. 23 (1907), p. 137. 
+ Hobson, loc. cit., third ed., Vol. 1, p. 727. 


NON-INVOLUTORIAL BIRATIONAL TRANSFORMATIONS 
BELONGING TO A SPECIAL LINEAR LINE COMPLEX. 


By H. A. Davis. 


Introduction. The most general non-involutorial Cremona space trans- 
formation which belongs to a special linear line complex has been studied 
synthetically by M. Pieri.* He finds the general transformation to be of 
order n + 2n’— 3. In the present paper a transformation of the same order 
is discussed which has properties quite different from the one studied by Pieri. 


1. Synthetic Discussion. Denote by FT and T respectively the non- 
involutorial transformation and the special linear complex to which it belongs. 
Consider two superimposed ordinary spaces % and 3 such that 3 ~ 2 under T. 
To each point P of 3 (or P’ of 3’) corresponds the unique T-ray PP’. These 
two representations of the lines of T upon the points of 3 and of X shall be 
designated by M and Jf’ respectively. It is clear that T == MIW, and 
Ti MM4} 

A Y-pencil (A,@) with vertex A on the directrix d of T and plane a 
not containing d corresponds in M to a curve An,:A"™?, and in M to 
A'n: A™-1, hence, under T, Ana: A™®—~ Awi A”. A T-pencil (B, B) 
with vertex B not on d and plane 8: d corresponds in M to a conic A: B, 
and in W to As’: B, hence, under T, Az: B~ A’: B. Two pencils, one of 
each type, with a line in common form a composite T-regulus, hence a T- 
regulus R corresponds in M to a curve Anu of genus 0, and in M’ to a An's 
of genus 0, and, under T, Any ~ Aw 41. 

The surface F, image in J of a linear T-congruence Q, with directrix g 
is cut by a plane through d in d"? and a A,; and by a plane through g in g 
and a An- Hence, Q, corresponds in M to a surface Fn: d™?g, and in W 
to Fw : d-®g, hence, under T, P,:d™°g ~ Fy : dg. 


2. The Equations of T. There are in all of|F,| and œ+] Pw |, 
associated with the oo4 linear I-congruences. But a single pencil | Fn |, 
together with the corresponding pencil | Fw |, is sufficient to determine T. 

The base of a pencil | Q, | of linear T-congruences is a T-regulus R on 


*“Sulle trasformazioni cirazionali dello spazio inerenti a un complesso lineare 
speciale, Circolo Matematico di Palermo, Vol. © (1892), pp. 234-244, 
} loc. cit. 
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a quadric J. The directrices of the congruences | Q, | form the regulus R’ 
associated with R on H. The directrix d of T belongs to R’. Associated with 
| Qı | are the pencils | Fn | and | Fw |. 

Through a generic point P of space passes a single surface Fn: d*g, 
where g is the directrix of the Q, associated with Fa. The corresponding 
surface is Fw :d™-2g. The unique transversal of d and g through P meets 
Va in one residual point P’, image of P in T. 

Denote by zı = Z = 0, 21%, — Tat, = 0, 21/t2 + T4/Z3 = k, and 81/24 
= T/T = M, the directrix d, the quadric H, the regulus R, and the regulus 
R respectively. 

If we select the pencils | Fa | and | F’w | so that neither contains d as 
a tact locus, we obtain the T discussed by Pieri. We shall consider the case 
in which d is a tact locus for both pencils. They may then be written 


(1) | Fa | = U (a1 — prs) + V (£2 — pr2)= 0, 
(2) | Fw | == U (21 — pts) + V’ (£2 — prs )—= 0, 
where 


n n n 
U = > umiri ?, V= D netet, U= Y uriet, 
a=2 4=2 t=2 


n 


4 4 
+ ar im 
V = E vigie, us D ent, vi D dite, 
k=1 k=1 


4=2 
? S 7 7 é 7, 
ul = D Vikten vi = D, VW inte 
k=1 k=1 
Each surface of the pencils | Fn | and | Fw | contains a line g == z, — px, = 0, 


T2 — pz = 0, of R’. Through a point P(y) of space passes a single surface 
of | Fa | for which 


(3) p= [pU (y) + yV (y) 1/LysU (y) + 9sV (y) I. 


The transversal ¢ of d and g through P meets d and g in points whose 
codrdinates are (0,0,U,—V) and (py:, py2, yz, Yı) respectively. Any point 
of ¢ has codrdinates 


(4) Tı = pyr, C2 wpe, s = pY +AU, 24 = pyr — AV. 


When (4) is substituted in (2) factors Ap, (up)”®, and H = yiys — yoys 
cancel out leaving 


(5) vv —VU =0, 
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where now 


2 ni 4 = n 
U=U(y), V=V(y), W= E yty, V= 2 Dy ty, 
U = [ (Wip + is) ys + (aip + Wis) yo] u + (tiU m eu) 
Di = [ (bnp + bia) ya + (biep + b'is)ye] n + (b's -— WV )A, 
p having the value given by (8). 
The values of A and y» obtained from (5) may be written 


(6) NTL Get WOE, aed ee Ve: hers 
n=o( ve le us) — (v3 au “05 ), K=UV'—U’¥. 
Ys Ya , 


When (6) is substituted in (4) a factor Uy, + Vyz appears, leaving 
for the equations of 7-1, 


(7) Tı == Yidi, T = Ydi Ts = Yad: + UK, ta =Y — VK. 
The equations of T are 
(8) P= tdr, Y= ti, Y= tJ — U (£)K (£), y= taf +V (x)K (2), 


where 
Jy’ = U’ (a) [V (2) OU (x) fOr, — U’ (x) dV (2) /025] 
— VW’ (2) [V (2) dU (2) fox, — U” (2) OV (x) /0r4]. 


It is evident that T aind T-t are of orders n+ 2n’—3 and 2n + n — 3 
respectively. 


3. The System 4 | Fa |. The Plücker equation of T is p20. The 
Pliicker codrdinates of any T-line PP’ are 


P= 0, Pig — UY, Pu™ Vir, Pos=— Uya, Ppa — Vya, Psa Uyat Vya 
The œt linear T-congruences | Q. | are the intersections of pi. = 0 with 
AiP F Qis Pis + Ai4Pis F AzsPes H Aapa + Asapa = 0. 
These cot | Q, | correspond in M to the œt | Fal, 
(9) (131 + A2sY2 — Asaya) U —( Hays — sYa + asya) V = 0. 
The directrix g of a Q, of this system has coördinates 
(10) Piz = Zs pis = Qs, Pis = Qes, Pea = Qiy Paz = Qis, Pas == Qir, 


Oy 2034 + A 2%s0 -+ X14823 = 0. 
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The equations of g may be written 
QisYı F AY — Seca = 0, 141 — AaYe + Gass = 0. 


Each surface Fa of (9) evidently contains d*? and g, the directrix of its 
associated congruence. 
Consider two surfaces of (9), 


Fy = (A191 + M2392 — Ossi) U — (Oy 441 —— Ga2Yo + aaa) V=0, 
F, = (fisy + B2342 = Baya) U — (Bray = Bae + BssYa) V=0. 
The elimination of U and V from F, and F» gives the quadric 
H = (tY -+ Z232 — saya) (Bisa — Bale + Bass) 
— (a&i — bgoYo + Asafa) (Biy + BosY2 ari Baya) = 0. 


This quadric H contains d, g, and ge, the gı and ge being the directrices of 
the linear T-congruences Q, and Q2, images in Mt of F, and Fa These 
lines d, gi and gə determine a regulus R’ on H. The T-regulus R associated 
with R’ on H is the base of the pencil of linear T-congruence defined by Q, 
and Qo [F,H] = d? gAn, where An is the image in M of R. 
3 
A generic plane $= y, = > kıyı meets Fa in a curve Ca: D™2, where 
4-1 . 
[8, d] =D. In 8, the equation of C, is 


3 
(@1591 F GesY2— Ose 2 kiyi) U —( e141 — Qay + Maya) V = 0, 


3 
where y4 in U and V is replaced by X, kıyı. The tangents to Cn at D as given 
1 
by the coefficient of y,2 in Cn are 
ðU 3U 3y ôy 
ks et he) + ye z) ~e 


Since this expression is independent of am, it follows that the œ4 | Fa | are 
mutually tangent in d. Hence, [Frin] = 402D An C 2n-8; Where Con-s 
and d form the base of the system œt | Fa |. 


4. The Pencil | Fn- |. Suppose the directrix g of a linear T-congruence 
Q, meets d. Then from (10), &a4 == 0, and 9042 + O14%3-= 0. The asso- 
ciated surface Fn» is then composite, being 


(11) (1341 + Gas¥o) (es + aV )= 0. 


The 3%: + &zsy2 = 0 is the plane (d,g). The surface Fr = Gog + eT 
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= 0 is the image in M of the T-bundle on G(0, 0, a2, %23), the point of inter-’ 
section of d and g. 


3 
The section of Pn+ by a generic plane ô= y, = Ñ kiy; is a curve 

1 
Cn-1: D™2, where [d, 8] =D. In 8, the equation of On-1 is @23U + aaa V = 0, 


3 ' 

where yz in U and V is replaced by J, kıyı. The tangents to Cr+ at D as 
1 

given by the coefficient of ys in Ca are 


au av ,, av 
tk 3 Jy T) haa inthe) 


Since this expression depends upon a, it follows that the o1|F,.| are 
not mutually tangent in d. [Rni, Pra] = d? "Con. This pencil of sur- 
faces | Fn.|, together with the associated pencil | F’n’-.|, image in W of 
the «1 T-bundles on d, furnishes a simple way of setting up the equations of 
the T. Let 


| Pana | = O30 + aV =0, | Pw |= Gog ll” + aa V’ = 0. 


where U, V, U’, and V’ have the values given in section 2. 

Through a generic point P(y) of space passes a single surface Fn. of 
the pencil | Fn. |, for which a23/¢2—= V(y)/—U(y). The line ¢ through 
P and G(0, 0, a2, %23) meets F’»’_,, image in W of the bundle G, in a unique 
point P’, image in T of P. Any point of t has codrdinates. 


Tı = AY T = AYe; T; = AYs + ŁU, T = AYs pag pV. 
When the ratio A/a is determined so that this point lies on F’n'4, the 
result is (7). 


5. The Tss în a Plane Through d. A plane y = z, = og: through d 
cuts | Fn- | = 230 (£)+ aao V (1)=0 and | Fw- | = aU (£) + aV (2) 
= 0 in residual pencils of lines 


[2 | = ao (as) + asa (br)=0 and |V |= azn (a z)+ aa (b’x) = 0 
respectively, where (az)= de, + aats + a4%4, 
n n n 
Ae = oi, + Mi2)o™4, de= X diot, Q= Daiuo™!, ete. 
=2 i=2 4=2 


vertices of | 7 | and | 1’ | are respectively L(A) and L’(A’), where A1 = càs, 

= | asba |, As—=—| Goda], A= | azba |, As’ = oA’, A= | abi], 
2 = — | ab |, Ad’ = | abx |. 

Through a generic point P(y) of y passes one line of |7|, for which 
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5/4. —=(by)/—(ay). The corresponding line / ==(by) (a’x)—(ay) (Uz) 
= 0 is met by the line through P(y) and G[0, (ay), —(by)] in a point P’, 
image of P in T. The Tyt in y is thus found to be 


(12) To = Yoj Ts = Yahi t+(ay)k, z4 = yoji —(by)k, 
where jı=(ay) [as (by)— bs’ (ay) ] —(by) [ax (by)— ba’ (ay) ], 
and k =(ay) (b'y)— (by) (a'y). 

The T is 


(18) yo = Taji, Ys = Taji —(@z)k(z), Ya = taji +(b'z)k(£), 
where j1 =(a’x) [a3(b’x)— bg (a’x) | —(b’x) [a,(b’x)— b. (a's) ]. 


The conie k: LL’ is pointwise invariant under Ts,s 

The points L and I’ are evidently fundamental under Ts and T3? 
respectively. 

The points P,’ and Pz’, intersection residual to L’ of k(x) 0 with the 
pair of lines j; (x)= 0, are fundamental for Tat. 

Since (13) may be written 


Y2 = Teji (2), 
Ya = [z4 (0'2) + a (b'2)] [ba (e 2)— a (b'2)] + [Bo(a’e)— a (b'2)] (a's), 
Ya = — [z (az) + za (bz) ] [bs (a’x)— as(b'z)] + [b2(a'r)— a:(b'z)] z: (0'x), 


it follows that the points P,’, P,’, intersection of the conic 2.(a’r)-+ 73 (b’2) 
= 0 with the line z = 0, are fundamental for 757. 
The homaloidal nets of Ta and T`? are respectively 


2 l fe’ | ; LC P’P/ PPY, and co? | fs | : L?P,P.P3P. 


The images in Ty of (a’%)= 0, k(x) = 0, and fz? (£)= 0 are respectively 
(ay)jo==0, Kkjzajs=0, and (ay)jıj2? js = 0. The factors (ay)= 0, k=0, 
(«y)=0, j= 0, je—=0, and js =0 are the images respectively of the 
proper points of (a'z)==0, the proper points of k(2)==0, the proper points 
of fs’(z)==0, the pair of points P,’P,’, the point L’, and the pair of 
points PYP. 


jz = (ay) [as (b’y) — bs’ (a’y) ] —(by) [as (b'y)— b4’(a’y) ], 
je = (ay) [as (by) — bs (ay) ] —(by) [as (by)— bs (ay) ]. 


The images in Tyt of jt (£)= 0, jz (x)= 0, and j; (x)= 0 are respec- 
tively j27J3 = 0, jıĵzjs = 0, and jif? = 0. The jacobian of Tat is now seen 
to be made up of jı: LPP:Po, Ja: DL’P1P2P3Ps, and js: L?P3P,P,’P.’. Simi- 
larly the jacobian of T is composed of jy: L’?P,’P.’, jo’: LEPP PYP, 
and jg: LP} PrP Pa. 
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As the plane y generates the pencil on d, the Ts, generates the space 
Tasen -s,2n+n'-3- The equations of the latter may readily be obtained from (12) 
and (13) by replacing (ay), (by), (a’x), (b’x), and o by U, V, U’ (£), V’(2), 
and «,/X2 respectively. 

Since the point L is the section by y of Con-s, the latter may be represented 
by 21==odg, Tz = Àp T3 = Às, Te =M. Similarly, Czw- may be written 
Tı = ode’, Ve = Àg, Bg = Àg, Ta = Àd. 

6. The Homaloidal Webs in the Tnszn -s,2nin'-3 The image in T- of 


4 
a generic plane J; ciz; = 0 is a surface Fanm’ -3 == J3 > crys + (CsU — c4V)K 
i=l 


8 
=(0. A plane ô== y, = > kiyi meets Fonin'-s in a curve C: D?"*"’-6, where 
q=1 
[8, d] ==D. The tangents to O at D as given by the coefficient of y,° in C are 
gY - OU’ g ôy’ 7 aU’ 
(ks + F) | e(o ays 7 )—a(o7 Y3 uz 7) | 


where 
Ü = 0U /dys + kaðU /Oy,, V — OV /dys + kað V /ðya 


Since the factor ke + V is independent of c it follows that, of the 


2n + n’ —6 sheets of the surfaces of the homaloidal web through d, n —2 
are mutually tangent there. It follows that the homaloidal web of T-t is 


æ? | Poason' -s | 2 Gn 6 O Pon ay ansen -10 
Similarly, that of T is 
h 
%08 | Fonn -s3 | : qarn SC? on sYonsan’ “10+ 


Y. The F- and P-Systems of Tensn'-3,n12n'-3'. As the plane y of section 
5 describes the pencil on d, the points L, L’, PiP.2, P,’P.’, PaPa, and P,’P,’ 
describe respectively the curves Cons, C’on'-a) Yoman -105 Y"4ns2n’ 10, d and d. 
It is evident that Con-s (or C’sn'-3) meets d in 27— 4 (or 2n’— 4) points, 
and is rational. Also, yonsen'-10 (OF y’anson'-10) meets d in 2n-+ 4n — 12 
(or 4n + 2n’—12) points. It is of genus n’—3 (or n— 3). 

The images in T~! of d, U” (x)= 0, and K (x)= 0 are respectively J, == 0, 
UJ: -2J = 0, and KJ,"**'-*J,J3 = 0, where 


au’ av’ (v2 me 
0 (Va Ua)? ay Pm 


, ou 7 
sno (ito Gi) au m Uo 


—rf 7 ou YN aU AV 
n=o( 7 uga (Ve ot) 
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The factors U =0, K=0, Jı=0, Jo—=0, and Js—=0 are the images 
respectively of the proper points on U’ (x)= 0, the proper points on K (x)= 0, 
the line d, the curve O’sn'-3, and the curve y'ensen’ -10 

These surfaces J;==0 can also be obtained from the curves j;—0 of 
section 5. 

The jacobian of T-! is composed of 


= 
J12: Gm -6C2 1 _syonsan"—109 

° toi if 
Jo: dw -6Crn-g0 on! -sYansan! ~109 
Ja: BSC on gy’ anson’ -10° 


The Jı J2, and Ja are of orders 2n-+ n’—4, n+ 2n’—4, and 3n—4 
respectively. 

The J;==0 and J= 0 are ruled I-surfaces generated by the pairs of 
lines jı = 0 and jg==0 of section 5. The Je 0 is not ruled but is gen- 
erated by the conic j,—=0. The image in T-t of a line g is a curve of order 
n+ 2n’—38. If g meets d, its image in the Tyt in the plane (g,d) is a 
cubic curve. Hence, a point of d corresponds in T-t to a curve of order 
n+ 2n’—6. The J; = 0 contains a single infinity of such curves. 

The pointwise invariant surface is 


: a , 
Knin 22 A -4O an3 an ~o Y2n+an’ -10Y 4nsan' -10° 


, 
A plane SS y: = X kiyi meets Ja = 0 in a curve C,: D™2w-6, where 


[8,4] = D. The ‘tangents to C, at D as given by the coefficient of ys? in 
Cz are 


ôU ôy ðU ôy ôV 
GA ya ya T) E i tk $ x) + (a Fiki OY, in) | baie 


Similarly, the tangents to C; = [J3,8] at D are 


au’ ay’ au’ ay’ av 
Gr Oy. a bys Ys )[* nt na) tC T bie) | =e 


It follows that J2.==0 and Ja = 0 are tangent n— 2 times in d. 
[J Ja] pe Pn- m2 -O C201 von san! are (2n’ ae 4) lis 


where the (2n’— 4)l; are the images in T-! of the (2n’— 4) points of 
intersection of C’sn'_, and d. 


[Ji Je] = drr- 82-604, (Qn + Bn’ — 8) l; 
where the l; are the images in T-t of (2n + 2n’ — 8) of the points of inter- 
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section of y’snsen'-ro and d. Each of the remaining 2n — 4 points of inter- 
section corresponds to d itself and is already counted. 


[Jz Js] == din+2n'-6) (Bn-0+n-20 2ang (3n -+ án’ — 12) li 


where the l; are the images of the points of intersection of C’sn'-s and 
Yann -10° 

[Ja K] nm OMNO (nen! 4) 20 Yoman “105 

[Jo, K] = -O nin’-4) C on gO an! -gVensan' -105 

[Js, K] — q'3n-6) (n+n'-4) Cr onsy’ anion -10° 


The jacobian of T is composed of 
J2: A-6 2an -3Y ansan’ -10> 


LEN Ps tA 
Jf? GP" 8 Con aC’ an! -3Y anezn’ -109 


fe. Pan (7 
Ja: BBW -8 CO. _syonian'-10, Where 


-v(r2-072)-v(vZ-v7Z 
f az, O24 025 K 


7 
Jë = a vivo 


dx. 3 Oz; — dz. 4 


0 (vi p(o cyt 
ze 


LEA 


where U = U (z), ete. 


WEST VIRGINIA UNIVERSITY, 
Morgantown, W. Va. 


ON THE POSSIBLE FORMS OF DISCRIMINANTS OF 
ALGEBRAIC FIELDS I. 


By Wittiam R. THOMPSON. 


Let Kip be an algebraic field of n-th degree, and let d be the discrimi- 
nant of the field. Furthermore, let 


(1) p= I P”, where Nye y= ph, 
a1 


be the prime-ideal decomposition of an arbitrary rational prime, p > 1, in 
the field. Then Dedekind * has shown that the rational integer, € = 0, 
such that p€ exactly divides d, is dependent upon (1) and that if none of 
the exponents (e;) are divisible by p, then 


(2) ss fey: 
=i 


Ore + has treated the general case, where all or any of the exponents (e:) 
may be divisible by p, and given the possible values of £ for any given prime- 
ideal decomposition. Furthermore, he has given the maximal value of e for 
fields of n-th degree. 

Let Nin denote this maximal value. Then if we have the representa- 
tion of n in a p-adic system 


(3) n= Š bapt, where 0S ba< p 
a=0 


and ba is a rational integer; and J is the aggregate number of these coeffi- 
cients (ba) which are different from zero; then Ore has shown that 


(4) Nam = X [baa + 1)p"] —J. 


The equivalent of the above is given in the paper { previously mentioned 
wherein Ore has suggested the interest of ascertaining what other values are 
possible for € for algebraic fields of the same degree. It is the purpose of 


*R. Dedekind, Abhandlungen der Königlichen Gesellschaft der Wissenschaften zu 
Gottingen, Vol. 29 (1882), pp. 1-56. 

16, Ore, Mathematische Annalen, Vol. 96 (1927), pp. 313-352. 

t Ore, loc. cit. 
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the present communication to present the solution of this problem, which may 
be stated briefly as follows: 


A. Ifp > 2, c can assume all values from zero to Nin») inclusive except 
only as follows: 
€54 ap*— 1 (where æ is a positive rational integer) if 
n = pt or if a > 1 and n= p*+ 1. 
B. If p=} the result is formally the same as given for p > 2 except 
that e541 always. 


During the course of the proof of these relations which follow, it will 
become evident that certain other relations are developed which make possible 
a partial reversal of proof in order to establish criteria whereby, in certain 
cases, a knowledge of the power of p exactly dividing the discriminant of a 
_ field of n-th degree suffices to determine uniquely the prime-ideal decom- 
position of p in any such field. The statement and proof of these relations, 
however, will be given in another communication. 

1. Let Ki, n, d, p, € and Nim») be defined as above; and let p have 
the prime-ideal decomposition (1). Then let the representation of n in the 
p-adic system be given as in (3) and accordingly Nın, will be given by (4). 
Then it is well known that 


(5) n = 5 éfi, and @ >O0< tis 
4-1 


As indicated above, the foundation of the proof to follow is found in 
certain theorems given by Ore.* These may be stated in the following form: 

For each prime-ideal, P;, there exists a rational integer p; = 0, (called 
the supplemental number) such that if 8;=0 be a rational integer such 
that e; is exactly divisible by pS then p; is determined as follows: 


(6) If 8; =0, then p; = 0; and if 8,0, then 1= p; S e,8;, and in this 


latter alternative p; is restricted by the condition that if there exists a positive 
rational integer, vi, such that pi is exactly divisible by p”t, then v; shall not 
exceed pi/6i, i. e., vi S [pi/es], and in any case, 


(7) c= 2 Cae ee 


This theorem will be designated as Ore’s First Theorem. The following 
existance theorem given in the same article will be called Ore’s Second 
Theorem : 


* Loc. cit. 
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For any set of rational integers, designated by 


Cis °°, er 
(8) fo’ 4 ofr } 
PL’ ‘opr 


and satisfying the conditions of (5) and (6) there exists an algebraic field 
of n-th degree such that its discriminant is exactly divisible by pe where 
é has the value given in (7). Furthermore, in such a field the prime-idea! 
decomposition of p is given by (1). 

2. We may proceed from these two theorems and that relative to Niaz) 
given in (5) and (+) to find what other values of ¢ are attainable for fields 
of n-th degree. Accordingly, let €,“ be defined as the set of rational in- 
tegers which are attainable values of e for algebraic fields of n-th degree. 
Then, obviously, 


(9) Neap is the greatest component of €)™. 
Now in (8), obviously, by taking e; = 1 for every 7, then S; == 0 whence 
by (6) pi=0 for every i whence (7) gives e = 0, whence 
(10) 0 is a component of €,‘” for every n and p. 
(9) and (10) by Ore’s Theorems then give the obvious but useful 
THEOREM 1. €,, the set of attainable values of e for fields of r-ih 


degree, is a set of a finite number of rational integers including 0 and Nin,p) 
as least and greatest component respectively. 


Obviously, there are instances [where n = 1 in (8)] where these two 
extremes are equal, in which case 0 is the only component of €,™ but the 
set is never void. 

Now consider the case, p >n. Then by (4) we have 
(11) Nino n—l; 
and in (8) we may choose f: == 1 for every i; and as p > n, (5) gives p > e 
whence by Ore’s First Theorem or that of Dedekind we have in this case 
(12) E=n—T 
where 7 can be any positive rational integer not exceeding n whence by 
Theorem 1 and (11) we have proved the 

THEOREM 2. For p>n, €&)™ =0,-° +, Nap). 


3. Now, before we attempt the proof of the general theorem stated in 
the introduction, it is expedient to prove certain incidental theorems some of 
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which have a wider application than that to be utilized at present, as has 
been mentioned above. 

Consider the set of numbers in (8). It consists of three arrays of 
rational integers, each containing r numbers; the three arrays (the orders, 
degrees and supplemental numbers, respectively, of the prime-ideal divisors 
of p) being arranged in the form of a matrix. Obviously any permutation 
of the columns of this matrix gives the same value to €. Such a matrix 
satisfying the conditions given in (5) and (6) as indicated under (8) will 
be called a critical matric. Furthermore, it is evident that the set of possible 
values for each p; depends upon p and e; only. 

Accordingly, if r > 1, we may take any positive rational integer, 1’ <r, 
and form the two critical matrices for fields of degree less than n 


êr * 8 5 Or? r'an’ " p Or 
(13) l fo’ a Pr and l fras’ 7 ‘yr } 
4 Pril * 5 pr’ ' Pria’ °° 9 Pr 
Now, let w, n”, < and £” be defined by 
Cad T 
(14) w = X efi, w= D eifi 
{L irL 
ka T 
é== X fi(es—1+ pi), and = $ fi(es—1 +o). 
4-1 4=r'+1 
Then by (5) and (7) we have 


(15) n=wt+n’ and e=e’+ ee”, 


Now, in the present discourse, if A and B are sets of rational integers, 
let A -+ B be assigned the following meaning: 


(16) If » is a component of A+B; then there exists a component of A, 
say a, and a component of B, say b, such that n =a +b; 
and if a is a component of A, and b is a component of B, then (a -+ b) 
is a component of (A + B). 

Now, if we have any two critical matrices whatever, we may write them 
in the form of (13) and employ the definitions under (14) ; but with no prior 
assumption as to the matrix in (8). However, let n’ and n” be restricted 
by the equation l 

nw + n” =n 


then, obviously, by a reversal of proof we may construct the critical matrix 
(8) by the fusion of those of (13) and thus establish the existence of a field 
of n-th degree wherein the discriminant is exactly divisible by pe’te”, i. e, 
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exe p”. 
Accordingly, we have proved the 


THEOREM 3. If w and n” are two positive rational integers such that 
their sum is equal to n then Ep™ includes €, + €,%”, 

Alse, inasmuch as by Theorem 1 zero is always a component of €,‘* for 
any n, we have to Theorem 3 the 


COROLLARY 1. €)“™ includes E% provided n = w. 


4, In order to facilitate calculation let us divide the set, €)“ dichoto- 
mously as follows: 

Let Hy, be a set such that if and only if » is a component of H,™ 
then there exist two positive rational integers, m and n”, such that 
n= n +n” and y is a component of Ep? -+ E™™. 

Obviously, by Theorem 3, therefore 


(17) &™ includes H,™. 


Accordingly, let Ap‘ be defined as the set of rational integers such that 
if and only if y is a component of €)™ but not of Hp, then y is a com- 
ponent of Ap. 

Then €,“ is the union of the two mutually exclusive sets, Hp™ and 
Ay™, which we may call the heritage and the acquisition respectively of €,. 

Now, by (13), (14) and (15) and the above definitions any value of € 
obtained from a critical matrix (8) wherein 7 > 1 lies in the heritage, H,”, 
and not in Ap™. Otherwise stated we have proved 


(18) if € is a component of Ap, then r= 1. 
Now in (8) let us consider the case r= 1 and let the superfluous sub- 
script, 7, then be dropped. Then the critical matrix becomes simply 


e 
(19) l f } and e=—f(e—1+ op). 


p 


Now, if in (19) f > 1 then there exists another critical matrix under 
(8) where r= 2, namely 


e e 
(20) { 1, f—1 } and ¢=f(e—1+), 


Ps P 
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which value of ¢ is the same as in (19) but by (18) this is not a component 
of Ap™. Accordingly, by (18) we have in (8) 

(21) if e is a component of A,™, then r—f;—1, and e; =n.. 
Therefore, by Ore’s First Theorem we have the 


THEOREM 4. If ¢ is a component of Ap” it corresponds to a critical 


matris of the form 
n 
l 1 } and c€=n— 1 +p, 
e 


where p is a rational integer defined by the relations: 
If S Z 0 is a rational integer such that n is exactly divisible by pS, then 


if S=0, then p=0, 
and if S340, then 1SpS ns 
and in this latter alternatwe p is restricted by the condition that if there 


exists a positive rational integer, v, such that p is exactly divisible by p’, 
then v shall not exceed p/n. 


Accordingly, by the definition of Ap™® and Ores Theorems we have 
TuroREM 5. That c be a component of Ap it is necessary and sufi- 


cient that the conditions of Theorem 4 be satisfied and that £ be not a com- 
ponent of H,™. 


5. In Section 2 we have obtained a solution for the case p> and in 
the succeeding sections have prepared for certain phases of the handling of 
the other cases (p = n). However, before attempting the general solution 
there are a few additional contingencies for which provision should be made. 

In order to illustrate this need as well as to extend the domain of the 
solution, let us consider the case, p= n. Then by Theorem 2 and the defini- 
tion of H,™ we have 


(22) Hy == Ey + Ep”) where w +n” =p 
whence, by the definition in (16), we have 
(23) H ® =0,-++,p—2 

Now in Theorem 4 for n= p we have 


(24) S==1 and p=l,:--,p and 
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(25) Ap? =p," ++, 2p—1 
whence (as Nip») = 2p—1) we have by the definitions of Section 4 the 
THEOREM 6. EP —=0,---, Nipp eacept p— 1. 
Here we note the first instance of a number, y, a rational integer such that 
(26) 0 == Ning and yet y is not a component of €,™. 


Such a number will be called an exceptional number relative to E&™. 
Furthermore, in (26) by Theorem 1 we have 0 44 Nin). 

Now, if y in (26) is also an exceptional number relative to €, for 
every >> n (where u is a positive rational integer) then we shall call y 
a universal exception relative to p. Obviously, by Cor. 1 of Theorem 3, then » 
is not a component of €, for any positive rational integer, p. 

On the other hand, if » is an exceptional number relative to €,™ but 
— 2, 7—1, +1 and y+ 2 are components of €) ; then y will be called 
a regular exception relative to €,™. 

Obviously, by Theorem 6 we have 


(27) €, has the single exceptional number, p—1, 


which is regular for p> 2; and for p =È the exception (y—1) is not 
regular. 
Now, suppose that 1 is not a component of €, for »< mn. Then by 
definition 1 is not in H2™; and by Theorem 4 
1 is not in A.“™; whence 
1 is not in &,™; whence, obviously, by complete induction we 
have the 


THEOREM 7. The number 1 is a universal exception relative to the 
rational prime, 2; that is, the number 1 is not a component of €.™ for any n. 

Obviously, from the definitions we have to this theorem the 

CoroLtary 1. d542 (mod 4). 


This is merely a restatement of Theorem 7 and is essentially the seme 
as part of a result obtained by Stickelsberger * concerning the discriminant 
of the equation, D. The equation here as usual being by implication the 
equation of 6, there exists the well known relation 


(28) D=kd 


°*L. Stickelsberger, Proceedings of the International Congress, Zürich (1897), 
pp. 182-193. 
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where i is a rational integer called the index of 0. Obviously, then by the 
corollary above we have 


(29) DÆ? (mod 4) 


which is a part of the result of Stickelsberger mentioned above. Another proof 
of the Theorem of Stickelsberger has recently been given by I. Schur.* 

Now, let us assume that for any two positive rational integers, n’ and n”, 
such that n -+ n” =n, the sets €)‘ and Ep have at most one regular 
exception each and no other exceptions unless p—2 and that in this case 
the only other exception is the universal exception, 1. Then, obviously, by 
Theorems 2 and 6 we have 


(30) If w >1 <n", then € + E =0,-- +, (Mint + Nin") 
except 1 if p=2. 


and if either w or n” = 1, then &,” + En” = E&Y. 


6. We are now prepared to prove by the method of complete induction 
the following general theorem. 


THEOREM 8. If « is a positive rational integer and p> 2; then, if 
n = p%, then Ep —0,°--, Ning) except apt — 1, if a > 1 and n= p*+-, 
then Ep™ = €,"), and in every other case Ep™ = 0, ` <, Ninp; and if 
p=? then Ep™ is formally the same as given for p> 2 except that 1 is a 
universal exception. 


Now, by Theorem 2 and 6 we have verified Theorem 8 for the case, n = p. 

Let & be a positive rational integer such that Theorem 8 is verified for 
the case, n <3 p*. By the statement preceding there is at least one possible 
value for k; namely, the number 1. It remains, accordingly, but to establish 
that given a value for & above then the Theorem 8 can be verified for the 
case, nS pl; and, obviously, it suffices to make the demonstration for the 
case, p*4-1= = p*1; and in so doing we may refer to Theorem 8 for 
the enunciation of the components of any set, €,“, provided that u is a 
positive rational integer not exceeding p*. Furthermore, €. does not 
contain 1. 

Accordingly, let us consider the case, n = p*+-1. Then Nimp = Nip" p) 
and €)° = 0,-- +, Nop except kp*—1 and except 1 if p—2. 

Now, if & =1 and p= 2, then kp*— 1 = 1 whence 


(31) E —=0,- ++, Neso except 1, 


*I. Schur, Mathematische Zeitschrift, Vol. 29 (1929), pp. 464-465. 
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au i # - Land p>? we have 
iss) E? contains Ep? + E2 which contains p— 1, whence vi biw, 
‘og wep? +i and k=], 
(GES Ep = 0, + +, Non) (except 1 if p= 2) 
Vivo votes Theorem 5 for the case, n == p- 1. 

Xow, if k > 1 in this same case (n = pë + 1) it may readily be verit s 

il © there exist no two rational integers greater than one, n’ and n”, such th. 1 
D © 
n=- nw a” and Yoo + Nao Z kp —1 
we by (30) as €,%" does not contain kp*— 1 we have in this cas 
JI,™ does not contain kp*—1 

an by Theorem 4 for n== p+ 1 we have .tp%™ does not contain "p 1 
voce '> 1. Therefore, by Theorem 8, restricted, and 1 of Theorem 3 vn 
Eas as Vola = N gp) 
(3%) li k > 1, then E = €,° if n=" +1. 


Now, consider the case, n = bp” where b is a rational inieser, ind 
<b< p. Obviously, p=? is excluded from this case. Then hy tm 
ce nition of X and (30) if we set 2’ =(b—1)p* and n” = p" then it E” 
sis given in Theorem 8 we have 


35) as n= +n”, Hy includes 0,° > +, (Norim + Vom) 


i 


w hy (3) and (4) we have in this case Nep + Nw, = N ams 
sume (35) and Theorem 1 give (if €,” is correctly given by Thorunn * 
vhere w ==(b--1)p*) then 

(36) &™ =0,°° +, Ninn; 

C'here n = bp” as provided above) which is as given hy Theorem S. Bu 
fir b==2, n’ == pt; whence by definition of k, Ep is in this case correcti 
Loer by Theorem 8; whence by complete induction we have by (30) ‘or an 


reiloiel integer, b > 1 and < p 


r 


(37) if n = bp" then E&™ = 0, > > +, Nenps 


vhich is as given in Theorem 8. 

Now consider every other case for n < pl; i.e, n > p+ 1 and sut 
inat there exists no positive rational integer, b, such that n = bp” Ther 
n is given in p-adic form by (3) where q = k; then 
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k 
(38) n= $ bap*, where 0S ba< p 
a=0 


and ba is a rational integer. Obviously, as n > pë + 1 we have bz 540. Now, 
let b == by and w = bp*, Then in (30) by substitution we have n” = n — bg" 
whence (38) gives 


k-i 
(39) n” = J bapt < p* and, if b= 1, then n” > 1; 
a=0 
whence by (30), (37) and the definition of & we have in this case 
(40) E,™ Sg SS > NV inp (except 1 if p = 2). 


Accordingly, we have shown that if Theorem 8 is verified for n S pt, 
then it can be verified for n < p**1. It remains but to show that then it can 
be verified for n = p**t, 

Consider this case, n == p**1, Then for any two positive rational integers, 
w and n”, such that n == w + n”, it can be deduced from the definition of 
Nn») and the relations (3) and (4), by replacement of n by n’ and n” in the 
argument successively, that in any instance we have 


(41) setting M@=k-+1, then Mp —2> Nw, + Nenp); 


and, indeed, that equality exists only when n’=0 mod p*). 
Now, let 2’ ==(p—1)p*. Then n” = p*, and in (41) we have 


(42) hp —2 =N wim + Neat 


whence by (41), (30) and the definition of H,™® we have by Theorem 8 
(restricted to the domain verified) 


(48) if n= p", then H, =0,---, (kp —2), (except 1 if p=2). 


We now turn to a consideration of the components of A,“ for n = p% 
These are given by Theorems 4 and 5 by reference to (43) by 


(44) if n = p”, then Ap™ = k’p®,- + +, Ning) 


whence by (43) we have verified Theorem 8 for the case, »==p*1, which 
was all that remained to be done in order to establish this theorem completely. 


Theorem 8 is stated in another form in the introduction. It may be 
verified readily that the two statements are equivalent and that every possible 
case is covered. 
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TWO-DIMENSIONAL CHAINS. 
By A. ARWIN. 


In the present paper I have set myself the problem of finding a gen- 
eralization in two or more dimensions of the usual chains of fractions, which 
we may briefly speak of as one-dimensional chains, and their periodic'ty. 
Of earlier papers on this theme I mention those of Berwick * and Daus,t 
and above all those of Perron,t who has done close investigation of the chains 
which he calls “ Jacobi-chains,” and of their convergence, periodicity and order 
of approximation. The two-dimensional Jacobi-chains do not, however, enjoy 
the property of periodicity in conjunction with that of the “best possible 
order of approximation,” § as the one-dimensional chains for a quadratic 
irrationality do. It is therefore of interest to know that it is possible also 
in the case of cubic irrationalities to form chains of periodicity together 
with the highest order of approximation by following up a generalization of 
the one-dimensional chains along lines, which will be explained below. The 
best order of approximation of two cubic irrationalities yi, #2 is the one 
given by 
(1) | pa — Sr /tr | Skey/28/, | po — yr /ar | S ko/2r3/2, 


where x, y, z are rational integers, kı and ks constants +0, greater than 
a readily assigned numerical quantity.{] 

The principle to be applied may briefly be characterized as follows. Let 
us have the one-dimensional chain, homogeneously written 


(2) wo? = ory P Ery + Ory By, w = wre P Zra + wr P Zr 
and, as known, the order of approximation 
w P w P ae Erl 2r = 8/21? 


where wo, wri‘ are quadratic, algebraic integers and the constant ô, 
limited, possibly —> 0. On account of this equation the relations (2) will 
give 


* W, E. H. Berwick, Proceedings of the London Mathematical Socicty (2), Vol. 12 
(1912). 

t P. H. Daus, American Journal of Mathematics, Vol. 44 (1922). 

£0. Perron, Mathematische Annalen, Bd. 64 (1907); Sitzungsberichte der König- 
lischen Bayerschen Akademie der Wissenschaften zu München, Bd. 37 and 38. 

§ O. Perron, Irrationalzahlen, 1921, s. 135. 

TO. Perron, Mathematische Annalen, Bd. 83 (1921). 
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(—1) Flaps = wo(28-/zr 
and for Gra, the conjugate of øra P 
(—1) Gr D = Ty zy (T0 P/T — o/00 + 8/22). 
With increasing r we have the norm 
N (ora P J~ wp (T/D — o/00) 8r 


As however wr‘? is an algebraic integer, its norm is a rational integer and 
therefore +> 0. Hence, since the chain cannot break off, 8 +> 0 and N (ors) 
as well as N (or) are limited for all +, from which we easily infer that 
in the one-dimensional chain from a quadratic irrationality the formation 
is periodic. From this point of view, we are going to investigate the two- 
dimensional chains formed by cubic irrationalities. Let us therefore take py 
and wz from a cubic field and let us assume, as is usually done (a proof of 
this statement however we omit here) that 


(4) Z— pZ = 0, Y — poz = 0 


form a vector in space. Then we have to determine a set of points Ar (£r, Yr, Zr) 
which shall approximate the vector (4). Let us have, for example, con- 
structed Ar(2-, Yr, Zr) in the shortest distance pr from (4) and hr from a 
plane at right angles to (4). Proceeding from A, with the circular dise 
a (pr—e.)?, & > 0 but otherwise arbitrarily small, we move it along the 
vector (4) until the next point Ar. with pra: < pr falls on it. In this way 
we construct a set of points Ar, Aru ete. with decreasing py > pris > *. 
The existence of such a sequence follows from the theorem of Minkowski,* 
that says: A convex body with a “lattice point” as centre and volume 8 
must always without this centre have at least one further lattice point. But 
we may infer more than only the existence of the set Ar. Then, since no 
point is given on or within the cylinder 2mp,"hyi1, Ar and Arn excepted, we 
may contract pr and Ara arbitrarily little e, and e2, and have no lattice point 
at all on or within the cylinder 27(pr—«1)?(hris—e2). By reason of this 
theorem of Minkowski we therefore infer the following important inequality 


2a (pr = e1)? (hr re €z) < 8. 


Rape hrs < 8 + Amprhrsr€s + Qaprer + Qrres7€e = Bre? Aras => 4arezeopr, 
or, since e, and ez are arbitrarily small, for example, also 


(5) Rapes < 16, pr2 hres < 8/7. 


* H, Minkowski, Diophantische Approwimationen, s. 60. 
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The plane 

(6) Tu, + Yuz + z= 0 

is perpendicular io the vector (4), whence hr; is computed as 

(7) hres = (Erpa -+ Yriiktz + rer) / (pa? + pe” + 1)# 

and also 

(7) p? = B,? sin? 3, = (Er — pagr)? + (Yr — patr)? + (mYr — Metr) P 


Be? te? + 1 
From our construction of the set A, it immediately follows that 
(8) Ba Br [ar == er P, po — Yr /Sr = rP, DP and e” 0. 


Hence we have 





(1) (2) 
erat E = Thpt ] | (œ — par)? F (Yr — petr)? + (par — prze)” ] 


< (8/7) (m? -+ u2 + 1)* 


and therefore, for example, 


(£r — pir)? < constant/Zr, const. = (9/7) (412 +. p? + 1) $, 
that is, 


(9) | pa — £r/Zr | < constant/Zr. 
Proceeding as above the set of points A, will give the following approximations 
(9) Ba — Tr/žr = Hep D zl, pg — Yor zr = Tee /z3/2, 


where k,“ might eventually tend to zero; but, as already said, if w, and pe 
are cubic, independent irrationalities, Mr. Perron * has proved that actually 
k-“ does not tend to zero but has the order of a numerical constant. From 
this fact and (9’) we also conclude, and this is important, that in 


(10) Zra = Tr2r, 
tr for all 7 is limited since 
Bria < (9/7) (m? + p? + 1) 22/8", 
821/20, o= [Í pi, p = È | w — p | (4 = 1,2). 
Let us now put 


(11) Arar == Yraier — Yrérsi, Brar = Bry Lr — rör» 
Orar = rer — LrYrers 


and by means of (9°) compute for example 


*O. Perron, Mathematische Annalen, Bd. 83 (1921). 
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Besar = (Zrar/ 213/2) [— k, ®© + kra P (2r/zra 3/7], 


from which we further conclude, that Br, has an order of infinity of at 
most zrŻ and in the same way all Amn, Bm,n, Omn (m,n =r,r 4+ 1 and 
r-+2). Hence we write 


(12) Arar = Erir P Zr, Brrr = Err D 28, Orar == Eryr ar, 
where now all 2m,‘ are limited, eventually —> 0. Let us further set 
(13). m =(P), tg = (a? /w 8), 

where w) are algebraic integers, form with tr, Yr, Zr the expressions 


wo? = Tror D + tror D + poe, 
(14) wP = yraor P A Yro D F Yro ®, 
w ® = Zrror D -H Zro D F ror ®, 


and solve with regard to or ® 


Arsor P TE Arro P + Boss,roo + Crit,r00?, 
La 
(14 ) = Aror? = Ár roo P + Berz, roo P + Cr12,109, 
Apsqoe® == Arrr P + Bra, rao P + Orar ®. 


Let us set 
(14”) wy? =— ayo, + ay we + ay? (i Zy 1, 2, 3) 


1, o and w, forming a base in the cubic field; Armzwr® are from (14’) also 
algebraic integers. By (9) and (12) the first relation (14’) yields 


(15) Arwr P == (wo /z,) [er (Yrastr —= Yr@rss + Yr (Srsir — Srat2r) 
+ Zr (Eryr = LrYrn) + lr P pay pf P + ker 2 Eryr? + friar | 
= (09 /2r) [kr P trr P 4 er Pra, r F Err]. 


From this relation we infer that A;,.w, is for increasing r at least of the 
order 1/z,, or possibly of a less order 1/z,1**,¢ > 0. Let us further with (12) 
and (14) form the conjugate integers Angr and Apa), We have for 
example 


(15) Anr? = grh [ (ao P Ery, P dg Err Ap Err D) 
F Te (QP area r P A aP Enar D H a Err?) 
+ (aP trr P A dP Err 4 de® Brrr) J, 


and a similar expression in Arar), from which we infer that these con- 
jugate values are of an order of infinity of at most z,4 each. Hence the 
norm N (Aror) must either tend to zero or rest limited, different from 
zero. In the same way we have N(A;,20-°) zero or limited and finally 
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N (Aror ®). We shall in the following deduce an upper limit for Anz 
Since however Ar,.w,;“ are algebraic integers the formation of A, would in 
the former case go to an end, and this must occur for quadratic irrationalities 
w) with the order of approximation (9’), but it presumes that a linear 
relation hetween the initial elements wọ® is existing. In general the latter 
must therefore occur, whence the two expressions (15”) must have the order 
of infinity of precisely z,# as (15’) of precisely 1/z,. Hence the above rela- 
tion must lead to a set of algebraic integers of limited norm just as formerly 
in the one-dimensional case and quadratic irrationalities. In two dimensicns, 
however, the periodicity is not yet proved. But, writing 


(16) WD == 0" fag, QË = Anor P Arnor (i=1,2). 
whence 


Er F Err P F Eror P Q,2 Yr + Yr QO? + Yrs2Qr D 
o 

Zr H bry Qe + rr P 7 Zr F rir A Brar P 

we see, since Aror ® (i= 1, 2, and 3) are just proved to have the precise 

order 1/z,, that in 











(17) QRP = 


arD + s Po 7, 
Rr ? 

not only R, < M and N (arw, + sr Po + jr) < M, but 2, itself must 

be limited and hence also the expression arw, -+ Br Pw + 7,. From this 

fact we are able to conclude that the formation must become periodic. We 

write namely for 


l Pow? + Do Po + Co lo Pw A byw + Cy”? 


vı RD ? 0: = VAS 








(16°) QD 











the numerators of 0,“ after multiplication with Ro Ro? 

tro? + bro + er =r P 

ayo? + br + er =g” 

ayo? + bro + Cr = gr 
where ar, br, Cr are rational integers, y,“ limited for all r, and compute, 
since o -+u -+ © = —A,, w + Aiow? + Aw + Ay = 0, three relations 


2) — nr? 





by on 

A = =. 

1 w + a; a GS z) 

But these three relations are in contradiction if | a» | —> œ. Hence ar, br, €r 
are limited, and the formation periodie. But it is remarkable that the same 
clements need not follow in the same order in the set of periods; that is, 
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the periods need not hold the same elements in the same order. The periodicity 
can be mixed. If w belong to a field higher than the cubic we get ques- 
tions and problems almost as in the case of cubic and higher irrationalities 
in the one-dimensional chains, questions as these, if R- in (16’) be limited, 
if Q,% themselves are limited, etc. We shall now prove that A, for all r 
is limited. From 


Eraz ry Ur 
Arsa = | Yra Yra Yr |y Ba — Cree = krd /2r3/2, po — Yr [tr = krd /g,3/2 


Zraz Brar Zr 


where kr® and rr are limited -> 0 for increasing r, we infer 


Bi — terao P /2ra23/2, fa 7 kria P/r, ba hey) /2,8/2 
Arso == Trait Ze® | po — ersa ® /Zraa 2, po — kera P/r, pe =o kr /2,8/2 P 
1, 1, 1 
and further 
dra, PrP, (pa — kr /28/2)23/2 
Ara = Trait? Prsi Ca or, (p2 s ler? /zr3/2) 23/2 
0, 0, 1 
that is in 
Prah pr? 
bri, br 


all elements limited. Hence an upper limit of Arz is readily deduced. By 
means of the above geometrical considerations it is yet in general possible 
to limit Anz to the values of some few of the smallest integers. 

Let us then propose any relation 


Arie = Trat: r? 








Trig == Lr + Bar + yer 


given in rational fractions «, 8 and y with 


(19’) | Trys Yri2 rar | == Arig, 
| Brig Yra Zr ] = Aris. 


Then we compute y = Ar,3/Ar+2 and hence the recursion formula 
(197) AryoSreg == Mraslrig F MrssOrar F Arss@ry 


for if Vrs Yrıss 2 reg be any solutions of (19°) we can always determine Mrs 
and nrs as integers from (19”), whence this formula must afford all solu- 
tions of (19’). Let us then substitute r-+-1 for r in (14’), whence the 
relations 
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or Uana F orir F oTr = ora Parne + ora Pra + ore tr 
(20) wr P Yra + or Y ret + wor D Yr == wrar YY reg + Ory 2 Yra + wra Y,, 
wr DY Sry + wr Zra + of 2, + wry Brag + wr P Zr F Ore Bap. 


Solving this system with respect to or‘ we have proved the following 
relations 


Aragor P a Aror ®, 
(21) ArygAry20re1 P SANT Arr2Mrior + ArizArz0r = 
AragÂror È? A Ari2Mragor ®? + ArsAror P, 


also written in form 


Arr P == Mrs + Arse (Qr P/r P b 


1 
(? ) Aras Qr? == Mrs + Arsa (1/Qrn P js 


which suggests that we search for mri, and nres as characteristic integers 
in Q. Consider the plane 


tArs2.rs1 + YBraz.rst + Zro ra == Aris 


carrying all points 2,3, Yrs; Zras, and determine the intersection of this plane 
with the vector (4). We find the coordinates 


bAras 
? 
Araz, raita + Brsz,rerple + Craa,ret 


DIr = 


y? sE peAris 
T+3 7 3 
Arsa,reipet + Briz,rsipi2 + C ri2,rai 
1 
243 See See > 
Aras, rak + Briz,rvipa + C 742,741 


and by varying Mms, nra, so as to make (22) satisfy (19”) we compute 
further 


(22) 


Ary, rpa + Brai, rie -+ Crate w,)) 


ge RN PaE. tassel Aras ar T Arar T 
År+2, raaa + Briza + Ürer wr : 
(2) 


2 Arse, rfl + Brsz.rpe + Craze A OCA Q,(2) 
År, rti + Brizrapo + Crso,ret f wr ® ERSOY 
Mra and Nag are easy to characterize as the way that we have to proceed 
along the edges of a tetrahedron in order to reach just the point Arse 2°rs, 
Yrrsay 2°r4g and consequently Mrs and Mrs are rational integers in mrss, N ress 
which lead to the “best” approximating point trig, Yriay Zras Close by Trs 
rsa Lrg To determine the integers Mrs and nrs as well as A, we have 
to proceed from Ans = 1, decide, as above explained, on the “best” integers 
in Q, and 0,@, compute Gris, Yrs, Zras and test, if priz > pras is true. 
7 


MÌ ris = — Arig 


Wig = — Ars 
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If so, the point Ams is found; if not, we have to repeat this process with 
Arg = 2, 3 ete. until Arig will be determined; but we have no algorithm. 
which gives us mr and n, automatically, as in the case of the one-dimensional 
chains. As a special case of this mode of forming chains we may consider the 
“ Jacobi-chains,” in which without any exception A, is equal to one, and 
Mrs, Nras ate determined as greatest integers in Q,‘ and 0,@. But, what 
in this manner is won in simplicity, is a loss in generality, namely loss of 
periodicity in connection with the best order of approximation, and of this 
simple proof of convergence. ‘Hence, in order to attain the generalization 
of the one-dimensional chains to two dimensions we have to release the con- 
ditions Ar = 1 and permit mixed periodicity. As already indicated, a forma- 
tion with any quadratic irrationalities must break off, and this is readily 
proved directly also with k, +0. For if wo are quadratic irrationalities 
there exists in integers a, bo, Co a relation 


oloo up) + bolo? /wy'®) + co = 0 
from which by the approximation (9) it follows that 


aotr + bor + Cote —> 0 5 
that is 


Bor + boyr + Cor = 


for n > N, which is impossible. But as the Jacobi-chains in two dimensions 
also possess the same property,” and as they are easy to form, we shall use 
them for the purpose of solving in general a problem from the theory of 
numbers. It is however of some interest to show that also with quadratic 
elements a periodic chain is possible to construct in the following simple way. 


y —(71)% 
% SE E em a ea y 
7- 3(7) Mat ae 5 +2(7) 10+ ary 
14 14 
(7)#+2 
BORET os ESE SEEN PD gin 
TLE Ee 14 SLE 
1 I 
Y +(7)* 
Sm tT ERE coe (CO koin nt 4,7 4, 
1 Sitt erT 1 OLE 
4 14 


* O, Perron, Sitzungsberichte der Königlichen Bayerschen Akademie der Wissen- 
schaften zu München, Bd. 38 (1908). 
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5 -+ 2(7)* 
OMET ggah TAO aLL 
u ` itag Oue Ote 
1 1 


We shall now treat the named problem of solving any ternary, quadratic form 
in a quadratic field. Let us therefore have the general ternary form 


a a’ a” 
f (ay z) — b v A 
= ax? + ay? + a2? + 2byz + 2b’az + 2b xy, 


and let us assume that by means of any substitution 


T = Mt + ou, 


(23) y = Bot + Bru, 

2 = Yot + yuu, 
the binary quadratic form (p, q,r)— y(t, u) is brought into the quality 
(24) f(z y z )= yi, u). 


This problem is treated already by Gauss. Putting the root of y(t, u)== 0 
in (24) we have from (23) to each substitution a diophantine solution of 


(25) f(a°y?2?)—= 0 


in the quadratic field K[(d)*], s?d or d == p? — qr, and we observe that the 
solutions of (25) in K[(d)*] can, when existing, be arranged after classes 
of forms in K[(d)*]. Now it is interesting that conversely from each solu- 
tion of (25) it is possible to derive a substitution (23). For, having found 
the solutions w = 2°/2°, v = y°/2°, where 2°, y°, 2° are algebraic integers in 
K[(d)*], we form as above the Jacobi-chains, and from the stopping chain 
we shall see, that a substitution (23) is readily constructed. Hence: The 
necessary and sufficient condition that any ternary, quadratic form may have 
diophantine solutions in a quadratic field K[(d)*] is the existence of rela- 
tions (24), which give all solutions. Let us have the ternary form 


(26) x? + 2y? -+ 322 + 4yz + 402 + Bay 


and seek for example solutions in K[(7)*]. For p= 2/2, v = y/z we find 
a pair of solutions from 
“(2 % 
— tt Ure, (2 + 8r + 4 =a?) 


v= 44(12 a"), 
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with, for example, a = 4, yielding — p = 3(7)#— 6, v = 2(7)#—4. From 
them we form the following chain 
1 . 
AEE BREF B/E a? 
PAENT E TER P A essa at. 
i ns OLE) 


v = 2(7)% 


y+ (7)* 1 
TEE s + meee ; 

Q(7)*45 Qa 
set repay 


and the chain is breaking off, as it should, already with o‘ —2 falling in 
K(1). Hence we compute the following equivalences 


62) 4 4a.) La? + ba? 


= oo — = e 
az + BaD ? p aa 2 F Ba D 


Returning to homogeneous coordinates p= £/z, v—=y/Z, P? =g /r', 
GP == y'/z the unimodular substitution 


—r=r + by +12 
(27) y =a + 4y +07 
z= x + 3y + 07 


transforms (26) into the equivalent form 


Br — y2 4. 2/2 — Ry — 5z + Bey’, 


and by means of the substitution z’ == 2t, y’ = u, 2’ = this form is trans- 
formed in the binary form 


(28) — u? + 4tu + 3:2 


having just the root æ, —2-+(7)* from the chain above. Hence the 
substitution 


— z = 3t + bu 
(29) y = 2t + 4u 
z = 2i + 3u 


formed by the chain lead directly from (26) to (28). The transformations 
of (28) into itself, and the transformations of it into equivalent forms gives 
rise to further solutions; and we see, how all solutions of (26) must he 
reached. 

I will finally simply sketch the following generalization in the four 
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dimensional-space (zyzt). The definition of an angle œ between two lines 
is, as in euclidean space, also here given by 

cos w = 3) cos 8; cos di, 


where 8; and ¢, represent the direction angles of the two lines with the axes 
x, Y, 2, t. Any “plane” has the equation 


Aw + Ay -+ Áz + Agt -+ As = 0, 


and cuts a three-dimensional space out of (ayzt). A three-dimensional cube 
can therefore, for example, exist in this “plane.” Its distance from the 
point 21, Yı, 21, bı 1s 

T tes he Art, + Ayı + Asti + Ast + As s 


4 
[È 4:7)” 
After these preliminaries we assume pi, ps and ys to belong to the same 
algebraic field and let 
(30) C—pyt—=0, y—pet=—0, 2—pat = 0 


represent a vector in (ayzt). A plane perpendicular to this vector at the 
vertex has the equation 


(31) Tp + Yuz + Zs + t= 0. 


Let further a,‘ (i= 1, 2, 3, 4) represent any lattice point; then we comput: 
the cosine between (30) and the line from the vertex to a,‘” as 











D pica? 
(32) COS On pyr. 5 an DTE? i= I, 
that is 
id D m2 S a2 — [ D pion]? 
SIN" On = [Spe Da, 2] = 
3 3 
> (an D — pint) 2 +> (mran ® — pity’)? 
a <=. 
S u? Sa, 2 
and the length dn. from Ona (i= 1, 2, 3, 4) to (81) 
4 
= Pinn ©? 
33 pepi 8 ag 
(38) dns [È m?]* 


Any plane (31’) parallel to (31) has a point common with (30), and arouni 
this point in (31’) we lay, as we have already laid a circle in the plane o 
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the three-dimensional space, a sphere of radius 7 and of volume 4/38ar,3. 
Also here we let this sphere glide along the vector and get a convex figure, 
by which the above theorem of Minkowski is to be proved with a constant 24 
instead of the above 23. We then deduce the inequality 


(4/ 3) wdnstnS < constant 


where 


7 ted (4) 
Tn = Rn Sid on, Rn = [X 0n 2], dmn = Pete ; 
t 


From this our way of constructing new lattice points it follows that 
ar Ë art — pier, «O30, rc (t= 1, 2,3). 


Hence, as above 
3 3 
LÈ (cn — man )2 +2 (0n Pur — Ons) 2192 < kr/år”, 
= T = 


and, since all six terms are positive, so much the more 

| On? — pity ! < ka P anp P” (i au 1, 2, 3) 
and because of the theorem of Mr. Perron an, ® = Ta ® an‘, that is 
(34) AnP fatty P — pi = Teg fain Ap V A (i= 1, 2,3) 


tn and ka® limited, and this is exactly our fundamental formula, from 
which other data follow. In the same way we may also give the generalization 
to any higher dimension than four. 


JULY, 1929, 
MALMÖ, SWEDEN. 


TENSORS OF THE CALCULUS OF VARIATIONS. 


By Marre M. JOHNSON. 


In this paper tensors are discussed which are connected with the non- 
parametric problem of the calculus of variations. The integral 


J= f F(E yu E Yn Ys: . + Yn’) dx 


ig taken along arcs whose equations are yi~yi(z) (u StS tz; i=], 
‘+ +,n) and which join two fixed points in the (a, 41,- * *,Yn) space. 
For the parametric problem with the integral 


ug 
=f Py + +5 Yny Yr? Yn) du 


Murnaghan * has shown that the functions F,’ form a covariant tensor of 
rank 1 and that there is a contravariant tensor associated with the equations 
of the geodesics. It is also possible for the parametric problem to prove that 
the expressions in Euler’s differential equations form a covariant tensor. The 
Weierstrass E-function, the quadratic form used in the Legendre condition, 
and the expression in the transversality condition are all invariants.} 

In the following pages it is shown that when the non-parametric case 
is considered the n + 1 functions (F — yi/Py —-+++— Yn Fus ), Fy, instead 
of the n functions Fy; of the parametric case, are the components of a co- 
variant tensor. Likewise a function has to be added to the n expressions in 
Euler’s differential equations to form a covariant tensor. An application is 
made of this latter tensor to deduce very simply the relations between canonical 
differential equations and their transforms by a canonical transformation of 
cobrdinates.{ It is found further that the expression in the transversality 
condition is an invariant, while the quadratic form of the Legendre condition 
and the Weierstrass Z-function transform so that a factor is introduced. In 
addition te these results it turns out that there is a covariant tensor of rank 1 
which is connected with Jacobi’s differential equations. Furthermore the 

. laws of transformation of the two determinants which are used to find the 
conjugate points of Jacobi’s condition are discussed. 





* F. D. Murnaghan, Vector Analysis and the Theory of Relativity, pp. 86-90. 

7G. A. Bliss, Lecture Notes, Autumn 1926. ; 

See for example, the chapter by Carathéodory in Riemann-Weber, Die Dif- 
ferential- und Integralgleichungen der Mechanik und Physik, Teil 1 (1925), pp. 201-205. 
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1. Preliminary notions. In this section we shall des 
of the non-parametric problem of the calculus of variatior 
formations of codrdinates to which the necessary conditions 
are to be subjected. The laws of transformation of tensors i 
space are also stated. 

In the non-parametric problem of the calculus of varia 
to be minimized has the form 


(1) T= | FE yp" Ym ys de= FP 


Jı 


The symbols y and y stand for the sets (Y1,° * +, Yn) an 
respectively, and the primes indicate derivatives with respet 
tegral is taken along arcs Æ, which join two fixed points 1 
equations are 


(2) yo=yi(e) (1m SeSm;i—1,---, 2). 


Let u, v1,° °°, Un be new codrdinates for which u is 
variable The two systems of codrdinates are related by r 
transformation 


(3) g= 2(u, V1," * `, Un)=2(u,v), Yı =y (u, e * "> 
(i =1,:; . sa), 

whose Jacobian 

(4) F =ô (2, y)/A(u, 0) 


is different from zero in the region of the (n -+ 1)-dimensi 
discussion. The transformation sets up a one-to-one corres} 
the points of a region of the (x,y) space and the points of t 
region of the (u,v) space. Also it possesses all the continuit 
are needed in the following arguments. By a transformatior 
tives yi’, yi”, + + with respect to x along an arc in the (a, 
expressed in terms of the derivatives with regard to u, vi’, 
along the corresponding arc in the (u,v) space. This gives 


a a i ` 
(5) Yi ex ba (i 


and further similar formulas for y;”, 
Whenever a Greek subscript or AE occurs twide 
intended that a sum of terms shall be represented. The sur 
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letting the index take on the values 1,- + -,n and by summing the resulting 
expressions. 

The inverse of transformation (3) and the solutions of equations (5) 
for v,’ are given by the following equations: 


u = U (T, Yr, ` y “s Yn) = U2, Y), vi = 04 (T, Yay" i "5 Yn) =V: (T, Y); 
ôv: 00; , 

act ay, (==, +++, a). 
iu 

ôs T y 4 


(6) v’ = 


The Jacobian of this transformation from (a, y) to (u,v) codrdinates is the 
reciprocal of the determinant in (4). 

Every arc (2) in the (x,y) space has in the (u,v) space a corresponding 
arc whose equations are found as follows. By substituting equations (2) in 
the first equation of (6) we obtain 


(7) u = u(x, y(z)). 


In order to be able to solve for z we make the assumption that du/dz 0 
along the arcs considered. This is fundamental throughout the succeeding 
discussions. Let the solution for æ of equation (7) be given by z = z(u). 
By means of this result and equations (2) the first group of n equations in 
(6) becomes v; =v: (u) (i SuSue;t—1,---,n) which are the equa- 
tions of the corresponding arc in the (u,v) space. On this arc the images of 
the points defined by vı and zz are determined by values u, and ua which are 
found by putting z, and z, in equation (7). 

We will now define tensors whose components in the (x,y) space are 
functions of x, y; and the successive derivatives yi’, yi’, + + > of y; with regard 
tox. Suppose that a set of n + 1 functions Ao(a, y, 7,°°-), A(z y,y',° °°) 
is transformed by every transformation (3) and associated equations (5) into 
a new set do(w, v, v’, °), ailu v, e) (¢—=1,-°-+, n) in such a way that 


Ay = Apdt/du + Aatya/du, ai = Ade /dv; + Agtya/dvi 
(t= 1,°- n). 
Then the functions Ao, A; are the components in the (x, y) space of a covari- 
ant tensor of rank 1 and the functions a, a; are the components of the same 
tensor in the (u,v) space. If n+ 1 functions A°(z,y,y¥,°-°-), At(ayy, 
-+ +) are transformed so that 
a = A9u/dc + Atdu/dye, at = Ave + Av ya 
(i=1, ss sym), 
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then A®, A? are the components of a contravariant tensor of rank 1. These 
definitions can be extended readily to those of tensors of higher rank.* 


2. Tensors associated with Eulers differential equations. The non-para- 
metric problem of the calculus of variations in the (x, y) space is transformed 
to the (u,v) space by equations (3). First we state the relationship between 
the integrands of the integrals in the two spaces. By differentiating this rela- 
tion components of a covariant tensor are obtained. With these results it is 
easy to find the covariant tensor of rank 1 which is associated with Huler’s 
equations. . 

In the (u, v) space let the integral to be minimized be 


(8) I= f” f(u, v, v’) du. 
t 
The integrals in (1) and (8) will have the same value provided they are taken 
over corresponding arcs in the two spaces and provided 
(9) fv, v) =F (2,9, y) da/du, 


in which the right side is a function of (u,v, v’) by means of equations (3) 
and (5). 
Differentiation of relation (9) with respect to v; shows that 


(10) fog = (FE — Ya F ya 02/004 + Bryg Vya/0vi (t=1,-°++,%), 
and then it can be verified that 
(11) (f — va foa ) = (F — ya Pq’ )62/0u + Pyq! Ya /0u. 


Equations (10) and (11) and the definition of a covariant tensor of rank | 
establish the following theorem. 


THEOREM 1. The functions (F—yoq'Pyq’ ), Pye (t==1,°°+°+,n) are 
the components of a covariant tensor of rank 1. 


COROLLARY. The function 
(E — ya’ Pyqt ) dx + Pyy' dya, 
in terms of which the transversality condition is stated, is an invariant. 


For the differentials dz, dy; form a contravariant tensor of rank 1. The 
inner product ł of this tensor and the tensor in Theorem 1 gives the ex- 
pression in the transversality condition which is, therefore, an invariant. 


* L. P: Eisenhart, Riemannian Geometry, p. 10. 
7 L. P. Eisenhart, loc. cit., p. 13. 
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The tensor associated with the Euler differential equations* may now 
be obtained. The Euler equations for the integral I are df», /du — fv, == 0. 
The expressions in these equations can be computed with the help of formulas 
(9) and (10) and hence we find for i=1,---,m, after some computation, 


d d da: 
a) Star tum [we (2 te — Fre) 


+ (4 F; a -Fu ) a 


Ov, da 


These equations together with the equation formed by multiplying the above 
equations by (— v,’) t==1,- - -,m respectively and adding give the following 
theorem. 


THEOREM 2. The n + 1 functions 


ds z 
— (Fre —F — ya ) Aas (5 a 3 


(i1=1,:*-,n) 
are the components of a covariant tensor of rank 1. 


3. Canonical variables, equations, and transformations. In this section 
we consider- canonical variables and the Hamilton function. The Euler 
differential equations are replaced by canonical equations. Lastly, a cis- 
cussion of canonical transformations is given with an example in which the 
variables are canonical. 

The canonical variables ¢ (x,y,z) which are introduced by the equations 


(28) i= Fy (24,9) (i= 1+ ++, n) 


are used in place of the element (2,y,y’). If the functional determinant 
of these equations with respect to y;’ is different from zero, we expect to find 
solutions y; = Pi (x,y,z). Now the definition of the Hamilton function is 


(14) H(z, Y z)= Ya Fua —F, 


in which P;(z,y,z2) is substituted for yi’. We may prove readily that 
Pı == Hz, so that the solutions of equations (13) for yi’ in terms of (z, y, z) 
are also expressible in the form y; == H. In changing from the element 
(z,y, 4’) to the canonical variables (x,y,z) the following property is im- 
portant. Every solution y;(2) of class f O” of the Euler differential equa- 


* 0, Bolza, Vorlesungen über Variationsrechnung, p. 51. 
+ Riemann-Weber, loc. cit., p. 186. 
10. Bolza, loc. cit., p. 13. 
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tions defines a set of functions yi(z), zi(z) by means of equations (13) 
which satisfy the canonical equations * 


(15) dy:i/dt —H.,==0, dei/de + Hy,=0 (i=1,-- +50), 


and conversely. 

Let u, vi, wi and h(u,v,w) represent the canonical variables and the 
Hamilton function in the transformed space. After inserting in equations 
(10) and (11) the notations of canonical variables we can solve for H and zi. 
This gives the equations + 


— H = — hu ðs + wadv,/dz, 


a zi == — hdu/dy; + Waðva/ðy = (i= 1, +n). 


We may state now Theorem 1 in terms of canonical variables. It says that 
the set of n + 1 functions, — H, z; (t—=1,--+,mn), are the components of 
a covariant tensor of rank 1. 

If canonical variables are used, the invariance of the expression in the 
transversality condition which is given in the corollary to Theorem 1 may be 
stated as follows: 

(17) — hdu +- Walta = — Hdr + zattya. 


It will be shown that the transformation between the two (2a + 1)- 
dimensional spaces, (x,y,z) and (u,v, w), which is given by equations (3) 
and the last n equations in (16), has the property that the solutions of the 
canonical equations (15) of the original problem go into the solutions of 
the canonical equations of the transformed problem, a result which will be 
seen to depend upon formula (17). The transformation is then a somewhat 
special case of transformations which are called canonical.{ 

The following is the definition of a canonical transformation. A trans- 
formation from (u,v,w) to (x,y,z) codrdinates 


(18) z=s(u,v, w), Yi = y(u, vw), z= zlu vnw) (i=1,: n), 


is said to be canonical if it is a one-to-one transformation with its functional 
determinant (xv, y, z)/ô (u, v, w) not zero, and if three functions H (z, y, z), 
h(u,v, w), &(z,y, 2), exist for which the relation 


* Riemann- Weber, loc, cit., p. 191. 

t Riemann-Weber, loc. cit., p. 200. 

t Encyklopädie der Mathematischen Wissenschaften, Band 2, Teil 1, Heft 1 
(1915), pp. 343-346. 

§ See, for example, Carathéodory’s definition in Riemann-Weber, loc. cit., pp. 201- 
204. 
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(19) — hdu + Wade = — Hdr + Zaliya + at, 


is identically satisfied. 
We shall consider the problem of the calculus of variations which is 
connected with the integral 


Je f ° (—H + zaya’ + d¥/de) de. 


Since the Euler equations of a function which is the derivative of another 
function are identically zero,“ the function dW/de may be omitted in cal- 
culating these equations for this problem. The Euler equations are found 
to be the canonical equations 
dzi/dx + Hy, = 0, — (dyi/dx — Ha) = 0 
(t= 1,°+-+,n). 

Hence by Theorem 2 when the dependent variables are y1,° °°, Ym 219° © * > 2m 
we have the theorem: 


THEOREM 3. The expressions 
— (Hrala + Hzadza), (dzi/dx T Hy,) dz, 
—(dyi/dx — Hz, ) dz (t=1,- *,”), 
are the 2n +- 1 components of a tensor of rank 1 with respect to transforma- 
tions from the (x,y,2)- to the (u, v, w)-space. 


The transformation equations for this. tensor are deduced by Carathéodory 
in the reference cited in a quite different and much less simple manner. 

A fundamental property of tensors is that if the components of a tensor 
are zero in one codrdinate system, then they are zero in every other codrdinate 
system. Thus we have the following corollary: 


COROLLARY. By means of a canonical transformation the solutions of the 
canonical equations (15) of the original problem are transformed into the 
solutions of the canonical equations of the new problem. 


Since the relation (17) is a special case of (19), the transformation 
defined by equations (3) and the last n equations in (16) comes under the 
definition of canonical transformations, provided that the functional deter- 
minant is not zero. Since the equations hw, = v;” are always satisfied, as 
indicated in the second paragraph of Section 3, and with the help of the value 
of the determinant 
(20) | uvs/dy; — vi’0u/dy; | = J-*da/du (i,j=1,---,n), 


*Q. Bolza, loc. cit., p. 153. 
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where J is the Jacobian (4), it can be shown from equations (3) and the 
last n equations (16) that the functional determinant of g, yi, zı with respect 
to u, vi, w; has the value 


O(a, y, 2)/0(u, v, w)= FF da/du = da/du, 
which is different from zero along the arcs considered. 


4. Tensor properties of the conditions of Weierstrass and Legendre. The 
Weierstrass Æ-function, in terms of which the necessary condition of Weier- 
strass * is expressed, may be written in the form 


E(x, y, y’, Y= F(a, y, Y )— Yd Py (2,9, 9’) 
+ [Ya Fue (2y y) F(s) 
in which Y’ is the symbol for the set (Y1’,---, Yn’). In the (u,v) space 
we define 


(21) elu, v, t, V= f(u, v, V’)— Va'frg' (U, 0, 0”) 
+ [ya fea’ (u, v, v')— f(u, v, v’)], 


where V” is the symbol for the set (Vi’,- © -, Vn‘). 

Transform the element (u,v,v’) by the transformation (6), while the 
equations of transformation for the sets V’ and Y’ are those for the sets v” 
and y with v and 7 replaced by V’ and Y’ respectively. From relation (9) 
and the equations of transformation for the sets V’ and F” it is seen that 


f(u, v, V)= {F (a, y, ¥’)}{1/[du/de + (0u/bya) Ya ]}- 


If this result is substituted in formula (21) together with those given in 
formulas (10) and (11) and the equations of transformation for the set V’, 
then we obtain an expression for e which can be reduced to the following form: 


(22) e(u, v, v, V )= {E (x, y, y’, Y’)} {00/du + (3£/ðva) Va’}. 
This proves the theorem: 
THEOREM 4. The Weierstrass E-function is transformed by every trans- 


formation (3) and associated equations so that equation (22) is identically 
satisfied. 


The statement of the necessary condition of Legendre + involves the 
quadratic form Pya’ yg’ yang. Concerning this form we find 


* Riemann-Weber, loc. cit., p. 182. 
t Riemann-Weber, loc. cit., p. 183. 
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THEOREM 5. The function 
Fo vg"iang(1/ dz) 
is an invariant if the variations ni (t= 1,' >- n) are transformed by the 


relations (31) given below. 


The proof is as follows. Consider the one-parameter family of arcs 
through points 1 and 2 


(23) Yi = yi (z, a) (na Sr Sgr; i= l, ° on), 


which contains the extremal Hi. for a==0. Then the set of variations yi 
along E, are defined by the equations 


(24) ni (t)= Yie (z, 0) (G=1,: 7+,%). 


In the (u,v) space the equations of the family of curves (23) have to be 
found. Substitute equations (23) into the first equation of transformation 
(6) and obtain 


(25) u= uz, y(%,a)). 


If du/de +: 0, the solution for x will be given by s= s(u,a). When this 
result and equations (23) are put in the first group of m equations in (6), 
we secure the equations 


(26) vi = vi[w(u, a), y (z (wa), a)] =v: (wa) (i =1,-- +, 0), 
which represent the curves (23) in the (u,v) space. And as before we define 
(27) E(u) valu 0) (G=: n). 


In order to find the law of transformation between 7; and £; differentiate 
equations (26) with regard to the parameter and then set a = 0 so that 


(28) éi = [ (dvi /da) £a + (80: /0Ya) Yaa azo. 


If the solution for x of equation (25) is substituted in (25), an identity is 
procured which is differentiated with respect to the parameter. This gives 
the relation 


(29) 0 = [ (du/dx) £a + (0u/0Ya ) Yace le=0- 


When the value of za from (29) and the definitions of y; are put in (28), 
we find 


(30) i = (00; /PYa — 0;/0u/0Y4a) na (i=1,: n). 
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The determinant of the coefficients of 4: is the determinant in (20). By 
solving for y; we have the desired law of transformation between y: and £;: 


(31) ni = (Y1 / IVa — Y t/a ) ba (¢=1,---,n). 
By differentiating equations (10) with respect to vj’ it is found that 
foror = Po yp’ (040/801 — ya’x/Ov;) (Oyg/Ov; — yp’dx/00;) du/da. 
Multiply by €:£; and sum for i, j= 1, --,n. On account of relations (31) 
this gives 
fra’ vg’ abe (1/du) = Py! vg! qang (1/dz), 
so that the theorem is proved. 


5. A tensor associated with Jacobi’s differential equations. A tensor 
associated with Jacobi’s differential equations is deduced by a direct method 
although it can be found from the law of transformation of the integrand 
of the second variation of the integral J. 

It is necessary to make a few preliminary remarks in regard to notations 
in the two spaces for Jacobi’s equations and to derive some properties of the 
variations. If the family of ares (23) is substituted in the integral J, the 
function J (a) has the second derivative 


Za 
J” (0)= Í (FoaYaaa + Fyq! ¥’aaa + 29 (7, 7, 7) ) da, 


‘i 


where the function 20 is defined as follows: 


(32) 20 = Pyeygnanp + 2¥ yavg' nang’ + Fa’ ug’ na'ng - 


Since the family of ares (23) contains the extremal E> for a—0, the Euler 
equations di,,'/de — Fy, = 0 are satisfied for a=-0. Tunis result and the 
vanishing of the values of yioa(z, 0) at the limits x, and az, (see equations 
(37)) give us finally, by integrating the second term of the integrand in 
J” (0) by parts, 


(33) J” (0)= F 22 (z, Ny 7’) dz. 
The Jacobi differential equations * are by definition the equations 
(34) dOn; / de —- Qn, = 0 Gms s a). 


If in the (u,v) space the corresponding family of arcs (26). is sub- 
stituted in the integral I, the function I(a) is obtained. By a reduction 


* G. A. Bliss, Caleulus of Variations, First Carus Monograph, p. 163. 


TENSORS OF THE CALCULUS OF VARIATIONS, 113 


which is similar to that for the second variation in the (s,y) space we 
find that 


I” (0) = J olu, 6 C) du. 


where 2w has the form 


(85) Ro = fogupbale + 2foavp' babe’ + fra’ vp’ Eate. 

The Jacobi differential equations in this space are 

(36) dw y+ /du— u, =0 (i=l, en). 
Let the sets y:1, Y:2 denote the values of y; (i = 1, > +, n) for z, and zz 


respectively. Since the curves whose equations are given in (23) go through 
the points 1 and 2, we have yi: = yi(%1, @), Yiz = Yi (£24). By differentia- 
tion with respect to a we find 


0 = Yia (Ti, 0), O=— Yia (2, 0), 
(37) 0 = Yiao(%, 0), 0 = Yiaa( #2, 0) (amend? +5 it). 


The set of variations (24) is now seen to satisfy the conditions 
(38) m (t1) = m (22) = 0 (@=1,°--, 2). 


Since the values u, and us of the independent variable u in the (u,v) 
space locate points in that space which correspond respectively to the points 
determined by z, and zə in the (s, y) space, then the conditions (38) should 
imply £:(u:) = i (u2) = 0, and conversely. This result is proved if it is 
observed that the determinant of the coefficients of q: in (30) has the value 
J-dz/du which is not zero. The converse is proved similarly by means of 
equations (31). 

In deriving the tensor associated with Jacobi’s equations (34) equations 
(12) are used. In these equations substitute for y; and v: the equations of 
the corresponding families of arcs (23) and (26) respectively. After this 
result is differentiated with regard to a, let a be set equal to zero. Since the 
are Fıs obtained for a = 0 is an extremal, we note that the Euler equations 
dF, /dæ — Fy, = 0 are satisfied for a0. By means of this fact and the 
definitions of the functions Q and o it is easily shown that 


d fa dz 0x 
69) er mena! (5 Oe — on EE ey 
d dz Ya an ae 
+a ow — on EE e lie Sie 


These equations together with the tensor equation which is secured by multi- 
8 
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plying equations (39) by —v/ (t—1,---, n), respectively, and adding 
establish the following theorem: 


THEOREM 6. The n-+-1 functions 
— Ya (dOng/da — On) dz, (dQa, /dxz —Qn,) dx (¢=1,°°--, n); 
are the components of a covariant tensor of rank 1. 


6. Tensor properties of the determinants which determine conjugate 
points. Conjugate points in Jacobi’s condition can be determined easily in 
either one of two ways, involving in the one case the complete 2n-parameter 
family of extremals and in the other case an n-parameter family of extremals 
which pass through the fixed point 1 and contain the extremal Eiz. In each 
case the conjugate points are defined by the zeros of a determinant.* We will 
find the law of transformation of each determinant when the variables are sub- 
jected to a transformation (3). 

In the first place we will consider the complete 2n-parameter family of 
extremals 


(40) Yi = yi (B, G` ` 5 On, b + +, bn) == yi(a, a,b) (= 1,---, 2), 
which contains the extremal F,. for the set of parameter values (do, bo) = 
(aio © * *, Gnos bio, © * *, Ono). The points 3 conjugate to point 1 on the 
extremal E, are determined by the zeros z 4 2, of the determinant 


(41) D(z, £1, a, bo) = ae a | (9 = 1 +, n). 


Yia (1) Yin (1) 

In this determinant and following expressions where the parameters are 
not indicated, they are assumed to have the values given by the set (dp, bo). 
Also when the value of a function is taken at point 1 we write yie,(1) for 
example. 

In changing to (u,v) codrdinates it is necessary to find the equations of 
the family of extremals in the (u,v) space which correspond to the family 
(40). Using the method by which the equations (26) were obtained the equa- 
tions of the family of curves (40) in the (u,v) space are found to be 


(42) os — v¢[x(u, a,b), y(2, 4, t] enlab) Gad: +, 2). 





The conjugate points on the corresponding extremal e,z are determined by the 
Zeros U == U, of the determinant 


* G. A. Bliss, loc. cit., pp. 148-151. 
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Via, Vid; 
Via; (1) Vid, (1) 


In order to transform determinant (41) the following results will be 
needed. As equations (29) and (28) were found in Section 4, we find now 
the equations (44) when the set of parameters (a,b) is given the value 
(ao, bo) of the extremal Fs: 


0 = (du/dx) Ta, + (0u/0Ya) Yaas 
0 = (du/dx) x», + (0u/dya) yar, (J=1,:: +, n), 
Via, = (dv:/ dT) La; + (v:/ Ya) Yaa» 
Viv, = (dvi/dr) a, + (301/3Ya) Yad,, (i,j 1,--+,2). 
Since each of the expressions for Via; (U, Qo, bo) and viv, (u, do, bo) contains 
n -+ 1 terms, it is advisable to increase the order of the determinant (43) 
from 2n to 2n-+-2. With the help of equations (44) this determinant may 
be written as follows: 


(48) d (4, Ux, A, bo) = (j=l, a). 


(44) 


d(u, th, Qo, bo) = 
au Ou du du 
Tq 0 + Iya Yaa; 0 Jp 7 + Me Yar, 
dv; a ous 
Tu de T n = Yass Te tte aya I 


0 (2) (2, Jali) 1 (Boon (e Y ya (1) 
o (FH) a) (FE) toas(1) (E) n my, (1) + (Ft +) ya, (0) 


where the subscript 1 indicates that the value is taken at point 1. The deter- 
minant may now be factored easily so that the following relation is found: 


dz 
du 





(45) d (U, Un, Go, bo) = F1 ( J71), D(a, x1, ao, AE = 


where J-+ is the Jacobian of the transformation (6) and the eee 1 
denotes that the value is taken at point 1. 
We can state now the following theorem: 


THEOREM 7. When there is gwen a 2n-parameter family of extremals 
which includes the extremal Esx for the set of parameters (ao, bo), the deter- 
minant D(2,%1, o, bo) for the determination of points conjugate to point 1 
on the extremal E, is transformed as in formula (45). 


Secondly, we consider an n-parameter family of extremals y; = yi (2, a1, 
+, an) = yi (x, u), which includes the extremal Fıs for the particular para- 
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metric values (ao) == (dio, ° * *, Ano) and all the extremals pass through the 
point 1. The points 3 conjugate to point 1 on the extremal are Fiz are deter- 
mined by the zeros x £ £, of the determinant 


A(z, ao) = | Yia; (£, Ao) | (i=l, n). 


In the (u,v) space the conjugate points on the extremal e12, corresponding to 
the extremal F12, are determined by the zeros u s£ u, of the determinant 


ò (u, do) == | Via, (U, do) l OS oat! Seue n), 


where v; == v: (u, a) are the equations of the corresponding family of extremals. 
The method of the first case now shows the law of transformation of the deter- 
minant A(a, a) to be ; 


(46) 8 (u, ao) = F A(T, Ao) da/du. 
Hence we have 


THEOREM 8. When there is given an n-parameter family of extremals 
through point 1 which includes the extremal E,, for the set of parameters (ao), 
the determinant A(x, ao) for the determination of points conjugate to point 1 
on the extremal Ez, is transformed as in formula (46). 


CAYLEY’S DEFINITION OF NON-EUCLIDEAN GEOMETRY. 


By James Prerpont. 


1. Cayley in his Sixth Memoir upon Quantics (1859) laid the founda- 
tions of non-euclidean geometry. Although this paper is often referred to, 
its true significance seems to have been entirely overlooked. Led by Klein, 
whose autographed lectures on Nicht Euklidische Geometrie (1892) have 
enjoyed the widest popularity, another point of view has been adopted. This 
however depends on finding a projective definition of codrdinates and cross 
ratios; and this can be done rigorously only by an intricate piece of reasoning. 

The purpose of the present paper is to develop the implications of Cayley’s 
paper and to show how naturally they lend themselves to a systematic and 
rigorous treatment of this subject. 

2. Cayley takes four numbers Tı, Z2, Zs, z4 and regards their ratios 
T1: £2: T3: T4 as defining a point whose codrdinates are the w’s. In the notes 
to volume 2 which Cayley prepared for his “Collected Papers” he says, 
p- 605 ; —“ As to my memoir, the point of view was that I regarded “ coördi- 
nates ” not as distances or ratios of distances but as an assumed fundamental 
notion, not requiring or admitting of explanation.” It is well to remember 
in this connection that the notion of an abstract group is also due to Cayley 
(1854). 

A straight is defined as the points s: == la: + mba (t= 1, 2, 3, 4), 
where ai, b; are the codrdinates of two points a, b, and J, m are parameters. 
A plane is defined by Cut, + C282 + Cts + Caga == 0. It is easy to show that 
if a, b are two points of a plane, then all points on their join also lie on 
the plane. Also all points common to two planes lie on a straight. 

To define distance and angle Cayley introduces the quadratic forms 


(1) (z, 2)= F(a, ce) = > lijtitj, lij = O44, (i, j = 1,2,3, 4) 
of non-vanishing determinant a= det | ai; | and 
(2) Q (u, u)= X atuyuy, (ati == Minor of ai;/a). 


The distance 6 between two points v, y we define by 


(3) cos (8/c)= F (x, y)/[F (z, £) F (y, y) J%, 
and the angle ¢ between two planes u, v we define by 
(4) cos($/e’)—= G (u, v)/[G (u, u)G(v, v)]*%, 


117 


118 JAMES PIERPONT. 

Cayley takes c==c’==1. We, following Klein, choose them so that 8, ¢ ma} 
be real when possible. From (3) we have 

(5) sin(8/c)=A%/[F(a,2)F(y,y)]#%, (A= F(a,2)F(y,y)—F(a,y)? 


3. Leta, b, cbe three points on a straight, let y = dist (ab), n = dist (bc) 
= dist(ac). We wish to show that è= y-+ 7. A similar proof holds fo 
the addition of angles. Consider 


A = cos [(y + 1) /e] = c0s(y/c) cos (4/c)— sin (y/6) sin (n/c) 
and let us write for the sake of brevity (a,b) as ab, etc. Then 


A= [ab/(aa- bb)*] [bc/(bb - cc) *] 
— (aa: bb — ab? )# (bb; ce — be?) */(aa- bb)* (bb > ce)”. 


Let us denote the numerator of the last term on the right by 4%. Then 
A =(aa- bb — ab?) (bb - cc —bc?). 


Now 
b= aa + Bo, (bb) = a? (aa)-+ aß (ac) + B? (cc) 
(ab)—=a(aa)-+ Blac), (be) a (ac) + Bcc) 
aa + bb — ab? = 8? (aa- cc — ac?) 
bb - ce — bc? — a? (aa- cc — ac?) 
A = @?8? (aa: ce —ac?)?, 
Hence 
A = [ab - be — aß (aa - ce — ac?) ]/bb (aa - cc) # = B/C, 
ab: bo= g? : aa -ac + aß (ac? + aa: ce) + B? ac: cee 
Hence 
B= g? - aa: ac 4- 2aB ac? -+ B? ac: ce = (ac) (bb) 
Thus 


A= (ac) (bb) / (bb) [ (aa) (ce) ]#—(ae) /[ (aa) (cc) ] = cos (3/6). 
Hence 
cos(8/c)== cos [(y +1)/c] or 8=y+ 
We can now express the parameters in s; = «a; ~- 8b:i. We find at once 
(6) a = [| (zz)/ (aa) ]* sin [ (z, b)/c]/sin [ (a, b)/c], 
B = [(zx)/ (bb) ]* sin [ (a, x) /c]/sin [ (a, b)/c], 


where we have set (z, b)==dist(2, b), ete. 
In fact 
(wz)== a (aa) + 208 (ab)-+ P? (bb). 
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Let y = dist (a, x) è= dist (a, b), 

then by (3) 

(7) (ax) — a? (a2)-+ 62 (bb) + 2a8[ (aa) (bb)]% cos(8/c). 
Also by (3) 


[ (aa) (az) ]* cos (y/c)—=(aar)—= a (aa)+ B (ab) 
= a (aa) + B[ (aa) (bb) ]* cos (8/c). 


Hence squaring 


(xx) cos*(y/c)= a? (aa) + 2aB[ (aa) (bb) J% cos(8/c)-+- 8? (bb) cos? (3/c), 
or using (7) 


(wx) cos? (y/c)==(ax)— 8? (bb) + 8? (bb) cos? (8/c) 


or (waz) sin? (y/c)—= 8? (bb) sin? (8/c). 
This is the second equation in (6); we get @ similarly. 
4. The plane 
(8) (9,2) = È agit; = Day D Gigi = È syu = 0 
i t 


we call the absolute polar of g, or simply the polar of g. The distance be- 
tween g and any point z on this plane is such that cos8/e—0. Hence 
ò = rc/2. We call g the pole of (8). We ask how many poles g, does a plane 


(9) C121 -H Cola F Cals + Cata = 0, 


have i.e. how many points g are there such that the polar of g, (gz)= 0, 
is identical with (9). For (8) to be identical with (9) it is necessary and 
sufficient that 

PEj = Qj1g1 F ajage + Ajaga + ajage 


Since the determinant a of F(zs) is 0, we have 
(10) gi = p (atte, + atc, +- afc, + atte). 


Thus g1: 92! 9s: ga is uniquely determined. The plane (9) has thus a unique 
pole whose codrdinates are given by (10). 

The equations of the straight joining the points a, b are £; = aa; +- Bbi 
Suppose b lies on the polar of a. Set distance (a,2)==s, then distance 
(z, b)= 7e/2—s. Then (6), (7) give 


a= [(ax)/(aa)]* cos(s/c), B= [(ax)/(bb)]* sin(s/c), 
B/a == [(aa)/ (bb) T% tan(s/c). 


The point æ on the straight lies on the plane L(s)== ut: ++ © «ust, = 0, 
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when g, 8 are such that «L(a) + BL(8)—0, which determines B/a unless 
L(b)= 0, in which case s =b. Thus a straight cuts a plane but once. 
When b lies on the polar of a we say b is at a quadrant’s distance from a. 


5. The distance ô from a point æ to the plane (9) we define in this way: 
Let g be the pole of (9). The join of g, s cuts (9) in a point A and by defini- 
tion distance (g,h)==we/2. We define 8 = dist(s, h). Let y = dist (g, £), 
then y + 8 = rc/2. Now 


cos (n/¢)=(9,%)/L(g, g) (z, £) ]* = cos [ (76/2 — 8) /c] = sin (8/0). 
Thus 


(11) sin(8/c)—=(g, £) /[ (g, 9) (z, £) ]*. 
This expression involves gi: - + gą which are not given directly. Now 
(12) (9,%) = È tigiz; = X t X aig; = X z; > lisp > atte, 
i t kj 
= p È, £j D Ce D aija = p D, Cty. 
i k 4 j 
(18) (9,9) = È tiigi = P? 2 ij E Ata z abeg 
3 
= p? F, Cag > a S aija? = p? X, a cacg 
aß i j aß 
= p?G (c, ¢). 
These in (11) give 


(14) sin (8/c)= p(t +: + + + cara) /[E (g, g)F (2, x) ]* 
= (0, +--+ ++ cara) /[P (2, 2) G (c c) ]4. 


The four planes s, =Q, a —0, zs = 0, z4 = 0 define a tetrahedron 
which we call 7. The distance 8; of a point œ to the plane s: Is given by 


(15) sin (8;/c) == 2;/ (a**)* [ (z, x) ]4. 
Thus 


T1! Wet Tg! Be 
==(a11)% sin (8,/c) : (a2*) sin (82/c) : (33) sin(83/c) : (a#4) 4 sin(8./c). 


This gives a geometric interpretation of the codrdinates of a point in terms 


of distance. 
Let V; be the vertex opposite the face z; = 0 of r; i.e. the point whose 
coordinates v are all = 0 except v;. Its polar plane is (v,2)—0 


Qik, F liata A- lista +F Gigs = 0. 


The distance 7; of V; to the plane 
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(16) Utr F Uzta + Usts + Ust, = 0 
ig given by 
sin (4i/c)== ui/ (aii) *[@(u, u) J*. 
Hence 
Us = (dis) *[@ (uu) ]* sin (m/c). 
Hence 


(17) Ua: Ug! Ug i Ua 
==(d11)% sin (m/c) : (G22). sin (y2/c) : (dss) sin(93/c) : (Asa) * sin (n/c). 
6. The angle ¢ between the two planes 
(18) UT: + Uoto + Uata + Uata = 0, 1T + Vt F Velg FH Vata = 0, 
is given by (4). Let us call g, h the poles of these planes; Then 
Ji =p Lau, hy=p X atog. 
a B 
The distance 8 between g, h is given by 
cos (8/¢) = > aisgihs/[F (g, g) F (h, h) 1%, 
È, igih; = p? È tij Di aug D abog = p? D, Uavg D a** E, aija? 
ij aj a 8 aß 4 j 
= p? 2 abu avg = PG (u, v). 
a 
Hence using (13) 
cos(8/c)= G(u, v) /[G(u, u) G (v, v) T. 
Comparing this with (4) gives 
(19) cos(¢/ce’)==cos(8/c) or ¢=—¢8/c. 


When ¢ = 7/2 we say the planes (18) are orthogonal; the distance between 
their poles is 


(20) 8 =(x/2)c/¢. 
The angle $;; between the faces v; = 0, z; == 0 of the tetrahedron r is given by 
(21) cos (pij/e’) = atty (atta), 


We define the angle @ between two straights l,m meeting at a point a 
in this way. Let b, c be points on J, m at a quadrants distance from a. 
If 8, y are the polar planes of b, c we define @ as angle between 8, y. Now 
we saw the distance è between b, c is related to 6 by $/c’ = 8/c. Hence we 
can define 6 as c/d times the distance between b, c. 
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Y, Let us introduce new variables é, és és, £, setting 


(22) ti = = Cijéj, 
where c = det | ciz |540. Setting ct = minor ¢i;/c, we have 
(23) é = $ cizi. 
7 
Then 
F(a, 1)= > tijtit; = 2 lij z CinÉn D Cipp 
i ld 
= > nbp T, GigCarcip- 
Nu ti 
Hence setting 
(24) Ap = > Gi sCanCgp, 
(25) F(z, £)= = Orutréu = P (É, é). 
m 


The distance § between two points g, h is given by 
(26) cos(8/¢)—= X aizgih/ IF (g> 9)F (h, h) J*. 
Suppose (23) makes y, ņ correspond to g, h, then conversely (22) gives 
Ji = Beans h; = z Ciuu 
These in (26) give 
cos (8/c) = [È ij È Caryn = ci] / T2 (v y) 8 (a 0) 1% = N/D. 
Now by (20) 
N = $ yxu D tiz Cartyp = Di YNNE 
`a 1j Ma 
Thus 
(27) cos (8/c)= &(y, n)/{® (yy) b(n, n) T%, 


i.e. cos8/c is an invariant of the quadratic form (1) relative to the linear 
transformations (22). The plane 


(28) Usb, + Usk, + Usts + Uata = 0, 
becomes in the new variables 
(29) S viéi —=0 where v = z Cyr. 
The distance 8 of point æ to the plane (28) is given by 
sin (8/c)—= pling: +° + + + wate) /LF (g, 9) F(a, 2) 1%, 
where g is the pole of (28). . 
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Passing to the é variables this gives 
(30) sin (8/c)= p(vé. ++ - «+ vaga) /[8 (y; v) (6 £) 14 
where y corresponds to g. Thus sin(8/c) is an invariant of the form (1). 


Now 
(y y)= > tiryeyy = p” > Qij > ayy, D, aston = p? » MONO. 
& fhe 


Hence 


(31) sin (8/c)=(té +: + ++ vas) /[¥ (v, v) (é, £) 1%, 
where 
E (v, v) == > ooo. 
Aw 
If ô; is the distance from Point P (£, z, és, 4) to the plane é = 0, we have 
(32) sin (8;/¢) = é/ [20 (é, £) 1%, 
or 


(33) é i 2: És és 
=(q11)% sin(8,/c) : (a22)4 sin (82/c) : (a33)% sin(8:/c) : (a44)* sin (84/0). 


Geometrically the transformation (22) or (23) represents replacing the 
tetrahedron of reference r by a tetrahedron 7’ whose faces are é = 0, é == 0, 
& = 0, &, = 0. 

Let us refer the straight 


(34) z; = la; + mbi, (i= 1,2,3,4), 
to the 7 tetrahedron. By (23), & = X dtz. 
As z lies on (84), i 
& = 2 ct (la; + mb;) 
= lai + mBi, 
where by (23), «i, Bi are the codrdinates a, b referred to r’. From algebra 


we know that a real transformation (23) will reduce the form (1) to one 
of three types 


(35) $? -H 2? + é? + E = 0, 
(36) Ex? + é? + é? — É = 0, 
(37) &: + éP — é? — EE = 0. 


To (85) corresponds the geometry first discovered by Riemann. To (36) 
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corresponds the geometry discovered by Lobachevsky and Bolyai. Finally 
to (87) corresponds a geometry which I have called L-geometry.* 
8. The distance 8 == ds between x and x -++ dz is given by 


cos(ds/c)—=(w, s + da) /[ (a, s) (£ + dz, s + dr)]*® = A/B = 1 — ds?/2ce? -+-- “4 


Now 
(x, x + dæ)=(z, x) + (z, dr), 
(z + dz, x 4- dr)=(a, 2)-+ 2(a, dr) + (dz, dz), 
B =(zx, s) [1 + 2(2, dr)/(a, x) + (dz, dx) /(a, x)]*. 
A/B = [1+ (a, dt)/(x,2)] [1+ 2(2, dx) /(z,£)+-(dz, dz) / (x, £) 1] 
= [1 + (z, dx)/(«,2)] + [1—(1/2) {2 (a, de) / (x, z) + (da, dx) /(x, x) } 
+ (3/8) {2 (z, da) / (z, z) + (dz, dz)?/ (s, £)}+: `) 
= 1 — (z, dz)/ (z, 2) —(dz, dz) /2 (z, s) + (8/2) (a, dz)?/(a, £)? -Ht 
+ (2, dx) / (z, x)—(z, dx)?/(2, t)? —- ans) 
= 1 — (dz, dx) /2 (x, 2)-+(1/2) (a, dz)2/(2,2)2-+:-: 


= 1— ds?/2c+-- 
Hence 
(88) ds? /c® ==(dz, dx) / (z, x)—(a, dr)*/(z, £)? 
Since only the ratios z1: %2: s: g4 have been used, if we like, we may set 
(39) (z, 7) = X dijziz; =h?, a constant. 
Then 
(40) (z, dz)=0 and ds? = c®/h? (dz, dx). 


If we choose c, h so that c = h, then 
(41) ds? = X, a;jdzidz;. 


Let us define the angle @ between two curves meeting at a point a, as the 
angle between their tangents, whose equations are, say 


gi =a; cos S/c +- bi sin s/e, g =a, cos S/c + Bi sin s’/c. 
We have at the point a for which s = 7 = 0, 
dzi/ds = bi/c, dæi /ds = Bife. 
If § = dist (b, 8) we set 6 = 8/c and have 
cos (8/c)= $ a4jbi8;/[ (b, b) (8, 8) ]* 
cos 6 = S, ai (dai/ds) (day’/ds’) [F (b, b) F(B, B) \%. 


or 


* Monatshefte für Mathematik und Physik, Vol. 35 (1928). 
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If we suppose (b, b)=(8, 8)= c we have 
(42) cos 0 = X, au; (da;/ds) (dax;’/ds’). 
Let us find the curves for which 
ô fds =0, 
where ds is given by (41). 
Performing the variation we get 


fds ` 82; > lij d?x,;/ds? = U. 
j i 
From the relation (39) we get > aijxi8z; = 0, hence introducing a Lagran- 
gean multiplier H we get 


f ds > ÒT; > ais {d?x,/ds® + He} = 0, 
j 4 
or 


(48) & t; (Pai/ds? + Hx;)= 0, (j = 1, 2, 3, 4). 
Multiplying these four equations respectively by Tı, T2, Ts; Va, and adding, gives 
> ait; Pa,/ds? + H X aytis = 0, 

i ij ij 
(44) ` 443%; Az; /ds* + He = 0. 
From (39) we have differentiating twice 
z Qij£j da;,/ds® + z ai; (dæ:;/ds) (dz;/ds)= 0, 


or 
> 5505 dx,/ds* +1==0. 
aj 


This in (44) gives H = 1/c? which put in (43) gives the four linear equations 
È azı (@Pai/ds? + 21/2) = 0, (j = 1,2, 3, 4). 
The determinant of the system of equations is a=<0. Hence this system 
admits only the solution 
d?x,/ds? + z1/0 = 0, (i = 1, 2, 38, 4). 
Hence integrating 
zi = a; cos s/c + b: sin (s/c) 


= adi + Bbi, 


which are the equations of a straight as we saw § 4. 
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9. We have now gone far enough to show how the geometry belonging 
to the quadratic form (1) with non-vanishing determinant may be developed. 
It remains only to put this abstract geometry in relation to the geometry of 
our physical space. 

In two papers,” I have considered the optics of space of constant curva- 
ture taking as fundamental assumption that the path of a ray of light in such 
a space is given by Fermat’s principle, è fnds = 0. I showed that in such 
a space, light behaved in the main as in euclidean space. For constant index 
of refraction the path of a ray is a straight according to Cayley’s definition. 
In elliptic and hyperbolic spaces it has long been known that rigid bodies 
exist which can be freely moved about without distortion, and I have shown 
the same holds in L-space in the paper referred to in § 7. Thus we have 
the means, partly mechanical and partly optical, to construct straight edges, 
planes etc., Also we are in position to construct measuring bars. This being 
so we can define a tetrahedron and define our codrdinates by (15) where the 
a’s are determined by one of the forms (35), (36), or (37). 

The indentification of our abstract space with our physical space is thus 
complete. Cayley appears to have had no interest in identifying his abstract 
geometry with our physical space, his “ codrdinates” have thus left a funda- 
mental notion undefined. 

In Klein’s theory straight lines are the Henia They may be 
identifed with what we call straights in our physical world in a manner 
similar to that just outlined. 

Disregarding such identification, but looking at these geometries as ab- 
stractions the only question would then be;—Which of these two abstract 
methods of procedure Cayley’s or Klein’s is the more direct and easy. For 
those who are familiar with projective geometry when developed projectively + 
there would be no preference. 

But for those who have not gone thru such 3 a strenuous course of training 
the advantage, so it seems to the present writer, lies with Cayley. 


* Transactions of the American Mathematical Society, Vol. 30 (1927), pp. 33-48; 
American Journal of Mathematics, Vol. 49 (1927), pp. 343-354. 
+ As for example, in the magistral treatise of Veblen and Young. 


FAMILIES OF PLANE INVOLUTIONS OF GENUS 2 OR 3. 


By FRANKLIN Q. WILLIAMS. 


1. Introduction. A general method for finding families of plane in- 
volutions of order ¢ for a pencil of curves of genus p=(t—1) (¢— 2) /2 
has been developed recently * and applied to the case t = 3 so that p = 0 or 1, 
and to the cases t= 4, p=-0 or 1. In this paper, the case of pencils with 
t= 4 has been completed by considering pencils of genus 2 or 3. The irre- 
ducible types of pencils of curves with p==2 are known.t For p==3, they 
are determined in this paper. 


2. General Method. In a plane gv, let | C;| denote a linear system of 
curves of order n, with an i, i + - fold point at Pi, Pi’,- - +, and let | C: 
denote a similar linear system. Then |Ci|-+|(C2| is defined as a linear 
system of order nı + me, having an ù + %,’-fold point at Pa, P7. Any curve 
| Cı | together with any curve | C2| constitute a composite curve of the 
system |C,|-+|C2|. Given a pencil of curves 


(1) | C | = 4,0, + 202 = 0, 


then | C| +| | is a system containing (a,C1 + a202) Ë = 0 as a composite 
pencil. Let 


(2) [Ol + [8| (ar + a202)0 + 030a + + ++ ara0ra = 0. 


The symbol [C,, C2] is used to denote the number of variable inter- 
sections of a curve of |C, | with a curve of |C2|. Then [C,, 01+ 02] 
= [0n Ci} + [Gi, C2]. 

We wish to consider the cases in which any curve of | C | meets any curve 
of |C | + [Č] in a certain number, t, of variable points. We are going to 
consider the possible cases with t = 4 and p= 2 or 3. 

The irreducible pencils of genus 2, mentioned in Section 1, are: 


C,: A?12B, C,:8A74B, C,:A810B, Cy: 8A82B?C, Cis: A59B4, 





where the subscript denotes the order of the curve C, and a superscript 
denotes the multiplicity of a corresponding point. 
As typical of the process employed, let (1) be the pencil, C.: A?12B, 


* F, R. Sharpe, American Journal of Mathematics, Vol. 50 (October, 1928). 
t Michele di Franchis, Rendiconti del Circolo Matematico di Palermo, Vol. 13 
(1899). 
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and © a line through A. Then |C |+ € is the system, Cs: A#10B, for which 
r= 4. 
Consider the pencil 
(3) Z201 — 2,0, = 0, 
and the algebraic system of C;: A310B 


(4) (baza + 61) 0,0 + (beza + 62) C20 + (baza + c3) Ce 
+ (bees + 61) C4 + (bsZs + 65) Cs = 0 


where the 6’s are of arbitrary degrees n —1, n respectively in 2, 22. Given 
a point in (x), then (3) and (4) determine a point in (z); and, conversely, 
given a point in (z), then (3) and (4) determine a group of 4 points in (2). 
Thus (8) and (4) determine an involution of order 4, I4. 

By solving (3) and (4) for the ratio 2, : 22: zg, we have 


(5) z= Cw; Zo = Cott; 23 = V 


where u and v are linear in 0,0, C20, CC, CË, CË with coefficients of orders 
n— 1, n respectively in Cı, C2. Hence the lines of (z) correspond to the 
net of curves 


(6) DAOR) + VARIA + Cv = 0. 
The curves of the net (6) are therefore Cans: A2"*910B"120", while u = 0 


represents a curve Canı : A2"410B"2C"1, Hence the curves u==0 and v = 0 
have 


(4n + 1) (4n + 5)—(2n + 3) (20 + 1)— 10n (n + 1)— 2n(n — 1) 
= 8n + 2 


intersections at points, D, other than at the basis points of C,: A?10B2C. 
We have therefore determined a family of involutions of the type 


Cans? A?™110B"20"1 (8n — 6) D. 


Following the method outlined above and making use of the tables of 
linear systems of curves given by Jung,* the following families of involutions 
of genus 2 have been found: 


*G. Jung, Annals di Matematico, Ser. 2, Vols. 14, 15. 


C 
(C4: A 10B) 
(Cs . A?8B) 


Cy 


O: A 


Cs : AGB 
03: 8B 
(Cs ASB)? 

4: AB8C 
a 7 AP 7B220 
Ca: 12B 
Cs : AB311C 
Cs: 42?6B240 
C; : 4389B2 
Cr: A#B3802D 
Cs: A2?B210C 
Cs: 42B2100 
Cs :At12B 
Ce: A®5B260 
Cs: A6B26C0 
Cy: 4210B2 
C7: A11B? 
Cr: A? B87C23D 
C,: AB88023D 
Cs: A?B+1002 
Cio : A48 B3202 
C; š 487 B40 
C,: A?9B220 
C,: ALOB220 
Cs: A*10B2 
Cy: 44883022D 
Og: A49B220 


6 
(Ce: 74240) 
(Ce: 74220) 
A 


0 :2B 
C3: TA 
0s :84 
C3: 6420 
On: A27B20 
Ca: 8A B220 
C4: 842B2C0 
C,: A87 B220? 
Cs: 848B2 

9 
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Genus 


aoro otia p h a a a a A a a a o o w o oww | | | | | 


Genus 


Pencil C,: A712B 


Families of Involutions 
Can: A?"-110B"20"-1 (8n — 7)D 
Can: 'A2"8B740-1 (8n — 8) D 
Cans : A?"12B" (8n — 3) C 
Caner: A2"*710 B20"! (8n — 6) D 
Cansg: A2"4B"18C" (8n — 4) D 
Oins : A2nt1G B™16On ( 8n — 6 ) D 
Cans : A2"8B"14C0" (8n — 3)D 
Cansa: A2"8B™140%2 (8n — 12)D 
Can: A2*1B™18073 D1 (8n — 9) E 
Canso : A2*7B™ 12073 D (8n — 10) E 
Can: A?”212B"(8n — 8) C 
Cans : A2"-1B™21107 (8n — 8) D 
Canya: A2"6B™140"2D"1 (8n — 8) E 
Oana : A2™*19B™13C0"-1 (8n — 8) D 
Cansa | AOMB™28 C1 Dr En (8n — 9) F 
Oins | A2®B™1L00" D1 (8n — 5) E 
Cans: A? 12 B1100 (8n — 6) D 
Canso: A2212 B” (8n — 4) C 
Canie : A2n5 Brig Qr pri (8n — 6 ) E 
Cans2 : A216 B160% (8n — Y) D 
Onis : A2710 B12 Qm-1 (8n — 7)D 
Onsa : Atri i Bm1 Qn- (8n =n 4) D ee 
Canys: A? BYCH DIE (8n — 7) F 
Cansg : A?™1B™280%+13 D* (8n — 8) E 
Oa: ° 42r-2 B2100% -2 (8n — 16) E 
Canis : A?"8B12CRD"- (8n — 16) E 
Oins : A2™*17B™14.0"°D™1 (8n — 4) E 
Oina 2 'A2ng Bnt1QCnpa-1 (8n ees 5)E 
Oana : A2™110B™12C" (8n — 6) D 
Can: A2"10B*2C?-2 (8n — 12) D 
Cansg: AP*8B™1C22 DLE? (8n — 14) F 
Can: A2"9B"2C" 1D? (8n — 10) E 


Pencil Cy: 8A?4B 


Families of Involutions 
Con: TA2"B2"-24.0" (8n — 8)D 
Con: TA2™B2"-12072D"1 (8n — 7) E 
Consr : A27*17B2"4.C0" (8n — 4) D 
Oeni : 8A2"2B™1207 (8n — 5) D 
Cens: 1A2"*1B2"4.0"(8n — 2) D 
Cansa : 8A2"*12B"2C0™1 (8n — 5) D 
Cens : 64212 B2002 D” (8n — 3) E 
Cone? A272 BIMO D” (8n — 1) E 
Cens: BA? B7201 Da (8n — 2) E 
Conse? 842712 B12 Omn D 
Cons: A21 B222C712 D-1 (8n — 8) E 
Cenis : BAR BmI Om D-1 (8n — Y) E 
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C 
Cy: A®?7B3C3D 
C12: YA*BECAD2 
Cs : 6A22B40 
C7: 8423B2 
C,: A87B2022D 
C19: 8A3B42C? 
C12: 844B3C 
Cs : 8A5 BAC? 
Cig: ASTB5OC®D4L 
Cx: 447 B303 D2 E 
Cis: 8A5B420 
C2: 844B22C 


C 
(0:: A39B?) 
Ch A 


1: 
C3: AYB 

Co: A27B?20 

Ce: A?6B740 

Co: A®7B8C22D 
Cre : ATT BACB DE 
C3: A38B22C0 


C 
(Cy: 8482B0) 
(Ce: 743B2202) 
Cs: 6A20D 
C4: A27B2CD 
Co: 84?B 
Os: 6A22B202 
Ce: TA2B2CD 
C,: A87B22C02 
Cy: 848 B2D 
Qiz: 7A4B203 D4 
Cx. š 8A4B802 
Ciz: 8AtBIC 
Cy: AM BODE 
C15: 8A5B4CD 


C 
(Cis : A58B4C3) 
Co: A®7B220 
C,: 4389B2 
Oiz : 447 B+08 D2 
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Genus Families of Involutions 
Consg 2 427I B2 0m2 Drg En- (8n — 8) F 
Con: TA2"B27-10%2 DRE- (8n — 17) F 
Cen: GA2"2B2"-140"(8n — 6) D 
Cen: 8A2"3B™10"-1 (8n — ?)D 
Cens: 4201Y Banm Drin- {8n — 6) P 
Vaia : BA 2ntl Bm3 9 ntl pn-1 (8n Fae: 8)E 
Con: 8A2"B 012D? (8n — 14) E 
Cenis: SA2 B20 Dn (Bn — 15) E 
Conia? A2nt27 Bentl C3 per2 pri fon-2 (8n asi 17) 
Cons: A2nt2y B2ntl (Qn+2J)n+1 pn fn-1 (8n as 5) G 
Cens : 84271 B22. 00-1 Dr-2 (8n — 13) E 
Cen : 8A2"B*2C"1 D2? (8n — 10) E 


Cr Ot Ot A RR RB 09 9 


Pencil C,: 4310B2 
Genus Families of Involutions 
Cm: A3"9 B22 C2"-2 (8n — 8) D 
Crna: A8™*110B2"(8n — 4)C 
Ornis : A817 B2413 C2" (8n — 3) D 
Orne A827 B2022 2+] 2" (8n — 2) E 
Conse 2 A326 B2"t24022+1 80D 
Conia: A8"Y B21 020g 2n- (8n — 9) E 
Cm nie ı A8ntly B2nt2 (antl PF2n f 2n-1 (8n — 10)F 
Cm: A2"8B2"2C2"-1 (8n — 6) D 


Pencil Cy: 8432B°C 
Genus Families of Involutions 
Con: 8A3*2B2"-107(8n — 6) D 
Con: TAB" B82-1202"D2-1 (8n — 6) E 
Cons: GA3™412B32Q02"41 Dr (8n — 4) E 
Consa | A8™*27 B8n+1RO2n+1 n+ (8n — 2) E 
Chives BA S8nt2 B2nt1(2n Dn (Bn, pate 1)E 
Conse : GA3"*22 B3%412 0242)" (8n — 2) E 
Conse? 7. : 7 A8nt2 B3nt19 C2nti n1 8n Hh 
Con a A8237 B3nt+29 H2nt2 )nQy E 
Con: 8A3"B2%C2"-2D"(8n, — 8) E 
Cons : YAB0+1B3n-1Q2n+1 D242 Yn-1 (Bn, — 9)F 
Cons 1 8A8%*1 B2Mt1 Ont 20-2 (8n —9)E 
Conis 1 8A3**1B2"*102"-1 pa- (8n — 6) E 
Conn : A8™17 B3021 D22 Fn (8n — 5) F 
Conse? 843%2 B202 020-1 Da ( 8n — 5) E 


Pencil C13: A59B* 
Genus Families of Involutions 
O13: A878 B4n0+r-1 (8n — 5) D 
Clance : ASnt247 BAant2a (antl (8n = 2)D 
Crgnez 2 A5739 B4 28n 
Cisna: A574 Bin ims an2 (8n —1)E 


www | 
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3. Feneis of Curves of Genus 3. In order to proceed further with tl» 
piol ca, it 1s necessary to have a complete list of pencils of curves of genus 8, 
isrecucible in type. 

Lit rı denote the multiplicity of the i-th basis point, s the numhor or 
hasi points, and n the order of the curve, where 7; = r: = r=" = 7, > 0. 
The core 


(1) > r? =n", 


sine there ore no variable intersections and since the genus, p, is 3, ther fore, 
(2--1) (2 —2)/2 = (71 —1)/2 +3. Hence 


(2) S n= Bn+4, 
il 
Aaltiplying (2) by rs and substracting (1) from the product, we get 


8 i 
(3) Te 2 n— E r? =r (8n + 4) — rer — rota n? rr? 
4 ir 
= n (8r, — n)— r(t + re — 4) + re? Hre 220, 
since cach term of the first summation is greater than or equal to the cor- 
responding term of the second summation. And n= r, + fe + 73, because 
we re seeking irreducible pencils. Hither n > 373, or Ti =f: = 73, and 
therfore n(87r3— n) S (rı + Ta + 73) (2rs — rı — 72); and, from (3), 4 
follows 
(11 H- Ta + ra) (273 — Ti — Tra) — Tra (ri F te — 4) fr + rf = 0, 
(4) Talts + 2)— rie = 0. 
Ts = To, Te +22 ry. 
Case I. 
(5) To (T3 + 2)— TiTe = 0. 
(6) Tero rı —2 = r: = r, = R, hence, from (3), 
n(3R—n)—R(R +2 +R—4) +R HRH. 
For he equolity, n? — 3Rn — 6R — 4 = 0, n = 3R + 2. Denoting the num- 
ber of additional points of multiplicity R by Po, the number of multiplicity 
R— 1 by p, ete., (1) and (2) become 


(R -- 2)? + 2R? 4 poR? + p (R— 1)? + pe(R— 2)? H + pra = OR? -H 12.: 
R4+2-+2R+ pR + p(R—1) + p(BR—2)+ H pra = 9R +10. 


&imoliiying, we get 


(4) pE + p (RE — 1)? + p:(R— 2)? +: + pra = 6R? + 8R, 
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(B) Pob + p(BE—1) + pe(R—2) + + pra=6R + 8. 
Multiplying (B) by (R —1) and subtracting from (A), we get 
(C) po&k—p(R—~2) —---=6R+8. 


From (B), po (6+ 8)/R#, and from (C), po = (6-+8)/R. Therefore 
po = (6 + 8)/R where both R and po are integers. 


R=1 po=14 s=17 n=5 
R=? p=10 s=13 n=8 
R=4 p=8 s=11] n=14 
R=8 p= s=10 n=26 





Hence we have the following pencils: 
C5: A®°16B, Os: At12B?, Cy: A°10B*, Cog: AMOBS. 


Case II. 
(7) ts(%3 + 2)— rire > 0. 


Here rs == rı — 1 or 7, and hence rz = rı — 1 or 74. 





Tf rı — 1 == f: = r; =: - =r, n= 8r+1. Equation (3) gives 
n(8r—n) —r(2r — 38) + 27? 4+ Q2r+1>0, 
n? — 3nr — 5r— i < 0. 


In order to establish an upper limit for n, let n = 3r + 1 +7. 


9? +1 + 2? + 6r + bre + 2a — Or? — 87 — Bra — Br —1 < 0, 
ge — Êr -+ Bre +22 < 0, -+ (8r4+ 2)e—2r< 0. 


It is seen that æ cannot be a positive integer, so n S 3r-+-1. Consider the 
possible cases when n == 38r + 1. From (1), we have 


(8) (r +1)? + por? + pi(r— 1)? + pe(r— 2)? +: ops 
= 9r + 6r +1, 


where the p’s have the same significance as above. 

(9) (r+ 1) + por + pi(r—1)+ pe(r —2) 4° t Dest = Or t. 
From (8) and (9), we find 

(10) por? + pi(r— 1)? + pe(r— 2)? + + + + pra = Br? H Ar 


and 
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(11) por + pi(r —1) + po(r—2) +: +++ pp = 8r +6. 

(10) less (r— 1) times (11) gives 

(12) Pot — pe(r — 2) — 2p3(r—3)—- + + — pyr = 6r+ 6. 

From (10), p= (8 + 4)/r; and from (12), po = (6+6)/r. Also po is 


an integer ; hence po = 8 or 9. 
If po = 8, (10) and (11) give 


(13) Pil(r—1)? + pe(r— 2)? +: > +b Prai = 4r, 
(14) Bilt —1) + po(r—2) +--+ pri 6. 


The maximum value that the sum of the squares of the multiplicities of 
the remaining multiple points can have occurs when there is one point of 
multiplicity 6. Then 4r==36 and r—9. Hence r=9. Also r=2 in 
order that some p be > 0. 

The new solutions of (13) and (14) are obtained by allowing r to take 
on the integral values from 2 to 9 inclusive. When r= 2, (13) reduces to 
pı = 4, and (14) to p,—6. So we see that r cannot equal 2, from (13), 


When r=3 4p, + pe = 12, from (13), 
and 2p1 + pe==6, from (14). 
Hence 27, = 6, pı =3, n—10. 


The pencil is Cy): A*8B°30°, Making use of (13) and (14), as above, with 
r= 4, 5, 6, 7, 8, 9, we find the following solutions: 


r= 4; no solution. 

r= 5; pı = 1, p= 0, p = 1, n = 16. 
Cie: 4°8B50tD?. 

r= 6; no solution. 

r= 7; no solution. 

r= 8; no solution. 

r= 9; p = p: = 0, p= l, n= 28. 
Cog: 418 BCS, 








This completes the problem with po = 8. 
Putting po == 9, reduces (10) and (11) to 


pi(r—1)? + po(r—2)? + pa(r—3)? +: +++ pri =4r—r? and 
pi(r—1) + pe(r— 2) + pa(r—3) +++ ++ pri 6r. 
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Since 4r—r? > 0,r <4. Also,r > 1. Proceeding as before 


r=, pp=4, n=}. 
C,: A9 B40. 

r= 3, pı=0, n=10. 
Cio: 4*9B°8C. 


Suppose, as has been shown possible, that 
Ti = h = T = eT, = Br. 
Using the inequality sign, (3) becomes 


n(38r—n) —r(2r—4) + 2r > 0; ie. 
n? — 8rn — 4r < 0. 


By an exactly analogous consideration, it is seen that 
n= 8r or n=8r+1 
Consider n= 3r; (1) and (2) give 
(15) por? + p(r— 1)? + po(r—2)? ++ +++ pra 9r? and 
(16) pot + pi(r—1) + p(r— 2) => = pi = Or + 4. 
(Equation (15) less (r— 1) times (16) gives 
(17) por — pe(r—2) —ps(r — 3) —- + -— pra = br +4 4. 
Hence, from (15), po 9; and, from (16), po = (9-+4)/*. From (17), 
po È (5 + 4)/r. 


With po = 9, (15) shows that all succeeding p’s are 0; and (16) cannot be 
satisfied. So Po = 6, 7, or 8. 


po = 6; no solution. 
Po =Y, (15) and (16) reduce to 


(18) pi(r—1)? + po(r— 2)? + °° ++ pra 2r? and 
(19) pi(r —1) + po(r—2) +: tte Pri = Or + 4, 
Proceeding as before, we find the following cases: 


r=, p=8, n==6. Ce: TA?8B. 
r=38, p=4, n=9. Ca: 7A54B2C. 
T = 4, Pı = 3, P2 = Ps = i; n= 12. Cis: VA*3BC2D, 
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"e, pa 738, pe = p™ O, Pa =R, n= 15. Cis: TAB RC; 
also 
fh p=, n==15. Cis: LAR BRC. 
z0; no solution. 
i, P R, Ppe=™= pe™= l, P= pa = ps = 0, n=?]. 
Ca TAT BPECD. 
-&3; no solution. 
79, poe tl, pe- 22, n=}. Coz: TA®BS2C07. 


Ke aa lon (15) less (r— 3) times (19) gives 

inte 1)—-ps(r—3) —: > -— pra = 8. Hence r= 9. 
poe d (15) and (16) become 

pAir=- l)? -= pe(r— 2)? fe to = Pr and 


pir — 1) + pa(r—2) +o par H A. 
=) and ja: =1 reduce (21) and (22) to 
ahr o BP ae tt pra = r -A and pa(r— 83) +: +e p =b, 
4r—45 36, rS10, 124 
Ween 4 7 += 9, there is no solution. 
r= 10, pr=0, pol, n=30. Cy: 8AMBC. 
Pesing pı = 1, (21) and (22) become 
nie- ers tp pea = r-l and po(r—2)+--+ ++ pas 5 
Qr—1L25 or rZ 18. Alsor = 3. 
3, ne=9. Cy: SLB. 
-1, pst 83, n= 12. Ci: SAPB°C738D, 
w Pr 1, Perr 0, Ps = 2, n = 15. C13: SAB RCAD, 
1, pse=2, pom Pom 0, n= 18. Cry BAB CURD, 
Poo Ps pi =h, Pa = ph = 1, n-=21. Oa: 8ATBCD, 
8: no solution. 
H. p = Ds == pa = pe = pr = 0, 
j=p=1, n=2} Cy SABO, 
10, 11, or 12; no solution. 


9o pe =p oe per Pi == Pot = pr Ps Pio Pru = Pis =- 0, 
p= 1, n= 39. Cz: BAS BMC. 








8 B 
No. take m=? È ri=6—-r, whence r<6. Also & r= 
El iil 
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4r—7?—2. So there are no solutions. If p: > 2, Xr: and Siri show 
that no solutions are possible. 
Finally, if n = 8r-+1 while r, = r, = r = r, (1) and (2) become 
(23) por? + pi(r— 1)? + p(r— 2)? +: H pram 9 + orf 1 
and 
(24) por + p(r—1) + po(r—2) +: tpar. 
Equation (23) less (r—1) times (24) yields 
(25) Pol — Po(t — 2) —- 4 ‘— Pr- = 8r + 8. 
We see from (24) that po = (9-+7)/r and from (25) that po = (8 + 8)/r. 


So po = 10, 11, 12, or 16. 
Taking po = 10, (23) and (24) become 


par —1)? + po(r—2)? H: o + pra 6r4+1—r and 
pil(r—1) + pe(r— 2) +: ++ prai=?—r; whencer< t. 
r==2 or 3; no solutions. 
r= 4, Pi = bs n = 13. Oist 1044B8. 
r==5; no solution. 
r= 6, P= p: = pP = p= 0, ps =1, n= 19. Cy: 10A°B. 
With po = 11, we have from (23) and (24). 
pir —1)* + pelr — 2) +: + + Pra = Or + 1— Rr? 
and plr — 1) + pe(r—2) +: eH pri FIO. 
So we note that r must be < 4. 


r= 2; no solution. 
r=3, p=0, pel, n=10. Cy: 114°B. 


When we put po = (12), (23) and (24) become 
p(r— 1)? + pe (r— 2)? + + + pr- = Or + 1 — 8r? 
and pi(r—1) + po(r—2) +: + pri = 1 — Br. 
The last equation demands that r < 3. 
r=, pi=1, n=. C7: 12A°B. 
with po = 16, (23) and (24) become 
pi(r —1)? + po(r— 2)? ++ + + pra = 32r — 16 — 77? 


and pi(t—1) + pe(r—2) +: < -+ pr- = — Tr. Thus p <2. 
Pi = pe = =p, =, n— 4. 04: 164. Í 
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Here follows the set of arithmetically possible pencils of genus 3: 


Cy: 16A Cis: TARB B20 
Cs: A*16B Cis: TARR BI208 
Cg: YA?8B Cis: 8SASBA2C?D 
Cr: I2APB Cig: A68 B50 D? 
7z: A89 B240 Cig: 8ASBSC22D 
Gs : A%12B? Cis : 104° B 
Cy : TA54B?220 Cz a TAR B05 D 
Co: 848B?50 Ca : 8ATBSO8D? 
Cio : A18 B3302 Coe: At09 B8 
Cio: AI9B33C Coz: TAP B8ROT 
Cry: 11A8B Coz: 8A°BECYD 
Cia: TA*BBSC?2D Cog: APB B°CS 
Cio: 8AtB8C?3D Cg9: 8412 BSCS 
Cis: 10A*B? Css: 841 BYOS 
Oia : AS10B* 


Following the method employed with the pencils of curves of genus 2, 
the following families of involutions, based upon the pencil, 04:164, have 
been found: 


C Genus Families of Involutions 


(Ca: 124) Can: 12A"4B™4 (8n — 8)C 
Can: 164A” (8n — 3) B 


O: 84 1 Cams: 84"18B” (8r — 3) C 

C4: A210B 2 Ca: A™*410B"BC™4 (Sn — 10) D 
C5: A213B 3 Cuma: A™*213B"20"1(8n — 9) D 
C5: 2A212B 4 Omni 2A™*212B"20-1 (8n — 7) D 
Ce: GA28B 4 Cana: GAPS B*QO™-1 (8n — 8) D 
Cs: A214B 5 Oma: A™*114 BC (8n — 5) D 
Cs: 5A210B 5 Oane: BA™*110 B01 (8n — 6) D 
Or: 10A24B 5 Oimai : 10A"*14B°20%-1 (8n — 7) D 
Cz: A97B270 5B Oma! AM27B™ 210" D 1 (8n — 7) E 
Ce: 44212B 6 Canzi 44™*112B2 (82 — 4) 0 

Cr: 9A26B 6 Cing: 9A™*16BO™1 (8n — 5)D 
07: 8428B Y Cans: 8A"*18B™(8n — 3) C0 


The remaining families of genus 3 are omitted chiefly on account of lack 
of space, but partly because the existence of some of the pencils has not been 
established. They can be found readily by the method used above. 


4. Geometric Considerations. It remains to establish which of the pen- 
cils, listed in section 4, actually exist. In the cases in which there are at 
least three simple basis points, the two linearly independent members of the 
system are obtained by omitting three of the simple basis points, and deter- 
mine by their intersection the three points omitted. In each of the other cases, 
a special investigation is necessary. As an example, the case of C14: A°10B* 
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is here considered. The remaining cases will be the subject of further inves- 
tigations. 

There are six linearly independent curves C7: A°8B*. Hence, for a gen- 
eral position of a point D, there are only three linearly independent curves 
C,: A°8B°D*, For special positions of D however, there are four linearly 
independent curves Cr: A°8B?D*. Denote this web by C;: A°9B*. Through 
any point C in the plane pass three linearly independent curves Cr: A°9B?; 
and one of these curves has a double point at ©. Denote these curves by 
C,: A59B?C?, C7: A°9B°C, C7” : A®9B?C, and let C7”: A*9B? be a Or: A®9B? 
not passing through C. 

There are four linearly independent curves of order 14, 0707”, (C,’)?, 
(C,’")*, C7/C,” having a double point at C. By a suitable linear combination 
of these, it is possible to get a O14 with a triple point at C. There were already 
two Cigs having a triple point at C,—viz. 0-07 and 0:07”. Since there are 
two degrees of freedom in the choice of C and of a linear combination of the 
three C,,’s, it is possible to find amongst them a C1, having a four-fold point 
at C. This C14, together with (C,)*, define a pencil of curves C14: AS1LOB*. 


PERSPECTIVITIES BETWEEN THE FUNDAMENTAL P-EDRA 
ASSOCIATED WITH THE ELLIPTIC NORM CURVE Q. 
IN S,.. WHERE P IS AN ODD PRIME. 


By Bessie IRVING MILLER. 


Assovinted with every elliptic norm curve of order p, Qp in Sp 1. where p 
saa old prime, is a set of p + 1 fundamental p-edra. Hach p-edron is vori 
os d or fixed points under an invariant subgroup, Gp of the subgroun ^, 
ot tae @ e of collineations which leave the members of the family F(x‘) o 
°c uahewwd, The vertices and edges of the p-edra are the doubl wi ts 
enc constituent lines respectively of the degenerate members of the family, # 


Tae transformations on the codrdinates of Qp, effected by the meiw n 
sch tiations, S and T, 


7 
q- w = w t o 
ae 


7 
o =— Wy, 
+ T: + 
Oo = W? w == 1; 
ere given by Klein and Fricke in the form 
2-1 
Se Na = ON ga PON ge acre e AN 
Bo 
(e= ert ir), 


These transformations at the most permute the p-edra. 


There are p-} 1 p-edra, for the cyclic Gps are generated by S aud 
Sioi (1: =0,°+ ++, p—1), where So: and S19 are of the form 
Sai W = u > o2/p, Sioi W = u + ony p 
Sinco the p-edra are permuted by S and T the simplest method of secur ng 
the 1 explicitly is to let Pa be the reference p-edron, secure another p-cdr m. 
Pa operating with T on Pa, and then operate on Po with Si (i-=1.- + - 
p- 1) to obtain the remaining p-edra, P; (t= 1, +, p— 1). 


The vertices, Fa (@=0,° ++, p— 1) of Pa have all codrdinates equ) 
to z To, except Va==1. Since Pe is obtained from Pa by operating wth 7, 
the vourdinates of Fa of Po have the form 
(1) Xg = e*s (a, P=0,1,° c, p- -1) 
ile e V, of Po has all of its coördinates equal to one, since «- 0, and ‘hi 


‘1s cudrdinate of every vertex is one since 8 = 0. The exponents of c in Ng 
aad Ñ, g ave congruent (mod. p). 


Since the number of cotrdinates i» odd, 


139 


140 BESSIE IRVING MILLER. 


it is always possible to isolate one and write (p—1)/2 relations between the 
others, taking them by pairs. The exponents of e in Xg of Va (a 40), and 
Vo-a (%0, are congruent (mod. p). 

When St (¢=1,: ++, p— 1) is applied to Py to give P4, then the coör- 
dinates of the vertices Va or P; are given by 
(2) X’ x AB-BiD-BI/2 Xp, 

(t=1,-+-+,p—1;8=0,1,-- *,p-—1). 

The first codrdinate of every vertex equals one since B==0. In every vertex 
except Vo there is a second codrdinate equal to one, for the condition that 


Xp=i 
is that 
— 48 — Bi(p— B)/2==0 (mod. p), 
or B==0 (mod. p) and if ==2a (mod. p). 
The congruence 
(3) if == 2a (mod. p) 


for every + and every @ can be solved for 8, where t= 1, +, p— 1, and 
a=1,:::, p— i1. $ 
In general two coördinates of Va of P; are equal, i. e., 


Xp, z3 Xp, 


— aß: — Byi(p— B)/2 =— aß: — Boi(p— B2)/2 (mod. p) 
or (Ba — Bi) % -+ (ip/2) (B2— B1) = (4/2) (Bo? — Bx?) (mod. p). 
Since 85E fi, 
(4) 1(Bi +82) =2a (mod. p) 


is the congruence which must be satisfied. The congruence (4) includes the 
congruence (3). Hence when @ has been determined from (8), it is possible 
to secure @, and z by taking numbers less than p whose sum equals 8 
(mod. p). There are then (p—1)/2 pairs of equal codrdinates in any one 
vertex Vi (i = 1,- +, p— 1) of P: since there are (p —1)/2 solutions of 
the congruence 


Bı + B2==B (mod. p). 


Moreover in every Pis there will be a vertex having the same pairs of equal 
océrdinates as that exhibited by any particular vertex of P4, for if in the con- 
gruence (3°) 
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(3 (i+1)B—=2« (mod. p) 
3i ‘vcr. there is one value of « which will satisfy (8’). Consequently “ic 
con wence (£) also can be satisfied. 

By acans of the relations established above it can he proved that if we 
choose a vertex of P, and write down the (p—1)/2 equalities between coör- 
din tes, t wre will be one vertex of each Pi, (i = 2, +> , p— 1), whose coirdi- 
“as sat siv the same relations. Hence there is a space Sipay/2 lying on 
p- 1 vectives of Pa (i==1,° °°, p—1), one vertex from each P. Aro 
oue vates of Px will lie on the S-72 Since there are p vertices of 1’; 
ther nre p spaces Sip- But Vo of Po is the point (1, 1, 1,°°-. ). 
Thies ave dt les on every space Sip-1)/2 determined above. Hence the p-etra 
Px 6h isl. ++, p— 1), are perspective with Wo or Po as the con er 
€ qoc oe tivity, where corresponding vertices of the p perspective p-edra arc 
jor d 9y apaces Sy p/ 2 

Bwause of the group properties under which the p-edra are formed, 
svm ou iry requires that a relation true for one vertex of Py be matched by a 
sm a n ation for every other vertex of Py. Moreover since the p-eliz 112 
inte cheneeable under the modular transformations, any one of the p- dha 
mig’ t have been isolated to furnish the centers of perspectivity. 

Therefore the following theorem can be stated. 

Ir the vertices of any one of the p 4+- 1 p-edra associated with Q, in S,, 
whe + » is on odd prime, are chosen as centers of perspectivity, there cre p 
sets af a spaces S,..,-2 which join the corresponding vertices of the remainins 
p pe die so that on each Sip 13/2 there is one vertex from each p-edron, and so 
that each set of p spaces Sip-1+)/2 lies on a vertex chosen as center of perspec- 
tivity. On every vertex chosen as center there is one set of p spaces Sipo. c 

\ simple but pretty illustration of the theory is given when p==3. Then 
the oar iex triangles are the reference triangle, To, and the triangles T\. 


+ Za] 
te toy 


To Tı Ta 
(1.1.1) (1, et, ©) (1, e°, e) 
(1,¢%, €?) (1, «7, 1) (3,1, <+) 
(1,7, e) (1, 1, e*) (1, >, 1). 


It is casy to see that if Vo of Ty is the center of perspectivity the lins 
joining corresponding vertices of Ti, Ta, Too are 


Vo = nite Na — Xa Xa = Xo. 


Ji V c` Ta is the center of perspectivity the lines are 
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Xo = 7X, X = Xo, X = e° Xo. 
If Vz of Te is the center of perspectivity the lines are 
o = X, xy = Xa Xa = tXo. 


In an analogous fashion the equations of the planes joining correspond- 
ing vertices of the fundamental pentahedra associated with Qs in Sa, of the 
spaces S,’s joining corresponding vertices of the fundamental heptahedra 
associated with Qr in Se, of the spaces S,’s joining corresponding vertices of 
the henahedra associated with Q1: in Si, can be written down. If a vertex 
of Po is chosen to be the center of perspectivity, the choice of a vertex of P; 
then determines which codrdinate is to be isolated and which (p—1)/2 
relations between the remaining codrdinates are to be used. 

When p= 8, there are 3 lines on every vertex, and 4 vertices on every 
line. This is a different type of perspectivity from that usually mentioned, 
since there are 2 points on each line in excess of the 2 required to determine 
the line. Corresponding statements can be made for the other values of n 
under discussion, but the details are of little significance at present for p > 7 
since little of the geometry of Qp, (p > 7), is as yet known. 
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ON THE PROJECTIVE DIFFERENTIAL GEOMETRY OF 
CONJUGATE NETS. 


By M. M. Stornicx.* 


‘Lac analytic theory of the projective differential geometry of s co) 
just. net on a surface in ordinary space suffers a lack of elegance ano 
vı notr in the two parameters. The method developed in the pus: 
aj rs intended to overcome this disadvantage, and, in brief form, disc us~' 
the clomentary theorems of conjugate nets. It will be noticed that, for tn 
vat ait, the proofs are simple, direct, and not lacking in eleganco ss io 
as tv symmetry in the parameters is concerned. 

sxdal type of net--the net A—is introduced. Jt is hoped thot 
a rae. hods will yield further results on such nets as well as on the genoa. 
enc (iher special types of nets. 

1. In a three-limensional projective space, referred to a systim » 
nor «neous point codrdinates, we shall consider a non-developable surface A 
def 1.1 parametrically by the four equations 


zı = Ti (u, v), (i= 1, 2, 3, 4), 
vhi-h we shall indicate by the single equation 
z == g{u, v). 


Thc parametric curves on this surface shall form a conjugate system; ie., 
ant V. 

Let z represent the coördinates of an arbitrary point on the axis of -be 
ve corresponding io the point of the net with the coördinates r. The four 
iunetions (u, ¢) can then be chosen, by using a suitable factor of propor- 
tor Ety,* io satisfy three equations of the forms 


1.1 Tuu = At, + Ma + ez, 
wa Tuy = (log a) ty + (log b) utr, 
1,3 Try = Bay + Na+ gz. 
The asymptotic lines of O are defined by 
i,t edu? + gdv? = 0, 


ond inawnuch as the surface is non-developable, eg z£ 0. 
National Research Fellow. 
"L. P. Eisenhart, Transformations of Surfaces, Princeton (1923), p. 72. Further 
rere: ences to this treatise will be indicated by T. S. 
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The codrdinates of every point of the space can be written as linear 
combinations of Zu, o, T, 2, since these four points are non-coplanar. For 
the present, we write 

Zu = Oy Ly + Gey + Aat + Qaz, 

Zo == Bly + Boty + Bot + Buz. 
The codrdinates of the focal points of the axis congruence are z -+ pa, 
where p is found to satisfy the equation 


1.6 P? + phai + B2)+(% 82 — f1) = 0. 
We shall now choose the point z as the harmonic conjugate of « with 
respect to these two focal points, and, as a result, 


1.5 


1.7 % = — b: =r. 


The point z, so chosen, will be called the pivotal point of the axis. 

Here two cases may arise: either r40, or r=0. If rs€0 the coördi- 
nates z of equations (1.5) may be replaced by rz. We shall then have 
%ı = — f= 1. If, however, r=-0, then a, = — ß2== 0. Both of these 
cases may be discussed simultaneously by introducing a symbol 8, whose 
significance is such that it is either equal to unity or equal to zero through 
the discussion. 

2. Equations (1.1), (1.2), (1.3), and (1.5), in which «, == — f: == è, 
form a completely integrable system. The conditions of integrability of the 
first three of these reduce to: 


a. Av + eB; = (log a) a» + (log a), (log b) a, 
zi b. A (log b)u + M — e8 = (log 6) wu + (log b) > 
3 c. M,-+ eB; = M (log a)», 
a. B= [log (a/e) Jus 
and 4 
a. B(log a)» + N + g8—(log a) w» + (log a)?, 
2.2 b. Bu + 9% =(log b) a» + (log a)»(log b)x, 
` C Nu + gas= N (log b) a; 
d. a, = [log (b/g) Ju- 


The conditions of integrability for equations (1.5), similarly, are: 

a.  8(log ae)» + Bx [log (b/g) Ju = Biu + Bid + bs» 

b. 8 (log bg), — a [log (a/e) Jo = — oy — 2B — a, 

C. GN + an + Ba[log(b/g) ]u = AiM + Bou + [log (a/e) Jo, 
d. a29 + [log (6/9) Juv = Bie + [log (a72) Juv. 


* This is the point to which Green calls attention, ef. G. M. Green, American 
Journal of Mathematics, Vol. 38 (1916), p, 292, (21), 
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Los s4 of this. equations, taken with (2.1,a) and (2.2,b), me vic 
tint Yo may write 
Tay t H Log (b-/'y) |» = pih B + [log (a?/e) ly = prh, 
a A - [log(¢g/b*],, B= [log (e/a?) ]n, 
eoa j some function of u and v. 
Voreover, equations (2.1,b) and (2.2,a) may now be written: 


M -eò + (log b) 22 + (log b)u [log (03/49) Je, 


3 

ie N= u+ (log a) m + (log 2) o[log (a8/¢e) |r, 
e at ons (?.1,a) and (2.2, b): 

Oe eB, — [log (ab? p1) Jur + (log a) + (log 6) x, 

w ND 


gz: = [log (a®b/de) Jue + (log a) (log b) ». 


Í 


} We shall now consider the conjugate net from the point of vie er 
+ mo. Peus tai gential coördinates. The quadruple of ordered :ofactors ¢ 
Ua On y a, respectively, in the determinant 


|abed| 


vill te in tieated by (hed), Accordingly, the tangential codrdizates o: tie 
siti S at the point g are 


E = (turer) /y, 


vhe + iA 34, for the present, an arbitrary factor of proportional ty. 
Using the equations of the preceding section, we find that the tangentie! 
eyaa ior" of the net X is 


3.1 éus == [log (e/a) Inéw + [log (96/04) lube, 


wer} (520) is now chosen as an arbitrary solution of the equation 


3.2 oe flog (eda) Jy -+ [log (96/b) Jobe 
+ {Clog ah) ae + (log a) (log b)u — [log (g/b) Ja [log (egu) ] Je. 


The invariants of (3.1); i.e, the tangential invariants + of the nt N. 
ave jovad to be 


H: - [log (a®b/¢e) Juv + (log a) »(log b) x; 


cae K - = [log (4b2/¢$9) Jus + (log a) »(log b) x 


7. 8.. p. 128, 
T S. p. 16 and p. 128. 
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These equations and equations (2.6) indicate that 
3.4 e =HĦH/g9, Bi—K/e. 


As a first result, we note that the condition that the u-curves be plane 
curves; i. C., (T Zu Zuu Luur) =0 reduces to H==0. Similarly, the v-curves 
are plane if and only if K = 0. 

4, The values of a and fz, are evaluated from (2.2,c)} and (2.1,¢), 
using (2.5), thus obtaining: 


as = — 8[log (b/g) Ju + (H/g) [log (atH/pe) Je —(HH/g) (log a)», 

Ba =  8[log(a/e) |» +(K/e) [log (6*K/$9) ]u —(K/e) (log b) uw 

Here H and K are the point invariants of the net *; i. e., 

4,2 H ==—(log a)uy + (log a)y(log b)u, K = — (log b) uy + (log a)» (log b)u. 
The equations of compatibility (2.3, a,b) can now be written 

a. (log e)» +(K/e) [log (b4e/$9?K) ]» —(K/e) [log (64K /$9) ]u = 0, 

b. 8(log g?)u —(H/g) [log (a*g/pe?H) ]u + (H/g) [log (a*H/¢e) |v = 0. 

It is also well to point out that equations (4.1) have the alternative 
forms: X 


a = — ô[log (bg) Ju +(H/g) [log (a*g/pe"H) Jv, 
Ba =  b[log(ae) Jv +(K/e) [log (b3e/pg9°K) Ju. 
Finally, equations (1.5), in their evaluated forms are: 
Zu = iu + (H/g) 2 + ae + [log (b/g) Juz, 
ty == (Ke) ty — dy + Bex + [log (a/e) Juz. 

- 5. Consider an equation of the form (1.2) and three functions e, g, 
and ¢ of u and v, satisfying the relations (4.3) and (2.3,c), where the 
functions involved are those defined in the preceding sections in terms of 
a, b, e, g, and ġ. Equation (1.2) and the equation 


Ewo =(9/e) uu —(gA/e)% + Bay +(N — Mg/e)e 


are then compatible.t Accordingly, a surface is defined in the three-dimen- 


4.1 


4,3 


4,4 


4.5 


"T. 8, p. 58. 

t The full proof of the facts here stated is contained in T. S., pp. 100-103, The 
equations of compatibility in that text [p. 103, (22)] are fulfilled by virtue of our 
equations (4.3) and (2.3,¢). To reconcile our functions with those of Eisenhart, 
it is to be noted that 

r= gje, a’ =— gA/e, y =B, c’ = N — Ifg/e, 
a=a, b =b, e=0. 
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sional space to within a projectivity, the parametric curves of which form a 
conjugate system, having (1.2) as its point equation. The pivotal point of 
the axis congruence associated with the net has coördinates of the form 


2 = (Tuu — Aty — Mz) /e = (tow — Bay — Na) /g. 


6. Let the tangential coördinates of the plane through a ray * of the net 
and the corresponding pivotal point be indicated by ¢. The point codrdinates 
of the two Laplace transforms of the net are 


6.1 Zi = Tu —(log b)ut, 2% = ty—(loga) yt. 
Accordingly, 
6.2 E= (£a % 2) /p. 


Using the relations of the preceding sections we find that 


+ {8[log ($9°/by) Ju + (H/g) Hog (a° H/p) ]o}é + [log (¢/by) Jug, 
6.3 
by = —(K/e) u + dé, 
+{— 8[log (pe? /ap) lo + (/e) [log (b9K/p) Ju} + [log (4/04) Jot 


The equations dual to (1.1) and (1.3), the values of A, B, M, N being those 
given in § 2, are respectively: 


6.4 Eun = [log(eb?h/y*) Juéu 
+e + [log (9¢/by uu + [log (9¢/by]u[log (gp/eb?) Jujé — et 
and 
6.5 Ey = [log (ga?ġ/4?) loé> 
+{— 98 + [log (e¢/a) Jov + [log (e/a) ]o[log (e¢/ga*) Jo}é — gf. 


All these equations and (3.1) are compatible by virtue of the relations (2.1), 
(2.2) and (2.3). 

The plane which is the harmonic conjugate of the tangent plane to the 
surface with respect. to the two focal planes of the corresponding ray of the 
net shall be termed the pivotal plane of the net. The tangential codrdinates 
of these focal planes are of the form ¢ -+ pé where p is determined from the 
fact that é č, (€+ pé)u, (£ + p&)» are linearly dependent. With the aid oż 
(6. 3), this condition reduces to 


p?—(8 + HK /eg)= 09. 





=i, J. Wilezynski, Transactions of the American Mathematical Society, Vol. 16 
(1915), p. 317. 
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Hence the coördinates of the pivotal plane are £; i.e., the pivotal plane of a 
net passes through the corresponding pivotal ‘point. 


7. The following equations are found to hold for the two Laplace 
transforms of the net: 
a. Tru = [log (gp/0°) Jutu + {e8 — (log b) u[log(9¢/b*) ]u}a + 0z 
= [log (g/b? ]uz-1 + ¢(3¢ + z), 
b. tay ==(log @) ty —(log 6) uve, 


DE e two = {K — H + (log 2) [log (94/82) ]u}u 
+ [U (log a)» — (log 6) wuv]a -+ e(log a) oz 
= (log a) xt-1y + [log (dK) ]uz+» + [E — H —(log a), (log K) ula. 
a. = (log 0) ut — (log a) uvt, 
ie Tio = [log (ep/a*) Joto + {— 98 —(log a)» [log (ega) Ju} + gz 
U2 = [log (e¢/a*) ]vzı — g {8a — 2), 


C. Du = {H — K + (log b)u [log (e¢ġ/a°) Ju} xo 
+ [N (log b)u —(log a)uwle + g (log b) uz 
= [log (aH) Jatin + (log b) uti -+ [E — K — (log b) u (log H)o]t- 


The second part of equation (7.1,a) indicates that the tangent to the 
u-curve of the minus first Laplace transform of the net intersects the axis 
in the point whose codrdinates are s -++z. Similarly from (8.2, b), the 
tangent to the v-curve of the first Laplace transform intersects the axis in 
the point és—z. Thus, the nets characterized by 8==0 are those for which 
each tangent to a u-curve of the minus first Laplace transform of the net, 
the tangent to the v-curve of the first Laplace transform at the corresponding 
point and the corresponding axis of the net are concurrent in the pwotal point.™ 

For the general case (8==1), the focal points of the axis of a net, the 
point in which the tangent to the u-curve of its minus first Laplace transform 
intersects that axis and the point in which the tangent to the v-curve of the 
first Laplace transform intersects the axis, the points of the axis which lie - 
in the focal planes of the corresponding ray, are pairs of points in an in- 
volution, the double points of which are the point of the net and the corre- 
sponding pivotal point.t 


8. The equations of the developables of the axis congruence of the net, 
(zz dæ dz),—=0 reduce to 


* Such nets have been called harmonie by Wilezynski; cf. American Journal of 
Mathematics, Vol. 42 (1920), p. 215. 

; Cf. the end of § 6, above, and also G. M. Green, American Journal of Mathematics, 
Vol. 38 (1916), p. 306. 
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ud (H; 7) du® — 28 du dv -- -(K/e) dv? = 0, 


“nts aa of cquations (4.4). 
© cuyes on the surface of the net defined by this equation have beer 
cele Gace ris curves associated with the net. They are obviously the curves 
e a c section of the surtace with these developables. 
tcvalling equation (1.4) as defining the asymptotic lines of the suriac 
mrs os hat the aris curves associated with a conjugate net form a euni» 
m'e system if and only tf the net has equal tangential invariants. Tht sr's 
enog wiee i then conjugate * to the surface. The axis curves coincide wish 
cog metric net if und only if 8 —1 and the curves of the net are plan +: 
u lis eae the Laplace transforms of the net are developable t; the nr's 
to e ideterminote if aad only tf 8==0 and both families of curies c; 
thi n't ure planes 


i ihe net has equal tangential invariants, it follows from (3.3) thet 


Sd [log (ag/be) Juv = 0, 


cwl conycisely. Similarly, the net has equal point invariants if and oniy ji 
8.3 [log (,/b) Juv = 9. 


Hones ‘fa net has two of the following properties it has the third etso: 
equal poine invariants, equal tangential invariants, isothermal-conjugate® 
"he ecuation of the developables of the ray congruence is obiain'd iveri 
ibe feet that for them 
(21 t dt, dxr.4)=0. 


W. how th- alternative method, however, dual to the method used rbove: 


(E € dé dt)=0. 


These canaiions reduce to 
So) (H, g)du®- 28 du dv —(K/e) dv? = 0. 


‘Tre carves of the surface of the parametric net defined by this equation are 
ecg th: ray curves of the net. The theorem of Wilczynski, | dual to th» 


c. Guichard, Annales de VEcole Normale Supérieure, 3°, Vol. 14 (1897), p. 17%. 
7 Uf end of § 3, above, and G. M. Green, American Journal of Mathematics, 
3% ‘1916), p. 304. 
2h 3), 

3 footnote of G. M. Green, l. c., p. 311. 
er, Na p. 150. 
` “re asactions of the American Mathematical Society, Vol. 16 (1915), p. 318. 
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first part of the last theorem, follows from equations (8.4) and (1.4): The 
ray curves associated with a conjugate net form a conjugate system if and 
only if the net has equal point invariants. 

Comparing equations (8.1) and (8.4), we note that a necessary and 
sufficient condition that the axis curves and the ray curves associated with 
a net coincide is that each of the point irwariants of the net be equal to the 
corresponding tangential invariant: 


H=—H, K=K. 
This last condition is equivalent, by virtue of (3.3) and (4.2), to 


8.5 [log (ab/ge) Juv = 0, — [log (ab8/49) Juv = 0. 


We shall call a conjugate net for which the associated axis and ray curves 
coincide a net A. Equations (8.2), (8.3) and (8.5) indicate that if a net 
A has any one of the following four properties it has the other three, also: 
equal point invariants, equal tangential invariants, isothermal-conjugate, the 
curves which are both the axis and ray curves of the net A form a conjugate 
system. 

A net A of this type is characterized by the fact that the four point and 
tangential invariants of it are all equal. 


9. The focal points of the ray congruence associated with the net NV 
have coérdinates of the form ov, + 7x4, where o/r satisfies the relation: 


9.1 72K /g — 2807 — o? H /e = 0. 


The tangents to the ray curves, (8.4), will pass through these focal 
points if and only if H=K; i.e., if and only if the net has equal point 
invariants; the ray curves will then form a conjugate system.* 

Guichard ł has defined a conjugate net and a congruence of lines as 
harmonic to one another if the focal points of the lines of the congruence 
lie on the tangents to the curves of the net at corresponding points. Ac- 
cordingly, the last result may be stated thus: the ray curves associated with 
a net form a conjugate system and are harmonic to the ray congruence if and 
only if the net has equal point invariants. 

We alsco conclude readily, from equations (8.1) and (9.1) that the 
tangents to the axis curves of a net pass through the focal points of the 


*7 8., p. 124, problems 9 and 10. 
+ Guichard, 1. c. 
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corresponding ray of the nel if and only if each of the point invariants of 
the nei is equul to the opposite tangential invariant: 


H—K, K =H. 
In view of (3.3) and (4.2), this condition reduces to 
9.2 [log (a2b?/e) luv = 0, [log (a*b?/$9) Juv = 0. 


Accordingly, a necessary condition that the tangents to the axis curves of a 
net puss through the focal points of the corresponding ray is that the net be 
isothermal-conjugate. 

Again, if the axis curves of a net A, which are also the ray curves of the 
net A, form a conjugate system, that conjugate system is harmonic to the 


ray congruence of the net A and is conjugate to the axis congruence of tie 
net A. 


10. Using the methods of § 7 to compute tiny and Zin, we find that 
the asymptotic lines of the surface of the first Laplace transform of the 
net V are defined by 
10.1 eldu? + gKdv* = 0, 


and those of the surface of the minus first Laplace transform by 
10.2 eHdu? + gKdv? =0 


We shall disregard the case HK = 0 (cf. T. 8., p. 78). 

It is well to note in the last two equations that if H =0 or K =~ 0, 
the corresponding Laplace transform lies on a developable surface. 

The developables of the ray congruence associated with the net, defined 
by equations (8.4), will intersect the surface of the first Laplace transform 
of the net in a conjugate system if and only if K == K, and these will inter- 
sect the suriace of the minus first Laplace transform in a conjugate net if 
and only if I =H. This follows from equations (10.1) and (10.2). Thus, 
a necessary and sufficient condilion that the developables of the ray con- 
gruence of a conjugate net intersect the surfaces of the two Laplace trans- 
forms of the net in conjugate systems is that the net be a net A. The 
asym plolic lines on the two Laplace transforms will then correspond. 

The situation here is that the surfaces of the two Laplace transforms 
are mapped upon one another by a fundamental transformation.” The axis 
congruence associated with the net will then be harmonic, in the sense of 





* T. S, Chapter 2. 


152 M. M. SLOTNICK. 


Guichard, to the conjugate systems on the surfaces of the Laplace transforms 
defined by (8.4). The two focal surfaces of the axis congruence of the net 
then carry Levy transforms of these conjugate systems.” 


11. Tzitzéica ł has defined an R net as a conjugate net such that the 
tangents to both families of curves of the net form W congruences. 
Comparing equation (1.4) with equations (10.1) and (10.2), we con- 
clude that a necessary and sufficient condition that a conjugate net be a net R 
is that each of the point invariants of the net be equal to the opposite tan- 
gential invariant: 
H=K, K=H. 


The similar conditions of § 9 indicate that a necessary and sufficient 
condition that a net be a net R is that the tangents to the associated axis 
curves of the net pass through the focal points of the corresponding ray. 
Moreover, an R net is isothermal-conjugate.{ 

A theorem due to Demoulin § also follows at once: If the tangents to 
the curves of either family of an isothermal-conjugate net form a W con- 
gruence, it is a net R. 

Again, if a net R has any one of the following three properties, it has 
the other two also: equal point invariants, equal tangential invariants, it is 
anet A. 

Finally, a net A which is isothermal-conjugate is a net R. 


#7. o. It is evident that the fundamental transformation existing between the 
surfaces of the Laplace transforms of a net A will be such that the product of its 
harmonie and its conjugate invariant will be unity (cf. Author, “ A Contribution to 
the Theory of Fundamental Transformations of Surfaces, Transactions of the American 
Mathematical Society, Vol. 30, 18). 

+ Comptes Rendus, Vol. 152 (1911), p. 1077. 

ł Tzitzéica, l. c. 

§ Comptes Rendus, Vol. 153 (1911), p. 592. 


ADMISSIBLE NUMBERS IN THE THEORY OF GEOMETRICAL 
PROBABILITY.* 


By A. H. CorELAND. 


Gomery Is concerned with non-denumerable aggregates of poinis. On 
tio ot ur hand, probability, from the point of view of its statistical de inv ion. 
res @esentially denumerable character. Thus in geometrical provahi +: 
vo poly an analysis which is concerned with denumerable aggregates, to a 
so. which is concerned with nou-denumerable aggregates. As o cosit 

«ou ertain Inconsistencies in our assumptions. Fortunately these o- 
sat mens are not serious, and it is possible to obtain a set of esuu n- 


ao hih are both consistent and useful.t 
Tae assumptions made in the case of a simple event have been shown 
¿e s nti Ly proving the existence of admissible numbers.t In georwtrio! 


snis paper was presented to the Society Sept. 7. 1928. It is basel on a popr 
tot eont or, entitled, “ Admissible Numbers in the Theory of Probability,” A+. 
duce ¢ Of Mothematies, Vol. 50 (1928), pp. 535-552. The reader is referred to ti- 
woe for definitions and notation. 

Tor other discussions of the foundations of the theory of probability so von 
tise. “Giundlagen der Walhrscheinlichkeitsrechnung,” Mathematische Ze.tsths } 
Vol 3 18191. pp. 52 99: Lomnicki, “ Nouveaux fondéments du calcul des probabilt!..” 
fluacancnta, Mathematieae, Vol. 4 (1923), pp. 34-71; Steinhaus, “Les pirobahib °; 
d'no tvables et leur rapport à la théorie de la mesure,” Fundamenta Mathemeta e. 
Vol, t 11993), pp. 256 310; Dodd, “ Probability as Expressed by Asymptotic Livi. , 
of Pencils of Sequences.” Bulletin of the American Mathematical Socicty, Vol. 36, 
No, * OG 1904, pp. 299-305; Borel, “ Traité du caleul des probabilités,” Chepitro L 
the or bees normave ot Borel are members of the set, 4(1/2). That is, the sct er 
edu ~-inle numbers includes the set of normal numbers as a sub set. 

Se the author's memoir cited above. The statistical definition of prebabil iy 
bis a2 ¢ itieised by T. C. Fry (Probability and Its Engineering Uses, pp. 88-9 
Loic y Fiy argument is as follows, Let us suppose that the ratio, p,(). of the 
num or of successes to the number of trials of a given event, æ, approaches the proue 
blit. pe 14 the number of trials is indefinitely increased. That is we assume il. t 
uow ove given an athitrary positive number, e we can find a number, N, such 
thet op (e) -p'!'<c whenever n> N. For definiteness let us choose p 1/2, and 
e :1 4, Then there must exist an V such that !p,(#)—1/2;< 1/4 whoucrver 
« VV. Tat us make N trials of the given event. If the result of the exper meri 
in su h that p(w) > 1/2, then since the trials are independent, there is a finite prohi 
HUn {at the next N trials will all be successes. If p,(#)< 1/2, then it is pus ihle 
7 ue next N trials all to be failures. In either case it is casily seon thet 

olai- 1/2" > 1/4 when n=2N. So far Fry’s reasoning is correct. But he en- 
cide that the statistical definition of probability is inconsistent with the postulate 
i ot ly trals of a given event are all independent. This conclusion is not justifico. 
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probability we are confronted with the problem of proving the existence of 
a set of related admissible numbers having the power of the continuum. 

Let (E) be the probability that a point, P, of an n-dimensional con- 
tinuum, belong to a given set, #. The function, (Æ), is necessarily additive 
and we will assume further that it is absolutely additive and absolutely con- 
tinuous. These restrictions are satisfied in most of the cases that arise. 
Finally 0 S w(#) 1, and there exists a domain, A, such that r(A)==1. For 
example in the case of the normal law of error the domain, A, is the infinite 
interval, (—o, +20), and the probability that the error of a given measure- 


ment be one of a set of values, E, is r(E)= k/(r)* f ete? dy, 
B 


We shail now investigate the admissibility of the event histories asso- 
ciated with the sets, W. Let 2(£) represent the event history associated 
with E. Then the function, c(£), must satisfy the following restrictions. 


(a) a(E,):s(E:)=0 whenever £,-H,—0. 


(b) If Ey, E, Es,--- is any sequence (finite or infinite) of mutually 
exclusive point sets, then the n-th digit of (H, + E: + Es +++) 
is 1 if and only if the n-th digit of one of the numbers, 2(;), 
a(E,),:- +, is 1. 


(ec) 2(A)= 1" 


Condition (a) demands that events corresponding to mutually exclusive 
sets, be, themselves, mutually exclusive. Condition (b) demands that the 
function 2(£) be absolutely additive. It further specifies the mode of repre- 
sentation in certain cases where this representation is ambiguous. The inter- 
pretation of this condition is immediate. 

The above conditions contain no reference to the function, (E), and 
no reference to the admissibility of the numbers, c(Z). We should expect, 
in fact, the further condition that every number, z(£), must belong to the 
set, A[(E)]. Moreover we should expect the numbers (1:/n)x(H;), 
(12/n)a(E2),* + * (1%/n)@(Ex), to be independent for all sets, £1, Ez, ' + > Bx, 





As stated above, I have proved that no such inconsistency can arise in the case of 
a simple event. Fry’s reasoning merely shows that the choice of N depends upon v. 
That is, p(x) does not approach its limit uniformly with regard to æ. This has 
nothing to do with the existence of the limit for a given a. 

One important conclusion can be drawn from Fry’s reasoning. Namely that we 
can never in any physical situation, know the value of N. Hence in order to con- 
sider questions of consistency in the theory of probability we are forced to depend 
on some such device as that of admissible numbers. 

* The number, 1, admits of two representations. For the sake of brevity we 
write, 1, whereas the representation to which we refer in this case is, .111, 111, Ill,..-. 


ADMISSIBLE NUMBERS, Then 


Pd eat sets of positive integers. ry. rat ty ret. such that the nim ers, 
rai all astinct and less than or equal to n. If these conditions. tostor 
yul conettons, (a). (b), (c). could all be satisfied then the fandiers te] 
isan Haas of geometrical probability would be consistent when applied jo 
wbi rary secs, W. It turns out that these conditions cannot all be satisfied 
t lees ve confine ourselves to sets, W, whose frontier points are of measure 
you tle ower, this restriction upon the point sets is so light tha: ia: 
isd ‘ies of geometrical probability are satisfied in all of the inten vios 


We are now in a position to state the fourth condition which we shall 
plac ven the function, (E). 


E plr eye (i) reyne Ea) > > e (a/na Er) ] 
-=m (E1) +(e) + + «2 (Ex) 


for ll sets, Ei, Esne + +. Erm whose frontier points are of measure zero, and 


Part, ats of positive integers, ry rest + core. n, such that the numbers. 
oe. lad inet aud less than or equal to n. 


` 


Coaton (d) demands that every number, «(£), belong to the si 
Ir E]. and that every set of numbers, (1:/n)a(E1), (t/n)e(8.).- 
Gsf Ve(L.), be independent provided the frontier points of the sets. 
E, La. Eac ++ BE, are of measure zero. In order to see why we can mtha» 
uply tuose sets, Æ, whose frontier points are of measure zero, let us s 
vet vate to what extent the function, «(£), is restricted by connue s, 
(ay, (oy, Cc). 


Turorrm 1, uf necessary and sufficient condition that a function, sE), 
sitis’y conditions, (a), (b), (c), is that there exist a denumeruble set, 
D: (P. P. Pat + +) such that D < A and 


(1) r(E)-=" $r(P1), bo(P2), pe(Ps) >> 
wher? or (P) is the fundamental function of the sel, B.* 


T'e condition is obviously sufficient so we shall concern ourselves wi h 
pov na thar it is necessary. We shall prove the theorem first ior on 
en [sonal continuam in which A is the region defined by the inequal iis. 
O07% 7 «C1, where i 21,2,38,-+-n and where #1, Yo t t, Ya are the 
coore inates of a point, P, in A. We shall cover A with a net consisting of in 
iian set of lattices, Gi, Ge, Gs,- ++. To construct the lattice, fy). vo 


So» de la Vallée Poussin, * Sur Vintéeral de Lebesgue,” Transactions af t's 
awe te. Mathematical Nociety (1915). 
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decompose A into 2” meshes, 1,1, %M1,2, %1,3,° * * M%1,2", Where the mesh, Ma, j; 
is the region, ai4/2 SS yı < (ai; + 1)/2 and where each aj; has the value 
1 or 0. The numbers, aij, are further defined so that the meshes, maj, are 
non-overlapping and together include all of the points of A. To form the 
lattice, G2, we decompose each of the meshes, m,;, into 2” meshes, Mor, in 
the same manner in which A was decomposed to form the lattice, G,. Thus 
Gz contains 2?" meshes. The lattices, Gs, G4, etc. are formed in a similar 
manner. We shall assume that the meshes are so numbered that mi-1; 
includes mi g-oz" Mi, (jaya °° * Mija 

It follows from conditions, (a), (b), (c), that for a given i, one and 
only one of the numbers, x(m,;), has its first digit equal to one. Let this 
number be w(mi,,). It follows from condition (a) that Mistu < Mit 
Thus if we let 4 become infinite we obtain a limiting set of the sequence, Mix 
This set consists of a single point, P;. By conditions (b), (c) we see that 
the first digit of 2(A— Pı) must be zero and the first digit of x(P:) must 
be one. In a like manner we can find a point P such that the second digit 
of r(A — P2) is zero and the second digit of z(P2) is one. By continuing 
this process we obtain a denumerable set, D, consisting of the points, 
P,, Ps, Ps: ++, and such that c(A—D)=—0 and 2(D)—1. Thus 2(F) 
is given by equation, (1). 

Next let us consider the case in which A includes all space. This case 
can be reduced to the above by means of the set of transformations, 
T:y4/—F (yi), where F(y) is monotone and continuous and such that 
F(—o)=—0 and F(+%)= i1 and where the inverse of F(y) is continuous 
in the interval O<y <1. In particular we can take F(y)= 1/2 
+y/2(1 +42)”. If 2’ (E’)=2(£) where F’ is the transformed set, Æ, 
then conditions, (a), (b), (c), are satisfied by 2’(£’) provided they are 
satisfied by z(£).* Hence this case is reduced to the above. 

Finally if A is an arbitrary region then this case can be reduced to 
the preceding one by extending the definition of z(Z) outside of A by means 
of the equation, s(E)=z(E: A). 

Theorem 1 admits of a simple physical interpretation. The number, 
a(E), represents the history of some imaginary event which succeeds or fails 
on the n-th trial according as Pn belongs or fails to belong to E. That is, 
Pa, is the point obtained on the n-th trial of some imaginary physical ex- 


* For sets, Æ containing points with one or more codrdinates equal to zero, œ’ (H’) 
is defined by the equation, a’ (W) =æ (E.A), where A’ is the region Ol y,’<1. 
This extension of the definition is necessary since we shall exclude regions A having 
points at infinity. 
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cero dt. Thuas we might have lorseen the existance of the set, 42, mwn 
vay... l considerations, 


veaga uow see why it is possible to include only those sets «hov 


rori r pomts are ol zero measure. For let A be the unit interval, 0° » < 1, 
rud hie ath) be the Lebesgue measure of the set, K. Then if Ee D- ¢ 


ua e s an interval of length e< 1, we have the equations, wif} c 
othe 1 Hew sl E) is not an element of A[a()]. It will be ood 
taa ine stontier puitis of Æ are of measure, 1—e > 0. 


J. SETS WHOSE FRONTIER POINTS ARE or MEASURE Zeno. 


T treas out that our work will be greatly simplified if we replec ve 
“o (ca by a somewhat lighter condition which we shall refer to cs 


vant or (g) is the same as (d) except that we include only these =’ 


Ja Los ++ En which consist of finite sums of meshes. We shall abe h: e 
~o o Teler to a still lighter condition, (d”), which differs from tqa’) 
a tea: the meshes, maj, which constitute the sets, Ea feo: to haua 


ne wo. s, vhere s is any given positive integer. We -hal prev <o? 
eeo ncen satisdes conditions (a), (b), (c) and (Y). it will autonur .. 


sati ty (c). In order to show this we shall make use of the foLowing thonan 


Turorem 2. If E <A where A is the region, OS y< l, er on 
vee {try ond sufiiciont condition that the frontier points, f of Bom » 
mersu œ cero, ix that gien any positive number, e, there erist iwo w sxi 
ant fs such that By < E< Es and m(B,--By)<e and such ime 3l 
con-ivs of a finite sum of meshes and E, is either null or else consists a n 
fni v sum of meshes. 


The st, f, is closed and all of its points lie within or on the bus! s 
af A I m(f)=0, then there exists an open set, 0, such that f< t ow 
w())<2c where e is an arbitrary positive number. If P is any point of j-A 
thei P Les in a mesh which in turn lies entirely within 0. Tf P is any ot 17 
poi of “then P lies on the boundary of a mesh which lies entirely within 0). 
Jt ‘ow. from the Heinme-Borel theorem that there exists a set. <n. 
con is inç of a finite sum of meshes and such that f is included in « plas 
tho o boundary points of e which are also boundary points of A. 

Kyvery interior point of E can he enclosed in a mesh which conizins no 
vot ts of f, and we have already obtained a law whereby the points of i 

1o ciclosed in a finite sum of meshes plus certain boundary points «! 
“ao” mehes. Thus. applying the Heine-Borel theorem again we se tox 
“yo oxi. a set, E, which is either null or else consists of a finite sum o! 
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meshes no one of which includes points of f, and such that E, +e > E. 
Let E= E, +e. Then E, < E < FE, and m(£,— E )= m(e) S m(0)< ©. 
Moreover E, consists of a finite sum of meshes and E, is either null or else 
consists of a finite sum af meshes. 

We shall now prove the converse. If we delete from E, the frontier 
points of E, we obtain a set 0,, which differs from Æ, by a set of measure 
zero. Similarly if we add to E the frontier points of F we obtain a set Fe, 
which differs from E» by a set of measure zero. Then F— 0, >f, and 
since the quantity, m(f2— 01), can be made arbitrarily small by a proper 
choice of the sets, E, and Ea, it follows that m(f)= 0. 


THEOREM 3. If (E) is an absolutely additive absolutely continuous 
function defined in A:0 S y; < 1, and if s(E) is a function which satisfies 
conditions (a), (b), (e), (R) with respect to (E), then «(E£) satisfies 
conditions (a), (b), (c), (d), with respect to (E). 


If £1, H2,- - -Es are any sets such that they all lie in A and their 
frontier points are of measure zero, then given any positive number e we can 
find sets, E, Ex, - - Ei’, E”, Eo”, -- Ex”, consisting of finite sums of 
meshes and such that E’ < E; < E;” and 

(By!) (Ba) + - (Ee) — ef 

SS r(E,) (£2) +o (B)S (Er): + + (By) + 6/2. 
Since (EF) satisfies condition (d’) it follows that if we have given any set 
of positive integers, 7, 72,°°°%%, n, such that the numbers, r: are all 
distinct and less than or equal to n, then we can select a number, So, such 
that 

aw (Liy’) +» w(Bs?) + > (By!) — ¢/2 S ps [(r/n)e (Er) > > + (r/m) x En’) ] 

and 


ps [(r/n)a (E1) >] Sa( By") a(t) + €/2 


whenever s > so Moreover since x(F) satisfies conditions (a), (b), (e) 
it is defined by equation (1) and hence 


psl(r:/n)a( Ey’): + -] Spel (r/n)e (Ei) >] S ps[(/n)2(By”): > 
Combining these inequalities we get the relation 
a(Eyy: ` + a(Er)— e< pal (ti1/m)2(Bi)- <°] < a(E:) > > (Be) + € 
whenever s > so Therefore 4(E) satisfies (a), (b), (c), (d). 
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TI, ÅDMISSIBLY ORDERED SETS. 


“ 


‘mill say that a denumerable set, D, is admissibly order > “k 
tope toa given iuncti, (E), provided the corresponding function. st Lo, 
saliai Conditions, (a), (b), (€). and (d). 


T uos 1 There erists a set, D, which is admissibly ocdercd o» 
y o“ the fundion, m(E), (the Lebesyue measure of E) definen i ‘ie 
i E E E 


Ve chal show that conditions, (a), (b), (c), (A7), can he satisiied, 
We sicH then prove that the restriction, i S&S s, of condition (d”). con te 
mo R 

Lo s dedne a function, Vy(£), as follows. Let V be any mem eao 
res 4002) and let Y (my)==(1/s)¥ and ¥s(mi)==1—(1/s)X. In 
coe Me 


Ve (hija) Vs (tins) + (i/s)X 


i oud 
X (mia Vy (min) + [1 — (i/s) X] 
me beet ta Then Vi. (mi;) Xs (nij )=0 if 74 and 
V (min == Ve (005,27 1) + Xs (5,9;)- 
Hen eo wo will introduce no contradiction in our notation if we tow 
VGN | A to be equal to SAh (na) where the meshes, man which opo te 


ic toe auoimation, ave mutually exclusive. Thus conditions, (a1, (4.17 
setts if he the function, Y,.(/), for all sets, F, consisting of sums of mele, 
wm, (7 s}. Moreover condition (d%) is satisfied since every nebo, 
(o> ). can be written as the product of i numbers each of vhich is ct 
tree o a (ASAN or 1- (k/s). 

Coarsponding to the function, -Y.(#), we can define a se. 
PuP N P, ++), as follows. The point, Pa’, is an arbitrary polit 
ofthat mesh, a j, for which the n-th digit of X.(ms,;) is equal to 1. The 
“ne eS VCE). can now be detined for all sets, Æ, by means of equation 1, 
Tos ae ton satis ies conditions, (a), (b), (c). 

Te uamoye the restriction, i1 s, we shall define a ne: st. 
Pt. PY Pye st). Points Pro to Py, of D are the same as noints, 
Pog Py. of De where vy = =Ni -H Ve + + Nea We shall show that 
Se dite Vy Ways + +, can be chosen so that the set, D, will be admiss h 


4 
1 


Sos Tivorem 16 of the memoir previously cited. 
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Let e1, €2,* * *€,° + © be a decreasing sequence of positive numbers having 
the limit zero. We can choose two sets of integers, Mı, Ma, Mast © + Matte 
and Ni, N2,- - +, such that 


(e) | pul (rs/m) Xers (E1) ` (72/m) Xees (E2) > + + (1/2) Xu (Le) ] 
— m(Ey)-m(B2)+--m(Ex) | < &/3 i NZ Ms/n 


(£) | pui(r/0)X. (E1) + (r2/0)Xs (E2) + + > (Tr/n)Xs (Ex) 
—m(E,)m(Es) + + -m (Er) | “en 4+ Ms)/Ns < e3 if N= > W/m, 


The numbers, Ms, and Ns, are so chosen that conditions, (e) and (£), hold 
for every set of positive integers, 71, 72,° °° 1, n, such that ns and the 
numbers, 7, are all distinct and less than or equal to n, and for all sets, 
E,, E> + + Ey, consisting of sums of meshes, mi, such that iS. At the 
same time the numbers, Ns, are so chosen that vs/n is an integer if n Ss. 
Since digits vs + 1 to ven of s(E) are the same as digits 1 to Ns of 
As(£) it follows that 


(g) | pwl(ti1/m)a(Bi) > + > (re/n) 2 (Ex) ] 
—~m(Hy)+m(EB2)+ +> + m(En) | <e if ve /n SN SS veue/n.* 


Moreover the restrictions on 7 and n are no longer necessary, for if we select 
first the sets, En, Ez - ee consisting of finite sums of meshes, mi,;, and 
next the numbers, 71, T2,° © * Tr, n, then condition (g) holds for every s which 
is at the same time greater than n and greater than the largest subscript, ù. 
Hence ; 

PL (1:/n) eB) - + + (t%/n)a (Ex) ] = m (E) + m(E2) > >- m(Ey). 
It follows from theorem 3 that D is admissibly ordered. 


THEOREM 5. Given a denumerable set, D, which is everywhere dense 
in the domain, A:0 S yı < 1, and given an absolutely additive absolutely 
continuous function, r(E), such that r(A)—=1 and r(E)> 0 if m(£)>0 
(where E < A), then the set, D, can be admissibly ordered with respect to 
the function, (E). 


Let D consist of the points, Pi, Pz, Ps,- © +, and let D”: P”, Po’, + - 
be the reordered set, D. We have to show that the reordering can be accom- 
plished in such a manner that the function, 2(#)==- ġa (P), dn(P2”): + -, 
satisfies condition (d’). 

Let A’ be the domain, 0 S y < 1, and let D’: Py’, Ps’: - + be a set which 
is admissibly ordered with respect to the function, m(H’). We shall set up 








* Compare theorem 11 of the memoir cited. 
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a correspondence between the meshes m;,;, and a set of half open intervals, 
m’ j, Which are included in A’. The interval, m’;,;, is given by the inequalities, 


a(mi + Miz Mia) Sy Salmat ++ mij), if jL 


The interval, mi1, is given by the inequalities, 0S y < a(mi). Then the 
interval, m’;-1,;, will contain the intervals, mi c-n Mig- t, Maja 
Thus the intervals will cover A’ in the same manner that the meshes cover A. 

Every point of D’ is included in one of the intervals, mig Let mij 
be the interval which includes the point, P;’. We shall select from those 
points of D which lie in m,,;,, that one whose subscript is least. We shail 
relabel this point, Pi”. We shall continue this process with the points, 
P.’, Ps’, + +, setting up a correspondence in each case with that point of D 
which lies in the proper interval and which has the least subscript of those 
points not already assigned. We finally reach a point, Pa’, such that at least 
one of the points, P,’, P.’,- - - Px’, lies in each of the intervals, m/s; One 
of the n, relabeled points must be the point, P, 

We shall select a number, na, so that at least one of the points, P’a.a, 
Pons, + e P'ap lies in each of the intervals, me,; Using these intervals 
we shall relabel ns — nı more of the points of D in the manner described 
above. We shall call the relabeled points, Pma Pnet © © Png “We have 
now relabeled the point, Pa. This process is continued indefinitely. By the 
time the assignment of points has been completed for the &-th lattice, the 
point, Px, has been relabeled. 

We shall now show that the reordering of D has been accomplished in 
such a manner that x(Z) satisfies condition (d’) and hence satisfies (a). 
Let E, Es + -En be any sets consisting of finite. sums of meshes. Let 
Ey’, Ex, + + + Ex! be corresponding linear sets,.the correspondence being de- 
fined in terms of the correspondence which we have already established be- 
tween meshes and half open intervals. Then at most a finite number of the 
digits of x(#;) differ from the corresponding digits of 


a (Ei’)=: bn," (Pr), ey (Po!) * +. 
Therefore 
PL (m1/m)@ (Ei) + (r2/n)e(E2) + > (m%/n) a(x) ] 
= pl (ri/n) a’ (Ex) : (12/n) a" (Ee!) + >] 
=1(F,)- w(Be) ++ + r(x). 


Hence D has been admissibly ordered with respect to r(£). 
In theorem 5, the restriction, +(#)> 0 if m(#)> 0, was made in order 
that D could be reordered without leaving out any of its points. Let us see 


11 
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to what extent this restriction could be removed. Let A be the region 
0=y¥:< 1, and let us define a set, Ao, by means of its complement with 
respect to A. The set CA, will consist of all of the meshes, mi,;, for which 
a(mi,;)—=0. It is easily seen that r(CA,)—0 and r(Ay))—1. Let D be 
a denumerable set such that D < A, and every point of Ao is a limit point 
of points of D. Obviously D can be admissibly ordered with respect to (E). 
We shall call D the skeleton set of the function, 7(Z). 

Next let us consider an arbitrary absolutely additive absolutely con- 
tinuous non-negative function, (£), such that 7(A)—1. The most general 
case is that in which A includes all space. Let us apply transformations, T, 
to the sets, E, and let 7’(Z’) be the transformed function (E). We can 
define a skeleton set, D’, for the function, a” (E), the inverse of the trans- 
formations, T, carry D’ into a set, D, which we shall call the skeleton set 
of the function +(Z). The following theorem is now obvious, 


THEOREM 6. If r(H) is an absolutely additive absolutely continuous 
non-negative function such that r(A)=1, where A includes all space, then 
the skeleton set, D, of w(Z) can be admissibly ordered with respect to (LE). 


The admissibly ordered skeleton set, D, characterizes the function, (E). 
In fact we have the equation, 


a(E) = lim 3 ou(Px)/n 
n>% k=1 


which holds for all sets whose frontier points are of zero measure. 

We have now proved that the fundamental assumptions of geometrical 
probability are valid when applied to sets whose frontier points are of measure 
zero, but that they lead to inconsistencies if applied to arbitrary sets. 
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CONTINUOUS CURVES WITHOUT LOCAL SEPARATING 
POINTS.* 


By G. T. WHYBURN. 


` 1. In this paper it will be shown that every pair of points a and b of 
a continuous curve M which has no local separating point lie together on 
a subcontinuum T of Jf which is the sum of c (=the power of the con- 
tinuum) independent simple continuous ares from a to b. It follows at 
once from this result that every continuous curve which has no local separating 
point contains continua that are not locally connected or, in other words, 
that every continuous curve all of whose subcontinua are continuous curves 
has local separating points. 

We use the term continuous curve to designate any locally compact, 
metric, separable, connected and locally connected space. Any connected 
open subset of such a space is called a region; and a point which is a cut 
point of at least one region in the space is called a local separating point 
of the space. 


2. Lemma. Let R be any compact region in a continuous curve M, 
and let N be a closed subset of M — R such that R-N is totally disconnected. 
Then there exists a compact region G containing R but containing no point 
of N and such that (1) @-N=R-N, (2) G+RB-N contains a compact 
continuous curve H which contains R:N and is such that H—R-N is 
connected and contains R, and (3) each point of R-N is accessible from 


H— R-N and hence also from G. 


Proof. Let K, denote the set of all points of R at a distance > 1 from 
the point set R-N; and for each integer n > 1, let K, denote the set of all 
points z of R such that 1/n S p(z, R- N)S 1/(n— 1). 


A simple application of the Borel Theorem proves the existence, for 
each positive integer n, of a finite number of compact continua C,", C”, 
*** , Cm” each containing a point of R and whose sum O” contains Kp in its 
interior (rel. M) but contains no point of N and no point whose distance 
from Kn is greater than 1/4n. For each i, 1 < iS m, let t; be an arc in R 
joining a point C;” to a point of C,". Add all these arcs ¢; to C” and call 
the point set thus obtained Da. Then Dn is a compact continuum which 
contains K» but contains neither a point of N nor any point of M — R 
whose distance from Kn» is greater than 1/4n. By a theorem due to Ayres 

* Presented to the American Mathematical Society, Sept. 10, 1930. 
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and the author,* M contains, for each n, a compact continuous curve Hna 
containing D, but which contains neither a point of N nor any point of 
M — RÈ whose distance from K, is greater than 1/2n.- 


Let BS and let H=H, +B- N. For each n, let Gna be a 
1 


compact region containing Hn but containing no points or boundary points 
in N and containing no point whose distance from Hn is greater than 1/2n. 


oO 
Let G= J, Gn. Then the sets G and H have the desired properties. 
1 


2. THEOREM. If a and b are any two points of a continuous curve M 
having no local separating point, then there exists a subcontinuum T of M 
such that 

T= > axb, 


OS@S1i 
where, for each x, azb is an are from a to b and where, for s £4, 0S 2,4 S1, 
axh-ayb==a-+ b. 


We shall first prove the existence of a continuum T satisfying all the 
conditions except that the sets azb, (0 Ss 1), are compact continua but 
not necessarily simple arcs; and then we shall give the modifications in this 
argument which are necessary to insure that the continua [arb] will be arcs 
from @ to b. 

Since no point separates a and b in M, there exist | in M two inde- 
pendent f ares T, and T, from ato b. There exist in M two compact regions 
R, and R, containing the open ares 7)-—(a-+6) and T,—(a-+5) re- 
spectively and such that Re: Ri==a-+-b. Now, applying the lemma in turn 
to the regions Ry and R, using for the closed set N in the lemma first the 
set R, and then the set Ga we obtain two compact regions Ge and G, such 
that (1) Go-G,—=a+b, (2) G, and G, contain continuous curves H, and 
H, respectively both of which contain a +-b and such that Ho —(a +b) 
and H,—(a +b) are connected sets which contain Ro and R, respectively. 

Since Ho D Ro, clearly no point can separate a and b in the continuous 
curve Ho. Hence there exist in H, two independent arcs Too and To: from 
ato b. There exist in Go two regions Roo and Ro, containing the open arcs 
To—(a+b) and Tu—(a+6) respectively and such that Roo + Bo 
C@&+a+b and Ru: Ru-=a-+b. Then, applying the lemma just as in 


* See Bulletin of the American Mathematical Society, Vol. 34 (1928), p. 350. 

+See the author’s paper in the Bulletin of the American Mathematical Society, ` 
Vol. 33 (1927), p. 308, Theorem III, and a paper by W. L. Ayres in this Journal, 
Vol. 51 (1929), p. 590, where the author’s theorem is extended to the more general 
space required in the present application. 

{Two arcs are said to be independent if they have at most their end points in 
common. 
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the preceeding paragraph, we obtain regions Go, and Gy: in Ro and continuous 
curves Ho and Ho such that, Go: Goie=(a+b), Roo C Hoo —(a +b) 
C Hoo C Goo, and Ro C Hor —(a+b)C Hor C Gor. Similarly in H, we 
get the arcs Ty) and 7, from a to b and in G, we get regions Rio, Ri, 
Gio and Gy, and continuous curves Hy, and Hy, satisfying similar conditions. 
Continue this process indefinitely. 

At each stage n, let G, denote the sum of the 2” closed regions 
Ga,os...a, constructed at that stage, i. e., let 

Gn = > Gitta we Ont 


a4=0,1 


oO 
Let T =]] Ga. Then T is the desired continuum. For let æ be any real 


1 
number, OS 21. Write c= .a,Got3- ` <, where for each t, a; is either 


oO _ 
0 or 1." Now the point set azb = I] Gos,...c, is a subcontinuum of M; 
1 


and if v and y are distinct numbers between 0 and 1, it is readily seen that 
azb ayb =a + b. 

3. I shall now indicate the modifications necessary in the construction 
of the sets [Gae,...c,| in order to insure that the continua [azb] will be 
simple arcs from a to b. For simplicity, I shall define only the sets Go, Goo, 
Gooey’ © © so that the product Go Goo’ Gooo’ © © will be an are from a to b, 
since obviously the construction is the same for all the other sets [Go;...0,]; 
it being understood that for each n, the 2” sets [Gas,...a,| are constructed 
so that if G, and G are any two of these sets, then G Goa + bd. 

With the aid of the arc T, it is easily seen that there exists a compect 
simple chain Ry of regions V1, V2, Va © © Vn all of diameter < 1 such that 
Vi: Tia, Va: Ti =b, Vi-T:=0 for 1<i<n, Vi: Vi for ij 
if and only if |i—j|=1, and Fi: (Ro— Via — Vi— Vin) —=0 for 
tSiSn, where Vo=Vny==0. Now, applying the lemma to the region 
V., we can obtain a compact region U, of diameter < 1 such that 0,-7T,==a, 
Ü, (Ry ~ Vi: — V2)—=0, and such that U, +a contains a compact con- 
tinuous curve H, having the property that H,—a is connected and con- 
tains V,. There exist distinct points « and y in the set H,-Vi-V2. Since 
if, V, and M has no local separating point, it follows that no point can 
separate either x or y from a in I. Therefore + there exist arcs ag and ay 
in H, such that ag ay ==a. On the arcs av and ay, in the orders a, z and a, y, 
let x, and yı denote respectively the first points belonging to Ve. Now, 


"That is, æ is expressed according to the dyadic number system. 
f See W. L. Ayres, loc. cit. 
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applying the lemma to V2, we can obtain a compact region U> of diameter 
<1 containing Vz and such that Te: (Ti + av, + ay) = ti + Yi 
Üa: (By — Voi — Vz — Vou) 0 and such that Uz contains a compact 
continuous curve Hz having the property that H — (s, + yı) is connected 
and contains V2. Let w and z be two points belonging to the set H,: V2 Va 
Then, just as before, no point can separate any two of the points 2, 41, 
w and z in H,, and accordingly there exist two mutually exclusive arcs in H2 
joining the sets 7, + yı and w-+z. The two possible cases here are alike, 
so we shall suppose there exist mutually exclusive arcs sw and yz in Ha 
On these two arcs, in the orders tı, w, and yı, z, let z2 and yz respectively 
denote the first points belonging to Vs. Then apply the lemma to Vs, and 
so on. Continuing this process for »— 1 steps, we obtain regions U,, U2, 
7+, Una and arcs aTi, G22, Taa, ` *Ln-2En-1y Ar, YY YY ` * Yn-2Yn-1- 
Applying the lemma to V» we can obtain, just as before, a region Un and 





two arcs 2n-1b and Yn-sb satisfying similar conditions. Set Go == $ Um, 
1 


Too == AX, + HH. + + + + tnab, and Tor = ays + YY +: + Yn-b. Then 
clearly G, is a simple chain of regions with links U; of diameter < 1 such 
that 7, D a, U, D b,and Too and Toi are arcs from a to b such that Yoo: Toa 
=a+b and Zifin F Yiyin C Uin (where OSicn, To™= Yo = 4, 
En = Yn = b). 

Now with the aid of the are Too = azı +` * © + 2n-.b it is easily seen 
that there exists within Go a simple chain Roo of regions Qa, Qz © ° Qm all 
of diameter < 1/2 such that Q, D a, Qm > b, etc., and such that Ro, is the 
sum of n simple chains O, = Qi + Qo +t Qm, Co = Qm, + Qmut 
tet tb Omg tts On = Omar H: e H Qm, where for each i 1S iS n, 
Ci C Ui. Then by the same method as used above in the case of the chain Ro, 
we can define a chain Goo with links Si, S.,- + +S» all of diameter < 1/2, 
having the same properties as stated for the chain Roo and in addition the 
property that Gao + a-+ b contains two independent arcs Tooo and Toos from 
a to b each of which is the sum of m arcs ari, Tifo, T2%s,° * ‘ ?m-10, Where for 
each i, (0 Si < n), Titin C Si, where m =a and ra = b. 

Repeating this process, using Too, we obtain a chain Goo9, and so on. 
Continuing this process indefinitely, we obtain a sequence Go, Goo, Gooo* °° 
of simple chains of regions having all the properties necessary to insure that 
the sets of points agb == Go- Gao’ Go - ++ will be a simple continuous arc 
from a to b. The proof that this is the case is almost identically the same 
as that given in a proof by R. L. Moore.* 


Tue Jouns HOPKINS UNIVERSITY. 
* See “On the Foundations of Plane Analysis Situs,” Transactions of the American 


Mathematical Society, Vol. 17 (1916), p. 138. 
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ON THE LIBRATION POINTS OF THE RESTRICTED PROBLEM 
OF THREE BODIES. 


By MONROE MARTIN. 


INTRODUCTION. 


In the restricted problem of three bodies if the constant distance between 
the two finite masses be taken as the unit of distance, if the unit of time 
be so chosen that the gravitational constant is unity, and if the unit of mass 
be taken as the sum of the masses of the two finite bodies, the equations of 
motion for the infinitesimal mass become + 





(1) T—2y=A2, Ff + t=, 
where 

= 14 (2 SS 
9 SOD ACT TET ETF 


E 
tetp OSS) 
in which x» is the mass of that one of the two finite bodies (which lie on the 
z-axis and have the codrdinates z == 1 — p and g==— p) which is situated 
at z = 1— p, the origin of the codrdinate system being the center of mass. 
.\s is well known there exist for 0 < a < 1} five and only five points of zero 
force called libration points whose codrdinates satisfy the equation 








(3) grad Q = 0, 
that is 

9) fleet gC. eT EE 
a | [(@ + pw)? +e] | [(@+ »— 1)? +y]? | 0, 


i ee nf ee ee. eee 
WO N= I~ Tea + eA] Tete tee" 


Three of the libration points lie on the line joining the masses u and 1— p. 





+ Cf. for instance, T. Levi-Civita, “Sopra alcuni criteri di instabilità,” Annali di 
Matematica (3), Vol. 5 (1901), pp. 282-284. 

t For the cases where # = 0, and u = 1 there exists an infinity of points on a 
circle of radius unity described about the mass as a centre. That in these limit cases 
these points and only these are libration points follows immediately from equations (4). 
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These three points are separated by the masses for 0 <p <1 and their 
mutual position is, in the notation of E. Strömgren * as follows: 
Ls L Le 
NE E E 


Om oO 


di pe 





The remaining two libration points denoted by L, and Ls each form an 
equilateral triangle with the masses » and 1—u. 

In this paper the distances of L, and Le from the mass p are designated 
by pı and pz respectively, while that of L from the mass 1— p is designated 
by ps. The distances pı, p2 and ps are functions of u. In part I of this paper 
are proved the following theorems on the nature of these functions: 


THEOREM I. The functions pi(u), polu) and pa(p) are monotone in the 
interval 0 < p < 1 and have the boundary values + 


pi(+ 0)=0, p.(1—0)= 1; 
(5a) a 00, e LENE; 
p(+ 0)=1, p(1—0)=0, 
so that 
(5b) O<p<1 for 0Sas]; (4 = 1, 2,3). 


Moreover it is possible to obtain better inequalities for pg in which the bound- 
ary values of the inequalities are functions of ». In this connection we have 


THEOREM II. The functions pı(u), pelu) and p(w) may be bounded 
as follows į}: 


{ (6a:) each for 0<p<, 
{ (Gaz) pm for p= lp, 
| (6ae) Ye <pr<p for la <p<l, 
(6b) p< pe < pi for 0<pa<1, 
(6c) 1— pu < ps <(1—p»)* for O<yp<l. 


More definite information on the nature of the functions pi(p), p2(p) 
and pe(z) is given by the following theorem on the relative values of these 
functions for the interval 0 < a < 1: 


TrEorEM III. There exists in the interval O < p < 1 one and only one 


# E, Strömgren, Publikationer og mindre Meddelelser fra Köbenhavns Observa- 
torium, Nr. 39 (1922). 

7 Cf. footnote t of previous page. 

It follows quite readily from the inequalities of Theorem FI that inequalities 
which are functions of » can be given for the values of 2(w,y) at each of the 
libration points La, Lẹ and Ls 
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value of p= p" for which the following relations hold between the functions 
pil) and p2(p): 


(7a) pilu ) < po(p ) for 0<u<p*, 
(7b) pi(e*) = po(u*) 

(7c) pile ) > po(p ) for p* <p <1, 
and here 

(7d) Be >, 


Part II of the paper is concerned with the nature of the function Q(z, y) 
at the three libration points Z,, Lz and Ls. In his paper on the restricted 
problem of three bodies Birkhoff+ mentions the fact that the value of 
Q(x, y) at the libration point L, is greater than the value at either Le or Ly. 
The proof of this statement for all values of » is not to be found in the 
literature. In “Die Mechanik des Himmels” by Charlier, a proof is given 
employing power series expansions of px, but recent numerical caleulations by 
E. Strömgren prove that the expansions employed by Charlier are valid only 
for exceedingly small values of u. Now by a simple method it is possible to 
prove this statement, namely (8a) below, for all values of » in the interval 
0<y<1. In addition I shall demonstrate the statements (8b) and (8d) 
below which concern the relative values of Q(z, y) at the libration points Lz 
and Dy. 


Turorem IV.[ Denoting by Q(L1), Q(Le) and Q(L3) the values of 
the function Q at the libration points Lu, La and L, respectively, Q(Ly), 
Q(La) and Q(La) satisfy the following relations in the interval 0 < u < 1: 


(8a) Q(L)> Q(L) and O(L,)> 2(L£,) for 0<p<l, 
(8b) Q(L2) > Q (Ls) for 0<p<h, 
(8c) 2(L2)= Q (L) for p=, 
(8d) (Lz) < Q(Ls) for ¥e<u<cl. 


+G. D. Birkhoff, “The Restricted Problem of Three Bodies,” Rendiconti del 
Circolo Matematico di Palermo, Vol. 39 (1915), pp. 281-283. 

$ If we designate the values of the function Q(#,y) at the points L, and Ls by 
Q(L,) and Q(Ls) respectively, we have from (2), since LZ, and L; lie equally distant 
from the w-axis, Q(L,)=2(L;) for 0<u <1. The function Q(a,y) becomes infinite 
at infinity and at both the masses. It has been proved by Plummer (in his paper 
mentioned below) that 2(#,y) possesses a minimax at each of the libration points 
L,, L, and L, and it accordingly follows that Q(a#,y) must have an absolute minimum 
at L, and Lg 
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An apparent paradox arises in the distribution of the libration points 
Ly, La and L on the a-axis for the masses p= 0 and w=1. For p=0 
the libration points Lı and L, coincide and for »==1 the libration points 
L, and L, coincide.” For these values of » the actual distribution of the 
mass of the system is symmetrical while the libration points are placed un- 
symmetrically. The difficulty arises in the fact that the above distributions of 
the libration points are not for the distributions of mass »—0 and a =], 


but rather for the distributions Lim » and Lim » which are unsymmetrical. 
40 foot 


In the appendix the results of part I are used to prove that the function 
Q(z, y) possesses a Minimax at each of the libration points Lı, Le and Lg. 
This theorem was first proved by Plummer.t 


Part I. 
Proof of Theorem I. 
For the three collinear libration points Lı, L> and Lg, lying on the z-axis, 
the second of equations (4), namely Q,(x,0)=0, is identically fulfilled and 
the first equation will be 


(9) Q(z, 0)—= r —(1— a) (2 + p)/ |£ -+a | 
—p(e +u—1)/ |s +a—1 |? = 0. 


The real roots of this equation are the coördinates of the libration points 
Ly, Lz and L; Now it follows from (9) that for 0 <p <1 i 


(10) Qa(+%, 0)= +0, Qs(— u Æ 0, 0)= =o, Q(1— p + 0, 0)}= yo, 
(11)  Qralz, 0)= 1 +2(1—p)/ |£ + n |? + 2u/ |2- u— 1 |’. 
Therefore 

(12) Qzs (x, 0)> 0 for O<p<l. 


From (10) and (12) we see that the function Q2(z,0) has for O< p< 1 
one and only one zero in each of the three intervals 


—o [Lg <—ye —pece<cl—p Í—pu<r< o, 


that is we have exactly three collinear libration points which furthermore are 
separated by the two finite masses u and 1 — u. If we denote the x-codrdinates 


* Cf. Theorem I. 
+H. C. Plummer, “ Neighbourhood of Centers of Libration,” Monthly Notices of 
the Royal Astronomical Society, Vol. 62 (1901), pp. 6-17. 
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of the three libration points Lı, Lə, and Ls by a, ə, and g respectively, 
we may write 
(13)  tiı=1—p—p,  t%=1l—pt+p, T3 =— p — ps 
where pı, p2 and pa are the positive functions of p defincd in the introduction. 
Then (9) may be written in the form 
(14a) Qi (pr, p)= 1 — pı — p — (1 — p) /(1— pr)? + n/p? = 0, 
(14b) 92 (pe, p)= 1 + pe — p — (1 — 2) /(1 + p2)? — p/p? = 0, 
(14e) — Qs (ps, p)= — ps — p + (1 — u) /p3? + n/ (1 + ps)? = 0, 
where (14a), (14b) and (14c) define Q: (pne), Q2(po u) and Q3(ps, p) 
respectively. These equations on simplifying yield 
(14A) p —(3 — u) pit + (8 — 2u) p? — pp? + Rup: ~ p = 0, 
(14B) p: + (3 — p)p:* + (3 — 2p) p25 — pp? — pp: — p = 0, 

(14C) p (2 + u)pt + (1 + 2u)p —(1— p) p? — 2(1— u)pa— 1 -+ p = 0. 
The three positive functions p(x) are defined uniquely by (144), (14B) 
and (14C). We will demonstrate by reductio ad absurdum that 


(15) oe 











~0 for O<p<l; (i: == 1,2, 3). 


We fata (15) at first for fi; =1. If equation (14A) be differ- 
entiated with respect to » and the derivative of p, assumed to be zero we obtain 


(16) pit — 2p: — pi? + 2p; —1 = 0. 
Since L, lies between the two finite masses for all values of p it is sufficient 


if we show that this quartic equation in p, has no roots in the interval 
0 <p: <1. Denoting the left hand member of (16) by F(p), we have 


F(0)=F(1)=—1, (Fie) Ja = F'(4)=0, 


FO2)=— 7/16, F” (p) = 12p:2 — 12p, — 2. 


Since F” (p1) has no roots in the interval 0 < pı < 1, we conclude that F” (p1) 
has only one root in the interval 0 < pı < p, namely pı = 14, and consequently 
that (16) does not vanish in the interval 0 < pı < 1. It follows the original 
assumption that the derivative of p, can be zero in the interval 0 < p, < 1 
is untenable, 

In order to prove (15) for k = 2, we differentiate (14B) and obtain on 
assuming the derivative of pz to be zero 


(18) pot + 2p? + p? + 2p2-+1—0. 


Now (18) obviously has no positive roots and the proof of (15) for i == 2 


(17) 
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follows immediately. It follows from considerations of symmetry that, if (15) 
is trué for k = 2, it is also true for k = 3, and finally it follows from (14a), 
(14b) and (14c) that (5) are valid. 


Proof of Theorem II. 
If we place pe =p in (14b) we have 
(19) Q2(p4, p)== 1 + pw — p — (pÊ + a + 1) /(1 + p42, 
(20) Q2(p4 pw) > 1 + pw — pu — (pt + Qu + 1)/(1 u); (0 p< 1) 
and therefore 


(21) 02 (44, p) > 0 for O<w<l 

If we now place pz = p in (14b), we obtain 

(22) Qa (p, #) = (p — 1) (nw? -+ 8p + 1)/u (1 + p?) 
Since (»—1) (vw? + 3p +1)< 0 for 0< u <1, we have 
(23) Qalam p) <0 for O<p<1. 


The inequality (6b) now follows immediately from (12), (21) and (23) 
and the validity of (6c) follows by symmetry from (6b). 
We now demonstrate (6a,), (6az) and (6a). From (14a) we have 


(24) Qi (a, #)= [1 — 22] [1 + (1 — p) ]/e(1— e); 
therefore i 
(25) Qm p)> 0 for 0 <p <W 


The lower bound in (6a,) follows from (12) and (25) and the upper bound 
in (6a,) is a consequence of Theorem I. Now (6az2) is obvious while (6as) 
follows from (6a,) by symmetry.t} 
Proof of Theorem II. 
On eliminating p between (14A) and (14B), we have 
(26) pr? — 3pr4 + 333 p2® + 3p24 + 8p2° —0 
pit = 2p’ — pi? + 2p1—1 p2* + 2p2° + p2? + 2p2 +1 d 
We assume pı = pz = p in (26) and obtain ` 
(27) p‘ (o5 — 6p — 2p? + 6)= 0, 
(27a) Q(p)== p> — 6p? — 2p? + 6 = 0. 
A simple calculation shows that in the interval 0 < p < 1 the equation (27a) 
f While the inequalities (6b) and (6c) are valid throughout the interval 


0<p<1 they give a good approximation for p, and p, only for 0<u<e and 
I—ò<pu <1 where e and & are small positive numbers. 
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has one and only one root p*. From (27a) we have Q(34) > 0 and Q(1)< 0, 
that is 


(28a) w<p* <1, 
' and by (14A) 
(28b) A <p At for p=. 


The proof of (7d) follows from (28a) and (28b) by Theorem I. 
Inequalities (7a) and (7c) will now be proven together. The proof 
consists in establishing that 


dp Ape ut 
(29) nee for p= p". 


The inequalities (Ya) and (7c) then follow readily from the uniqueness of p* 
inasmuch as (7a) follows from (6a), (28a) and (28b). Then (7c) is an 
immediate consequence of (29). To prove (29) we again appeal to a reductio 
ad absurdum. We assume (29) is not true, and (26) becomes, for p= p*, 
on differentiating with respect to pz 
(30) p? (pë + 3p? + 14p? + 24) = 0. 
But this equation has no positive roots; whence (29) follows as a necessary 
consequence. 
Part II. 

Proof of Theorem IV. 

We now prove (8a). Denote by Q(p) and Q(— p) the values of Q(z, 0) 
at points distant p and — p from the mass w respectively. Then, by (9), 
we have 
(31) Q(—p)= (1 — p — p)? +(1 + 2)/(L—e)+ n/p 

Q(p)= (1 — u + p)? +(1—2)/(1 + p) + u/p 


Therefore 

(32) 2(— p)— Q(p)= 23 (1 — p)/(1— p?), 

and accordingly 

(383) Q(—p)—Q(p) > 0 for O<pw<l; 0O<p<l. 


The equality (8c) is obvious. We now give a proof of (8b) and (8d). 
From (31) we obtain 





ca TE =al) =e +n) +a D)/0 +)» 
which can be written 


t While better limiting values for p, have been found, the interval given here is 
sufficient for the needs of this paper. 
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(35) Qn(p) = —(o® + (3 — 2) pt +(3 — 2) p3 — up? — p)/p? (1+ e)’, 
and therefore from (14B), in the notation of the introduction for Theorem IV, 


(36) Qu (L2)==(p2 — 2up2— n) /p? (1 + pe)* 
Therefore from (6b) 
(87) On (Le) < 0. 


The inequalities (8b) and (8d) follow directly from (37). 


APPENDIX. 


We now show that the function Q(2,y) has a minimax at each of the 
points Lı, Le, and L, and therefore in L4 and Ls certainly an absolute 
minimum.t It will be sufficient to show that 


(38) Ora (Lr) Quy (Ln) — Qay (Lr)? < 0 (k = 1, 2, 8). 


From (2) one obtains Q(2,—y)=Q(2z,y). Consequently Qzy(z, 0)== 0. 
Therefore (38) becomes, from (12), 





(39) Quy (Ln) < 0 (k =1, 2, 3). 
From (2) and (13) we have 

(40a) Qyy (a1, 0)}= 1 —(1 — 2) /(1— p)? — p/p? 

and 

(40b) Qyy(Z2, 0)—= 1 —(1— u) / (1 + p2)” — p/p. 

As a consequence of Theorem I we have from (40a) and (13) 

(41) Quy (21, 0) <0 for —p<a<i—y». 


It is clear from (40b) that Qy,(z2,0) is negative for small values of pz and 
positive for sufficiently great values of p, We now show the values for pz 
given as a function of » by (14B) are small enough so that for s defined 
by (13) we have 


(42) Oyy (2, 0) < 0 for O<p<l. 

We have from (40b) 

(43)  Qyy (x2, 0) == (p28 + 3p2® + 3pe* — 3yp2” — 3up2— u) /p? (1 + pz)’, 
and this reduces by (14B) to 

(44) Qyy (2, 0) = (u — 1) (p23 + 38p2 + 8)/(1 + pz). 

The inequality (42) follows at once from (44). The proof of (39) for 


k = 1 and 2 follows from (41) and (44) respectively; and the proof for k = 3 
is a necessary consequence of the validity for k = 2. 


THE JOHNS HOPKINS UNIVERSITY. 


ł Cf. foot-note $ to Theorem IV, p. 169. 


ON ROTATIONS IN ORDINARY AND NULL SPACES. | 


By S. A. SCHELKUNOFF. 


1. In the following paper I am interested primarily in two problems, 
one of which deals with determination of invariant lines, planes and angles 
of rotations and quasi-rotations in a flat space of n dimensions, while the 
other is the converse problem. 

When the paper was being written the author was not aware that either 
of these problems had been completely solved. He knew only of a paper” 
in which Professor F. N. Cole proved that every rotation in a 4-flat could 
be considered as a succession of two simple rotations taking place in two 
absolutely orthogonal planes. His method was based on direct computation 
in terms of Cayley’s independent parameters of the coefficients of the group 
of rotations in a 4-flat. The method involves laborious computations even 
in a case of 4-flat. 

At a later date, the author’s attention was called to a paper written 
by Camille Jordan.t Jordan proved that an ordinary rotation leaves rela- 
tively invariant certain biplanes (i. e., (71 —-2)-flats immersed in an n-flat). 
He reached the result by concentrating his attention on infinitesimal rotations. 
Jordan named Schlafli as the first who had obtained equation (8) of this 
paper, but he claimed that the latter had not perceived its geometric 
significance. 

The method of this paper seems to be more direct than Jordan’s and 
it is certainly instrumental in the solution of the converse problem which 
appears never to have been solved in the general case of n-flat. There exists 
only a well-known solution for 3-flat and one for 4-flat implicitly contained 
in Jordan’s paper. 

Among the more important results obtained in this paper, equations (22) 
and (29) appear to be new. 

Further search through literature disclosed that Ludwig Bieberbach was 
interested in the problem of reduction of the rotation group to a canonical 


F. N. Cole, “On Rotations in Space of Four Dimensions,” American Journal 
of Mathematics, Vol. 12 (1890), pp. 191-210. 

tM. Camille Jordan, “ Essai sur la geométrie à n dimensions,” Bulletin de la 
Société Mathématique, Vol. 3 (1875), pp. 103-174. 
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form and solved it on the basis of Cayley’s representation of such groups in 
terms of independent parameters.” 

Bieberbach made references to Muth,t Schläfli t and Goursat § as those 
whose papers had touched partially on the subject. 

Since our solution of the direct problem is apparently different Sia any 
other known to the author, and since we use it as a basis for the solution of 
the converse problem, we include it in full in the present paper. 

2. The group of rotations around the origin in an ordinary n-flat is 
defined analytically by the following set of equations: 


(1) Ye = Oi Br, (k, r==1,2,---n), 
(r umbral) 


where the coefficients ax” are real, subject to the conditions, 


(2) OG? == 1, if r=s, 

= 0, if rsés, 
and the determinant | ax” | is equal to unity. The equivalent conditions are 
(3) a*ast = 1, if r= 8, 

=l, if rs£s, 


with the above assumption regarding the determinant. 
The group of quasi-rotations is defined by similar equations: 


(4) ye AEn (k, r= 1,2,° + >) 
where the coefficients 4,7 are subject to the conditions 
(5) Az? Az! = 1, if r==s, 
== 0, if rss 
or their equivalents, 
(6) A,tA,f = 1, if r==s, 
=0, if rys 


It is easy to prove that the determinant |'A,” | is a unit complex number. 
The group of quasi-rotations can be taken as a basis of “ metrical” 
geometry in null spaces.] 


* Ludwig Bieberbach, “Uber die Bewegungsgruppen der euklidischen Räume,” 
Mathematische Annalen, Vol. 70 (1911), pp. 297-336. 

} Muth, Theorie und Anwendung der Hlementarteiler, Leipzig (1899), s. 176. 

f Schläfli, Journal fiir Mathematik, Vol. 65 (1866), s. 185. 

§ Goursat; Annales de VBcole Normale Superieure (3), t. 6 (1889). 

TS. A. Sehelkunoff, On Certain Properties of the Metrical and Generalized 
Metrical Groups in Linear Spaces of n Dimensions, Liitcke and Wulff, Hamburg, Ger- 
many, (1927). 
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3. If zı, 2° + >» are the direction components of a straight line thru 
the origin in an n-flat (Fa) the following set of equations 
(7) ADE = A" Er 


(where A is the coefficient of proportionality) determines the lines of Fa 
invariant under transformation (1), or the axes of rotation as we might 
appropriately call them. 

This system of linear equations has a proper solution if any only if the 
determinant of its coefficients vanishes, i. e., if A is a root of the characteristic 
equation: 


a! — À a? a, yo aye 
Qa? Q? = a. ne Pg 

(8) tet dust Wie de notte EA on dul 
an! An” An? ‘5 t Un — À 


The roots of equation (8), or the rotation factors as we might call them, 
are unit complez numbers as we can readily ascertain by multiplying equa- 
tions (7) by their conjugates and then adding. 


Again, if equations (7) are squared and added, we have 
(9) (A2 — 1) at, = 0, 


i. e. either A = + 1, or the axis is a null line. 

If A=1, we have an absolutely invariant axis, i. e. a line of invariant 
points. 

Since the coefficients of (8) are real, the complex rotation factors are 
grouped in conjugate pairs. Thus, null axes exist in conjugate pairs. Fach 
such pair determines a real invariant plane that rotates on itself, as we shall 
prove later. 

Equation (8) can be written in the form 


rz — K, Àm! + Sor"? — KAn + ee +(— 1)"18, 4A +(— 1)” = 0, 


where S,x is the sum of the principal minors of (n— k)-th order, taken 
without repetition. 
Since the complementary minors of an orthogonant are equal and 


Ie = Snt 


this equation is symmetric if n is even, and antisymmetric if n is odd. 
Hence, if n is odd, + 1 is a root of (8), that is, in space of odd number 
of dimensions there is always an absolutely invariant line.* 


* According to Jordan this result was first discovered by Schläfli. 
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If n is even, equation (8) can be transformed into equation of lower 
degree by the following substitution: 


A+ 1/A = 2z. 


If n is odd, the above substitution can be used after equation (8) has been 
divided by (A— 1). 

Therefore, +- 1 is a multiple root of odd or even order if the space has 
respectively odd or even number of dimensions; —1 is always a multiple 
root of even order. (Here an absence of a root is regarded as even multi- 
plicity of zero order). 

If we multiply equations (7) corresponding to A; and às and simplify 
the result we have: 


(10) (Ada — 1) Trtar? = 0, 
i.e, either Erto = 0, 
or, Àa = 17A == Mis 


Hence, any two non-conjugate azes are orthogonal. 


Multipiying equations (7) corresponding to A; and A» we have: 


(Aude == 1) ay) 4,2 = 0, 


i.e. either 
(104) a2 —=0, 
or, Ag = Are 


Hence, any two axes not having the same rotation factor are quasi- 
orthogonal. 


Obviously, if for a given à equations (Y) have exactly “m” linearly 
independent solutions, this à must be a multiple root of at least m-th order. 

From the canonical form given by Bieberbach * it follows at once that 
for a given à equations (7) have m linearly independent solutions if and only 
if X is a multiple root of m-th order. 


4. A conjugate pair of axes determines a real invariant plane. This 
plane rotates on itself. In fact, if || uy || and | @ || are the direction com-. 
ponents of axes whose rotation factors are e+*%, we can take (ur -+ ti) /2% 
and (u,— i) /i2* as the direction cosines of two real straight lines in 
the plane determined by the axes provided || u» || is a quasi-normalized set, i. e. 


* Ibid., p. 302. 
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Urilr = i. 
Now if 
(11) Tr = (Ux + üy) /2 
are the direction cosines of a line before the transformation (1), the new 
direction cosines are given by: 
Yr = Arr = (Aup ++ Alr) /2, 


and the angie thru which this line is rotated is determined from the following 


equation: ` 
(12) cos 0 == Tryn = (A + À) /2 = cos ¢, 
i. e, == ¢. 


Similarly we can show that the line whose direction cosines are (ur — ür) /i2*, 
and, later, that every other line in the plane of rotation rotates thru the same 
angle ¢. 


The invariant planes corresponding to different conjugate sets of rota- 
tion fuctors are absolutely orthogonal. Indeed, if 


Le == Aux -+ buy 


are the direction cosines of a line thru the origin in the plane determined by 
one conjugate set of axes, and 


Yr = Cn F dün 
is a similar line in another plane of rotation, we have: 


Lyn = (Qur + bün) (con +- dix) 
==(acurty + bdiii, + adun + berte j= 0, 


provided the sets of rotation factors are distinct. This proves the above 
theorem. 


Thus, if the rotation factors are all different a rotation in Fon can be 
uniquely decomposed into “n” simple rotations taking place in a set of “n?” 
absolutely orthogonal real planes, thru angles determined by the roots of 
A-equation. 

Also, if the rotation factors are all different, a rotation in Feny leaves 
absolutely invariant one real line, and relatively invariant a unique set of 
absolulely orthogonal (mutually as well as to the invariant line) real planes, 
The lines of any one invariant plane rotate thru the same angle.” ) 








*These two theorems are most interesting special cases of the obvious general 
theorem: In every flat space F, there are Subflats (of 1, 2, 3,. ..n—l dimensions } 
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Besides real invariant planes there are imaginary. In Fan all of these 
[2n(n — 1) in number] are null planes, as may be readily ascertained ; while 
in Fens, besides 2n(m—1) null planes, there are also 2n aeolotropic in- 
variant planes, namely those determined by a null axis and the absolutely 
invariant real axis. 


5. Interesting exceptions arise when the characteristic equation has 
multiple roots. As we have already stated equations (7) possess m linearly 
independent solutions, if the corresponding A is a multiple root of order m. 
Thus, to every such root there corresponds an m-fold pencil of invariant lines. 


If X=1 we have an absolutely invariant m-subflat. 
If A=— 1 (which corresponds to rotation thru 180°), we have an in- 
variant m-subflat every line of which turns thru 180°. 


If à is a bona fide complex number, À is also a multiple root of order m, 
and hence, there are two conjugate m-fold pencils of invariant lines. Each 
conjugate set of lines determines a real plane. Thus, instead of the usual 
m real planes of rotation we have «1 such planes, all of which turn upon 
themselves and thru the same angle equal to cost (À -+ A) /2. 


6. Some of the results that we have just obtained can be readily extended 
to the quasi-orthogonal group defined by equations (4). 

As before, the invariant lines (axes of quasi-rotations) are determined 
by the set of equations, 
(13) . Ate = Ax’ ar, 


which possess proper solutions if any only if A is a root of the characteristic 
equation : 


A} — Y A? BO! Ne Ay” 
(14) At A,” e os Ag” os 0. 
A,} An? Sao xe Ant we 


Unless this equation has multiple roots there are n and only n axes of rotation. 
Again it is easy to demonstrate that 


(15) M—1, 
i.e., that the rotation factors are unit complex numbers. 


If a, are the direction “ quasi-cosines ” of an axis, i. e., if 


determined by the corresponding number of invariant lines (7), all points of which 
are permuted among themselves when transformation (1) is applied. 
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Ler = 1, 
the equations 


Yu = Ar Er, 
determine the new direction quasi-cosines and the “twist” of the axis is 
given by 
(16) cos B= (ayy + Eryr) /2 = (Artn + Arete) /2 —=(A + A) /2. 
Any two azes are, in general, quasi-orthogonal. Indeed if, 
(17) Atr! = Arf, and Aotr? = Az8e, 
determine a pair of axes, we have 
Aw n? = Ak Ån Er Eet, 
or, 


(18) (Arie — 1) ax1&2 = 0. 
Therefore, 
Tie = 0, 


unless Az == À, i.e., unless the rotation factors of both axes are the same. 
If the latter is the case, the axes may or may not be quasi-orthogonal, and 
there are more than minimum number of axes. 


y. Suppose we have a set of axes whose direction quasi-cosines form 
the following quasi-orthogonal matrix: 


ato Bale + + oat 
Ea D- -© -Erè 
(19) 
g” T” ° . . En” 


and let the corresponding quasi-rotation factors be Àn A2,* * ‘An Let us 
determine the coefficients of the corresponding quasi-orthogonal trans- 
formation. 

We have the following system of equations at our disposal: 


Arte? = Arf Trl, 
(20) Note? = Ala, (k, r= 1,2,- en). 
Ante” = Aria, 


Fixing the value of & we obtain a system of n equations with n unknowns 
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Ay}, Ar? © Ax. There are n such systems corresponding to different 
values of k. Solving these systems, we have: 
(21) Å" = ArT Tx, (k, s = 1, 2, E MN n), 


(r= 1,2,: + + n(umbral)). 


We shall prove now that A given by equations (21) are actually the 
coefficients of a quasi-orthogonal group. Indeed, take 


(22) A,™ — Apl En? 


Multiplying equations (21) by the conjugates of (22) and summing, 
we have 


(2 3) a qm = ArAp@s” Eel BaP EmP. 
But since 
Te' Ë? = 1, if p=rf, 
"F. 0, if Pp Æ T 


equations (23) take the following form: 


AgAs™ = DrArBn” Ber = Em Tk, 
Lêz 
(24) A, qm = l; if k= m, 
== 0, if km, 


which proves that A,* given by equations (21) are actually the coefficients 
of a quasi-orthogonal group that leaves invariant a set of lines determined 
by matriz (19). 

The ordinary orthogonal group is obtained if the invariant axes given by 
matria (19) are conjugate in pairs and the corresponding rotation factors 
are also conjugate. .If any of the axes happens to be real, the corresponding 
à must be either +1 or —1 (—1 is allowable only if there is even number 
of real aves). Under such conditions, we have real As*, i. e., 


(25) Å =n ĀE. 
In fact, equations (25) are equivalent to 


Na®e ligt 4 Aot + - + = Mtae + AvEZayZ + + + 


> 


which is an obvious identity if the above conditions hold. 

From the results of section 3 we conclude that the above conditions are 
necessary with the exception of the quasi-orthogonality condition which must 
be satisfied only for distinct rotation factors. However, in the latter case 
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there are infinitely many axes, out of which quasi-orthogonal pairs can be 
chosen. 

Thus, equations (21) may serve for determinations of the coefficients 
of the group of rotations if the axes and the rotation factors are known. 

In practice, however, it is more convenient to describe the rotation group 
in terms of known planes and angles of rotation. 


8. Therefore, assume the equations of known planes of rotation in the 
following form: 


(26) Ep” = piu -+ quv, 


where the superscript refers to the planes while the subscript, as usual, to 
the codrdinates of a point in the plane. Without loss of generality we may 
assume p" and gx” to be the direction cosines of pairs of orthogonal lines 
in the corresponding planes. 

Since the rotation axes are the null lines in planes (26), we can deter- 
mine them immediately from the condition 


(27) tx" z” = 0, (only & is umbral). 
In fact, we have 
v= + a, 
and, hence, the direction quasi-cosines of the axes are given by: 


(28) Te” = ( pr” + iq”) /2*. 


Assume the corresponding rotation factors e*t%$m, Substituting in equa- 
tions (21) we have 


aa = Ya D [ (pad + igs") (pu — ige™ er + (pal — iga") (De + igk) er, 
and simplifying, 
(29) a= 3 [ (popu + gs Qu") COS pm + (Ds Gu — pr”qs™)sin pm]. 


These equations remain true for s= k provided we waive the summation 
convention with regard to these letters. It is interesting to note that the first 
group of terms is symmetric in s and k and an even function of each m, 
while the second group is antisymmetric in s and k and an odd function 
of each ọm. In case of an odd space in which there exists an invariant real 
line the formula (29) still holds if we merely take the direction cosines of 
the line as p’s and let gs and the corresponding ¢ be zero. We observe that 
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the coefficients of rotations in absolutely orthogonal planes or higher main- 
folds are additive. This fact may be successfully used in building up rota- 
tion groups in higher spaces when planes and.angles of rotation are known. 


9. It is interesting to apply formula (29) to special cases. In three 
dimensional space it is convenient to begin with the matrix: 


COS %, COS&% COS Gs 
cos Bı cos cos fs 
COS yı COS Ye COS Ys 


the first row of which is made up of the direction cosines of the real axis 
of rotation, and the remaining two rows are the direction cosines of two 
perpendicuiar lines in the plane of rotation. Let the angle of rotation be ¢. 
Applying equations (29) and eliminating B,, B2,° * ` ys by means of proper- 
ties of orthogonal matrices, we obtain the following equations of the group 
of rotations in Fs: 


Ya == (Bay? -+ 2d? — 1) a, + 2 (aide + dad) x2 + 2 (G13 — ded) t3, 
(80) Y2 == 2 (taz — ag) x, + (20:2 + 2d? —1) ae + 2 (Get, + ad) a, 
Ys = 2 (dyads + aad) 21 + 2 (a283 — 1d) T2 -+ (Rag? + 2d? — 1) a, 
where, 
d = cos (¢/2), ar = COS a, sin (¢/2). 


These formulae are identical with those given by L. E. Dickson,” except for 
the convention concerning the direction of rotation. 
In four-dimensional space we may start with a plane 


(81) Eg = 00, + ba, Za = C2, F die, 


that rotates on itself thru angle ġ. Let the plane absolutely orthogonal to 
(81) rotate thru angle y. 
The equation of the plane absolutely orthogonal to the plane (31) may 
be written 
Lı = — AL; — Cls Lo = — bay — dis. 


The plane (31) contains the points (1, 0, a, c) and (0, 1, b, d). The corre- 
sponding set of p’s and q’s are the direction cosines of the bisectors of the 
angles between the lines determined by the origin and those points. Similarly 
for the other plane. 

If we use the following abbreviations 


*L. E. Dickson, Modern Algebraic Theories, p. 100. 
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D=ad—b, R? =1 -+a +b? + e4 d? D2, 


AL =1 +e +E, A¥ = R? — A?, 
B? = 1 +b? -+ a, BY = R? — B?, 
P2 = 1 +a +b, P? = R? — P2, 
@=1+e+@, . =R Q, 


we can write the coefficients of the group of rotations as follows: 


Ra, = B? cos + BY cosy 
R2a,? = A? cos ¢ + A” cosy 
R2a,3 = Q” cos 6 + Q? cos y 
R2a,4 == PY cos ¢ + P? cos y, 


(32) R?a,? ==(ab + cd) (— cos ¢ + cos y)— R(sing + Dsiny), 
R?a,? ==(a + dD) (cos p — cos y)— R (b sing + csin y), 
R?a,* =(ce — bD) (cos p — cos y)— R (d sin p — asin y), 
R?a,3 =(b — cD) (cos p — cos y)— R (—a sin ġ + d sin y), 
Ra,4 =(d + aD) (cos 6— cosy)+ R(csin¢ + b sin y4), 
Rast = (ac -+- bd) (cos p — cos y)— R(D sin d+ sin 4), 


and a,* is obtained from as” by changing simultaneously the signs of ¢ and y. 
If y= ġ, equations (32) degenerate into 


a! = ay? = Q33 = Qaf = COS Q, Ra? = Rast = — (1 + D)sin 4, 
(33) : 

Ra? = — Raz! = —(b + ¢)sin ġ, Rat = Ra, =(a— d)sin ¢. 
Since, 





R? —=(a— d)? +(b +0)? +(1 + D)%, 
coefficients as” depend only on two parameters besides the angle of rotation. 
Hence one parameter in (31) is arbitrary, and there exist co1 real planes 
thru the origin that rotate on themselves, which is in keeping with the pre- 
viously stated general theorem (end of section 5). 
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GENERATING INVOLUTIONS OF INFINITE DISCONTINUOUS 
CREMONA GROUPS OF S, WHICH LEAVE A GENERAL 
CUBIC VARIETY INVARIANT. 


By VIRGIL SNYDER AND MARGUERITE LEHR. 


The present paper derives the equations and obtains the table of char- 
acteristics of three types A, B, C of involutorial birational transformations 
of 84; they are obtained by means of the general cubic variety which remains 
invariant. 

Of these three types the first and second each contain six parameters, 
and the third more. The product of any two transformations of the set, of 
the same or of different types, is a non-periodic transformation. 

These types and two others discussed previously * generate all known 
transformations which leave the variety V, invariant. 

A. Given a general cubic variety V of four way space Ss and a line J 
not lying on it. A birational transformation of the Sy in which Fs is im- 
mersed may be constructed as follows. Let Jf be one of the points in which 
l meets Vz. A point P determines the plane P,1 which meets V, in a plane 
cubic curve. The tangent to it at M meets it in the tangential M’. The line 
MP meets the polar quadric variety of Mf’ as to V, in M”. The harmonic 
conjugate of P as to WM” is P’. The transformation P ~ P’ is birational 
and involutorial, and under it V, remains invariant. Call it I. 

The locus of W is the cubic surface ys, intersection of Vg with the 
tangent space at Af; it has a node at M, hence every line of the bundle M 
in the tangent space + meets it in just one point 4. The plane If’,7 cuts 
from the first polar of W as to V, a conic ca; the tangent space at Jf’ meets 
l in one point, and the line joining this point to Jf’ is the tangent line ¢ to ce 
at W. 

In the plane 1, W the transformation I is a perspective quadratic in- 
volution determined by cə and Jf’. The only fundamental point is Jf’, and 
its associated principal locus is the tangent ¢ which meets 7. The conjugates 
of the lines of the plane under J are conics having ¢ for common tangent 
at M’ and having three point contact with each other. 

As the plane 7, W takes all positions about J, the locus of t is a funda- 
mental ruled variety T conjugate of ys. The locus of cz is the variety H of 
invariant points. It touches T at every point of ys. 


* Rendiconti Circolo Matematico di Palermo, Vol. 38 (1914), pp. 344-352. 
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Every plane through 7 is transformed into itself. In each position, 
l has an image conic having three point contact with the image conics of 
the other lines of the plane at Jf’. The locus of this conic, as M” describes ys, 
is the complete conjugate L of 1. 

2. When the section of the polar quadric at M’ with the plane J, W is 
composite, and the cubic section is not, one component is the tangent ¢ and 
the other, the harmonic polar of the point of inflexion W’ of the plane sec- 
tion Vs, l, M’, is the axis of a harmonic homology having M’ for center. Thus 
in each such plane the transformation is linear; the conjugate of any line 
in the plane is made quadratic by adjoining the inflexional tangent t. Hence 
every inflexional tangent of V, at points of ys, which meets / is a fundamental 
line of the second kind; the image of any point on one of these lines is 
the whole line ¢ passing through it. These lines are therefore on H, on T, 
on L, and on the conjugate of every Ss of Sa. 

Since the conjugates of the | S; | are varieties having three point contact 
on ys, its conjugate T appears three times as component of the Jacobian of 
these conjugate varieties. The other component is L, the conjugate of 1. 

3. A general Ss meets its own conjugate in the section made by it on H 
and in the elliptic cubic cone with vertex on / and containing the plane cubic 
curve Ss, ys. Every line meeting l and ys contains an infinite number of pairs 
of conjugate points, hence the involution I belongs to the generalized monoidal 
type, analogous to those thus defined in Sa by Montesano. 

4, Analytic procedure. Let zı =Q, t2== 0, z = 0 be 7 and let Af be 
(0,0,0,0,1). Let 2,0 be the tangent space to V at M. Then the equa- 
tion of V has the form 


V=ae" + af + p= 0, 


in which f is a quadratic and ¢ a cubic quaternary form in 2, Ta, Zs, t.. The 
equations of ya are then 


Ys: Z4 = 0, Lsfo + po = 0, 


fos po being f,@ with a, replaced by zero. 
A point (y) determines the plane 


T3/ Yı = T2/Y2 = T3/Y3, 
through 7. This plane meets ys in W defined by 
W: foya, foye, fos, 0, — do 
The polar quadric of W’ as to V is 
foya (Efi + 1) + foye(asfe + $2) + fos (Lfs + $2)— fo (2tsts + f)—=0, 
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in which fi, pı are partial derivatives of f, @ as to a. By eliminating 
Yı Y2, Ys between this equation and those of the plane J, (y) we obtain the 
equation of H, the locus of invariant points, 


H: foz, (Xfi + $1) ++--fo%e (sf'2 + p2) + fots (tsfs + ps)— bo( 2x25 + f) = 0. 


It is of order 5, contains 7 to multiplicity 3, and contains ys. 
The tangent S; to V; at M’ is 


Tı (— dofof's,0 + fobro) + %2(— gofof'2,0 + foh2,0) 
“+ &3(— pofofs,o + fo*bs,0) + Ea (Cpo? — dof s,ofo + fo4,0) + Us fo = 0. 


By eliminating y as before, this equation represents T. It is of order 7, 
contains 7 to multiplicity 6, and contains ys. Any plane through Z contains 
one and only one generator of T. Any point on the line M’y has codrdinates 
of the form 

tı =ofoyi + TY ete. 


The point Jf” in which this line meets the polar quadric of M’ again is given 
by 72H (y)+ 2orH (y, M’)=0 or 


7=2H(y,M’), o-—H(y), 


where H (y, M’)== 0 is the polar of Jf’ as to H==0. The harmonic conjugate 
of y as to W, M” is then the point 


py =(T — Hfo)yo py? =(T— Hfo)yo pys =(T — Hf) ye, 
pys == Tys, pys’ = Tys + Hoy. 


Thus, the transformation of order 8 has 
L : T— Hfo = 0 


for the image of 7. The Jacobian is of order 5(n—1)= 35. It consists 
of L to multiplicity two and T to multiplicity three. 


J:T3 (0 — Hf)? = 0. 


A table of characteristics of I, may now be constructed. Everything is de- 
termined except the loci of parasitic lines, or fundamental lines of the 
second kind. 

5. The six planes r, defined by fe == 0, ¢)=0 are double on each Vs, 
conjugates of the | Ss |. These planes are fundamental of the second kind, 
that is, the whole plane is the conjugate of any point on it. From the forms 
of the equations it follows that these planes are double on Lr, Ty and simple 
on H. The line J is six fold on each Vg; every point P of } has for conjugate 
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a surface of order 6, re lying on the three dimensional cone P, ys» The ten- 
gents to Vs at points of ys which meet 7 form the ruled variety T; an arbitrary 
Ss meets it in a surface of order 7, having a five fold point at the point Ss, /. 
No plane section cs of ys can lie in a plane meeting l except at M, as 1 does 
not lie in the tangent space + containing ys. An arbitrary Ss meets ys in 
a plane section cz, and meets } in a point. The lines of T from points of cs 
do not lie in this Ss. They form a ruled surface of Sa, of order 9. 

The other fundamental lines of the involution are the inflexional tan- 
gents to V, at points ys which meet J. These lines form a ruled surface Fir 
of &:, of order 17, having J for six fold line, as can be seen by passing an Ss 
through 7. It meets ys in a plane cubic curve g, having a node at M. The 
ruled surface of inflexional tangents to @== V,83(1) has gs for double curve 
and its plane has three inflexional and two nodal tangents at M. Hence the 
surface is of order 11. The same result can be obtained by expressing the 
condition that the plane J, M’ shall touch the polar quadric of W’ as to G. 
Thus in any Ss through 7 are 11 inflexional tangents to Vs at points of ys 
which meet 7. The order of the surface in 8, is therefore 11 plus the multi- 
plicity of ¿ upon it. From any point of 7? can be drawn six such tangents, 
hence the order of the surface is 17. The conjugate of any point on every 
generator is the entire generator passing through it. The table of charac- 
teristics can now be constructed as follows: 


Ss ~ Va: 67218 y ® Fyr 

S2~ Ma; 

Sı ~ O3; [Cs; Sı] =5 
l~ Lr: 62? yg Fy, 

ys ~ Ty: 6r2lSy_2 Fyr 

H; ~ Hs: rly? Fir. 


The symboi ys means that all the Vs of the system have three point contact 
with each other at every point of ys. The intersection of Vs and L, a com- 
posite surface of order 56, consists of 6 X 2 X 2 = 24 for the double planes, 
ys counted three times, F, and the surface of order 6, conjugate of the point 
in which the conjugate 9, of the given Vs meets 1. Similarly, the intersection 
of V, and T; consists of 62? == 24, Fir, ys taken twice, and the ruled surface 
of tangents to Vs at points of S, ys which meet J. This surface is of order 9. 

The conjugate of an arbitrary plane is a surface of order 14 containing 
the quintic curve in which the given plane meets:H. When the given plane 
meets 7, its conjugate consists of a surface of order 8 and the sextic surface, 
image of the point on Z. 
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The conjugate of a line is a curve of order 8 meeting it in 5 points. 
If the line meets J, its proper image is a conic having three point contact 
with yg. 

6. Let 7 meet V in a second point N. If N =(0, 0,0,1,0) and the 
tangent space to V at N be taken as zs = 0, the equation of V has the form 


Vi: Eas + Bats? + ants + ba, + bts + c= 0 
wherein a, b, b’, c are ternary, of orders 1, 2, 2, 3, respectively, or 
Y : a4?%—5 + ag +y=—0. 


If y, g° denote the values of y, g when zs == 0 then ¥° =). The equations 
of the transformation S associated with N are of the same form as those of T, 
and can be obtained from them by making a few obvious changes. 

In TS, L, appears as a factor in the second members of the equations, 
hence the transformation is of order 22, and is not periodic. The 12 parasitic 
planes all lie on the cubic cone œ, = 0 which has the line 7 for vertex. 

The line ? meets V in a third point P: (0, 0, 0, 1,— 1), with a+ z4 + a; 
= 0 for tangent space. Let the transformation associated with this point be 
denoted by U. The three involutions T, §, U generate a noncyclic infinite 
discontinuous group. 

7. Let l, lz be two lines through M, and Ti, Ta the corresponding trans- 
formations. Their product is not periodic. The plane of ll, is composed 
of invariant points under TT}. 

The general transformation of this type may be thought of as follows: 
Let F be any rational surface of order n lying on Vs, and / any line not on Vs, 
meeting F in n—1 points. Then any plane through / meets F in one 
residual point, which takes the place of M’. But n } 4, since Ì is not on Vs. 
Since V contains no surfaces other than complete intersections, it follows 
that the surfaces ys in tangent S, are the only possible surfaces satisfying 
the conditions. 

8. B. Given two skew lines l, 1, on Vs and a plane r not on Vz. Given 
any point (y) on Sa The S= v~r, (y) meets l; in Pi The line P,P, 
meets V, in K. The line (y), K meets the polar quadric of K as to V, in K’. 
The harmonic conjugate (y’) of (y) as to K, K’ determines an involutorial 
birational transformation J under which V, remains invariant. 

The two lines J,, lz determine an Ss meeting V, in a cubic surface F on 
which K lies. Since P;, Pa are projective, the line P,P» describes a quadric 
surface meeting F in a residual rational C4, having three points on each line lz. 
This C, is the locus of K. Every line P,P. lies in some S, through r, 
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hence the iine meets m. The S, of L, la therefore meets m in a directrix of 
the quadric, that is, m meets C, in 3 collinear points. 
Let r be defined by zı = 0, 2 = 0 and Cy by 


Tı = MỌ (Àr Az), Lz = dah, Xz = fe (Ar, As); T4 = fe(Ar,Az), ts = 0 


wherein ¢ is a cubic and each f: a quartic form in (A). The polar quadric 
of a point (A) on C4 as to V is 


IL (a) : Me (Ar Av) OV. /O2 + AahOV 0x2 + fa0 V /02 + f.0V /dx, = 0. 


The space 2,Y2— oy. 0 or m, (y) meets Cy in MY — à = 0, A= is 
Az =Y2. The line (y) (A) meets H(s) in (A) and in the point 2H(y, A) (y) 
= H (y) (à). The point (y) is given by 


y= [HY N—H(y)oA)] yo’ = [A (y, A) — Hy) o(A)] yes 
lo: ys’ = Hy, ) ys — H (y) f(A), ys = H(y,r)ys— H (y) fa), 
ys = H (y, A) ys, 


in which H(y,A)= 0 is the polar of the point (A) on C, as to H=0. The 
transformation is of order 10. The plane a is of multiplicity 8 and C's 
simple on the | Vio |, conjugates of | Ss]. 

9. The tangent S; to F, at a point (A) on C4 meets r in a line. The 
pencil of tangents at (A) meeting this line are all generators of H (y, à). 
The same tangent S meets the polar quadrie variety of (A) in a quadric 
cone. It meets z in a line having two points on the cone. Lines thru these 
points meet V, in three points coincident at (A), hence these lines are 
parasitic. They generate a ruled surface containing C, doubly. The section 
of the space z, (y) with the polar quadric variety is a quadric surface lying 
on H(y). When this quadric surface is a cone, it lies on H (y) and H(y,A); 
each generator is a parasitic line. It is part of the base of | Vio |, and lies 
on I, the conjugate of + in Zo. The cone is the residual intersection of 
II(y) and the tangent space m, (y) to Vs. 

The plane m meets V; in a general cubic curve ys. One line in m meets 
ys in three points on C4; another, not in m, meets it in points of h, lo, Cy. 
The image of any point in m is a curve of order 8, having the point to 
order 4, and lying on the cone having the given point as vertex, with C, 
as directrix curve. Any line meeting + in one point has for image a conic 
meeting it in two points. Any line lying in ~ has for image a surface 
generated hy a conic in the plane through the line and a variable point of C4. 
Any S, through ~ is transformed into itself. Apart from parasitic lines, 
the only fundamental elements are m and C,. The former is a proper two 
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dimensional basis element, whereas C, is of dimensionality 1, hence does 
not. appear as part of the base of two Vio of the system | Vio |. 

Any S meets r in one point or lies in an Sa containing m. The order 
of the surface of parasitic planes (pencils of lines) is found from the inter- 
section of Vio with He to be 22. The order of the surface conjugate to an 
arbitrary piane is then found from [V1o, Vio] to be 14. From [V, H(y,.)] 
the 4 remaining units 90 — 64 + 22 + 4 are accounted for by the planes 
conjugate to the four points in which Ss meets O4. The space ys = 0 which 
contains C4 goes into itself, as its conjugate contains the variety conjugate 
‘to Cs. [Ho(y,d), Is] = 81 = 56 + 22-+ 3, the 3 being planes conjugate 
to the three points of O, on ~. Finally, [M,H5] from UW, = H(y,d) 
— H(A) has the same value as He with H(y,A). This completes the table. 
We may now write ` 


8e ~ Vio2: r809 + Fag 
Se ares Mis 

Sı ~ Oro: [Cio r] = 9, [Cre Cs] = 9, [Cro 81] = 6 
CO, ~ Holy, d): 1802 Foo 

wom Tg: r10 ® Foe 

Hs ~ Hg: r402 Faz 

Jas = H+ (4, A) Io. 


This case can be generalized to include the following one. Define m as 
before, and let Cn be a rational curve of order n, lying on V, and having 
n— 1 points on m. With obvious changes in ¢, fi the equations of the 
transformation have the same form as before. The general table of char- 
acteristics has the form 


Ss ~ Fons: m?” COn ® Fonz; 

Se~ Manz, 

Si ~ Conse, [81, Cons] =n +2: [r Con] = 2n + 1 = [Cn Conie], 
r~ H (y, A)— H (y) b(A) = Dons: 22210, Pensa, 

On ~ Honn (Y, A): mOn P Fin 

Hmo ~ Hmo: nOn? Fonz 

Jronms = H+ (4, à) Monn 


10. C. Let l: gı = 0, z: = 0, t= 0 be a line on a general Vs and 
En be a rational surface of order n, not lying on V, but having n— i1 
points on l A point (y) of S, determines a plane (y,1) which meets Ra 
in one point P. This plane meets V; in a residual conic C2. Let p be the 
polar line of P as to O2. The conjugate (y’) of the given point (y) in the 
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harmonic homology P, p generates a birational involutorial transformation 
of Sa under which each conic of Fs in a plane through Z is transformed into 
itself; hence V, remains invariant. 

The parametric representation of R, has the form 


Ti = fi (Tu T2 T3), (i=1, 2,3), £4 = g4 (T), Ts = fs (r), 


in which the net | f(r) | is Cremonian, of order n’ and ga(r)= 0, gs(r)=0 
contain base points of | f | to multiplicity m? — n. 
The equation of Va has the form 


Vg: ut, + vr, + war, = 0. 
The plane 
L(y): t= yik (i= 1, 2,3), 
cuts from V, the conic 


lt + k( prs + st5)-+ q (24, ts)—= 0, 


in which ¢ is cubic, p and s each quadratic and q linear in 41, Y2, Ys; q 18 
quadratic in 2,253. If k be replaced by 21/y:, the equation of the conic in 
Ly, Za, Zs has coefficients cubic in Y1, Y2, You 

The codrdinates of P have the form 


P: yb ly), y0 (y), Y8 (y); $4(¥)5 $s (¥) 


wherein 0, $: are obtained as follows: the equations fi(r)—= y: can be solved 
for rı = frt (y), and substituted in gi(r) and fi(r)= y:F (y). The forms 
gx(f-1) and F contain fundamental curves of orders n’? — n, so that 6 is of 
order n — Í and each ¢x of order n in 4, Y2 Ys- The polar p of (4,6, $4, ps) 
as to the conic C, is of the form 


Atı + Mata + lgt; = 0, 


in which a; is of order n -4-2 in 41, y2, ys. The factor yı has been removed 
from the equation. The equations of the harmonic homology P,p have 
the form 


I: yy =(T—R20K)y, Yoo =(T— 20K) yo, ys’ =(T— 26K) ys, 
ys = Tys— 2K bs, Ys’ =Tys — 2K 4s. 


Here K is the result of substituting y1, Ya, Ys for v in the equation of the 
polar line p of P as to Cz. The factor y, can be removed again. K == (0 is 
the variety of invariant points in the involutorial transformation of order 
2n +2. It is of order n+ 2 and contains / to multiplicity n + 1. 

The variety '==0 is a cone of order 2n + 1 having 7 for vertex. Its 
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equation is obtained by replacing 2, Za, £s by 18, pa, $s in the equation of 
the polar p, and removing the factor yı It is the projection of the curve 
Yan, intersection of Rn, Va from l 

The conjugate of the line Z is the variety L = 0 defined by L = T — 26K 
=0. It is of order 2n + 1, contains J to multiplicity 2n, and contains the 
curve ysn. Every Sz through / is transformed into itself. 

The base surface M of the system | Vans2| of varieties conjugate to the 
| Sa | of S, is the complete intersection T= 0, K=0. It is of order 
(2n +1) (m+ 2). 


The table of characteristics of Lonsz may be written in the form 


S3 ~~ Vense? M (2ns1).(ns2) Yan? x J2nt1, 


So ~ Mon®sani2, 

Sy ~~ Conse, [Cens2> 1] = on + 1: [ Conse, Sı] = en F 1, 
l~ Lona: M ¢2ns1y.(ns2y Van ` Ps, 

yen ~ Tons: Mensa eml?" Yn 
Enso ~ Kn: Mennem l Yan 


Any two Vens, varieties conjugate to two S touch each other at every 
point of ysn The conjugate Conse of any S; lies in the S determined by the 
given Sı andi. Any S83 not containing / meets it in a point. The conjugate 
Vonee meets Lenz in the cubic cone connecting this point with yen. The 
S; meets En in n lines, each containing 3 points of ysn. The conjugate Vonse 
meets T in Menyen) and in the 3n planes connecting these points on yan 
with J. Finally, Ss meets Kn, in a surface Fn,2 of invariant points, which 
is also on its conjugate Veni. l 

The jacobian of the system | Van+2 | is 


J = PonyT on. 


These results can be generalized immediately to apply to a three dimensional 
variety Vm of Su, having J to multiplicity m — 2. The simplest form of Rn 
is a plane z4 = 0, £s = 0. An extensive category is that of the monoids in S,: 


Gn-1 (41, To; T3) La + An (@1, Le, %3)—= 03 s =0. 


11. A set A’, B’, C’, of generating involutions of another infinite dis- 
continuous Cremona group under which V, remains invariant, this time 
point by point, can be obtained by the central perspective Jonquieres in- 
volutions in each plane through J, with P as center and the residual section 
of the plane with Vs as curve of invariant points. 


THE DERIVATION OF TENSORS FROM TENSOR FUNCTIONS." 


By ALFRED K. MITCHELL. 


Iniroduction. ©. Schroedinger + has given a rule for deriving a tensor 
from an invariant tensor function. In the first part of the present paper 
a proof is given of the theorem that if ® is any invariant function of a tensor 
its derivative with respect to a component of this tensor is itself a component 
of a tensor. It is also proved that the derivative of a tensor function of a 
tensor produces a tensor of higher rank. The first of these theorems is then 
applied to the invariants of a mixed tensor of rank 2, and the invariants of 
the tensor so derived are considered. In this way it is seen that if Fs” is any 
polynomial function F = ao -+ a, + a,#? +--+ of the matrix E, then its 
invariants can be expressed in terms of the invariants of W and hence the 
derivatives of the invariants of F are functions of the derivatives of the in- 
variants of E. 


1. By a space of n dimensions we mean a continuous arrangement of 
points; a point being a set of n ordered real numbers (z1, 2, 23,- - +>, g”). 
A set of n equations 


T == Ñ (21, 2?,- $ +, a") (r= 1,2,° 2 -,n) 


in which the functions 2" are single valued for all points and which can be 
solved f so as to yield a set of n equations 


gr = a (T1, #, ae Er) 


in which the functions s” are singled valued, define a transformation of 
coordinates in the n dimensional space. 

A set of n®® functions Xine... ae defined with respect to a coordinate 
system (z), and from which we obtain, in any other codrdinate system (2), 
the corresponding n*® functions Apts, by means of the n?*® equations 
of transformation § 


* Presented to the American Mathematical Society, October 26, 1929. 
7 See Annalen der Physik, Vol. 82 (1927), p. 265. 
{This implies that the Jacobian determinant ĝ (g1, %2,--- 4) /0(a1, a?--- 2”) 
is not identically zero. See Goursat-Hedrick, Mathematical Analysis, Vol. I, Chap. 2. 
§ In these equations and throughout this paper Greek letters occurring as indices 
in pairs will be used as summation or umbral labels, the summation from 1 to m 
See O. Veblen, Cambridge Tracts, No. 24, Chaps. 1 and 2. 
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Erra.. 11? = Xu.. <. ap Jz: ge ef oar? Gas Baha : _ OaBe 
ea Piba.. Ba Jya Jta Gata OG za | gam 


is said to define a mixed tensor of rank p+ q which is contravariant of 
rank p and covariant of rank q. 

Any function X of the codrdinates whose value is unchanged when we 
change the codrdinate system is called an invariant or scalar function. The 
equation of transformation is 

X = X, 


According to the rule of composition of tensors * we can form an in- 
variant from a contravariant tensor of rank p, "a-:r? and a covariant 
tensor of rank p, X pra... rp by forming their scalar product 


Xua... ar Xaa... ap (M1, 2° * *% Summation labels). 


The converse of the rule of composition of tensors may be stated for 
the general case as follows. If the functions Ae a ae have such a law 
of transformation that the summation 


Oy. as Upp... Tt. WB: 
yaar a 


is a mixed tensor, covariant of rank m and contravariant of rank. z, 
where Yi:---'* is an arbitrary mixed tensor contravariant of rank q and 


eee 


savanna of rank p, then the ntem functions Ygs... grmi.: Th form a 


mixed tensor, contravariant of rank (p + 1) and covariant of rank (q -+ m). 


THEOREM 1.} If © is any invariant function of a tensor Et---7», contra- 
variant of rank p, ead of rank q and of any other tensors matoh are 
independent of Ezi.: , then 09/0Ert::: Te is a mized tensor which is conira- 


variant of rank q and covariant of rank p. 


Proof: Let 
O/OE*: -- a ees sea 


-Tp 


Then 
Fe.: 80 = ID/ABM -te — GD/IEM+ ++ 9 X PE- -a Afim 


t 
But, by hypothesis, 


Huu.. 1 G2 == Bm. pp 92% | , oa Oa | Oa 
BA! a 2 ogee" Gok aha 





*See F. D. Murnaghan, Vector Analysis and Theory of Relativity, p. 25. 
+ The author finds that this theorem is not essentially different from the “ Aron- 
hold Process.” See Weitzenbick, Invarianten Theorie, p. 18. 
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Hence 
m dau Ort AG ozea 
OHM. ++ ap AET. Tr a E a E E aS 
Bise. BY Baere ggn dare Gah daPa 
Therefore 
Ror. sa e Ybr. o Ba OTT whence dao” de Pear axe 
my n Opn are a: üha ` 
Q. B.D 


Now suppose we have a mixed tensor Ae which is contravariant 
of rank p and covariant of rank g and is a function of a mixed tensor Byers 
and possibly other tensors. Let us form an invariant © from the "tensor 
Am ---re and the arbitrary tensor Y: ene which is covariant of rank p and 
contravariant of rank g and which is independent of the tensor Hy::--#. By 
the rule of composition, we have 

Ba ae 
Now by Theorem 1 
0b /OE%-- za 1 = Zù- -bm 


Ql»... Gl 


is a mixed tensor contravariant of rank m and covariant of rank 7. But 


e e A E are aa 


ee 
Hence, denoting 
Xp.: e/iEa---3 by Fage. 


` Bots - . 2 13 
we have 


P + apb» Paye e = ed 
a a e a 


and, therefore, by the converse of the rule of composition of tensors, 


Fri.: e fpd. ¿ba e Xr.: 7 72/6 1 


. Bq@y. tm 


is a mixed tensor which is contravariant of rank fos +m) and covariant of 
rank (q +1). We have therefore proved | 


THEOREM 2. If Xy... is a mised tensor, contravartant of rank p and 
covariant of rank q hich: is a function of a mixed tensor Birt, and 
possibly other tensors, then PX.: re /OH G+ ge is a mized tensor ‘which és 
covariant of rank (q +1) and contravariant of rank (p+ m). 

2. We shall now apply the first of the above theorems to derive tensors 


from the invariants of the mixed tensor of rank 2, E", and shall consider 
the problem of expressing the invariants of these derived tensors in terms 
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of the invariants of Es. Note: The invariants of a covariant tensor of 
rank 2, Es, are the invariants of the n-ary quadratic form f = Eugr*e® and 
there is only one invariant of this form, namely its discriminant.* But 
Es" = g"*E gs where g™ = cofactor of gsr——| g| and grs are the coefficients 
of the differential form ds? = gag: detd2®, thus the invariants of Es” may 
be considered as the simultaneous invariants of the two n-ary quadratic forms 
f = Lage’ and g = gagt*x®. Or, if one prefers, the invariants of E,” may 
be regarded as the simultaneous invariants of Es” and the unit tensor 8s” 
whose components are 1 or zero according as r is equal to s or not. l 

Introducing the generalized Kronecker delta + oe (which, if the 
superscripts are distinct from each other and the subscripts are the same set 
of numbers as the superscripts, has the value + 1 or — 1 according as an 
even or an odd permutation is required to arrange the superscripts in the 
same order as the subscripts; and which in all other cases has the value zero) 
we can form the following invariants of the tensor Es”: 


I= 8p; Te = (1/2!) 800 BPE oP, 
Is = (1/3!) Smita Ro ARo fE; 


Tn =(1/n!) dhe. 2 BaP Ea ce Ea, P 


Applying Theorem 1 to these invariants, we derive from each of them 
a mixed tensor. Denote the tensors derived from I, Ia: > -In by Tir’, 
Tor', + * Tar? respectively. Then 


Tairt = 61,/0E" = 8,8, 
Do? = Iaf 0E" = 88E af = {88g — 8°29} Ea = 8,81, — E,*, 
Tar? == 013/08? =(1/2 1) Seana Ba PBa? 
= (1/2!) {8,58 — Bg, 800a — 8.280%} Ba fF Pt 
= ðI — (1/2 !) {Tart Eas + Torra a} E 5,8I5 — Port Ea* 
amend êI — (8t Uaa r2) Ea! = sI, pme LE,’ + Ee a’s 
Pap? = (1/31) 37) or BaP BaP BaP 
om (1/8 !) {8r agana — (8p, panara H Spa daaa F Spa Sarara) JE aE aE, as? 
= ag fr — (1/3) {Tor Ea. + TorEas + Tor EBa,?} =a 8,1 — Tok 
= èI gam I of r? + I E Ea! ea 7g, 2H a8, 
Tyr? — 8,8Ip-1 a Ip-287° + Ip- Eas — [ps ELM E a 
ee (RT) Pp BeBe BE be (LE Ea Be 


* See Dickson, Algebraic Invariants, p. 48. 
f See F. D. Murnaghan, American Mathematical Monthly, Vol. 32, p. 233. 
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From each of these mixed tensors we can form invariants analogous to 
the invariants J,, Iz, © + In of the tensor fs". Denote the invariants formed 
from 

Tirs by Iu, In °° *Iny, 
Poy’ by Iis, I2, Srno Ine, 
Tar® by Lia, Ios, R Ins, 
Tie by Iul’ e + Ini 


For the invariants of 71,3, we have 

Tir = 8p%8 08 == bat = 11, 

Tay = (1/2!) Baas Ba f'8a t —=(1/8!)8, | = [n(n —1)/21], 

Izi Ei 1 Bee aie Pba == cl 1) tams — ii s n 2)/31], 





Ayagdg 


Ina = (1/m!) 88 Gm 8a Pres + By Bm = =(1/m!) 9 san = [n rätin) I, 
In = (0 yaa i 
Now denote by f(A) the polynomial 
AY — [4,471 + LA -+ ae (— 1)"In ne f(a), 

where I, I} > -Ina are the invariants of the tensor £,5. It is evident, from 
the definition of these invariants (see page 198) and the definition of the 
generalized Kronecker delta, that J, is the sum of the diagonal elements of 
the matrix || £,* ||; Za is the sum of the two rowed principle minors; J, the 
sum of the three rowed principle minors, etc. and I» is the determinant of 
the matrix |! #,* ||. Ilence we see that f(A)==0 is the characteristic equation 
of the matrix | £,% || i.e. the polynomial f(A) is the determinant of the 
matrix || 3°: — FE; |. 

Thus the invariants of a mixed tensor E, are the coefficients of the 
characteristic equation of the matrix | £s |. 

With this fact and with the theorem from algebra which says that if 
you have a matrix || £,* ||, with characteristic equation f(A)==0 and latent 
roots Ay, Ae,‘ + ‘An, the latent roots of any polynomial function of | Z,° | 
are the corresponding polynomial functions of the latent roots Ai, A2,* * * Ans 
we shall be able to investigate the nature of the invariants of the tensors 
Por’, T°, oes Tor’. 

Consider the tensor T2,*. Its characteristic polynomial will be the de- 
terminant of the matrix || 82A — Tərs ||. But Tars = ôs, — E,!, so that 
the determinant 


| 38k — Tat | = | B(A — h) Be | 
=(—1)* | 8° (1 —A)— B* | =(— 1)" (L — à), 
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where 
fOJ=A — hAm t+ LAr? ++: (— 1)" = | 8° — Ey? | > 


By Taylors expansion for a polynomial of degree n, 
F — A= FAF H AAD): + + (1); 
so that the characteristic polynomial. for Tr? is 


A? — [FOP (Li) /(m— 1) Aart + FF? (i) /(n— 2) IAr 
seep a (=r) Le ess (F), 


from which we obtain the invariants of T'2,°. They are 


Lae = [FP (L)/(n— 1) !] = 1/(n— 1)! {n! I —(n— 1) I} =(n — A, 
Ia = [f° (1,)/(n—2) 1] 
= 1/(n — 2) ! { (21/2 DL? —(n — 1) II, + (2 — 2) 1 I} 
= [n(n — 1)/2! J]? —(n— 1) -+ Ip 
Iss = [f1 (L1)/(n— 3) 1] 
= 1/ (n — 3) ! { (21/3 D3 —[ (n — 1) 1/2! JI? 
+ [(n— 2) 1] —(n — 3) I} = [n(n — 1) (n — 2) /8!1 03 
— [ (n — 1) (n — 2) /21 LL? —(n— 2) Le], — Ís, 
Ten = [F0 (I1)/(n — 8)! ] =1/(n—8) ! { (72 l/s!) 18 
— [(n—1) 1/(s—1) JLL + [(n— 2) 1/(s— 2) I JL 
+o (1) [a r) (s — r)! Mhs + + + (—1)8(n— s) l} 
= [n!/(n— s)! s! Je — [ (n — 1) !/(n— s)! (s— 1)! JLi 
+ [(n— 2) /(m—s)! (s —2) | Je? 
+: e e (— 1y [(n—r)!/(n— s)! (s—r) J] +. e e (14h, 
Inz = f(L)= r” — "1 + Il, +: Si (— 1yr + dp (—1)"In 


Likewise the invariants Jis, I23,* © © Ing of the tensor Tsr® will be the 
coefficients of the characteristic equation of the matrix || Ty,* || and since 
(from the expression for 7'3,* on page 198) 


|| Tart || = |] 81 || — Ill # | + | Be IP 


by the theorem stated above, Iis, I2s,***Ins will be the coefficients of 
the equation whose roots are (I—II +M?) (Ia— Ià: + à?) °° 
(Ia — Tidn + An?) where Ai, Àz’ * ‘An are the roots of 


fA)= ae — Law! + Lear? es (— 1) = 0. 


From the elementary theory of equations we see that for this last equation 
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I = Ià 
I, = SAiA2 


n = ZAA Ea Oe Ane 
Similarly, since I13, I23,- © * Ins play a corresponding rôle in the characteristic 
equation of the matrix || Tar® ||, we shall have 


Iis = 34 (— lM + Ai”), 
Iz; Re S(L2 — Íd + 1?) (Iz — Tire + Ao”), 
Tyg = 3 (I3 — Lids + Ax?) (I2 — Là: + Av?) (I2 — Tras + As”), ete. 


By multiplying out the factors of a term in the above summations we find 


Tyg == nly — LIM + 3A, 
Ing = [n(n —1)/2! JI —(n — 1) ely 
A(t) — D2 + 23A — LIAA + BAA? 
= [n(n —1)/2! H2— (n — 1) {LIM IA} {3 (Lar An?) (Là Az") }, 
Ing == [n(n —1) (n —2)/3! La? — [ (n —1) (n —2) /2! 213s 
+ [(n— 1) (n—2)/2! JIM? + (n — 2) L? 
— (n — 2) TT SAA? + (n — 2) IAA? 
+ BALAA? — BAA Ag? -+ LFA AA? — BFAA 
= [n(n — 1) (n — 2)/31 J18 — [ (a — 1) (n —2)/2! I {LIM — 3A} 
+ ( — 2) {3 (F — M?) (ide — Ao?) } 
— {3 (L — Ax?) (Trdg — Az?) (Tas — As?) }. 





From which we see that 
— [(n—1) (n — 2) (n — 8) /8! {L3 — 3A12} 
+ [(@—2) (n — 8) /21 JA32 (I — M?) (Zde — M?) } 
— (n — 8) TofS (Lids — Az?) (Iida — A22) (LAs — As”) } 
+ (3 (LA — A?) ( Jeee (Me —A2)}, 
Ir = [nl/(n— r) iri Je — [(n— 1) !/(n— r)! (r— 1)! J {3 — 342} 
+e e e (— 1) (n— s +1) !/(n— r)! (r—s -+ 1)! 
x {3 (LA — 12) ps: (Liàs-1 — A® 5-1) } 
eet (| DA (M — Av®) + + + Ar — àr?) }. 
Substituting J, = 3d, and 3A,? = 1,2 — 2I, 
Iis ba nI, — I? + 1,2 — 2I =(n = 2) Io. 
Furthermore it is easily seen that 


BAd? = LI: Te 31s, ZMA? = I? 3 2I + RIs IAr = Tx 
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Substituting these results in the expression (page 201) for Iz, we obtain 
Izz Lcd [n(n aes 1)/2! J — 2 (n — 1)? + I? + LI; + RI. 


Since ZAPÀ:2As? is of degree 6 in the A’s, it is of weight six in the coeffi- 
cients J, and we write 


IMAA? = ADIs + Bll, + OI + DIe. 
Let 
Ar ==Ag==Ag==1; M= Ay =z 
Then 
L=3, L=3, I=1, 1,—I;—0. 


Substituting we obtain C = 1. 
Next let M = As = As = Mu = L; As=="' = Àn = 0. Then 
L= 4, I: = 6, Is = 4, L=1, I; = I = 0. 


We get B = — R. 
Continuing in this way we find that 


B72? A382 = 2hTs —— 21,14 + I,2 —. 215. 
And by a similar process we obtain 
FAA Ag? ==J,J, = 3,1, + bls, SAiAcA3” = LI; oon Al, SAyAzA3 a. In. 


Substituting these and the foregoing results in the expression (page 13) 
for Is3, we find 


Tog = [n(n — 1) (n —2)/3! J8 — [(n — 1) (n — 2) /2! H: (212) 
-+ (n — 2) I(T + Lila + 214) 
— (2I Th) + LI + 31I; + 2l + I). 


We observe from the expression for I, on page 201 that this invariant 
is a polynomial of degree r in I, and that the coefficients of this polynomial 
are symmetric functions of the roots of f(A)—=0. These symmetric functions 
being of the form 3A,?A2%A3"* * * As? where the exponents are at most 2, can 
be calculated by means of known * formulae in terms of the coefficients of 
f(A)=0, i.e. in terms of the invariants J, Iz, --In. It is evident from 
the foregoing expressions for the I:s, Iss, Iss, however, that the expression 
for Irs is not conveniently put explicitly in terms of Iı, I2, ete. 

Finally we observe from the expressions (page 198) for the tensors T’,* that 
each of the matrices || 7,* || is a polynomial function of the matrix | £,* |. 


*See Burnside and Panton, Theory of Equations, p. 269. 
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Thus 
[Lor || = | èI | — |] E |, 
i| Zar || = |] 8°22 | — Z | 28 | + | 2 Ie, 


| Pot | = | Z Y — Ia | Ze $+ £4 PLES |e, ete. 


It follows from the theorem stated on page 199 that the latent roots of 
each of these matrices are the corresponding polynomial functions of the roots 
of f(A)=0. Now given an equation of degree n, f(A)==0 whose roots are 
Ay, Ag* + *An We can, at least theoretically, by means of Tschirnhausen’s trans- 
formation,” form the equation whose roots are any polynomial function of 
degree (n — 1) or less of the roots of f(A)—=0, and the coefficients of the 
transformed equation will be given in terms of the coefficients of f(A)==0. 
Thus the invariants (coefficients of the characteristic equation of the matrix 
|| Lor? ||) of any one of the tensors Tp’ are functions of the invariants 
(coefficients of the equation f(A)== 0) of the tensor E;%. 

In general we can say, as is evident from the foregoing considerations, 
if Fa” is any polynomial function 


F = dy + ak + a,? +- or 


of the matrix Æ then its invariants can be expressed in terms of the invariants 
of E, and hence the derivatives, with respect to Fe", of its invariants can be 
expressed in terms of the tensors Tir’, Tor8+ + > Tar’. 


* See Burnside and Panton, op. cit, p. 318. 


THE BEHAVIOR OF MEAN-SQUARE OSCILLATION AND CON- 
VERGENCE UNDER REGULAR TRANSFORMATIONS.* 


By RALPH PALMER AGNEW. 


` 1. Introduction. Recently the writer + has considered the behavior of 
continuous oscillation, continuous convergence, uniform oscillation, and uni- 
form convergence of complex and real sequences of functions under complex 
and real regular transformations with triangular matrices. It is the object 
of this paper to extend that investigation to consider the behavior of mean 
square oscillation and convergence in the mean of sequences of complex and 
of real measurable functions under complex and real regular transformations 
with triangular matrices. 


2. Transformations. We recall that a transformation with a triangular 

matrix is a sequence-to-sequence transformation of the form 
On = Onr81 + GneSe-+ + + $ F Annsa (n = 1, 2, 3,- °°), 

where the da, are constants, and that a transformation is said to be regular 
when it carries every convergent sequence {s,} into a sequence {on} which 
converges to the same value. Such a transformation is said to be real when 
Any is real for all n and k; otherwise it is complex. The transformations and 
sequences considered in this paper may, except in cases where a specific state- 
ment to the contrary is made, be complex. 

The following six conditions which are to be used in this paper, are 
listed together for convenience: 


n 
Cı: > |&nx | is bounded for all n; 
k=1 
Ce: for each k, lim an= 0; 
no 
n 
Cs: lim $ anm =l; 
n->00 k=1 
C: lim > | an|—1; 
n->0o k=l 


Cs: for each k, dn,==0 for almost { all n; 


Ce: 3 any = 1 for almost all n. 
il 


* Presented to the American Mathematical Society, April 18, 1930, together with 
the paper referred to in § 1. 

+“The Behavior of Bounds and Oscillations of Sequences of Functions under 
Regular Transformations,” Transactions of the American Mathematical Society, 
Vol. 32 (1980), pp. 669-708. 

tive. a,,,=0 except for at most a finite number, depending on k, of values of n. 
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Let the symbol (T) represent a regular transformation with a triangular 
matrix. By the Silverman-Toeplitz theorem, Cı, C2, and Cs are necessary 
and sufficient for the regularity of a complex transformation when applied 
to complex sequences, and of a real transformation when applied to real 
sequences. Hence (T), complex or real, satisfies C,, C2, and Cs. f 

A property * of regular transformations which we shall have occasion to 
use is included in the following 


LEMMA 2.1. If (T) fails to satisfy Ca, then there is a bounded sequence 
{sn} of constants such that 


lim sup |om—on|> lim sup | sm—sn|3 
M~POOs M~POO M->CO, n00 


if (T) is real, {sn} may be taken real. 


3. Mean Square Oscillation and Convergence in the Mean. Lei a 
sequence {fa(z)} of measurable functions + be defined over a set A in a 
Euclidean space, and let the Lebesgue integral 


J, | tao) fale) |? de 


exist for all sufficiently great values of m and n; then 


Ma), A) = lim sup f | fa(a)—fale) |? de 


may be called the mean square oscillation of {fn(x)} over A. 
For the purpose of relating mean square oscillation to the well known 
concept of convergence in the mean, we shall give some lemmas. 


Lemma 3.1. In order that a measurable function f(x) may be sum- 
mable,t it is necessary and sufficient that | f(x) | be summable.§ 
The following lemma is easily established. 


LEMMA 3.2. In order that a measurable function f(x)=u(s)+ iv(x), 
u and v being real, may be of summable square, it is necessary and sufficient 
that u and v be of summable square. 


Using this lemma, it can readily be shown that the sums and differences 
of measurable complex functions of summable square are measurable func- 


* W, A. Hurwitz, American Journal of Mathematics, Vol. 52 (1930), pp. 611-616. 

+A complex function f(#)=w(#)+iv(#), u and v being real, is said to be 
measurable when u and v are measurable. 

ŻA complex function f(v7)=u(#)+ w(a) is said to be summable (to the value 
$ uda +i òf vds) when u and v are summable. 

§ For real functions, this is a standard result. Caratheodory, Vorlesungen über 
Recllen Funktionen (1927), p. 434. 
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tions of summable square, and that if two measurable complex functions are 
of summable square, then their product is summable. 

By the Riesz-Fischer theorem * if fn(x) is real, measurable, and of 
summable square for all (or almost all) values of n and Mi( {fn}, A)= 0, 
there is a measurable function f(x) of summable square, uniquely determined 
except over a set of measure 0, such that 


lim ff |f()—fale) |? de = 0; 


then {fn(a)} is said to converge in the mean to f(z). We may show that 
sequences of complex functions have the same property by proving 


LEMMA 3.3. If fn(v) is measurable and of summable square for almost 
all values of n and M( {fn}, A)= 0, then there is a measurable function f(x) 
of summable square, uniquely determined except over a set of measure 0, 
such that 


tm f | f(@)—fale) |? de—0. 


Obviously the condition f,(#) is measurable and of summable square 
for almost all n is a sufficient but not a necessary condition for the existence, 
finite or infinite, of M({fa}, A); it follows at once from the definition of 
M( {fn}, 4) and from lemma 3.1 that, for sequences of measurable functions, 
a necessary and sufficient condition is that fm(z)— fn(x) shall be of summable 
square for all sufficiently great m and n. We shall show that a sequence 
{fa (£) } of measurable functions converges in the mean to a measurable func- 
tion whenever its mean square oscillation is zero by proving 


Leama 3.4. If {fn(z)} ts a sequence of measurable functions and 
M({fr}, A)—= 0, then there is a measurable function f(x), uniquely deter- 
mined except over a set of measure 0, such that f(a)—fn(«) is of summable 
square for almost all n and 


lim f | f(e)— fala) |? deo. 


Choose an index p such that fm(%)— fn(x) is of summable square for 
m= p and n= p, and let on(z)=fn(x)— fo(s). Then n(x) is measur- 
able and of summable square for n= p and ¢m—¢n=fm—fn so that 
M( {dx}, A)= 0; hence, applying the preceding lemma, there is a measurable 
function ¢(z) of summable square, uniquely determined except over a set of 
measure 0, such that 


* H. Weyl, Mathematische Annalen, Vol. 68 (1910), p. 242. 
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lim [| 6(2)—$a(a) |24 = 0, 


or 


lm f | 6(2)+ f(s) fale) |2 de=. 


It is easily seen that f(z) $(%)-+ fp(z) is the required function. It may 
be noted that, since ¢(2) is measurable and of summable square and fp(z) 
is measurable, f(x) is or is not of summable square according as fp is or 
is not of summable square. 


4. Oscillation when sn() is of Summable Square for All n. The 
theorems of this section give necessary and sufficient conditions that (T) 
shall not increase mean square oscillations of sequences of which each element 
is measurable and of summable square. 


THEOREM 4.1. In order that (T) may be such that 
(4. 11) M({on}, A) S M( {sn}, A) 


for every sequence {sn(x)}, defined over a set A of measure m(A)> 0, such 
that sa(a) is measurable and of summable square over A for all n, C, is 
necessary and sufficient. 


C4 is necessary ; for when C, is denied the bounded sequence of constants 
of lemma 2.1 contradicts (4.11). If M({sn},A)—-+ œ, no proof of suffi- 
ciency is required for (4.11) is automatically satisfied. If M({sn}. 4) is 
finite, let q be any greater number; then there is an index p such that 
(4, 12) J, | su(w)— s(x) | 2dr <q for p2p,v2p. 


It follows from (4.12) and Schwarz’s inequality that 


[Si mei: ie)“ — (S, | 8(2) |2 æ)“ |x q for n=p; 


hence there is a constant, say Q, such that 
(4. 121) f | sa(2) |? dr SQ for n=p. 
JA 
Since s,(x) is of summable square for n = 1, 2,3, + -, p there is a constant, 
say R, such that 


f loa) [2de SR for all n; 
thus 


(4, 122) f, | Sm(%) | | Sa(£) | de SR for all m and n. 
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Again it follows from (4.12) and Schwarz’s inequality that 


(4, 13) J, (@)—29(2) | | 8¢(#)—s(2) | de < g 


for p2p,v2=pnéiZpnZ 
We may write for m > p, n > p, 


om (2) — on(Z) = > OmnSn (2)— > Ankst (a) 
= $ CimuSk — Gns + È eae È Anvsv, 


k=1 


and obtain the identity 
(4. 14) Om(£)— on (2) = S Amisu — È, nt 


+ (Se) (=$) 
<= Š awy) G- 3 5 amp ) + > 5 amuäny (Sp — Sv). 


Th p=pt+l a=p+1 a=p+1 v=p+1 
us 
Miler, A)= lim sup a! om(Z)— on(x) |? da 
MIDs n> 
(4. 15) == lim _ Sup K Fi + Fo + Fa -+ Fi 4 Fs |? de 


Slim sup f (Lilt) Pelt] Pal+ 1 Pal -+ lF |)? da 


mMm, >N 
where Fi, Fe, Fs, Fa, and Fs are in order the terms of the right member of 
(4.14). For m >p, n> p we may write 
n 2 
filmed f| È È lonl law] | su(e)—s0(2)| | de 


H=ptl p=p+łi 


m m 
sf S 3 Š $ laml fowl |ang] |an | |s] |se—s | de; 
A peptl v=pt1 =p+1 y=p 


and using (4.13) we obtain for m > p, n> p 
n m 
Gi ireitdos S È Š Š lanl la| |an] lav | g£ q8B: 


a=p+i v=p+l =pl y=p 
n 
Bo=% | Ank l 
k=1 


so that 
(4. 16) lim sup al F|? dz lim sup (9B? B:) 


MPO, n> m00, n> 


Employing (4. 122) fe the regularity of (T), methods similar to that by 
which (4.16) was obtained suffice to prove that 
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(4.17) lim Jf lFel2de—0, (r = 1, 2, 3, 4). 


MOO, 2-200 
The right member of (4.16) being finite by C., it follows from (4.16), 
(4.17), and Schwarz’s inequality that 


(4. 18) lim fr | Fp | de =0, 


M-~>OO; NCO 
(r= 1,2,:--,5; p—=1,2,---,5, except when r= p = 5). 
Using (4.16) and (4.18), we find from (4.15) that 
(4. 19) M({on}, A) lim sup (9B? B). 
‘m~>00, 2-900 


Using, for the first time,” C, we obtain M( {on}, 4)=q; and since g is any 
number greater than Mt({s.}, A), (4.11) follows and the theorem is proved. 

The same proof establishes the three theorems 4.2, 4.3, and 4.4 out- 
lined in the summary of § 8. 


THEOREM 4.5. In order that (T) may be such that Di({on}, A)=0 
for every sequence {s,(x)}, defined over a set A, such that s,(x) is measurable 
and of summable square over A for all n, and such that M({sa}, A)—0, 
no further conditions need be imposed on anr- i 


To prove this theorem, we may choose an arbitrarily small positive 
number g and proceed exactly as in the sufficiency proof of theorem 4.1 to 
obtain 4.19. Thus WM({or}, A) S qB* where B == lim sup Bn; and since B 
is finite by C,, qB4 is arbitrarily small, Mt({on},A)==0 and the theorem 
is proved. 

Using the properties of regular transformations and properties of 
measurable functions of summable square, we obtain from the preceding 
theorem the 


- 


THEOREM 4.6. Any regular transformation with a triangular matris 
carries any sequence of measurable functions of summable square, which 
converges in the mean over a given set, into a sequence of measurable func- 
tions of summable square which converges in the mean over the set to the 
same function. 


5. Oscillation when sp(x) is of Summable Square for Almost All n. 
The theorems of this section give necessary and sufficient conditions that (T) 
shall not increase mean square oscillations of sequences of which all suffi- 
ciently advanced elements are measurable and of summable square. 


* The use of C, has been delayed at a slight inconvenience so that the preceding 
work may furnish the basis of the proofs of later theorems. 
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THEOREM 5.1. In order that (T) may be such that 
(5. 11) M( {on}, A) S M( {sn}, 4) 


for every sequence {sn(x)}, defined over a set A of measure m(A)> 0, such 
that Sn(x) is measurable and of summable square over A for almost all n, 
C, and Cs are necessary and sufficient. 


The necessity of C, follows from lemma 2.1. To show that ©; is neces- 
sary, we shall suppose that (T) fails to satisfy C, and construct an admissible 
real sequence {s,(#)}, bounded above (below) over A for all n, such that 
M({sn},4)==0 and such that the condition Mt({on},4)—0 fails. From 
a denial of C; it follows that there is a value of k, say A, and a sequence 
{na} of indices such that lim na = -+ oo and anaa 540 for a = 1, 2, 3,: °°; 
furthermore owing to O, the sequence {na} may be so chosen that | dn,,a | 
Æ | ana | when +47. Let {Aa} be a sequence of subsets of A such that 
no two subsets have points in common and such that m(A,)== m(A) /2?4, 
a==1, 2, 3,--+.* Define the sequence {s,(v)} as follows: s,(a)==0 over 
A for n s£ à; sa (@)==(— 1)*27/ | anan | over Aa, % = 1, 2, 3, © ++, and s(x) 
= 0 for all remaining points x of A. Evidently s,(x) is bounded above or 
below over A for all n according as h= 1 or 2 and is measurable and of sum- 
mable square for almost all n, and W ({sa}, 4)=0. But for nj >A, nj >A, 
and z in Ag, 


| on, (2) | = 2% | ana | / | anaa | and | on,(x)| =2*| ana! / | anan | 
so that 


| on (t)—on,(%)| 22%] | anua | — | anpa | |/] anan] over Aa 
and 
f. | On, ()— on, (x)| 2de È 22a | Qn, | = | Bay, | ]?m(Aa)/| Gng,d | a 
s = m(A)[ | ana] — | ana | ]?/ | anan | 2. 


From the preceding inequality and C, we obtain for n; >A, n; >A and 134] 


lim $ ( | on,(2)—on,(a)|2de—=+o; 


p>% al a Ag 


hence f | om(£)— on(x)| 2 dz does not exist for all sufficiently large 
A 


values of m and n, M({on}, A) does not exist,t the condition Mt( {on}, A)==0 
fails, and necessity of Cs is established. 


* The possibility of subdividing A in this manner is assured by the fact that the 
measure of the set of points of A, which lie within a “sphere” with a fixed center and 
radius 7, is a continuous monotonically increasing function of +. 

If one cares to admit + © as a value of a Lebesgue integral, and to consider 
sequences of which elements are + œ, then Mnp A) is + œ. 
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If M({s.},4) =+ œ, no proof of sufficiency is required. If 
M({sn}, A) is finite, let q be any greater number. Choose an index p so 
great that s,(#) is measurable and of summable square for n = p and also 
so great that (4.12) holds and obtain (4.13). We may obtain (4.121) and, 
using Schwarz’s inequality, 


(5.12) fial | sa(2)|deSQ for m=p, n= p. 


Considering (4.15) we can, owing to Cs, choose an index N = p so great 
that F, = F, = 0 for m È N, n= N; hence 


M({on},A)S lim sup f (| Fo] +| Fel +] Fol)? ae. 


Using (4.18), (5.12) and the methods of the proof of theorem 4.1, we find 
that 
lim sup [Fs|?deS lim sup (482 B2). 
A m=, n> 


m->00, n> 
and 


lim | F, | | Fp | dr =0 for r== 3, 4, 5; p= 3, 4, 5, except when 7 = p = 8 
MIMD, 7—0 A * 
and hence that 
(5.18) M({on},4)S lim sup (¢B?,B%). 

M00; n00 


Finally, using C., we have It({on}, A) S q and the theorem follows. The 
same proof establishes the two theorems 5.2 and 5.3 of the summary. 


THEOREM 5.4. In order that (T) may be such that M({on},A) =0 
for every sequence {s,(x)}, defined over a set A of measure m(A) > 0, such 
that sn (x) is measurable and of summable square over A for almost all n, and 
such that M({sn}, A) = 0, C, is necessary and sufficient. 


Necessity is established exactly as in theorem 5.1. The sufficiency proof 
is a modification of that of theorem 5.1 in the same sense that the proof of 
theorem 4.5 is a modification of the sufficiency proof of theorem 4.1. The 
same proof establishes theorems 5.5 and 5.6 of the summary. 

6. Oscillation when sm(t) —Sn(x) is of Summable Square for All m 
and n. The theorems of this section give necessary and sufficient conditions 
that (T) shall not increase mean square oscillations of sequences of measur- 


able functions such that the difference of any two functions of the sequence 
is of summable square. 


THEOREM 6.1. In order that (T) may be such that 
WM ( {on}, A)S Me {sn}, A) 
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for every sequence {sa(z)}, defined over a set A of measure m(A) > 0, such 
that sn(x) is measurable for all n and Sm(@) — sa (x) is of summabdle square 
for all m and n, C, and Ce are necessary and sufficient. 

The necessity of C, follows from lemma 2.1. To show that Cs is neces- 
sary, we shall suppose that (T) fails to satisfy C, and construct an admissible 
real sequence {s,(2)}, bounded above (below) over A for all n, such that 
M({sn}, A) = 0 and the condition Mt({on}, A) —0 fails. From a denial of 
Cs it follows that there is a sequence {na} of indices such that 

lim na == -+ 0 and | San,r—1| 0 for @==1,2,3,---; 
a0 kel 


furthermore owing to C; the sequence {na} may be so chosen that 
n ns 
| Sane — 1l] È ane — 1 | when ij. 
k=1 k=1 


Let {Aa} be a sequence of subsets of A such that no two subsets have points 
in common and such that m(Aa) = m(A)/22* for a = 1, 2, 38,:-°. Let’ 
a function s(#) be defined as follows: 


s(w)==(— 1) #27 | dea ag over Ag, a == 1,2, 3, * °, 
k=1 


and s(x) == 0 for all other s in A; and let s:{s) =s(s) for all n. Evi- 
dently s4 (x) is measurable over A for all n and is bounded above or below 
over A for all n according as h = 1 or 2, 5m(%) — sa (T) is of summable square 
for all m and n, and W({sa}, A)= 0. But for v in A 


Ns ni 
| om (2) —en,(2)| 2 [s0] | [1—Ëma]—l1— Bene | - 
and hence for v in Ag 
ni ny na 
| on, (%)— on, (x) | = 2] | 1— È ann | y | 1— È ang | | /| 1— È dng | 
k=1 k=1 =l 


and 
ni nj n, 
J, Jom, 2) — ony (2) |? de = m(A) [1 — È angl 1 — Bane 12/11 — Saal? 
Aa hel tet k=l 


From the preceding inequality and Cs we obtain for 154 j 


p 
lim = | on, (%)— On; (zx) | 2 dx =+, 
p>% al Y Aa 


and it follows as in the proof of theorem 5.1 that the condition W({en}, A) 
= 0 fails and necessity is established. 

If M({s:}, 4) =-+ œ, no proof of sufficiency is required. If 
M({so}, A) is finite, let g be any greater number and choose an index p 
so great that (4.12) and hence (4.13) hold and also so great that 


“ 
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n 
(6. 11) X an =1 for np. 
k=l 


Choose a constant R > q such that 


S, | su(z)— s(2) |2 <R for pSpvSp; 
then 
(6.12) S | su(2)—s(2)| | ¢(2)—s,(2)| de < R 


for Spr Sp éS psp 
If u = p and v S p, then 


| 8u(x)— se (2)| * S2 | sa(2)— s(x) |? +2 | 59(x)— sr(z)| ? 
so that 
Í, | Su(~)— sr (z) | 2 dz < 2q 4+ 2h < 4R; 
therefore 
(6.13) f [ sp(z)—sr(2)| |s¢ (2)— s, (2) | de < 4R 
for. pZ p, Zp vS p qS 
Using (6.11) we obtain for m > p, n >p 


HE 
m n 
=È, D AmpAnv (Sa — sv) 
g=1 =i 
(6. 14) n p 
=>, D Ampl (Sp — sv) F 2 = Ampdnv (Su — Sv) 
a=1 pal 
p n 
+ 5 5, OmpOny (Sp — Sv) + $ $ Amplny (Sp — Sv) 
=i v=p1 u=ptl vep 
so that 


(6.15) f |om(e)—on(2)| des f (1811 +12] | 8| + | 41)? de 


where the ®’s are in order the four terms of the right member of (6.14). 
We may note that ®, = F, and hence, owing to (4.13) and (4.16), write 


(6. 16) lim sup J [®,|2de< lim sup (98222). 
moo, n->0 V A M00; N~>0O 


Employing (6.12), (6.13) and the regularity of (T), the method by which 
(4.16) was obtained suffices to prove that 


(6. 17) lim sup ie b, | 2 dz=0 (r= 1, 2, 3). 


MPO, 2-700 
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Using (6.16), (6.17), and Schwarz’s inequality, we find from (6.15) that 
Monj A) lim sup (qB2B2). 
MPO, n0 


Making use, for the first time, of C, we see that It({on}, A) Sq and suff- 
ciency follows. The same proof establishes theorems 6.2 and 6. 3. 


THEOREM 6.4. Jn order that (T) may be such that M({on}, A) = 0 
for every sequence {sa(x)}, defined over a set A of measure m(A) > 0, such 
that sn(x) is measurable for all n and sm(x)—-8n(v) is of summable square 
for all m and n, and such that Mt({sn}, A) = 0, Ce is necessary and sufficient. 

Necessity is established as in theorem 6.1; the sufficiency proof is a 
modification of that of theorem 6.1. The same proof establishes theorems 
6.5 and 6.6. 

% Oscillation when 8m(£)—Sn(v) is of Summable Square for All 
Sufficiently Great m and n. The theorems of this section give necessary and 
sufficient conditions that (T) shall not increase mean square oscillations of 
the most general sequences of measurable functions for which mean square 
oscillation is defined. 


THEOREM 7.1. In order that (T) may be such that 
M ({on}, 4)S M( {sn}, A) 


for every sequence {sn(a)}, defined over a set A of measure m(A) > 0, such 
that sn(x) is measurable for all n and s(x) —s,(x) is of summable square 
for all sufficiently great m and n, Ca, Cs, and Ce are necessary and sufficient. 


The necessity of each condition follows at once from a preceding theorem. 

If Dt({sn},4)—-+ «©, no proof of sufficiency is required. If Mt( {sn}, A) 

is finite, let g be any greater number. Choose an index p such that sm(£) — 

Sn(x) is of summable square for m= p, n= p, and such that (4.12) and 

hence (4.13) hold. Due to C; and Ce we can choose an index N = p such 

that Ga, = 0, k = 1, 2, 3,---+, p for i> WN and È m=i for n>N. 
=pt 


Then, referring to (6.15), we see that ®, == $, = ©, = 0 over A, and obtain 
M({on},4)S lim sup | Fs |? dz S lim sup (qB?.B?). 
m0, n> FA m->00, n—>00 
Using C4, we find that Dt({on}, A) Sq and the theorem follows. The same 
proof establishes theorems 7.2 and 7. 3. 


THEOREM 7.4. In order that (T) may be such that M({on},4)—=0 
for every sequence {sn(x)}, defined over a set A of measure m(A)> 0, such 
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that s,(xz) is measurable for all n and Dt({sn}, A)= 0, Cs and Ce are neces- 
sary and sufficient. 


The necessity of each condition follows at once from a preceding theorem ; 
the sufliciency proof is a modification of that of theorem 7.1. The same 
proof establishes theorems 7.5 and 7.6. 


8. Summary of Results. Each of the following is an outline of a 
theorem giving necessary and sufficient conditions that a complex (91 real) 
regular transformation may be such that M({on}, A) S M( {sn}, A) for every 
complex (or real) sequence {s,(x)} of a stated character defined over a set A 
of measure m(A)> 0. 


THEOREM 4.1. Complex (T); Complex sn(x), measurable and of sum- 
mable square for all n; Cu. 

THEOREM 4.2. Real (T); Real sa(x), measurable and of summable 
square for all n; Ca 

THEOREM 4.3. Complex (T); Complex s,(x), bounded and measurable 
for all n; Ca. 

THEOREM 4.4. Real (T); Real sn(x), bounded and measurable for 
alin; Ca 

THEOREM 5.1. Complex (T); Complex sn(x), measurable and of sum- 
mable square for almost alin; C, and Os. 

THEOREM 5.2. Real (T); Real sn(x), measurable and of summable 
square for almost all n; O, and Cs. 

THEOREM 5.8. Real (T); Real sn(z), bounded above (below) for all n 
and measurable and of summable square for almost all n; C, and Cs. 

THEOREM 6.1. Complex (T); Complex s(x), measurable for all n 
and such that sm(t)—Sn(x) is of summable square for all m and n; Cs 
and Ce. 

THEOREM 6.2. Real (T); Real su(s), measurable for all n and such 
that 8m(x)— Sn(x), ts of summable square for all m and n; C, and Co. 

THEOREM 6.3. Real (T); Real sa(x), measurable and bounded above 
(below) for all n and such that 8m(x)— Sn(x) is of summable square for all 
mand n; O, and Cg. 

THEOREM 7.1. Complex (T); Complex sn(x), measurable for all n and 
such that 8m({x)— S,(a) is of summable square for all sufficiently great m 
and n; Oa, Cs, and Cy. 

THEOREM 7.2. Real (T); Real sn(xz), measurable for all n and such 
that Sm(X)— Sn(£) is of summable square for all sufficiently great m and n; 
Ca, Cs, and Ce- 
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THEOREM 7.3. Real (T); Real s,(x), measurable and bounded above 
(below) for all n and such that sm(x)—S,(x) is of summable square for all 
sufficiently great m and n; Ca, Cs, and Ce. 


Each of the following is an outline of a theorem giving necessary and 
sufficient conditions that a complex (or real) regular transformation may be 
such that Mt({on},4)==0 for every complex (or real) sequence sn(x) of a 
stated character, defined over a set A of measure m(A)> 0, such that 
WM ( {sn}, A)—= 0. 


THEOREM 4.5. Complex (T); Complex sn(x), measurable and of sum- 
mable square for all n; none. 

THEOREM 5.4. Complex (T); Complex sn(x), measurable and of sum- 
mable square for almost all n; Cs. 

THEOREM 5.5. Real (T); Real sa(x), measurable and of summable 
square for almost all n; Cs. Í 

THEOREM 5.6. Real (T); Real sn(x), bounded above (below) for all n 
and measurable and of summable square for almost all n; Os. 

THEOREM 6.4. Complex (T); Complex s,(x), measurable for all n 
and such that 8m(2)— s8,(x) is of summable square for all m and n; Ce- 

TuHeorem 6.5. Real (T); Real s (x), measurable for all n and such 
that Sm(%)— Sn(x) is of summable square for all m and n; Ce. 

THEOREM 6.6. Real (T); Real sa(x), measurable and bounded above 
(below) for all n and such that sm(%)— n(x) is of summable square for 
all m and n; Cg. 

THEOREM 7.4. Complex (T); Complex sn(a) measurable for all n; 
O; and Cg. 

THEOREM 7.5. Real (T); Real s,(v), measurable for all n; Cs ond Cg. 

THEOREM 7.6. Real (T); Real s,(x), measurable and bounded above 
(below) for all n; Cs and Ce. 


9. Conclusion. In this paper we have considered in turn the four 
conditions of which any one might naturally be selected as sufficient for the 
existence (finite or infinite) of mean square oscillations of sequences. In 
each case we have found necessary and sufficient conditions that (T) shall 
not increase mean square oscillations, and that (T) shall preserve convergence 
in the mean. Thus eight groups of theorems have been obtained. It is a 
curious fact. that these eight groups of theorems should involve as necessary 
and sufficient conditions the eight possible combinations of none, some or 
all of the conditions C4, Cs, and Cg. 
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TACTICAL CONFIGURATIONS OF RANK TWO. 
By R. D. CARMICHAEL. 


1. Definition and Immediate Examples. In accordance with the ter- 
minology of E. H. Moore * I use the term tactical configuration of rank two 
to denote a combination of Z elements into m sets, each set consisting of A 
distinct elements and each element occurring in x distinct sets: it is to be 
understood that order of sets and order within a set are both immaterial. 
For such a configuration I use the symbol A}* employed by Coble.t It is 
obvious that lu = àm. 

In the configurations which we shall usually consider there is a certain 
symmetry in the rôle played by the Z elements and the m sets. We may 
consider the m sets themselves as elements. The p sets which contain a 
given symbol may be thought of as a combination of sets which define that 
symbol, provided that there is no additional symbol common to these p sets. 
From this point of view the configuration gives rise to a new configuration 
having the symbol A“. The two configurations AX* and A“ are therefore 
essentially the same "y hen they satisfy the restrictive condition just named. 
They may be called associated configurations. 

With each of the m sets of À elements each we may associate the comple- 
mentary set of 1—A elements, thus forming m sets each of which contains 
I — AÀ elements; in these sets each element occurs m — p times. Thus we 
have what Coble (J. c., p. 2) calls the configuration complementary to A’. 
Its symbol is Ama, 

In the course of the memoir it will become apparent that tactical con- 
figurations of the sort defined are important in the theory of permutation 
groups. Coble (Z. c.) has found them of essential use in constructing poristic 
forms in connection with the study of geometrical configurations similar to 
and including those associated with the Poncelet polygons which arise in 
the theory of conic sections. He points out (l. c., p. 6) that the same tactical 
problem appears in the formation of irrational (i.e., non-symmetric) in- 
variants of a set of 7 points in an Sx. of weight m and degree m. Hence 
we see that this tactical problem plays an important role in three widely 
separated fields each of great interest in itself. To construct such tactical ` 
configurations is sometimes a difficult problem. Concerning the difficulty 


* Mathematische Annalen, Vol. 50 (1898), pp. 226-227 (ftn.). 
+ American Journal of Mathematics, Vol. 48 (1921), pp. 1-19. 
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Coble says (i. c., p. 6): “Indeed the complications of this tactical problem 
are the most serious bar to any general discussion of the porisms. Certain 
series of cases may be treated as a class.... As a rule however each case 
presents its own peculiarities.” 

Emch * has also recently employed these tactical configurations in con- 
nection with several geometric problems. 

. In this section we shall exhibit a few classes of tactical configurations 
which are immediately available. In several of the following sections we shall 
show how to use the finite geometries for the systematic construction of several 
infinite classes of these configurations. We shall also give a brief account 
of quadruple systems similar to the usual theory of triple systems. In 
addition we shall treat briefly certain other remarkable special cases and 
in particular configurations associated with the Mathieu groups and affording 
a ready means of constructing these groups. 

The finite geometries PG (k, p”), k > 1, furnish at once a certain in- 
finite class of these tactical configurations. The points of the geometry 
constitute the 7 elements and the lines of the geometry constitute the m classes. 
In a similar way from the Euclidean geometry EG (k, p"), k > 1, we may 
obtain at once certain other configurations of rank two. Since the configura- 
tions thus defined are of great importance in the theory of finite groups it is 
apparent that the general theory of these configurations must have a wide 
use in this chapter of algébra. 

The configuration arising from EG (k, p”) when k=}? and p” =? has 
the symbol 478. This particular configuration belongs not only to the infinite 
class from which it has been taken but also to another; it consists of four 
things taken in pairs; since the number of pairs is six it follows that all 
possible pairs appear. In general, one can form Yon(n—1) pairs from n 
things, each element occurring in n— 1 pairs. Thus we have a configuration 


A engn-1)/2* 
More generally, let us form from n given elements all the sets consisting 


each of a combination of & distinct elements, & being less than n. Thus 
we have a configuration AX“ where 





—1):::(n—k+1 hin 8) (ak £4 
lien Reine ) Ae T ) pm CDG E), 


* See Transactions of the American Mathematical Society, Vol. 31 (1929), pp. 
25-42 and Journal für Mathematik, Vol. 162 (1930), pp. 238-255. 
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We may also form configurations by grouping the points of PG (k, p°) 
into the sets formed by the subspaces of a given number s of dimensions 
where 0<s<k. In a similar manner configurations may be formed from 
EG (k, p"). 

In the case when p” = 2 and k > 1 we have in EG (k, 2) the number 2 
of points. Any three points of EG (k, 2) determine a plane, and this plane 
contains just one additional point of H@(k,2). Moreover, any three of the 
points in such a quadruple uniquely determines the quadruple itself. Hence 
the 2" points in EG (k,2) may be taken in 4’s, in the way indicated, so that 
any given triple of these 2* points occurs in one and just one of the named 
quadruples. This tactical configuration is therefore a quadruple systeza. 
If it is denoted by AME then we have 


1=2%, A==4, p—=(2*—1)(2F4—1)/3,  m = 22(2H— 1) (QI 1) /8. 


Thus for k= 2 we have just one quadruple—a trivial case. For k= 3 we 
have 14 quadruples of 8 things, each triple occurring just once. For k= 4 
we have 140 quadruples of 16 things. In the general case, the named quad- 
ruple system is left invariant by the collineation group in HG(k,2) and 
by no larger permutation group on its elements, as one may show without 
difficulty. 


2. Dual Configurations. Owing to the principle of duality in the 
PG(k, p”) the principal configurations already formed from it have a certain 
dual character. It is of interest to construct certain other dual configurations 
from the special case of PG(2, p”). From PG(2, p”) omit a line and all 
the points on that line, also omit one additional point and all the lines on 
that point. Then we have left p?” — 1 points and p?*——1 lines; moreover, 
there are p” retained points on a retained line and also p” retained lines 
on a retained point. Considering the points as elements and the lines as 
sets of elements we are thus led to a configuration Ada where 


l = m = p?” — Í, À = p = p”. 
For p” = 2,3 these configurations are A ASR. The latter configuration 
may be represented explicitly by the sets of symbols 
136, 147, 158, 238, 245, 267, 357, 468, 


where the eight digits are the elements and the triples are those indicated. 
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This particular configuration was communicated to me orally by A. B. Coble, 
having been obtained by him in connection with a geometrical investiagtion : 
it was from an analysis of this particular configuration that I was led to 
the infinite class of configurations just described. 

Let us next consider the configuration obtained from PG (2, p”) by omit- 
ting all the points on a line and all the lines on one point of this line. There 
remain p?” points and p?” lines; each retained line contains p” of the 
retained points, and each retained point is on p” of the retained lines. Thus 
we have a Ape with == m = p°”, A= p = p”. For p” =3 we have a Ass 
of considerable interest. 

Let us now consider the dual configuration formed from PG(2, p”) in 
the following manner. We omit all the points on two lines, leaving p?” — p” 
points. We also omit all the lines on the common point of these first two 
lines and also all the lines on one other point of one of these lines. We have 
thus omitted two lines of points, these two lines having a common point, and 
also two bundles of lines, these two bundles having a common line. The 
omitted configuration is dual in character. Hence the points which remain 
form a set that is dual in character. Grouping these remaining points in 
collinear sets on the retained lines we have a dual configuration Ave where 


l= m = p" — ph A= p= pl. 


For p” = 4 we have an interesting A,33, which may be represented by the 
following twelve triples of twelve things: 


CLO, CQT, CMS, DET, DMP, DOU, 
EPS, ELU, EKQ, MQU, KQS, LPT. 


Let us next omit from PG(2, p”) three non-collinear points and all the 
points on the three lines determined by pairs of them and also all the lines 
on each of these three points. There remain of the PG@(2,p") the same 
number of lines and of points, namely, (p*—-1)?; they fall into sets of 
p"—2 each on p*— 2 lines thus giving a configuration Aw with 


l= m=—=(p"—1)?, A=p—p"—2. 


The foregoing general configuration may be readily generalized. Let 
P, denote a polygon in PG(2, 9") whose vertices are A1, Áz' *', Ar and 
whose sides are A142, Azs, Asda ` +, Arsdr, ArAr. Omit all the points 
on these r lines and also all the lines on these r vertices. The number of 
omitted points [omitted lines] is rp”. Each of the retained lines holds 
p”—r -+1 of the retained points while each of the retained points is on 
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the same number of retained lines. We suppose that r is such that p”— r+ 1 
is an integer s greater than unity and less than p”— 1 (in order to avoid 
trivial cases). Then we have a dual configuration AX“ with 


A=p=s— pt—r+], t= m= sp" + 1. 


Let us now consider the PG(2,2"), n>2 Let Q be any complete 
quadrangle in this plane. Since its diagonal points are collinear it consists 
of seven points and seven lines. Omitting all the lines on these seven points 
and all the points on these seven lines, we have from the retained points and 
lines a A}* for which one readily shows that 


I= m = 2276-2948, A=p=—2M—6. 


Several of the configurations which we have obtained from PG@(2, p”) 
arc readily extended to PG (k, p”) for k >1. Two of these generalizations 
will now be given. 

Let us omit from PG(k, p”), & > 1, one particular (k — 1)-dimensional 
subspace PG(k— 1, p”) together with all its points. There remains an 
LG(k, p”) containing p*” points. Omit one of these points and each of 
the (4— 1)-dimensional subspaces PG (k — 1, p") which contain this omitted 
point. The number of (4-—-1)-dimensional subspaces retained is then 
p=” —1; in each of these we take only those points which are in the named 
EG(k, p”). By means of these subspaces we have thus grouped the p” — 1 
retained points into p**—1 sets, each set containing p“" points and each 
point appearing in p%l" sets. Thus we are led to a dual configuration 
Apt where 

l= m = pe — ], A= p = pen, 


In constructing another configuration A, let us omit from the PG (k, p”), 
i > 1, one particular (4 —1) space PG(&—1, p”) together with its points, 
thus forming an EG (k, p”) of p™ points. Omit also all (4—~1)-spaces on 
a particular one of the points already omitted, retaining the remaining p*” 
(%&—1)-spaces. Each of these remaining (4—1)-spaces has p11" points 
of the EG (k, p”) on it, while each of these points is on p%1)™ such spaces. 
Thus we are led to a dual configuration AME where l= m = p", X= p 
= pun, Of particular interest are the cases p” = 2, k = 3; p” = 2, k = 4; 
p” = 3; k= 3: these lead to configurations with the respective symbols 





4,4 8,8 9,9 
Aas? Ave 16? A727 á 
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It is possible to construct various other dual configurations generalizing 
several of those here given. In particular, configurations may be constructed 
in which the elements are lines or other subspaces. But these seem to be of 
less interest than those already given. 

By means of the collineation groups in the finite geometries one may 
readily determine the permutation groups which are characterized as being 
the largest permutation groups leaving invariant the configurations described 
in this section. But the work will not be carried out here. 


3. Other Immediate Examples. From a cycle a@2° * * an of n elements 


we may select cyclically the set ai@z- ` ` Ax, Q2đg,* * ` Arys” °° Anaal’ ` * Mea 
thus obtaining a configuration A*- a 

Let us next take two sets of n things each, say, ai, az ' *,@n and 
01, ®2,° ° *,%m. Hach element in one set may be paired with each element 


in the other set, giving rise to n? pairs of the 2n elements. Thus we have 
a A,” m,. Again, each element in one of the two sets may be paired with every 
other element in the same set: thus we have a A 2%-1 Again, we may 


make the pairs from each one of the sets run in oyelical pris thus obtaining 
a configuration with the symbol Aen 

The three configurations of the foregoing paragraph are capable of a 
ready generalization. Generalizing the first of them we have a configuration 
with the symbol A,!='" obtained from 7 sets of n elements each by forming 
all the possible comibidatibia of J elements each gotten by taking one clement 
from each of the 7 sets. One may similarly generalize the other two con- 
figurations in the preceding paragraph. Moreover, various other similar con- 
figurations are readily formed. 

Now let us take Z sets of n things each, J being greater than 2. Let 
these 7 sets be arranged in cyclical order. Form pairs by taking each element 
in one set with each element in the set which follows it in cyclical order. 
Thus we form In? pairs from the ln elements, using each element 2n times. 
This gives rise to a configuration A, A, l > 2, due to Coble. This con- 
figuration is capable of derdin in the following manner. Let us con- 
sider } sets of n things each where J > À, these J sets being arranged in cyclical 
order; and let us form combinations of À elements each, such combinations 
being formed from Aà consecutive sets from the Z sets in their fixed cyclical 
order by taking one element from each of the A sets in all possible ways. 
Thus we have In elements formed into sets of A elements each, the number 
of sets being Im’ and each element appearing in An-1 sets. This gives rise 
to a configuration 
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Trl | 
Aù pa L>d. 
For the case in which /==2-+1 and A==n we have A For 


(nt), ant) 
n == 2 this becomes A? Hone and this configuration consists of all the pairs of 


the six elements involved except the three pairs from which the configuration 
was formed. 

Other configurations are readily formed by various modifications of the 
methods employed in this section. 
~ 4, Configurations Associated with Cobles Box Porism. In the 3-space 
PG(8, p”) there are p*-++1 points on a line Z and p*-+-1 planes on the 
same line. Let us take p” of these planes and a point P not on any of these 
p” planes (and hence on the remaining plane through 1). Let Q be any 
point on 7. In addition to the p” planes already retained, keep also the p?” 
planes which are not on the line PQ. We thus retain p?” -+ p” planes. 
Retain the p?” points which are not on the plane through P and /; these 
points form an EG(3,p"). The points retained in a given one of the p” 
planes first selected and the lines in which that plane is cut by the retained 
planes on P form a configuration 

Ae 
Hence the p3” retained points appear in sets of p” each on the p?” + p" 
retained planes; moreover, each of the retained points appears on one of 
the retained planes through 7? and on just p” of the retained planes on P. 
We are thus led to a configuration having the symbol 
Appi 

When p” == 2 we have here a configuration with the symbol Af’. It is based 
on the P@(3,2). It may be shown that this leads to a sonflgunation equiva- 
lent to that defined by the following scheme: 


DEFG, LMNO, DELM, FGNO, DGLO, EFMN. 


If these six quadruples in the order written are numbered 1, 2,- > -,6, then 
the eight letters named in them are determined by triples of digits according 
to the following correspondence: 


135 186 145 146 235 236 245 246 
D E G&G F L H” O N 
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These eight triples of six elements form the configuration Me belonging to 
the box porism of Coble (J. c., p. 15). The latter is therefore exhibited as 
belonging to an infinité class of configurations: the class was suggested by 
this example. 

Another infinite class of configurations having the same symbols as the 
foregoing may be constructed in the following manner. From PG@(3, p”) 
form the corresponding FG (3, p”) by omitting a plane with its points. Let 
P be a point on this plane; then there are p?” -+ p” additional planes on P; 
these are to be retained. The p?” points of the EG (8, p”) fall on these planes, 
p?” points on each plane thus considered. Moreover a given one of these 
points is on each of the planes containing the line joining this point to P, 
and hence it is on p” -+-1 of the retained planes. We are thus led to another 
general configuration with the same symbol as that which appears in the 
preceding paragraph. These configurations, however, have a certain degen- 
erate character so that they do not give rise to associated configurations by 
means of the method just employed in the preceding paragraph. 


5. Certain Additional Configurations. From the P@(k, p”), k > 2, 
let us.omit a line of points and also all the lines on each of these points. 
The number of points remaining is J where 


l= p?” +. p83" +. - . -+ p”. 


By computing the number of omitted lines it is readily shown that the 
number m of retained lines is 


(prin 2a 1) (pte — 1) 

m == eH —(1 n n 2n sae Ge-Ln)_ 1 
The retained points fall A at a time on the retained lines, where A == J + p”, 
each point appearing on p of the lines, where 


p= p” p pr fee. ef. pann, 


This gives rise to a Ave where 1, m, à, p have the values given. 

To form another configuration let us omit from PG(3, p”) the points 
on two non-intersecting lines and all the lines through these points. This 
leaves p”(p°”— 1) (p*—-1) lines of the P@(8, p”). Each of these contains 
p” +1 points of the PG(8, p”); and each of these retained points is on 
p?” — p” lines. Hence the retained points and lines yield a configuration 
Aa where 
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l=(p* +1) (p —1), m= p"(pr—1) (p**—1), 
a=p" +1, p= p (p — 1). 


Again, from the PG(2k -+ 1, p”) let us omit the points of a k-dimen- 
sional subspace S, and also all the (2k)-spaces containing Sr- We thus 
retain J points and 2 (2%)-spaces where 


Į = pen + prin + Se. 8 + pana, 


ftach of the retained (2%)-spaces has A retained points where 


A= prin + prea + a ee + p”, 


and each of the retained points lies on A of the retained (2%)-spaces. Thus 
we are led to a configuration AM where à and J have the values just given. 


6. Subgeometries and the Complementary Sets. Let v be any proper 
factor of n. Then in PG(k, p”) there is included the geometry PG (k, p”), 
namely, those points of P@(k, p”) whose codrdinates may be taken as marks 
of the GF[p"] included in the GF[p"]. We shall denote by C(k, p", p”) 
the complementary set of points, namely, the points of PG(k, p”) which 

“are not contained in the included PG (k, p”). The number I of points in 
C(k, p”, p”) is 


i= (pin ees gp) + (pida i per) + pe + (p" a p) R 


If a line in PG (k, p”) contains two points of PG (k, p”) it contains all 
the points of a line in PG (k, p”). Hence the lines of PG (k, p") may be 
separated into three classes: the first class consists of those lines eacn of 
which contains a whole line of the PG (k, p); the second class consists of 
those lines each of which contains just one point of the PG (k, p”) ; the third 
class consists of those lines containing no point of the PG@(k,p’). The 
numbers of lines in these three classes are readily shown to be respectively 


(pDr — 1) (pty — 1) ee ye 
(PP Tay >? \p—i p—ij pal 


(ppn — 1) (pi — 1) p% — 1 (== a 
I > 








? 


nels cet ee FS, SNe 


(p2" — 1) (p" —1) p— i p — i p? — 


It is not difficult to show that the third class is the null class when and only 
when k = 2 and n = 2y. 


15 
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With these classes we readily construct tactical configurations as follows. 

Let us consider the second class of lines in the case when & =2 and 
n== 2v. Hach of the p? + p + 1 lines of the PG(2, p”), when extended to a 
line of PG(2, p”), contains just p? — p” points of C(2, p®”, p) ; and no point ~ 
P of O(2, p”, p) occurs on two such extended lines. Hence each of the 
(p?” — p”) (p? + p” + 1) points of C(2, p”, p”) occurs on one and just one 
line which contains a line of PG(2, p”). Hence each point P of O (2, p®’, p”) 
lies on just p?” lines of the second class, this being the number of lines joining 
P to points of PG(2, p”) other than the line of PG@(2, p”) on the extensieng 
of which P lies. Moreover, each line of the second class contains just p* 
points of C(2, p7, p”). Hence the (p?”— p’) (p+ p +1) points of 
C(2, p”, p”) lie p” at a time on the (p?”— p”) (p?” + p + 1) lines of the 
second class and each point is on just p?” of these lines. This gives rise to 
a tactical configuration A’, where 


à= =p, Snap (p? + p +1). 


In the case when p” ==}? this gives a A $ 14543 this can be represented 
explicitly in the following form in which the fourteen columns denote the 
fourteen sets of four points each (each point occurring in four sets) : 


EDI HE DRODI ENED ££ 


MLOoMoLI HSM LHOLI M 
0O@QPPOTPOQPNNN 
T S UT8U A BR Boe Ol 8 


From the last foregoing general configuration a certain reduced con- 
figuration is readily obtained. Let us omit from PG (2, p”) one of its lines 
and at the same time omit from PG@(2, p”) the line L which has p’+1 
points in common with the omitted line PG(2, p”). This line contains 
p — p” points of C(2, p”, p°). The remaining points of C(2, p®”, p”) are 
(p — p”) (p? + p”) in number. These points fall p?” at a time on those 
lines of the second class other than the lines containing each a point of L 
which is in the set C(2, p”, p”). These latter lines are (p?”— p”)p?” in 
number, since each of the excluded p?” — p” points is on just p?” lines of 
the second class and no two of them are on the same line of the second class. 
Excluding these lines and retaining the others of the second class we have 
p’(p?” — 1) retained lines. Each of the retained points is on just p” of the 
retained lines. Hence we.have a tactical configuration ANE where 


l= p” (p? — 1), à = p”, =P, m == p(p” — 1). 
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~For p = 2 this isa A52. The associated configuration A24, has an obvious 


generalization to a configuration 


A aes 
consisting of all the pairs of the 2n symbols a, &2,* * -, %2n except the pairs 
Qis O23 Oa, aj” * 5 Cont, Sen each g occurring in 2(n— 1) pairs. And 
this in turn is capable of an immediate generalization to the case of kn 
things taken & at a time except for the omission of n sets of k each, the 
latter sets involving each symbol once and just once. 

Let us consider the second class of lines in the case when 4 ==2 and 
n= pv, p> 2. The number I of points in C(2, p”, p”) and the number m 
of lines in the second class and the number N of lines in the third class are 
now respectively: 


t=(p"—p)(p" +p +1),  m=(p”— p) (p? + p +1), 
N =(p” — p") (pP — p”). 


Moreover, each line of the second class contains just p” points of O (2, p”, p’). 
We may separate the points of C (2, p”, p”) into two subclasses C,(2, p”, p”) 
and C.(2, p”, pP), those of the subclass C, being each on a line of PG(2, p”) 
which contains p” + 1 points of the PG(2, p”) while the subclass O, consists 
of the remaining points of C. Now these subclasses C, and C2 contain l, and 
I, points respectively where 


l =(p” — pP) (p+ pP +1), le =(p” — p”) (p” — p”), 


a result which may be proved as follows. The PG (2, p”) contains p?’-++ p’-+ 1 
lines and each of these lines has p” — p” points of C, while no point of Cy 
is on two of these lines, since two such lines have a point of PG@(2, p”) 
in common. Hence J, has the value just given; then 7, is obtained from the 
formula l, == 1— l. 

Each point of C, is on just p?” lines of the second class, since it is on 
just one line of the first class and this line contains just p’-++1 of the 
p” +p +1 points of the PG(2, p”); and each point of C, is on just 
p” + p + 1 lines of the second class. But just p” + 1 lines of PG (2, p”) 
pass through any given point of this geometry. Hence each point of C, is 
on just p?”— p” lines of the third class, and each point of Ca is on just 
p” — p% — p” lines of the third class. Every line of the second class con- 
tains just as many points of C, as there are lines in PG(2, p”) not con- 
taining the point which this line of the second class has in common with 
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PG(2, p”), and this number is p?”; therefore every line of the second class 
contains just p” — p?” points of C2. 

Now we have seen that the l, points of C, fall, in sets of p?” each, 
on the m lines of the second class, each point of C, belonging to just p?” 
lines of the second class. Thus we have a AME with 


l= m=(p”— p) (pP? +P +1), A= p =p”. 


For p = 83 and p” = 2 we have thus a 4,3%. 
Again, the l; points of C2 fall, in sets of p” — p% each, on the m lines 
of the second class, each point of Ca belonging to just p?” + p” + 1 lines of 


the second class. Thus we have a AME where 
A a= p” — p”, p= p? + p’ +4, L=l,, 


and where m and 1, have the values already given. 

Each line of the third class contains just p? + p” -+ 1 points of C, 
since it contains no point of PG(2, p”) and has one and just one point in 
common with each of the p? + p” -+ 1 lines each of which contains p” + 1 
points of PG(2, p”). Hence each line of the third class contains also 
pr? — p” — p” points of Cz. 

From the foregoing results we see that the 7, points of Ọ, fall, in sets 
of p” + p+ 1 each, on the N lines of the third class. This defines a 
tactical configuration of rank two. 

Similarly, we see that the 7, points of C. fall, in sets of p” — p? — p” 
each, on the N lines of the third class, each point of Oa belonging to just 


p” — p?” — p lines of the third class. Thus we have a A%,, where 


A= pP — p?” — p, l=(p” — p”) (p” — p”). 


It is evident that other configurations may readily be constructed by 
means of finite geometries of more than two dimensions and the subgeometries 
contained within them. 


% Quadruple Systems. If n elements 21, t2,- * ', 2n can be arranged 
in quadruples so that each triple Tazgry of distinct elements occurs in one 
and just one quadruple, then the arrangement so made is called a quadruple 
system. The number n of elements in a quadruple system must be of one 
of the forms 6m + 2 and 6m -+ 4, as one may readily prove by showing that 
each of the numbers 


n(n —1)(m—2)/4-3+2, (m—1)(n—2)/3°2, (n—2)/2, 


must be an integer: the first of these numbers is the number of quadruples 
in the system; the second is the number of quadruples containing a given 
element; while the third is the number of quadruples containing a given pair 
of elements. The quadruples containing a given element evidently lead to a 
triple system on the remaining elements. 

From a given quadruple system on the n elements 21, @2,° * *, n one 
may form a quadruple system on the 2n elements 21, %2,°** 5 Eny U1’, Lo’, *** Vn’ 
in the following manner. For each quadruple xergr.x5 of the given set form 
also the quadruple 24’r¢’x_/rs’ and retain tatgryes. For each quadruple con- 
taining the given pair tavg, as for instance ravgratp, form also the quadruple 
La TR'TTp. Form also the quadruples targra’ag’ for every pair (a, 8) of the 
set 1, 2,---+,n. The total number of quadruples thus formed is 


R(n) (1 —1)(n— 2)/ 24 + n(n —1) (n— 2) /4-+ n(n —1) 72, 
or 2n(2n — 1) (3n — 2) /24. 


This is just the required number of quadruples for a quadruple system of 
2n elements. Therefore the named quadruples form a quadruple system 
provided that no triple occurs in two quadruples. That this condition is 
met is readily shown by considering the triples of each of the forms 
LpLoTs, Lp’ Lo’ Lz", LpLokr’, Lp'LoL;,. Hence from a given quadruple system 
on n ciements one may construct (in the manner indicated) a quadruple 
system on 2n elements. 

Now 212%, forms a (trivial) quadruple system. Applying to it the 
method of the previous paragraph one obtains a quadruple system on eight 
elements; and it is easy to show that this is the only quadruple system on 
eight elements. From the quadruple system on eight elements one may form 
one on 16 elements; from this, one on 32 elements; and so on. Thus one 
has quadruple systems on 2" elements for k = 3, 4, 5---. These are the 
same as the quadruple systems formed at the end of §1 by means of the 
finite geometries. 

Now consider the collineation group C(1, 3*) of the P@(1,3*). It has 
a subgroup consisting of those transformations 


a’ =(ax + B)/(yt +8), 


for which @, B, y, è belong to the Galois field GF[8]; this subgroup is of 
order 4:3-2; it permutes among themselves the elements œ, 0, 1, 2; these 
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elements are left individually fixed by the transformation g’ = 2°; this trans- 
formation and the group of order 24 just mentioned generate a group of 
order 24h, each element of which leaves fixed the set œ, 0,1, 2. Hence the 
group C(1, 3%) transforms this quadruple into (3 + 1)3*(3* — 1) /24 quad- 
tuples [as does also the projective group P(1,8*) of PG(1,3*)]. Since 
the group is triply transitive it follows that every triple of the 3*-+ 1 points 
of PG(1, 3") occurs among these quadruples. The quadruples therefore con- 
stitute a quadruple system. When k = 1 we have a trivial case. When k =} 
we have a quadruple system on 10 elements. 

From the three preceding paragraphs it follows that quadruple svstems 
of n elements certainly exist for every number n of the form 


n = (3" + 1)24, (b= 1,2,3,---, 1=0,1,2,°°-). 


The general problem of the existence of quadruple systems of n elements 
when v is of the form 6m + 2 or 6m + 4 appears not to have been solved. 

Let us return to the quadruple system on 3* + 1 elements already 
constructed. Those quadruples which contain the element œ lead to a triple 
system on the 3* elements exclusive of œ. It may be shown that this is the 
same as the triple system afforded by the lines of HG(k,3). Its group is 
therefore the projective group EP(&,3), a doubly transitive group of degree 
3” and order 





3% (3% — 1) (3% — 3) (3% — 3?) eee (3% Bet), 

This triple system may also be constructed (in a manner now obvious) by 
means of the transformation group 7 = «z + 8 in the GF[8*]; and when 
so constructed it leads at once to the larger doubly transitive group just 
named—a good example of the way in which configurations often lead from 
a given multiply transitive group to a larger one containing it. 


8. Configurations Associated with the Mathieu Groups. The Mathieu 
groups of degrees 11, 12, 22, 23, 24 (one of each degree) are remarkable 
for two things: (a) they seem to be the only known simple groups which 
do not appear among the known infinite classes of simple groups; (b) among 
them are found the only known four-fold and five-fold transitive groups other 
than the alternating and symmetric groups. Examples which stand apart in 
such a way possess a peculiar interest on account of their isolation. It there- 
fore seems worth while to present (without any details) a very direct method 
for constructing these groups by means of configurations and to indicate some 
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of their properties which are made manifest by means of these configurations. 

The linear fractional group modulo 11 of order 12: 11-5 is often repre- 

sented as a doubly transitive group of degree 12 on the symbols o, 0; 1, 2, 

-, 10. From the twelve symbols which this transitive group permutes 
one may select a set of six, namely, œo, 1, 3, 4, 5, 9, such that the set is 
transformed into itself by just five elements of this group. The whole group 
therefore permutes the set of six symbols into 132 such sets. If any five 
symbols are selected from the twelve they appear in one and just one of 
these sextuples. The 132 sextuples therefore afford an interesting configura- 
tion on 12 symbols which may well be called a sextuple system, in analogy 
with the terminology employed in the preceding section. The symbol oo 
appears in just 66 of these sextuples, whence it follows readily that these 
66 sextuples afford a configuration of 66 quintuples on the set 0,1, 2,: °°, 10. 
These may be said to form a quintuple system since each set of four of the 
symbols appears in one and just one of the quintuples. Any one of the 11 
elements occurs in just 30 quintuples from which a quadruple system on 10 
elements may be formed by omitting that element. From this in turn the 
triple system on nine elements may be constructed. 

Tf one seeks the largest permutation group G on the twelve symbols, 
each element of which leaves invariant the named sextuple system, it is found 
1 * “= a five-fold transitive group of degree 12 and order 12-11-10-9-8. 
Tin. e Mathieu group of degree 12. Its largest subgroup, each element 
of which leaves one given symbol fixed, is the Mathieu group of degree 11, 
a fourfold transitive group of order 11-10-9-8. Moreover it is the group 
belonging to the quintuple system already named. 

From the foregoing considerations it follows also that the Mathieu group 
of degree 12 contains a subgroup of order 10-9-8 each element of which 
leaves fixed a given one of the 132 sextuples. This subgroup is intransitive, 
having two transitive constituents each of degree 6. It thus sets up a simple 
isomorphism of the symmetric group of degree 6 with itself; and the iso- 
morphism so established is an outer isomorphism. This outer isomorphism 
is therefore an essential element in the structure of the Mathieu group of 
degree 12. 

The linear fractional group modulo 23 of order 24-23-11 is often 
represented as a doubly transitive group of degree 24 on the symbols 
œ, 0,1, 2,- +--+, 22. This transitive group contains a subgroup of order 8 
each element of which transforms into itself the set oo, 0, 1, 3, 12, 15, 21, 22 
of eight elements, while the whole group transforms this set into 3-23-11 
sets of eight each. This configuration of octuples has the remarkable property 
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that any given set of five of the 24 symbols occurs in one and just one of 
these octuples. The largest permutation group T on the 24 symbols, each 
element of which leaves this configuration invariant, is a five-fold transitive 
group of degree 24 and order 24-23-22-21-20-48. This is the Mathieu 
group of degree 24. Its four-fold and three-fold transitive subgroups of degrees 
23 and 22 are the Mathieu groups of these degrees. With these two subgroups 
respectively we may associate (in a manner now obvious) configurations on 
23 and 22 letters respectively. The former consists of septuples such that 
any set of four of the 23 elements occurs in one and just one septuple; the 
latter consists of sextuples such that any set of three of the 22 elements in 
it occurs in one and just one sextuple. 

The latter set of. sextuples on 22 symbols leads readily to 21 quintuples 
on 21 symbols; it may be shown that these quintuples constitute the lines of 
the geometry PG(2, 22) of 21 points.. 

The Mathieu group of degree 24 contains a subgroup of index 3-23-11 
each element of which leaves invariant a given octuple of the previously 
named configuration of octuples. This subgroup permutes the eight symbols 
in this octuple according to the alternating group of degree 8; it permutes 
the remaining 16 symbols according to a triply transitive group of degree 16 
and order 16-15-14-12-8; the latter of these two groups is (16,1) iso- 
morphic with the former. This isomorphism is essential in the structure 
ot the Mathieu group of degree 24. By means of this isomorphism and the 
known lists of groups of degree not exceeding 8 it is easy to find all the 
primitive groups of degree 16 contained in the named triply transitive group 
of degree 16: it turns out that_they are 20 in number: these are all the 
primitive groups of degree 16 except the alternating and symmetric groups 
of this degree (Miller, American Journal of Mathematics, Vol. 20 (1899), 
pp. 229-241). By means of the named (16,1) isomorphism it may also be 
shown without much difficulty that for every transitive group of degree 5 
there exists a doubly transitive group of degree 16 which is (48,1) isomorphic 
with the group of degree 5. 


9. Configurations of Marks in GF[p"]. Let w be a primitive mark of 
the Galois field GF[p™] and let » be any (positive) factor of p*—-1. Write 
po —il=pk. Let Gy, Gu Gr[p"], be the group, of order pp", consisting 
of the transformations 2’ == «s -+ 8, where 8B runs over all the marks of 
GF[p"] and a over the k-th power marks of this field. The set of marks 
1, o, wh, > + +, oD is left invariant as a set by the transformations 2’ = ax 
of Gs and by no other transformations of Gr, since p is prime to p, while 
the transformations z’ =a + 8 of Gy permute this set into the p” (distinct) 
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sets in the following columns: 


1 1+o 1+ 0? sore Efe! 

ow wt Le ot + o? 8 at 1 gp" 

wz ok 1 wy wt 1. 2 s8 et S 
ODE gEDE A y gD o © 6 + gu Dk A gpI, 


Hence the configuration Az, Ar = Az[p"], on the marks of GF[p”], defined 
by this array is invariant under Gx. 

Let Ty, Tu = Ih[p”], be the largest transformation group on the marks 
of GI'[p"] each element of which leaves invariant the configuration Ax. Then 
Ty, contains Gy as a subgroup. It is easy to show that Gr is the largest sub- 
group of Ty, that is contained in the group of all linear transformations in 
GF[p"]. The groups Gy and Ty induce permutation groups G, and Ty Te- 
spectively on the p” marks of GF[p"]; it is sometimes more convenient to 
deal with these permutation groups than with the transformation groups by 
means of which they are defined. 

Let us consider the case when each pair of marks occurs in y and just v 
of the sets in Az[p"]. Then by a count of pairs it is seen to be necessary 
that u = kv + 1 and hence that p” = 1 + k- vk?. Since 0 and 1 must 
occur together in just v of the sets it follows that the GF[p"] must have 
the property that there are just v pairs of k-th powers in GF'[p"] such that 
the elements of each pair differ by 1. The configurations thus arising would 
doubtless reward further investigation, especially the case when y—2 and 
p= 1 + k+ ak. 

We consider further the general case when k= 2. Then p” =4& +3 
and G, contains a transformation replacing the pair 0,1 by any preassigned 
pair. Hence any preassigned pair of marks occurs in the same number of 
sets of As[p”] as any other pair. Thus we have the theorem: 

If p= 4v +3 then each pair of marks occurs in v and just v sets 
belonging to the configuration A.[p"]; there are just v pairs of squares in 
GF[p"] such that the elements of each pair differ by 1; any two sets in 
A,[p"] have just v elements in common. 

It is easy to show that A2[7] is the same as PG(2,2) and hence that 
the group belonging to it is the doubly transitive group of degree 7 and 
order 7-6-4. 

The A2[11] is an interesting configuration consisting of the 11 quin- 
tuples into which the set 1, 4, 5, 9, 3 is changed by the cyclic permutation 
(0, 1, 2, +- -, 10). The group belonging to it is the doubly transitive group 
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of degree 11 and order 11:10:6. A given pair of symbols occurs in just 
two quintuples of A,[11]. Furthermore, any two of these quintuples have 
just two symbols in common. With each of the 55 pairs of these quintuples 
we may associate the quintuple formed by taking the two symbols common 
to the pair and the three symbols absent from both pairs; thus we have 55 
additional quintuples. If we adjoin them to the 11 quintuples in A,[11] 
we have 66 quintuples forming the quintuple system described in §8. The 
group belonging to it is of order 11-10-9-8, as we have seen, and hence 
is much larger than the group of order 11-10-6 which belongs to each of 
the parts from which we have formed the quintuple system. 

In general, when p” == 4y + 3, any two sets in ‘A2[p"] have just v ele- 
ments in common; these and the y + 1 elements absent from both pairs form 
a set of 2v-- 1 elements; thus we have a configuration B.[p”] consisting of 
Lop" (p*—1) sets of 2v-+ 1 elements each; combining A,[p"] and B2[p*] 
we have a configuration C,[p"] containing the quintuple system of the pre- 
ceding paragraph as a special case. These configurations C2[p”] would doubt- 
less reward further investigation. 

Let us now consider the group G of transformations of the form 


U=(at + B)/(yt+8), a8 — By = square, 


in the Galois field GF[p"] where p is an odd prime. Let S denote the set 
of 44(p"-+1) elements consisting of œ and the square marks of GF[p"] 
and denote by D[p"] the configuration consisting of the sets into which 8 
is transformed by G. I have not developed a theory of the configurations 
D{p"] though they seem to be of considerable interest. The configuration 
D[7] is the quadruple system on eight elements; the group belonging to it 
is the triply transitive group of degree 8 and order 8-7-6-4. The D[11] 
is the sextuple system on 12 elements which (§ 8) characterizes the Mathieu 
five-fold transitive group of degree 12. 


10. Configurations Associated with Multiply Transitive Groups. Let @ 
be a multiply transitive group of degree n whose degree of transitivity is k; 
and let G have the property that a set of m elements (k <m < n) exists 
in G such that, when & of these m elements are changed by a permutation 
of G into & of these m elements, then all the m elements are permuted among 
themselves. Then the largest subgroup of G which permutes these m clements 
among themselves permutes them according to a transitive group which is 
at least &-fold transitive. Moreover, of k > 4m + 1 (and also under certain 
other conditions) it follows (from the theory of multiply transitive groups) 
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that these m elements are then permuted by the named subgroup according 
to the alternating or the symmetric group of degree m; and it is certainly 
the symmetric group when m =k +1. 

Denote the order of G by n(n—1)---(m—&+1)A and let G, be 
the subgroup of G of order A leaving fixed each of a given set of k elements. 
Let H be the largest subgroup of G which permutes the named m elements 
among themselves and denote by m(m— 1) - - (m — k + 1)p the order of 
the group T by which these m elements are permuted by H. Then u is the 
order of the largest subgroup T, of T which leaves fixed each of & given 
elements; hence T, is a subgroup of the group induced by G, on the m 
elements on which T operates: therefore p is a factor of A. 

Let p be the order of the largest subgroup K of G which leaves fixed 
each of the given m elements and let o be the order of the largest subgroup 
L of G which leaves fixed each symbol of G not in the set of m given elements. 
Then G, is (p,¢) isomorphic with T,. Hence Ao = pp and the order of H 
is m(m—1)-++ + (m — k + 1)dc. 

Thence it follows that G permutes the given m elements into 


n(n— 1): (n—k+1)/m(m—1)- ++ (m—k +4 1)o 


sets of m elements each, thus forming a configuration which we denote by Æ. 
Since G is k-fold transitive it follows that a given set of k elements occurs 
in just as many of these sets of m each as any other set of & elements. Since 
each set of k elements must appear at least once it follows that the wumber 
of sets must be at least as large as 


n(n— 1): (n—k+1)/m(m—1)-- +: (m—k+1). 


Therefore e = 1 and each set of k elements appears in one and just one set 
of m elements in the configuration E. 
Thus we have the following theorem: 


Let G be a multiply transitive group of degree n whose degree of transi- 
tivity is k; and let G have the property that a set K of m elements ezists 
in G (k<m <n) such that when k of these elements S are changed by a 
permutation of G into k of these elements then all these m elements are per- 
muted among themselves. Then the identity is the only-element in G which 
leaves fixed each of the n— m elements not in S; G permutes the m elements 
of S into 


n(n—1)++ + (n—k+1)/m(m—1)-- + (m—k+1) 
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seis of m elements each, thus forming a configuration E having the property 
that any (whatever) set of k elements appears in one and just one of the 
sets which constitute E. 


It is clear that a necessary condition for meeting the hypotheses of the 
theorem is that k, m, n shall be such that each of the numbers 


n—k+1 (n—k+2)(n—k+1) ||. n(n—1):::(n—k+1) 
m—k+ 1? (m—k+2)(m—k+1)’ > m(m— 1)-+ (m—k +1) 


shall be an integer. If m == 6 and &—5 it may then be readily shown that 
n is of one of the forms 6p or 6p + 10 where p is not divisible by 5. In the 
case n = 12 we have already had an illustration of the theorem afforded by 
the Mathieu five-fold transitive group of degree 12. If m==8 and k=65 
it may be shown that n must be of one of the forms 20% + 4 and 20n-+ 8 
and that it must also be congruent modulo 7 to 1, 2, 3 or 4. The smallest 
values of n (n > 8) meeting these conditions are 24, 44, 88, 108. The 
Mathieu five-fold transitive group of degree 24 affords an illustration of the 
theorem for the case n = 24, m = 8, k = 5, as may be seen from § 8. 

The finite geometries PG(A, p”) afford examples of the configurations 
defined in the foregoing theorem, k being 2 and m being the number of points 
on a line. Similar examples arise also from the FEG (à, p”). In these cases 
one first constructs the configuration and then determines the group. 

Again, to take up a different problem, let G be a multiply transitive 
group of degree n whose degree of transitivity is k and let G, be the largest 
subgroup of G which leaves fixed each of a given set of & symbols on which 
G operates. Let us suppose that G, has y sets of transitivity of degrees 
tı, to,: © *, tv where the ?’s are all different when vy >1 and that it has at 
least one additional set of transitivity of still another degree. Let s; be the 
number of transitive constituents in G, each of which is of degree ¢;. Then 
with each set of Æ symbols from the n on which G@ operates associate all the 
remaining symbols in the transitive constituents of degrees b tz * -, tv. 
We thus have 7 symbols in the set where l= k + sit, + Sata + +--+ Swiv <n. 
With each set of k symbols in G form in this way a set of J symbols and let 
à denote the number of sets so formed. They constitute a configuration F. 
Then A is not greater than the number of combinations of n things taken 
k at a time. 

It is clear that F is invariant under G and that its sets are permuted 
transitively by G. Moreover, one set of k symbols will appear in just as many 
of the à sets of F as any other set of & symbols. Let uw denote this number, 
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so that each set of Æ symbols will appear in just p of the A sets of F. Then 
it is easy to show that 


n(m—1)° ++ (n—k-+1)a oij eltti) 
as ee ee tS k! i 





Ac 


Thus, for any given multiply transitive group G whose subgroup G, has 
transitive constituents of different degrees (always realized when n—k is 
a prime) we have in this way a configuration F left invariant by G, while 
its sets are permuted transitively by G. (There is nothing to indicate that F 
may not characterize a larger group containing G as a proper subgroup). 

Particular interest attaches to the case when »=1, that is, the case 
in which each set of k symbols appears in only one of the sets which con- 
stitute F. When & = 4 the conditions thus arising greatly restrict the possible 
values of n, the restrictions increasing rapidly with increasing k. 

Returning to the general case, suppose that a given set M of 7 elements 
in F is obtained from each of just p sets of k elements, by the method em- 
ployed in the construction of F. Consider a permutation P of G which 
transforms M into a set N of F; then the p sets each of which leads to M 
are transformed into p sets each of which leads to N ; by transforming N to M 
by P-? we then see that just p sets of k cach lead to N. Since G permutes 
the A sets of F transitively it follows that each of the À sets in F is obtained 
from just p sets of & elements each. Since each set of k elements occurs in 
just » sets of F we then have 


A==n(na—1)-“-(n—k+1)/kl p, 
while from the previous value of à we have 
pew T(T—1)---(l—k+1)/k!. 


11. Some Generalizations. By a complete A-p-v-configuration of n 
elements we shall mean a configuration of n elements taken v at a time 
so that each set of » elements shall occur together in just A sets. (Compare 
Netto’s Lehrbuch der Combinatorik, second edition, p. 325). Then a triple 
system is a complete 1-2-3-configuration; a quadruple system is a complete 
1-3-4-configuration; and so on. A finite two-dimensional geometry PG (2, p”) 
is a complete 1-2-(p" + 1)-configuration. In § 8 we have shown the existence 
of a complete 1-4-5-configuration on 11 elements, a complete 1-5-6-configura- 
tion on 12 elements, a complete 1-5-8-configuration on 24 elements, a complete 
1-4-7-configuration on 23 elements and a complete 1-3-6-configuration on 
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22 elements. These examples are sufficient to show the importance of com- 
plete à-u-v-configurations for à= 1. But little has been done towards a 
general theory of complete A-p-v-configurations. In the next section we shall 
treat certain 2-2-k-configurations. 

An infinite class of complete 2-3-4-configurations may be constructed in 
the following manner. Let p be any prime of the form 6m +1 and let 
p be a solution of the congruence t — t +- 1 = 0 mod p. The set œ, 0, 1, p 
is transformed into itself by the group generated by the transformations 


y ==(4—1)/emodp and 2 =p/z mod p, 


a group whose order is 12. Thence it follows readily that the set oo, 0, 1, p 
is transformed into (p + 1)p(p—1)/12 quadruples by the linear fractional 
group modulo p, the order of which is (p-+1)p(p—1). Since this linear 
fractional group is triply transitive it follows that each triple of the p+ 1 
elements œ, 0, 1, 2,- - -,p— 1 occurs among the quadruples in the named 
set of quadruples, and indeed that each triple occurs the same number of 
times as any other, whence it follows that each of them occurs just twice. 
Thence it follows that these quadruples constitute a complete 2-3-4-configura- 
tion. In case m is odd (but not when m is even) this configuration breaks 
up into two equivalent configurations each of which constitutes a complete 
1-3-4-configuration, a fact which one may readily verify by showing that the 
transformations of square determinants in the named linear fractional group 
then transform œ, 0, 1 into every triple of the p + 1 elements (though as 
a permutation group it is only doubly transitive). 


12. Certain Complete 2-8-k-configurations. We shall now treat those 
complete 2-2-k-configurations of n elements which are formed by n sets of 
k things each such that each two sets. have just two elements in common. 
Since each of the 44n(m—1) pairs of elements occurs just twice and each 
of the n sets of k elements contains just 1444(4-—1) pairs it follows that 
we must have 144(4—1)n = 2: ln(n—1), whence it is necessary that 


n=W%k(k—1)+ 1. 


The case k = 2 is entirely trivial. When & == 3 we have n = 4 and the 
configuration consists of the four triples which may be formed from four 
things. When k==4 we have n=}; then it may be shown that the con- 
figuration is that which is complementary to PG (2, 2), whence it follows that 
the group belonging to the configuration is the doubly transitive group of 
degree 7 and order 7-6-4. 
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When k= 5 we have n= 11. It is-not difficult to show that there is 
just one configuration of degree 11 of the type now in consideration aud that 
it is equivalent to the configuration A,z[11] treated in § 9 and that the group 
belonging to it is doubly transitive and of order 11:10-6. 

When k= 6 we have n= 16. A corresponding configuration may be 
constructed in the following manner. By means 


of the adjoining scheme form 16 sets of six A BC D 
letters each by taking for each letter in the poen PA 
scheme the six which are aligned with it (ex- E F GH 
cluding that letter itself). Thus correspond- e oe Ta F 
ing to A and B we form respectively the sets IJ K OL 
BCDEIM and ACDFJN. The 16 sets formed sp “hoes 
constitute a complete 2-2-6-configuration of the MN OP 


kind here in consideration, as one may readily 
verify. The group belonging to the configura- 
tion is the doubly transitive group of degree 16 and order 16-15-12 4. 

In this case (4 = 6, n= 16) the configuration is not unique; but the 
total set of inequivalent configurations seems never to have been determined. 
(In fact, the general class of configurations treated in this section seems 
never to have been previously considered). A second configuration for the 
case k= 6 and n == 16 consists of the sets in the following sixteen columns: 


AAABBCOBBCOCDDAAAF 
BBCCODODOEJEHFGEETIG 
CDDFEILF KEG I MIF GdE4 
HGFGHENMOKOLKEHLd 
LEKEJtIIItIMONJNHNIMMUE 
PON MIJIELPPOPPPNOSL 


To show that this is different from the foregoing 2-2-6-configuration one 
proves that it belongs to a different group. There exists also a complete 
2-2-9-configuration (of the type here studied), consisting of the 37 sets into 
which the set 1, 7, 9, 10, 12, 16, 26, 33, 34 is transformed by the 37-9 trans- 
formations generated by ¥ =t + 1 mod 37 and ¥ ==16¢ mod 37. 

The configurations which we have named are apparently all the known 
configurations of the class here in consideration ; but there seems to be nothing 
known to show their non-existence for any value of k greater than unity. 
In particular, it seems not to be known whether such configurations exist 
for k= 7 or 8. 

With every configuration of the class here in consideration one may 
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associate an adjoint configuration, in the following manner. Number the 
sets in the configuration from 1 to n inclusive; let a@:, Qa, * *'', dn be the 
symbols appearing in the configuration. Now form a configuration of the 
numbers 1, 2,: + +, n by taking for the i-th set the Æ numbers which designate 
the % sets in which a; appears, doing this for i—1,2,--+-+,n. Then the 
n numbers appear in n sets of k numbers each. That they form a complete 
2-2-k-configuration of the class in consideration is readily shown by observing 
that if a; and a; appear together in the A-th and p-th sets of the original 
configuration, then A and yw appear together in just two sets of the new con- 
figuration, namely, in those determined by means of a; and a;. If the second 
of two configurations is adjoint to the first then the first is also adjoint to 
the second. 






UPON A THEORY OF INFINITE SYSTEM# 
IMPLICIT AND DIFFERENTIAL E 


By AUREL WINTNER. 


Introduction. There has arisen, in recent years, a large literature upon 
infinite systems of non-linear implicit and differential equations. The 
methods which are employed have become classical in the treatment of finite 
systems. However these methods (employed in the treatment of finite sys- 
tems) may be extended only to infinite systems of very special type, restricted 
by inequalities, which for many reasons are not fulfilled in possible applica- 
tions of the method of infinitely many variables to various classical problems 
in analysis. Thus the theorems which have been proved by me a few years 
ago? are the only ones to my knowledge which have found an application 
to concrete problems, in particular to the problems of Celestial Mechanics 
or the Caleulus of Variations. I shall give here a comprehensive review 
of these questions without giving any essential extensions of my results as set 
forth in my previous papers and without assuming any previous knowledge 
of the theory of infinitely many variables. The applications will be excluded 
and the reader referred in this connection to some earlier papers appearing 
in the Mathematische Annalen and in the Mathematische Zeitschrift. A 
characteristic application can be found in the paper of Martin appearing in 
this number of the Journal.’ 

The infinite system which I shall treat is composed exclusively of power 
serics (and not of more general functions) of the infinite sequence of variables 
(as is indeed always the case in concrete applications). 

My problem was to introduce a method of treatment in which the power 
series are not subjected to inequalities which would not be fulfilled in concrete 
applications but which would be necessary in the classical modes of treatment, 
Ou page 252 there will be given a number of examples, of most important 
character, which will serve to illustrate why the usual methods must fail. 

Inasmuch as the nature of the problems appears most clearly in its 
application to the complex space of Hilbert, the present paper will be re- 
stricted in its treatment to this space. It is of course possible by using the 
principles of General Analysis * to further extend the methods here set forth. 
There is no difficulty in using other spaces” than that of Hilbert. In the 
articles cited above also spaces other than that of Hilbert are treated; cf. the 
above mentioned paper of Martin. 
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The systems to which the existence theorems of this paper apply are 
simply the direct generalizations of the most general bounded (beschränkt) 
systems of linear equations of Hilbert, or the corresponding linear differential 
systems, to non-linear systems. The notion of a regular power series in 
infinitely many variables, which enters in the existence theorems treated in 
this paper, will be so defined that, in the special cases of linear and quadratic 
forms, the regular power series are nothing other than the bounded linear 
and quadratic forms of Hilbert (the coefficients of which are not necessarily 
real) .® 


1. Regular power series. By a power series in infinitely many variables 


21, Za" © © will be understood formally an expression 
fo] 
(1) (a, 25 d )= 2 om (41, Ze," ° ap 
a 
in which 
eo [<9] Cc 
(2) BO (aga =E EoD epy... vy nn + Bay 
=l v1 Vn=1 


that is 6 is a form of degree n. It is clear that any such form (in which 
the coefficients and variables may be complex) can, without loss of generality, 
be written so that 


f (3) CM yy, e n= cyn. Lg = eS Cy ys ety 


and this will accordingly, in the following, always be assumed to have been 
done. 
We now define what is meant by the convergence of the power series 
co CO Ww wo 
(4) (z, Bay °° * 5 Zm, Smet, m42 `` J= x 2 > x" > CM yy, an Vn BVBVg Bn 
=O n=} v1 Yn=1 
fand therefore also in the special case of a form (2)]. We put all the 
variables, with the exception of the first m, equal to zero and obtain a power 
series in the m variables 2, 22,° * * Zm, namely 


(5m) Pim (41, Zot °° seo ela a -ty Zm 0, 0,° - +) 
= Š ŞS- . > C™ yv. Lp Zuya oe Zyn. 


n=0 n=l v1 Vn=1 


This power series, arising from (4), will be called the m-th section (Abschnitt) 
of (4). We say that the power series (4) converges at a point 


(6) 21, 22,° ° * 


of the space of infinitely many dimensions if first: At the point (6) every E 
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section (5m) converges (in the usual sense of the theory of m-fold scries) 
for m==1,2,-- > (such a restriction is obviously by its very nature fulfilled 
in the case of forms or polynomials in infinitely many variables) and if 
secondly: At the point (6) the limit 


(7) lim Pimy (21, Z2* * * Zm) 
m00 


exists. The sum of the series (4) at the point (6) is defined as the value of 
this limit. 
The power series 


Ms 


, oo 0 P 
(4 ) = i = eee >) | Cy ve, vay | Zuto’ © * Byw 
n= = <a 


by: 


which arises from (4) when its coefficients are replaced by their absolute 


values, we shall call the best majorant of (4) and will be designated by ©. 
If the series (4’) converges at the point 


(6) Jah [zhes 


the series (4) is said to be absolutely convergent at the point (6). 
With respect to a given sequence of numbers 


(8) AOAO 
the symbol 
(9) orf zu} 


will be understood to designate the following domain of the infinitely many 
independent variables (6) : 


T co 
(10) > | e—a |2 <r 
k1 
Accordingly (9) is the interior of the complex Hilbert sphere, with radius r, 


taken about the point (8) as center. 
In particular we shall write briefly 


(11) or =0r{0}, 
so that 
co 
(12) Gr: = | ae |2 < 72. 


We say” that the power series (4) is regular in the domain (12) if the 
following three conditions are fulfilled: First, the m-th section (5m) of (4) 
shall, for any fixed m, in the sense of the theory of analytic functions of m 
variables be regular in the m-th “section ” of ør, that is, in the domain 
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m 
(13m) > | (|? <r. 
k=1 


Second, there exists at every point of (12) the limit defined by (7); the 
series (4) is then, according to the above definition, convergent. Third, 
there exists for every positive number e a positive number M,e which is in- 
dependent of m and such that the absolute value of the power series (5m) in 
the domain 


(13m’) > | zn |? <<(r—«)? 


is not greater than M,e; in other words the absolute values of the function 
(4) in the domain øre is not greater than M,... It follows from the first 
assumption that the power series (5m) converges absolutely in the domain 
(18m) and uniformly in the domain (13m’). It is clear that the second 
assumption is not a consequence of the first. In the special cases where the 
power series (4) is a linear or a quadratic form Hellinger and Toeplitz ° have 
shown that the third assumption is a consequence of the first two. However 
it is easy to show that for the general power series which contain terms of 
infinite degree the third assumption is independent of the first two. The 
power series (4) will be said to be an integral function if it is regular in a 
oy with arbitrarily large r. 

The upper bound of | @(z,,22,: - -) | in the domain op will be designated 
by [®]p. In the domain 0 Sp < r the upper bound [®]p is a positive mono- 
tone function of p which, while it is bounded in the interval 0 S p < r—e 
for any given value of e, can become infinite if e—> 0 (® being regular in or). 
The function © can be an integral function and nevertheless the series (4) 
not be uniformly convergent in any domain og (with arbitrarily small 8). 
The simplest example of an integral function of this kind is 


o 

(14) = > an". 
Moreover it is possible that ©, for example even in the special case of the 
quadratic form 

co w 
(15) P= YD Ciji 
is an integral function and nevertheless the series (4) is not absolutely con- 
vergent in a domain os regardless of how small 8 be chosen. We shall return 


to this point later (cf. page 248). In particular (4) can accordingly be 
an integral function without the necessary existence of a domain os in which 
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the best majorant is regular. If now not only ® but also © is regular in a 
domain ør we shall say ® is absolutely regular in or. A regular function 
which is a form is, because of its homogeneity, obviously an integral function. 
Inasmuch as the sum of a finite number of power series, regular in ør, is a 
power series regular in oy, we may say more generally that the sum of a finite 
number of regular forms, i.e. a regular polynomial, is likewise an integral 
function. 

For a given function @ regular in o, it is possible in the neighborhood 
of a given point (8) of o, to order formally the function according to in- 
creasing powers of the arguments Zy — 2. One thus obtains a power series 
in the arguments z; — z‘™ which in the domain 


= 00 
(10’) D |era (2 <2, =r Ñ | ye [2 
ct ki 


is® regular and for corresponding points possesses the same sum as ®. This 
theorem will be called the neighborhood theorem and implies among other 
things that in the concept of neighborhood associated with the metric 


(È | u: —— v; |) there exists no isolated regular point. Nevertheless (be- 
cause of the nature of the topology of z | z: |? < 8) it can not be expected 


that there exist, in the theory of finctiong of infinitely many variables, far 
reaching analogies with the theory of analytic functions of a finite number 
of variables, As an example, the theorem of Poincaré-Volterra, based on the 
theorem of Heine-Borel, is no longer true, for Hilbert gives the example’ 


of an obviously regular a in our sense) function for which the set of 
branches has the power of the continuum. 

Given the sequence of points {2}, {2 P}, {z'?},° + > in the domain 
or in which the function & is defined. The function © will be said to be 
continuous at the point {z,} if for every sequence in which 


(16) lim a =z, lim zo? = 2.0, lim zg =z, > - 
PPO v00 YOO 


we always have 


(17) lim P(2 P, 2, 23, - -J= p(z, Za, gg, ), 
vow 


There exist regular, and indeed integral functions, which are continuous 
at no point. The simplest example is the afore-mentioned function (14). 
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To be sure it may be shown *° that if ® is regular in or and (8) is a point 
of oy then (17) is valid provided that the sequence (16) converges strongly 
to {zs}, that is if not (16), but also 


(18) lim ¥ |a” — 24 |2 =0 
: y2% k=1 
is supposed. 

If we designate by ®z,(Zı Z2," °°) the power series arising from 
®(23, %2,° ` +) by term by term partial differentiation with respect to zx, it can 
be shown “ that if ® is regular in o+, then also ®,, is regular in or. Moreover 
we have 7? i 


one 2 2 
(19) 5S Peles fy) < (=) = const. in ope (e> 0). 
k=l ke 


Fre 





This mequality will be designated as the gradient inequality. 


2. The bounded forms of Hilbert considered as regular power series. 
We introduce now a new complex manifold E 


œo 
(20) E: D | & | =1 
i 
in the independent variables ¢;. The linear form 
ao 
(21) Dak 
#1 
is bounded in the sense of Hilbert if and only if the series ê 
E ; 
(22) : È | a: |? 
i=l 
converges. It follows from the inequality of Schwarz that the absolute value 
of (21) is not greater than the square root of the expression (22). That the 


expression (21) actually attains its maximum in Æ follows readily if we 
place in (21) 


(23) ti = 


a 
ns 
(È | ae |?)* 

k=1 
Accordingly the linear form 


co 
(24) È cizi 
i1 


is then and only then bounded in the sense of Hilbert if, considered as a power 
series in infinitely many variables, it is a regular function (and accordingly 
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an integral function) in our sense. Accordingly if (24) is a regular function 
in gp we have (with the use of the notation introduced on page 244) 


R co oO P 
(25) LÈ ceex]p =p > |c |?) 
k=1 k=l 5 
For brevity we write ` 
co 
(26) [al = (È | ex |?)* 
k=1 


Since the convergence of the series (26) represents the necessary and suffi- 
cient condition for the regularity of (24) it follows that (24) and 


o 
(24) > | es} as 
ii 


are simultaneously regular. Or more concisely, a regular linear form is 
always absolutely regular. 

The matrix || ai; ||, which may be complex and need not fulfill any sym- 
metry conditions, is then and only then bounded in the sense of Hilbert ° if 


each of the linear forms 2 dij; (t==1,2,-- -) is bounded in the sense of 


Hilbert and if in addition “there exists a positive number K so that in each 
point of Æ 


(27) $ | Sayy SE. 
i=z1 j=l 


In order that a matrix be bounded in the sense of Hilbert it is necessary +° 
that there exist a constant L independent of m so that 


m m 
(28) IZ X bls |SL 
=] j= 
in every point of 
(28’) s 5 | Se = 
k1 


It is furthermore necessary that the double series 
Co oO 

(29) È È dybt 
4=1 jĵ=1 


converge in every point of E. The sum of the series is then, from (28), 
obviously 5 L in absolute value. The exact upper limit S K% of 


(21) ( 5 | S ayt |2) 
i=1 j=l 


in the domain E will be designated by [ |} ai; ||]. If || ay | is bounded in 
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the sense of Hilbert it is known that the transposed matrix is also bounded 
in the sense of Hilbert and that [|| ai; |] = [|] az ||]. 

We now assume that the matrix || ai; || is symmetric (ai; = azı) without 
necessarily being real. Bellinger and Toeplitz ® have shown that in this case 
the existence of a positive number L, independent of m, so that (28) is valid 
in every point of the domain (28’) is not only necessary, but also sufficient 
in order that the matrix || ai; || should be bounded in the sense of Hilbert. 
Since we have agreed (3) to write every quadratic form in the symmetric form 

i o œo 
(30) È È cyz (cij = cji) 

i=1 j=1 

(in which the coefficients may be complex) it follows from the foregoing that 
every form (30), that is, a not necessarily real, but symmetric matrix || ci; || 
is bounded in the sense of Hilbert if and only if the form (30), regarded as 
a power series in infinitely many variables, is a regular function (and there- 
fore an integral function). It follows from the definitions (cf. page 244 
and page 247) and from the inequality of Schwarz that 





w is ei 5 
[È > 643212; |p Sp? [ || es | I. 
a= = 


Toeplitz 1* has shown that there exist symmetric forms (30) which are bounded 
in the sense of Hilbert, although the best majorant form 


(80) 5 S | ciz | ziz; 


451 j=l 
is not bounded in the sense of Hilbert. The justification of the remarks 
made in connection with (15) accordingly follows from the above theorem 
of Hellinger and Toeplitz [the example given by Toeplitz is moreover real 
and not only bounded but also in the sense of Hilbert “completely con- 
tinuous” (vollstetig), i.e. in the sense of the definition given in connection 
with (16), (17) continuous in every point of the Hilbert space]. 


3. Bounded sequences and bounded matrices of regular power series. 


We will say that the vector {®; (21, 2,° + *)} with infinitely many (not 
necessarily real) components 
(31) %,, Da, Da, aan 


is bounded in o+ if the following three conditions are satisfied : 
(a) The power series 


(32) Pi == Gj (21, 20, ° . J (i=1, as ”) 


are regular, in the sense defined above, in the domain er. 


THEORY OF INFINITE SYSTEMS. 249 
(b) If {zx} is any arbitrarily chosen fixed point of ar then the linear form 
0 
(33) 2 Si (2 Z2; nant ara 


is hounded in the sense of Hilbert, i.e. the number (cf. page 244) 


(34) [{®i (a, Z2 * ‘yh E Vel Bi (21, 22, °° -) lee 


which depends upon {z} is < + œ for any point in op. 
(c) The expression (34) is a bounded function of {z+} in the domain or 
i.e. there exists a constant J so that for every point {z+} of the domain o+ 


(34’) [{®: (2, Za," * JH <M. 

The smallest Jf i.e. the upper limit of (34) in the domain o, will be desig- 
nated by 

(35) [{®i} Je. 


In the special case when the vector components (81) are constants the 
above definition of a bounded vector is equivalent to Hilbert’s definition of 
the boundedness of the linear form 


(33) $ a:(0, EEE 


In an analogous manner we shall generalize the concept of boundedness, 
in the sense of Hilbert, for a matrix with constant elements, to a matrix whose 
elements are power series, as follows: 

We shall say that the matrix 


(36) | Ba (41, 22° * +) | 
(which need neither be real nor satisfy any symmetry conditions whatsoever) 
is bounded in o, if the following three conditions are fulfilled: 
(a) Each of the power series 
(37) Bij (41, 225° * *) 5 (t, j= 1,2," ° +) 
is regular in oy. 
(b) The matrix (36) is bounded in every point {2+} of or, i. e. the number 


(38) [ll Biz (21, 22° * *) [I], 


defined on page 247, which depends upon {æ} remains finite for any point 
iD oy. 


(c) There exists a constant Mf so that (38) [in every point of op] is not 
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greater than J ; the smallest M [i. e. the upper limit of (38) in the domain or] 
will be designated by 


(39) U Si; I] 
The following consistency theorems are now valid: 
I. If the power series (4) is regular in o, and if e designates an arbi- 
trarily small positive number, the vector with components 
(40) Pi = Or, = 06/02; 
is bounded in the domain cr- and satisfies the inequality 
(41) [aa Ir- S Lle for every « > 0. 


II. If (31) is a bounded vector in the domain ør then the Jacobian 
matrix 
(42) || 6B; /0z%, | 


is, for arbitrarily small e > 0, a bounded matrix in the domain oy-¢. 


III. If (4) is a regular power series in the domain er the Hessian matrix 
(43) || Pb /dz:82; || 


is, for arbitrarily small e > 0, a bounded matrix in the domain ore 
I follows immediately from the gradient imequality (19). II follows 


from I if we put ® 3 &;, (4%, 2° © -)& in I. III is a trivial consequence 
of I and IL. i : 

The multiplication theorems (Hilbertsche Faltungssätze) and related 
theorems of Hilbert upon matrices with constant elements can, by the usual 
proofs, be extended to our more general case so that I shall not enter any 
further in these matters. However the following trivial theorem, which will 
be needed later, will now be formulated: 


IV. Any vector (31), bounded in o+, is transformed by a matrix || ai; || 
into a vector 
[oe] 
(44) Yo Yat’; pi = z lij (21, Zo," * ") 
jS 
which is likewise bounded in op. 


In addition the following, easily proven, theorems are valid. 


V. If (81) is a bounded vector in or [or if (36) is a bounded matrix 
in or] and (8) is an arbitrarily chosen fixed point of or and if one orders 
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every power series ©; of the vector (31) [or every power series ®;; of the 
matrix (36)] in the neighborhood of the point (8) formally according 
to"increasing powers of the arguments z— 2, one obtains a vector (or a 
matrix) which is bounded in the domain (10’) (cf. page 245) of the new 
variables 2, — 2,. 


VI. The sum of two vectors (or matrices) bounded in a; is a vector (or 
matrix) bounded in op. 
This follows immediately with the use of the inequality of Schwarz. 


4. The existence theorems. In the proof of existence theorems on in- 
finite systems, the above consistency theorems permit us to take as a starting 
point in the proof a conveniently normalized form of the infinite system 
under consideration. i 

The fundamental existence theorem of the theory is the following: 


EXISTENCE THEOREN I.*° If the vector (31) is bounded in or the system 


(45) da;/dt = ®; (Zu 22° * +); (t= 1,2,---) 
possesses in the circle 
- 
46 tlra aT 
(6) HSan 
a holomorphic solution 
(47) zı =z: (t); (11, 2,- 3 D) 


satisfying the initial conditions 
(48) 24(0)=0; Gi=1, 2° 9 
and this solution (4%) lies in the domain or if t lies in the domain (46). 


[The uniqueness of the solution (47), which is more interesting than in the 
case of a finite number of variables is treated loc. cit.*, III, p. 466-467]. 

It follows from the Consistency Theorem V that the normalization (48) 
can be effected without loss of generality. In addition there is no loss in 
generality in assuming that the functions ®, of (45) do not contain the 
independent variable ¢ explicitly, inasmuch as one can in this case adjoin 
to (45) the differential equation 


(45°) dz/dt =1 [zo(0)= 0], 


without thereby destroying the boundedness of the vector whose components 
are the right hand members of (45). 

For the special case of a linear system of differential equations Hart +” 
has demonstrated this existence theorem bya method which cannot be ex- 


< 
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tended to the non-linear case.1® The existence domain found by Hart in the 
special case of the linear systems is larger than that given in (46), valid for 
the above more general case. In fact the existence domain + found by Hart 
can be derived as a corollary from Existence Theorem I simply by analytical 
continuation in which one need only use the divergence of the harmonic 
series.?° 

Mention has been made, in the introduction, of the failure of the usual 
existence proofs under our general assumptions. We intend now to discuss 
this matter in greater detail. First of all, the method of Arzela and related 
methods,?* in which only the continuity [or even less restrictive assumptions **] 
of the ®; is assumed, are not applicable. This appears immediately from the 
known fact that the Hilbert sphere is neither separable nor compact. The 
methods employed under the condition of Lipschitz are also not applicable, 
as is readily perceived from the integral function (14) which is neither con- 
tinuous nor satisfies the condition of Lipschitz. That the majorant method 
of Cauchy, which assumes the existence of a single majorant equation 


(49) dz/dt = (2), 
must also fail follows from the example 
(50) i =z; (i=1,2, +). 


The vector (31) is, in the case of (50), bounded in any ør. The best common 
majorant, with one variable, of the infinitely many power series (50) is 
however 


7. co wo 
(50’) S22 > 1, 
i=1 i=i 


a divergent series, so that the best common majorant (49) does not exist. 
This type of infinite differential system, in which the variable z; dominates 
the function ©;, is moreover a typically occurring case in the applications. 
The method of Cauchy is a special majorant method, as it is based on 
the existence of a single (common) majorant differential equation. It will 
now be shown that the proof of Existence Theorem I lies beyond the capa- 
bilities of the majorant method even if one replaces each of the infinitely 
many differential equations by its best majorant, i.e. even if one works with 
an infinite majorant system. The best majorant system of (45) is [cf. (4’)] 


(51) dai /dt = ĝi (zu Za > °). 


One can now so choose the ®; that on one hand the vector (31) is bounded 
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in every domain ør, and consequently the system (45), according to Existence 
Theorem I possesses a holomorphic solution, satisfying the initial condition 
(48), while on the other hand the best majorant vector 


(52) &,, b.,- °° 


is not only not bounded in a sufficiently small domain o, but the best majorant 
system (51) of (45) cannot possess a holomorphic solution satisfying the 
initial conditions (48). [In what follows, for the sake of brevity, we shall 
demonstrate only the non-existence of a holomorphic solution of (51) satis- 
fying (48)]. We infer accordingly that the best majorant of a solution is 
not to be confused with the solution of the best majorant system. 

In order to give an example of a differential system (45) which fulfills 
the conditions of Existence Theorem I but which does not yield to the devices 
of any majorant method we put in (45) at first 


[9] 
(53) p= m + 2 inte 
1 
where the form 
[oe wo 
2o 2 | lik | Zik 
i=2 k=2 


is not bounded in the sense of Hilbert. The two bounded linear forms 
o o 
= lt X k, 2 OX 

can be so chosen that ® i ` 


o0 co 
> > | Avpdivl pe | = + wo. 
v=2 p=2 


If we now assume that 
co oO 
È È Ginzize 
k=2 
is symmetrical and bounded in the sense of Hilbert (which contains no contra- 
diction '*) and if we place 
%4—=0, diy; (t= 1,2,- °°), 


the premises of the Existence Theorem I are fulfilled since the two forms 


œ 
2 Qik2i2e 
k=l 


M2 


fas} 
È tizi, 
i=1 


> 
u 
bet 


are obviously bounded in the sense of Hilbert; while the best majorant system 
(51) of (45), (53), namely the system 
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kee] 
des/dt—| m |+ È | ay | z; (i= 1,2,- °°) 
possesses no holomorphic solution 
oo 
zi (t) = > yat 
k=1 
since the recursion formulas for such a holomorphic solution yield 


Bln [av |È | an | ap | 


and accordingly yı == -4+ œ (cf. loc. cit.?, II). 

From Existence Theorem I and the above consistency theorems there 
follows, since our concepts are the non-linear generalizations of the concepts 
of Hilbert, the following: 


Existence Theorem II.”** If (31) is bounded in or the implicit system 
(54) zi == t Bj (21, 23" + t); (i=1,2,---) 


possesses in the circle | t] <a, where æ is a suitably chosen constant, a holo- 
morphic solution 
(55) zı = 2;(t) 


and this solufion (55) lies in or if t lies in the circle |t| <a. 


The assumption that the ®; are independent of ¢, is no restriction on 
the generality of system (54) as we can adjoin to (54) the equation 
Zo ==t&, where p= 1. 

If one chooses in (54) the ®; linear functions of zı, z2,° - © namely - 


: œ 
(56) Di = ai + È ti;zi; (i=1,2,: ++) 
x H 
then the vector (31) is then and only then bounded if the matrix || æi; || and 
the linear form (21) are both bounded in the sense of Hilbert and (54) 
becomes ; 


œ 
(5£) zi — t X myz = im; (= 1, 2,° : ‘) 


so that Existence Theorem II becomes the Theorem of Hilb 7: If the matrix 
| az; | is bounded and if {| 8; | denotes the unit matrix the matrix 
|| 8:3 — tai; || has for sufficiently small values of |¢| a bounded reciprocal 
matrix which is a holomorphic function of t (Neumann’s series of iterations). 
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The method by which the proof of the existence theorems proceeds is of 
such character that the generalization to the case where the components of 
(31) contain also parameters p; is almost trivial. (In this respect compare 
loc. cit.?, I). 

With the use of this parametric generalization there follows from Exist- 
ence Theorem II by means of a device ** the following theorem on the regular 
transformations of the Hilbert space into itself: 


Existence Tarorem II.” If 
(31’) ya (2 22," * *), palz, Z2",° +), 


is a bounded vector in the domain 
Cc 
or: Xj] |? <r? 
kzi 


and if yı contains no constant and no linear term there exists a sufficiently 
small r and a bounded vector (31) of regular power series in or such that 
‘the system 

(57) ay ail + hilar’, ae, +) 5 (i==1,2,°° ‘) 


possesses in or the inverse transformation 
(58) zi = @; (21, 22,° + *)3 (i= 1,2,- ++). 


It follows from the Consistency Theorem IV that the restriction made 
in Existence Theorem III that the transformation of the Hilbert space into 
itself is to higher terms the identity transformation, is not an essential one, 
and Existence Theorem IJI is accordingly still valid if (57) be replaced by 
the more general system 


œ 
(57) z= 2 dijz + palz) G=1,2 o) 
j= . 


where || ai; || is a constant matrix (becoming in the normalized case (57) the 
unity matrix) which is bounded in the sense of Hilbert and which possesses 
a bounded reciprocal matrix, i.e. the linear approximation 


is.9) 
(57a’) a= 2 1552; 


of (57’) is a unique reversible transformation of the complex space of Hilbert 
into itself. In the case of finite many variables this assumption is obviously 
equivalent to the restriction that the Jacobian determinant be different from 
zero in the neighborhood of the origin. 
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In addition Existence Theorem II permits a corresponding generalization, 
i.e. Existence Theorem II remains true if we replace (54) by 


fe @) 
(54) È, tizi = 1 Di (21, 237 * *)5 (t==1,2,° °°) 
jal 


provided that we assume the matrix || ai; || is bounded in the sense of Hilbert 
and possesses a bounded xeciprocal || bi; ||. 

Finally it should be mentioned that Existence Theorem IIT remains valid 
if the y; depend not only upon the z;” but also upon the 2;. The proof proceeds 
in exactly the same manner as for Existence Theorem III; as is also true for 
the generalization mentioned in connection with (57a’). 
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NOTE ON THE NUMERICAL VALUE OF A PARTICULAR MASS— 
RATIO IN THE RESTRICTED PROBLEM OF THREE BODIES. 


By Jenny E. ROSENTHAL.” 


In order.to fix the positions of the collinear libration points (La, La and 

Ls in the notation of E. Strömgren f) on the line joining the masses » and 
1—y we denote p, and pı the distance of L, from the mass u and the mass 
1 — p respectively, by pə the distance of Le from the mass p, and by ps the 
L; L Dz 

O O. ©- O- 0. 


l—p, B 











distance of L from the mass 1—y. In a recent paper Martin f has shown 
that the distances pı, pi, pe and ps are monotone functions ot » in the interval 
0<p»< 1 and that they possess the following property: In this interval 
there exists one and only one value p” of p for which 


(1) pile) Sp” S php) according as pS p”. 
> > > 
It follows from considerations of symmetry that 


(2) Pilu) S p* S p(n) according as p Z 1 — p*. 
> > = 


The equations for the determination of p* and p* have been derived by 
Martin f from which the author has caleulated the numerical values of p* 
and p“ finding 


p* = 0.938933, p“ = 0.9992718, 1 — pa” = 0.0007282 ; 


where the results are accurate to the last significant figure indicated. 

For the mass ratio of the Sun and Jupiter we have approximately 
p= 0.9990 < p”. Since the libration points Lı, Ls and L, are separated 
by the masses it follows from the inequalities (1) that the libration point 
nearest the Sun is to be found between the Sun and Jupiter. 
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UPON THE EXISTENCE AND NON-EXISTENCE OF ISOENER- 
GETIC PERIODIC PERTURBATIONS OF THE UNDISTURBED 
CIRCULAR MOTIONS IN THE RESTRICTED PROBLEM 
OF THREE BODIES. 


By Mownroz MARTIN. 


Introduction. In the restricted problem of three bodies if we denote the 
masses of the two bodies, rotating in concentric circles about their center of 
mass, by a and 1 — u then for p= 0 a possible orbit for the third body is a cir- 
cular motion about the non-zero mass. In this paper we treat the following 
problem: Does there exist, for sufficiently small, positive values of p, and 
for a given value of the constant of relative energy (Jacobian constant), 
an isoenergetic ¢ series of periodic solutions of the equations of motion, the 
members of which converge to the circular motion mentioned above, and 
the periods of which converge to the period of this circular motion, when the 
parameter u of the series converges to zero? Denoting by n the angular 
velocity, in the non-rotating codrdinate sytem, of the third body in its 
circular motion for a = 0, Levi-Civita,{ and Birkhoff,§ employing the methods 
of Poincaré,“ have shown that, when n is not the ratio of two successive 
integers, such an isoenergetic series of periodic orbits actually exists. For 
n the ratio of two successive integers the problem is a resonance problem and 
neither the existence or non-existence of this isoenergetic series of periodic 
orbits has as yet been mathematically demonstrated.|| The existence of this 
isoenergetic series for these critical values of n requires the vanishing of 

t Isoenergetic is here taken to mean that the Jacobian constant is independent of x. 
For the corresponding isoperiodie case in which the Jacobian constant is a function 
of m, ef. A, Wintner, “ über eine Revision der Sortentheorie des restringierten Drei- 
kérperproblems,” Sitcungsberichte der Sdchsischen Akademie der Wissenschaften zu 
Leipzig, Vol. 82 (1930), pp. 3-56. 

tT. Levi-Civita, “Sopra alcuni criteri di instabilità,” Anneli di Matematica (3), 
Vol. 5 (1901), pp. 282-289. 

§ G. D. Birkhoff, “ The Restricted Problem of Three Bodies,” Rendiconti del Circolo 
Matematico di Palermo, Vol. 39 (1915), § 11; and also, “ Dynamical Systems,” Ameri- 
can Mathematical Society Colloquium Publications, Vol. 9, New York (1927), pp. 
139-143. 

{H. Poincaré, Méthodes Nouvelles de la Mécanique Céleste, Vol. 1 (1892), pp. 
79-119. 


|| Concerning a paper of Poincaré in the Bulletin Astronomique, ef. § 6, A. Wintner, 
loc. cit. 
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certain expressions, the vanishing of which expresses the fulfillment of a type 
or orthogonality condition (Verzweigungsgleichungen).+ It will be demon- 
strated that for sufficiently small values of » this condition is not fulfilled, 
and consequently the isoenergetic series of periodic orbits cannot exist for 
these critical values of n. The mathematical apparatus employed differs from 
that employed by Levi-Civita and Birkhoff, the method here being that of the 
infinitely many variables,{ as developed for the problems of celestial mechanics 
in the papers of Wintner.§ In order to put in evidence the method used in 
the proof of the non-existence of an isoenergetic series for the eritical values 
of n, it is necessary to present the existence proof, with the method of in- 
finitely many variables, for the non-critical values of n. 


1. The non-linear differential equation of the normal perturbation. 
If the origin of the rotating system of codrdinates be taken at the mass 1 — p, 
the Lagrangian function for the third mass may be written 


(1) L= Y(t +p) + (ay — ay) + F(a, ye), 
where we have placed 


F(z, y; = (ez—4)?+¥7] 
+ pl (@—1)? +p HHA — 2) (2? +). 


The dot is used here and throughout the paper to denote differentiation with 
respect to the time. In order to obtain the differential equation of the normal 
displacement we introduce polar coérdinates p and r and it will be convenient 
to place p= a + ¢, accordingly 


(2) z =(a + £) coss, y =(a + ¢) sine. 


The Lagrangian function and F when expressed in terms of the new 


+ Cf. the papers referred to in the footnotes § and $ below. 

t For another method developed by Lichstenstein in order to treat non-linear 
boundary value problems with the use of Greenian matrices and successive approxima- 
tions and which would be in the present case equivalent, cf. L. Lichstenstein, “ Zur 
Maxwellschen Theorie der Saturnringe,” Mathematische Zeitschrift 17 (1923), pp. 62- 
110, and the further developments of this method by E. Hélder, “Mathematische 
Untersuchungen zur Himmelsmechanik,” Mathematische Zeitschrift, Vol. 31 (1980), 
pp. 225-239, 

§ Cf. for instance A. Wintner, “Über die Differentialgleichungen der Himmels- 
mechanik,” Mathematische Annalen, 96 (1926), pp. 284-312. 
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coordinates ¢ and r will be denoted by Z* and F* respectively. On expressing 
“(1) in terms of ¢ and 7 by means of (2) we obtain 


LP = YË Ha +4] Hla Ht + Tma), 
(3) 
(brim a)= (a+0)2 + (a+ E 2/2 
+ p{[1 — 2a cos r + a? + 2(a— cos r) é -+ £2]-4 —(a + £) cost —(a + £)-4} 


from which the Lagrangian equations 


(4) ioe Cds 
which possess the Jacobian integral 

(5) ¿2 + (a+ £)%? = 2F* — O, 
may be derived. 


For == 0 equations (4) take the following simple form: 
©) ë= G+H aHa Š [aHa], 


and possess the solution 
(7) f=0,  r=(n— 1)t + To 


in which n (the angular velocity of the third mass in the non-rotating 
coördinate system) is determined from a, the radius of the circular orbit, 
by the third law of Kepler 

(8) na = 1. 


Putting == 0 in the Jacobian integral (5) and inserting the solution (7), 
the Jacobian constant C, for the circular orbits (7) is obtained in terms of a, 
the radius of the circular orbit, as follows: 


(9) O = 2a% + 1/a. 


For a given value of the Jacobian constant C we may employ (5) to 
replace (3) by a new Lagrangian function A, homogeneous of degree one 
in € and 7, namely 


(10) A= {[2F* — 0] [Ë +(a + ON” + (a+ 0%. 


Since A is homogeneous of degree one in ¢ and r the Lagrangian equations 


d ðA OA d ôA 3A 
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are invariant under a change of independent variable 


(12) t=1(0),  dr/d§>0. 
Having decided upon a suitable choice for the independent variable 0 thd 
principle of Maupertuis + states that if we write the solutions of (11) with 8 


as independent variable in the form 
(13) f=€(6), 1r=7(9), 


then every solution of (4) for the given value of the Jacobian constant men- 
tioned above, can be written in the form 


(14) = €(0(t)), r= 7(0(t)). 


The function 9(¢) is the inverse of the function (12) and is obtained by a 
quadrature from 


(Hy bed E ea) C i 
BY (EG) 40+07(4) 





(15) 


Since @ is arbitrary we may take 6==7, that is we now regard 7, originally 
a dependent variable, as the independent variable and seek to express the 
variable ¢ as a function of it. The Lagrangian function, with r the inde- 
pendent variable, will be denoted by A* and we have from (10) 


(16) A*== {[2F* —C][€# + (a + i) a 27°; = d/dr. 


The Lagrangian equation, the solution of which yields ¢ as a function of r 
and which will þe called the equation of the normal perturbation is accordingly 





d OA OA 
Equation (15) takes the form 
dr 
(18) u TI 


and serves to determine r as a function of t. 

It is clear, since the principle of Maupertius proceeds on the assumption 
that the Jacobian constant has a given value, that in order to obtain an 
isoenergetic series (with » as parameter) of solutions of (4), the members of 
which converge to the circular motion (7) as œ converges to zero, it is not 
only sufficient but also necessary to obtain the solutions of (17) and (18). 


7G. D. Birkhoff, “ Dynamical Systems with Two Degrees of Freedom,” Transactions 
of the American Mathematical Society, Vol. 18 (1917), pp. 202-204 or F. D. Mur- 
naghan, “The Principle of Maupertuis,” Proceedings of the National Academy of 
Sciences, Vol. 17 (1931), pp. 128-132. 
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If one is not interested in the history of the third mass in its motion, but 
only the form of its orbit, equation (18) may be discarded. 

2. The calculation of the equation of the normal perturbation. We shall 
now treat the equation of the normal perturbation in some detail. If we 
substitute the expression for A* given by (16) in equation (17) we obtain 

e(a+ 02 eee 
9 wn pil le EA ee 
oe OT GO FH GF — oy 
p feto eel ht ato teate gee 


Crou TeS 


or 
(19) “== Ou, E, 6’, COST; p, a), 


where we understand F,” —=@F*/ér and P = 02/06. 
We treat, once and for all, only those values of a for which 


(20) 0<a< o, al. 

We have then 

(21) 1— ĉa cost + a? Z(1—a)? > 0; — o <T< ow, 

and from (9) and (3) 

(22) 2F*(0,7;0,a)—C = «e? (a32 —1)}? > 0; —o<r< +o. 


We wish to emphasize here, that while ® is a function of a, the value of a 
is fixed, inasmuch as the Jacobian constant C is assumed to have been given 
[cf. (9)]. Since a is fixed it follows from (19’), (19), (20), (21), (22) that 
the function ® is regular for sufficiently small values of ||, | ¢ | and |a] 
and for all real values of 7. Consequently there exists two positive numbers 
R and K such that in the domain 





(23) |El <R, |E|<R, |u| <R, ~o <r< +o, 
we have P 

, a2@ 

(24) sr | <z 





and the convergent developments 





©% œ% œ 
(25) b= 5 DX d Ati, 
j=0 k=0 ł=0 
e LL PAs eri 
(26) m TA > > dr? were ? 


where from (19) the coefficients Ajx: of (25) are obviously real and even 
functions of r and can be expanded in a regular Fourier series of the form 
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oO 
(27) Aja = 2 Aeh AP m= AS 0; (j,4,2—=0,1,2,: °°). 


The inequality (24) for the function (26) being valid it follows by Cauchy’s 
theorem on convergent power series that in the domain (23) we have 

PA jki 
dre 
Since (27) is a regular Fourier series, it follows on differentiation term 
by term 





(28) < KRUD 5 (j, k, l== 0,1, 2,° + +). 








py œœ 
PA iri zas PAD oTi; (j, k, b==0,1,2,° ++). 


dr? y==00 


(29) 


Since the absolute values of the Fourier coefficients in the development of a 
periodic function are not greater than the maximum of the absolute value 
of the function we have from (28) and (29) + 


(30) [AP |< ERD; (j k, l= 0,1,2 j v= 0, £1, +2,°°°). 


jkl 

We now proceed to calculate explicitly the following coefficients in the 
expansion (25): 
(31) Áki for bks i 
The labor of this calculation is lessened if instead of proceeding directly from 
(19) we develope the Lagrangian function A* according to powers of g, ¢ and 
¢’ and obtain the coefficients of the terms é, £7, ¢? and pf (since A* is a 
function of ¢’? it is clear at once that the coefficients of 2’, pf’ and ££’ are zero). 
On taking the Lagrangian derivative of the development of A* the coefficients 
(31) may be obtained immediately. From (16) and (3) we obtain 


(82) AY = [(4 + Bu + a?) (a? + 20b + £ + E°?) J* + (a H £)2, 
where we have placed 


(33) A=(a +£)? +2(a +E)" — O, 

(34) B=2[r? + 2(a— cost) + g] — 2 (a -+ ¿) cos r—2(a + t), 
in which r denotes the distance between the mass » and the third mass, i.e. 
(35) 7? = 1 — 2a cos r + a?. 


If we develop A and B (for sufficiently small | £|) according to powers of ¿, 
and replace C by (9), we obtain for the first terms mentioned above in the 
development of A and B respectively: ° 


ț If we agree to write 1/0 = 1 the validity of the inequalities (30) for »==0 
follows directly from (25). 
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(36) Ap —=(a%—a)® + 2(a— 08) + (1 + 209) 
(37) By == 2(r — at —acosr)+ 2[a2 + (costr — a)r — cos r]é.t 


As a first step in the development of (32) according to powers of p, ¢ and ¢’ 
we have (for sufficiently small | ¢ | and | ¢ |) 


(38) A*=a(A + Bp + w?)*(1 -+ at + 0962/2) + (a + £)? + A”, 


where A,” contains terms of order higher than the second in ¢ and %. Ou 
developing (for sufficiently small | » |) according to powers of u we have on 
replacing A by A: and B by By 


(39) A* = ad (1+ af + Ya2g’?) 
+ (a+ £)? + Yad B (1 + of + Yoel?) p +A a", 


where A>” contains terms of order higher than the second in p, ¢ and ¢’. 
From (86) we have 


(40) A® = A{1 + aA? (a8 — 1) 
+ Il (a? + 2)ad? — (aè — 1) JaA) $e =, 
where we have written 
(41) A=a% —a. 
From (87) and (40) 


(42) oad» B, = A {art — a? cos r — 1 -+ [at 4 ar? (cost — a) 
— a cos r — (ar! — a? cos t — 1) (G2 — 1a P APE} 4-°--. 


Equation (39) may now be written 


(43) A* = aA, + 16[ 20848 + Bat A? — (a8 — 1) Jas Aei 
+ [a + aA? + PA — Larte 
+ [(24? — a3 + 1Jart + (cos r — ajad A?r3 
+ a? (a? — 2a Á? — 1) cos r + a3 — 1]e?A-3pt + A", 
where A,” contains terms of higher order than the second in p, é and ¢, 


together with unessential terms independent of £ and ¢. On multiplying 
(43) throughout by aA! we obtain 


(n aAtA* = A” o + ad ta*,, 
where from (8) and (41) 


(45) A*a = Yn? — Yon? (n — 1) °C? + pl Ar00 


t Since B, occurs in the expansion of A* multiplied by x [ef. (39) following] 
it is sufficient to give here only the linear and constant terms in the development of 
B, according to powers of §. 
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in which we have placed 


(46) Aio == [ (a42? — a + 1) ar + (cos r — a) a8 A273 
+ a? (a? — 2aA2 — 1) cos r + a8 — 1Jat A+. 


We now introduce the parameter of Hill 
(47) m=(n— 1), 


and note at this point that a, n and m by virtue of (8), (9) and (47) are 
all determined by the Jacobian constant C. With the exception of m =Q, 
— 1 and + œ, which have been excluded by (20), the integral values of m, 
namely, 

(48) m=, +2, t3, +41, 


correspond to the critical values of n mentioned in the introduction, and 
conversely. Expressing a@ and n in terms of m equations (45) and (46) 
become respectively : 


(49) Až = Yet? — 14 (m + 1) + Aio pé, 


(50) Arom (m + 1)?/8{2(m 4+ 1)rt 
— m?/3(m -+- 1)-2/8 (2m + 3)cos r + m? (m + 1)?/r°3 cos r 
— mi3 (m 4-1)-¥/3r-8 — m-2/8(m + 1)2/3(2m +1)}. . 


The equation of normal perturbation (19) may now be written 
co œ co 
(51) OP (m+ 1) ndt E 2 2 Aja pilre, 
J= =l = 
or from (27) 
00 co oc © æ R 
(5) (mm +-1)%—p SAM ETHEL YS SS YAM onte, 
vo t $=0 k=0 150 v=-00 j 
where in (51) and (51y 


(52) ptk+lee 


3. The infinite system of conditions for the existence of a periodic solu- 
tion of the equation of the normal perturbation. We have seen in §1 that 
in order to obtain an isoenergetic series (with w as parameter) of solutions 
of the differential equations (4), the members of which converge to the 
circular motion (7) as u converges to zero, it is both necessary and sufficient 
to consider the solutions of (17). If we are to treat the series of periodic 
solutions of (4) mentioned in the introduction it is necessary in addition, 
as we see from (2), that ¢ be a periodic function of period 27 in +, that is 
the period of ¢ with respect to r is independent of p. On the other hand 
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the period of £ with respect to ¢ is determined from (18) and will obviously 
‘epend upon yw. Such a solution for ¢, real and periodic with period 2r in r, 
ill be sought for in the form of the Fourier development 
es : 
E(r)= by ayer, 
h=-00 


where it will be convenient to introduce the substitutions + 


(53) zn = hyn pat; (h=O4%1,+2,--°), 
so that we have 

o 
(54) E(r) = 28 S hiye. 

h=-00 


The infinitely many unknowns yx are, for a fixed value of the Jacobian 
constant C (and hence of a or m), functions of æ which are to be so deter- 
mined that for sufficiently small values of 2 the series (54) converges and is 
~ a solution of the differential equation (51), becoming identically zero for 
a=). 
We avail ourselves of the notation 


oo 
(55) L £ aTi]; = a; } G=0, +1, Se ‘) 


y- 
and the infinite system of conditions which the yẹ must satisfy in order that 
(51) be a solution of (51) may be made to take the form 


(58) {h-? (a + 1)? —1}yns=2yn(z; Yo Yi» Y-1.° | 2 (h==0, mm ea a ae 


where we have placed in the notation (55) 


67) p= Y Y Seams § M=) 


j=0 k=0 1-0 
and which can be expanded as follows: 


(7) wa Y SS E wera ey (ale; 


j=0 k=0 150 p=-00 q=- 
(h=0,1,42,'-°). 


The y» are power series in the infinitely variables and we now proceed 


+ Here and throughout the remainder of the paper we shall retain the convention 
agreed upon in the footnote on page 264. 

4f fo fa: < +f, be any n Fourier series we shall understand by the symbol 
Uf; -filr the coefficient of the k-th term in the Fourier series obtained by the multi- 
plication of the two Fourier series f; and fy. Tf Co Cat + + Ch be any n constants the 
symbol [ ly; possesses the property [e,f, + eof, - » Chl, = Cia t ATSIC -o falre 

$ The prime affixed to the summation sign indicates that the summation labels 

. take the following values: j==1, k =0, 1=0; j+kh+i>2. 
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to establish an inequality for the best majorant + yy. Before doing so we 
state here a few facts on the multiplication of a special type of Fourier 
series.{ In this connection we have the inequality § 


(58) = k2 (1— k)? < 171; (I=0,+1,+2,°°°). 
=~00 


The content of this inequality is that for n Fourier series f; (j = 1,2, en) 
where in the notation (55) 


(59) ale | S k2; (j=1,2,- +n; =0,+1,42,°°°), 
the following inequalities exist 

(60) | [fi file | < 17k; (4,7 = 1,2, n, k=0,+1,+2,°°°), 
and in general if Ci, C2,* © Oa denote any n constants whatsoever 


(61) | [Of p Caf2 og ox Cafne | < | CC, eee Cn | 172-1}? ; 
(k=0,+1,42 °°) 


because, for example 

| Ofa: Cafele |= | CrCa[fi-fele | < | C102 | 1%? (k=0, + 1, + 2 e). 
We now show that for the functions yx defined by (57) there exists two 

positive numbers a and M, so that the best majorant yn satisfies the inequality 

(62) pa(a; 1,1, + °) < M; (h=0, = 1,2) 


We introduce the notation 


oo oC 
(8) Seles S lity lot, =le $ ley len 
j= 00 i a 


Agm 3 14@ ler, (j,k, 1=0, 1, 2,° °°). 


Tt follows from (61) that in the domain 
(64) 1 yz | S15 ((=0, Toa eh ee], 
the following inequalities are valid: 


(65) [es < pelo ferme, [ee], < je |a jetar; 
(k= 0,1,2,°°°3 7=0,+1,42,-°°) 


f By the best majorant of a function defined by a power series we shall understand 
the function defined by the power series obtained on replacing the coefficients of the 
original power series by their absolute values. 

$A. Wintner, loc. cit., footnote § p. 260. 

§ A. Wintner, “Über die Konvergenzefragen der Mondtheorie,” Mathematische 
Zeitschrift, Vol. 30 (1929), pp. 219-220. 
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~I therefore from (30) and (63) 


á K yet | g [2D K 7 o 
D Mapeh. § aa plp) epe; 


(j, k, L= 0, 1, 2, > 73 h=0, +1, ct 2,° ¥ J 
From (57) we have 


(67) Ya (2; Yo, eal > S palt; Yo Yrs’ * *) 
pees as Y S > he | £ | 4j-4 [A,%, CHE IT, (h=0, + 1, + 2,° . J, 
j=0 k=0 1=0 


and from (66) 
+k+l 
(68) yrë (æ;1,1,' ¢ :)< V(r) K = Sv y (Hal |z ae g |(Bs+2R+20-4) ; 
j=0 k=0 1=0 
(4 =0, + 1, + 2,° i ‘). 


It follows that &(a) is a regular power series in | æ |. It follows by Cauchy’s 
test that if 
(69) |x| < min (R/17,1)t 


and series ¥(g) is convergent. Consequently there exist two positive numbers 
a and M, so that (62) is valid. 


4. Existence proof for the non-critical case m340 (modi). Before 
entering upon the existence proof it is necessary to state an existence theorem 
on infinite systems.{ 


Turorem I. Given the power series 


(70) foq( 1, 22° ttg) Yr, Yat * 5 Àn Àg -) 
(p=1,2,: 77385 q=1,2, i D) 


in infinitely many variables so that there exist positive numbers 
(71) a5 a; bi, ba’ : * 5 Aa, As,’ x -5 Ma, Mo,’ e 


for which, if foq denote the best majorant § of fpa, the following inequalities 

exist 

(72) a< b;/M;; fos (a,a,° ++ 5 bubat t; An Agt -)S My, 
(p=1,2,°- +8; gu=l,2,-°°), 

then the system 


f The symbol min (a,b) signifies the minimum of the two numbers a and b. 
tA, Wintner, loc. cit. (8), pp. 291-294. 
fae § Cf. footnote f, p. 268 


270 MONROE MARTIN. 


8 
(73) n= à Xp] pj 5 (j= 1,2,°° a 
possesses in the domain 


(74) |ap|<min(a/s,a); |A| << Ans (p=1,2, < <s; k=1,2, °°), 


one and only one solution y;(#1,%2,° * *, Es; Ay ào + *). This solution is 
holomorphic in the domain (74) and satisfies the inequalities 


(75) | Yi (Ta; tat ` t s; Àn Aa * A| <b (i =1,2, > s 
and of course 
(76) yi(0,0,° + +05 àn àgi e e= 0 (¢==1,2,- °°). 


If the power series (70) and the arguments are real the solution y;(a1, £a, 
+ t £a; Àn Ae," © +) ts also real. 


If we place s = 1, M: = M, bs = b, (t= 1,2,- - -) and reject the para- 
meters A we have the following special case of Theorem I: 


THEOREM Ja, Given the power series fj(t3 41, Ya) in infinitely 
many variables so that there exist three positive numbers 


(77) a, b, M, 


for which, if f; denote the best majorante of f;, the following inequalities exist 


(78) fila; b,b) <M G=12: +) 
then the system 

(79) Yi = afi; (t= 1,2,°°°), 
possesses in the domain 

(80) z < min (b/M, a), 


one and only one solution y;(x). This solution is holomorphic in the domain 
(80) and satisfies the inequalities 


(81) lys(z) | <b; ((=1,2: +°), 
and of course 
(82) yi (0)=0; (j= 1,2," °°). 


If the power series fi (£; Ys; Ye,* ` +) and the arguments are real the solution 
yi(x) is also real. 


If ms£0 (mod 1) the infinite system (56) can be written 
(83) y= fi (T; Yo YoY- > *)5 G(=0 12:e), 


p7 


EXISTENCE AND NON-EXISTENCE OF PERTURBATIONS. 271 


where we have placed 


(84) fi = [(m + 1)?77? — 1) ys3 (j= 0,41, #3," % *), 
-and since m5<0 (mod 1) there exists a positive number M+ so that 
(85) | [(m + 1)*/P? —1]*| <M; (j=0, £1, £2). 


We have from (62), (84) and (85) 


(86) fila; 1, 1,» > <M; (j=0,+1,+2,: Š s 


on putting M == MMe. From Theorem Ia and (86) it follows that the in- 
finite system (83) possesses in the domain 


(57) |z| < min (1/M, a)= 8, 


one and only one solution y;(2). This solution is holomorphic in the domain 
(8?) and in this domain satisfies the inequalities 


(88) | ys (£) | <i, y;(0)=0; (j= 0, +1, + 2,- g D 


Accordingly from (53) and (88) the series (54) for ¢(7) is convergent for 
i «| < 8t and ¿(r) converges identically to zero as » converges to zero. 

In order to show that the solution (54) is real for » > 0 it is only 
necessary to write (54) in terms of sines and cosines i.e. 


G£) £(4)= bo + S (av sin vr + by cos vr), 
rz0 


(where the coefficients ay and by are real) and to obtain hy substitution in 
the differential equation (51) a real infinite system of conditions for the av 
and by. That a unique solution of this infinite system exists for which (54’) 
converges (becoming identically zero for a= 0) follows since (54°) is only 
formally different from (54). Furthermore since the infinite system for the 
ay and by is real it follows from the existence theorem on infinite systems 
stated above that this infinite system possesses a real solution for the ay and bv. 
The existence of a real solution (54) is accordingly demonstrated. 


5. The critical case, m==0 (mod 1). Let m be a fixed integer.t The 
infinite system then takes the form 
(39a) y= fi(2; Yo YY 1); GÆ (m +1), j=0, 41, 42,-->), 
(89h) = Ati (m) a Oonan (z; Yor Yis Y-12° * 9) 


f Where we have excluded m = 0, — 1, + © [ef. (48)]. 
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(89c) 0 = Arg? (m) + Omn (L; Yo Yo Yas’ °), 
where we have put 


(90) Osmi) = Yacma) — ae (m). z 


It follows from (62), (50) and (90) that there exist two positive numbers 
a and M, so that 

(91) Oam) (a; 1, 1,- t J< M. 

The power series Osma) in infinitely many variables are therefore uniformly 
convergent in the domain of infinitely many dimensions 


(92) |e |< a, ly | <1; (j=0,+1,42,:-°). 


Moreover it follows from the definition of @.¢mi) and (54), (55), (57) and 
(52) that in the domain of infinitely many dimensions 


(93) |y] <1; (j==0, +1, +2: ), 
we have 
(94) ®. (mit (0; Yos Yo Y- ° J= 0. 


If we now regard the variables Ymm and y-cmu) in the infinite system 
(89a) as parameters A; and Az it follows from (86) by Theorem I (§ 4) that 


- in the domain 


(95) | T | < min (1/M, a), | Y (mst) | < 1, | Y-cms3) | < A; 
the system (89a) possesses one and only one solution 
(96) Yi =y; (T; Yoonssy, Y-cmsry) 3 GÆ +(m -+ 1), j=0, + LR Ja 


This solution is holomorphic and fulfills in the domain (95) the inequalities 
(97) |Y (2; Ymm Y-cmy | <1 (FA +(m+ 1), j=0, 1, +2). 
It follows that the functions 


(98) 8 (ms1) (z, Yomsr)ys Y-ems1) = 
Osem) (E5 Yo(L 5 Yonerys Y-emary) > Ya (23 Yemas Y-cmary) > Y-a hE; Yonn Yann)’ 


are holomorphic in the domain (95) of the three complex variables Yim) 
Y-cmay and v, the power series Osm) in the infinitely many variables being 
uniformly convergent in the domain of infinitely many dimensions (92). 

We can now write the remaining conditions (89b) and (89c) in.the form 


(89b’) AMD (1) + Oc mary (T5 Yoma Y-cmsty) = 0, 
(89¢’) A a (mm) + -emin (E5 Yens Y-cmary) = 0. 
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~These are the so-called Verzweigungsgleichungen + and (if there exists a 
olution) serve to determine Yim) and Y-cms1) as functions of s. The re- 


maining y; can then, from (96), be expressed as functions of g; conversely 
f these equations possess no solution for Yem) and Y-cms1) there exists no 
solution of the differential equation (51) of the desired character. Now 
t follows from (94) and (98) that 6.¢ms1) (0, Ycmasy, Yens) = 0. Accordingly 
f the integer m is such that the constants A3*)(m) in (89b’), (89c’) 
ire not zero there exists for sufficiently small values of z no solution of 
(89b’), (89c) and hence no periodic solution of the desired character. 

From (50) and (35) it is clear that AS@™*))(m) are linear combina- 
ions, the coefficients of which are functions of m, of the coefficients of Laplace 
(which themselves are functions of m). Accordingly, for a given value of m, 
che numerical values of Ati? (m) can be calculated from tables of the 
Laplace coefficients.[ The author has calculated § these coefficients for 
| m | = 4 and obtains 


(99) Az) (m) 0 (m=1, + 2, + 3, + 4), 


which is sufficient to show that for sufficiently small values of v the equations 
(89b’) (89c’) possess no solution for Yms) and Y-cmit)- 


Tur Jouns Hopkins UNIVERSITY. 


+ Cf. footnote f, p. 260. 

{Tables giving the numerical values for the coefficients of Laplace for various 
values of æ (and therefore of m) are given for instance by Runkle. Not having 
access to these tables, recourse was had to a memoir of Leverrier in the second volume 
of the Annales de VObservatoire de Paris, in which he gives recursion formulas for 
the coefficients of Laplace and their well known expansion in a hypergeometric series 
according to powers of a, in a form suitable for calculation. 

§ The inequality (99) can be established for very large values of m by means of 
well known asymptotic methods. 
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NOTE ON THE CONSTANTS OF THE DISTURBING FUNCTION. 


By K. P. WILLIAMS. 


The method for obtaining the quantities c„‘®P that appear in Newcomb’s 
development of the disturbing function that was given in this journal re- 
cently * had in view primarily the case where the ratio s==a/a’ is large. 
For small values of s the work can be greatly shortened by using the following 
method for finding the ¢,“?, 7 > 0. 

Making use of (16) and the series (19) for H, we have 


abr) 2(27 +1) (2+2 +1) s \? eed 
a = Tat (+) [1 -H diy + ]. 


When the value for a, is used we find 








1-+ 2% 
b=—1 —— ar a r 
: HFF GFF) 
Hence 
GLID ayes 


where M is a number not much different from unity. 

If s is small we can easily observe by this formula, after the c,“” have 
been found, the lowest element c,“! in the second column that is not 
negligible. Putting c,%t) = 0 we have from (45) 


GED == go, HD, 


The column can be completed as before. Similar remarks apply to succeding 
columns. 

The following errata appear in the numerical series given at the end of 
the article cited: 

The numerical coefficient in c,® should be 2-5-11-138-17; that of 
e193) should be 1280-17-19- 21-23-25. 


INDIANA UNIVERSITY, 
BLOOMINGTON, INDIANA. 


* K, P. Williams, “The Constants of the Disturbing Function,” American Journal 
of Mathematics, Vol. 52, pp. 511-584. References are to this article. 
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CONDUCTORS IN AN ELECTROMAGNETIC FIELD (E°e?!, H°ert). 
By F. H. Murray. 


The physical problem of a system of conductors in an impressed elcctro- 
magnetic field of the form (H°e?t, Hert) leads to the well-known field 
equations in space and in the conductors, with boundary conditions at their 
surfaces. It is proposed here to develop certain formulas required in the 
mathematical discussion of the general problem; by means of certain vector 
identities it is shown that the field which must be added to the impressed 
field exterior to the conductors can be represented by integrals over the sur- 
faces of the conductors, which are equivalent to a representation in terms of 
surface distributions of electric and magnetic doublets.* Part I is devoted 
to the derivation and discussion of these identities; in Part II a discussion 
is given of the special case of perfect conductors. The representation leads 
to a system of integral equations which can be reduced to the type of Fred- 
holm, and it is shown that the exceptional values of p, for which the equetions 
corresponding to an arbitrary impressed field do not possess a solution, must 
be the values which correspond to cavity-radiation for at least one conductor. 
While the discussion of certain points could be abbreviated by appeals to 
physical intuition, it appeared desirable, for possible applications to high 
frequencies, to give formal proofs of all propositions stated. 

From the general formulas of Part I can be derived the equations for 
the case of wire conductors, in a high-frequency radiation field; a discussion 
of these equations and applications will be given in another paper. 


Part I. QENERAL FORMULAS. 


1. Let the system of surfaces Sı, 82° * * Sn be denoted by S; each surface 
is assumed to have a continuous tangent plane and to be such that if an 
arbitrary point (Zo, Yo, Zo) on S is given, a transformation of the coördinate 
axes can be made such that all points of S in some neighborhood of this point 
can be represented in the form z= f(x,y), where f possesses continuous 
partial derivatives of the first three orders, and 


0 = f (0, 0)= Of /dx | a=y=0 == of /dy | w=yn0- 








* Related formulae have been developed by Hasenérl, Physikalische Zeitschrift, 
Band 7 (1906), p. 37. For the special case of perfect conductors see MacDonald, 
BDlectric Waves, p. 15, also Proceedings of the London Mathematical Society (2), 
Vol, 10 (1911), p. 91. 
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Let u, o, e denote the permeability, conductivity, and specific inductive 
capacity, respectively, of the medium exterior to S (exterior to every Si), 
while w, o’, € denote the constants of the interior, fixed for any conductor, 
but not necessarily the same for different conductors. fae 

If the impressed and added fields are written in the form 


E? (zyz), Hi? (xyz) er 
E (ayz)e®*, Hf (zyz) 
and if 
A = 1/c(4ro + ep), c—=—pp/e, h=(— rà)” 


the equations of Maxwell become, 


AE = curl H XE = curl W 


(1.1) «Hf = curl E KH = curl E’ 


primes denoting interior values. The components of Æ, M satisfy the wave 
equation 

(1.2) (A — h?) = (32/01? + 02/dy2 + 02/822 — h?) p = 0. 

This equation has the fundamental solution 


p=(1/r)e™, r= [(z— z)? +(y— yo)? +(2— 20)? ]% 


The real part of A is assumed positive or zero; it is at once seen that if p lies 
on the right of the imaginary axis in its complex plane, a branch of h which 
is positive when p is positive real will have its real part positive and this 
branch of the function will be used throughout. The boundary conditions 
on S are that the tangential components of E° + Æ are equal to the corre- 
sponding tangential components of Æ’, similarly, (H° + H | as HY’ 


tang.” 

2. Let 3 be the surface of a large sphere enclosing S, while y is the 
surface of a small sphere enclosing a point (£oYoZo) exterior to S, but interior 
to 3; if u, v are two vectors which are continuous, with their partial deriva- 
tives of the first two orders in the interior of X, exterior to S and y, we 
have the identity * 


[u curl V]n + ttn div v — [v, curl ujn 
— vrn diy u = udv/dn — vdu/dn -4 curl, [u, v]. 


From Green’s formula in vector notation 


f $f (adv — vdu} dz dy da=— f f (udv/dn —vdu/dn) d8. 


(S+Z+y) StD+y 


* Weyl, “über die Randwertaufgabe der Strahlungstheorie und asymptotische 
Spectralgesetze, Crelle’s Journal, Band 143 (1918), p. 182. 
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Also, 
0= ff carl, [u,v] ds 
Stl+y 
consequently 
z — [w, curl v]n — tën div v } 
LSS {usv — vAu} dz dy dz = ff { penal ste as. 


If the vectors w and v are solutions of the equation (1.2), the integral 
on the left vanishes; if in addition the components of w have continvous 
partial derivatives of the first two orders interior to y, while v is one of the 
vectors 

v =(¢, 0, 0), v” =(0, $, 9); v” = (0, 0, $), 


from Stokes’ theorem 
ff curl, [u, v] dS =0. 
Y 


Consequently, if the vectors above are substituted in succession in the identity 
— ff curl, [u,v] dS — f f (FZ T) ag 
7 Y dn dn 


= ff [u, curl v], + ztn div v \ as 


ss | — [v, curl wz], — va div u 


and the radius of y is made to approach zero, the result is, 


4uu,== f f {[m, u]: curl v + un div v — [n, v] curl u — v,’ div w} dS. 
S+E 


The components wy, wy have the same representation in terms of v”, v”, 
respectively. 
If w= E, since div Æ = 0, one obtains from the field equations 
dol, = f f {[m, E] - curl v + En div v’ + «[n, H]v'}ds. 
S+E 
If the real part of h is not zero, the integral over X% approaches zero if 
E is bounded at infinity; if the real part of % is zero, but h 0, while 
(E, H) behaves at infinity like the field of a system of diverging spherical 
waves 
lim RRE = E,(6,¢), E~E (0, p) (1/R) oe 
R>% 
and if the approach to the limiting value is uniform with respect to the 
polar angles 6, ¢, 


f $ {[n, E] curl o + En div v -+ x[n, H] - o'}d8 ~ Ce”, 
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Consequently, if C 40, 4rE (£o, Yo, Zo) does not approach a limit as R-> œ. 
But since Æ is independent of R, C = 0. 
Hence 

4rEs = f f {[n, E] -curl v + En div v’ + «[n, H]w'} ds 


s 
(1.8)  4rE, = f f {[m, E] curl v” + E, div v” + «[n, H]v} dS 
8 
4nE, = f f {D E]; curl v” + E, div vo” + «[n, H]v”}d8. 
S 


The corresponding representation of H is obtained by interchanging E and 
H everywhere, while x is replaced by A. 
If the definitions of v’, v”, v” are employed, the result is, 


4oE — cun f f [m, E] $48 — grad f f BapdS + « f f [n 8] 948 


OS piii f f [n, H] od8 — grad $ f HagdS +A I f [n, E] $d8. 


If the point (£o, Yo, 2) had been taken interior to any Si, the integra 
over y could have becn omitted in the discussion, and the left-hand side of 
(1.4) would be zero. The normal indicated above is the exterior normal; 
the formulas for the interior of any surface S; are the same as above, with m 
indicating the interior normal, S replaced by S:, and ¢ replaced by ¢’ con- 
structed with the constants of the conductor. 

The impressed field (2°, H°) has no singularities interior to any Si, 
hence if (x,y,z) is exterior to 84, 


0 = curl f f [n’, E] ¢dS — grad f f En °odS + « fS [n’, E] pas. 
S; Sı Si 
Replacing w by —n, and observing that the tangential components of 
E°, H are the same on both sides of Si, Ew? = — En’, this can be written 
0 = curl f f [n, E°] dS — grad f f E,°¢dS +x ff [n, H°] od8. ~ 
S: Si Si 
Summing with respect to i and adding the result to the first equation (1.4), 
and repeating the process for the second equation, 


(1.5) 
Ana Si A aes ae + Er’) 448 tx] SLM, H -+ H°|¢d8 


daH — ous f ff H + B1448 — grad f f (M, + H) ¢d8 + XS SIn, E + E'Jẹd8. 


From the boundary conditions 


[n, E+E] = [n, E'], [n, H+ H°] = [n, H'}, p 
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and the derived conditions * 
A(EnY =F En) = VE,’, p (Hn + Hn) = pH! 
and (1.5) becomes 


4rE == curl f f [n, E’]¢dS — grad f f (X/A)En' paS + x f fin H’]odS 
8 8 S 


O sg m= curl f f Im, W008 — grad f f/m) EK bdS +A f fm, Bods. 
s 8 s 


let 

ve 3. If (a1, Yı 21) represents a point on S in the formulas (1.4), while 

is (x,y,z) denotes a point exterior to S, and if J = [n, H], the condition 
div Æ = 0 becomes, 


— f SE Abas + wf f (Jo,04/00 + Jy64/8y + Jo0$/02) 48 = 0 
Ss 8 
or since h? == — rà, 


S S (AE nb + Jos /02 + In0/0ys + Jes04/0%,) AS = 0. 
8 


On the surface S let (u,v) be isothermal Gaussian codrdinates for a small 
part of the surface Q bounded by an ordinary curve C; if ¢2—0/@x ete., 
while (u, v, n) forms a right-handed system; then 


a = ĝt, /du a” = ôr ðv L= O2,/0n | nzo d a” l 
B = by,/du B” = by,/dv m = y/n | nzo B B m|=1 
Y =ôz/ðu y" =Ia/iv n= ĝz/ðn | azo y y n 








Hi, = «Hy, -+ BH, + yH., Ba = Mau + B"H, + Hn 
H, = oHe, + B’Hy, + 7"Hy Hy, — pHa + H, + mip 
Hn == lH,, + mH, + nH. Ha = y Hau + y” Ho + nMn. 
Then 
Jahr + Jy,06/0y1 + Jz,8/Oa. = Budh ðv — Hp /du. 
= — 0/0u(H.) + 8/3v (Hup) + p [0M,/ĝu — 0H,./dv]. 
Consequently 


Sf (Jx,0b/ 024 + Ju ðp/ ðY + Jx,0/02,) dS 
g 
= f f [0/dv(Hud)— 0/du(Hod) | du dv + f f ¢(0H./du — 0H,/0v) du dv 
Q Q 


=— fọ [Hudu + Hw] + SS (curl H)ndS 
c a 


* These equations result from the fact that the identity E; =(Æ + E°), implies 
that an identity is obtained by differentiating each side tangentially; the normal 
component of (H + H°) is expressed in terms of the tangential derivatives of 
E + E°, hence the second relation. The first is obtained in the same manner. 
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from Stokes’ theorem in the (u,v) plane. Now if each surface S; is divided 
up into a number of parts Q, each bounding arc of the curves O occurs twice, 
the integration being in opposite directions, while the integrand of the line 
integrals is independent of the choice of Gaussian codrdinates; the sum of 
the integrals over the curves Ç vanishes. Hence 


SS Fop/02, + Ju,d6/0: + Jep) dS =f § (curl H)ndS = f frAEngd8. 
Sy St Sy 
Hence div Æ = 0; similarly, div H = 0. 


A representation of the field (E, HÆ) in terms of surface distributions o1, 
electric and magnetic doublets results immediately, Let 4 


rfl, = curl f f [n, H] pds, d= ff E,gd8. 
Ss S 


The electric field corresponding to M, results from the field equations: 
E, = 1/A curl M, =(1/4rA) {grad div f f [n, H] ¢dS —h? f f [n, H] pds} 
8 S 


Since 

div {— grad 8 +x ff [n, H] ¢dS} =0, 
we bave 5 
(3.1) MO = dive f f [n, H] od8. 
Hence i 


drE, = — grad 8 +x ff [n, H] pds. 
S 
Similarly, if 
y = f f Hapd5S, 
8 


the vectors 
4rk, = curl f f [n, E] ¢d8, 
sS 


dril, = — grad y +A fS [n, H] paS 
S 


form a system satisfying the field equations; since 

E = E, + E, H = M, + H, 
it follows that an arbitrary diverging field (E, H) can be represented as the 
sum of surface distributions of electric and magnetic doublets. 


4. Another representation of the field (E, H) in terms of surface and 
volume integrals, which reduces to a well-known representation when h? is 
neglected in comparison with A2, can be obtained as follows. As before, 


N 
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(E, H) denote the field interior to any conductor; if v is one of the 
ators v’, v”, v”, an identity already used gives the equation, in which n’ 
the interior normal, 

fff (Eav — vA’) da, dy,dz, 


(Si int, 


=— f f {[n’, E] curly + Ew div v — [n’, v] curl E’}d8. 
Ši 
Since Av =hk?v, AR =k’, 
this becomes 
SSS (Wh) E'vdsr:dydz 


Stint. 


=— f S {[m’, E] curl v + Ew div v + «’ [n’, H] v}ds. 
S; 


Replacing n’ by — n, and summing with respect to all conductors, 


SSS (2 —h) E’vdesdy de, 
S int, 


= ff {i E] curl v + Ex’ div v + x [n, H'] v}ds 
which is easily transformed ïnto 


f f f (A? — K? )E' $ da, dy,dz, 
(Sint. 


= curl f f [n, E] paS — grad f f Espas + ff «’ [n, H] ås. 
s s 8 


Combining this identity with the first equation of (1.6), one obtains 
(4.1) 4rE = fff (h —h’?)E’oda,dy,da, 


int, 


— grad f f [(V’—A)/A] Ex paS + ff (x— e) [n, W] pds. 
s 5 


From the field equations 
(4.2) drl = curn ff f [(h? —h”)/«] E’pdaidy,dz, 


Sint. 
+ curl f f [(«—«’)/«] [n, H] pds. 
5 
These formulas bring into evidence the vanishing of the field (E, H) if 


= X, k =K. 
Parr II. PERFECT CONDUCTORS. 


1. If all the surfaces S; are assumed to bound perfect conductors, on 


each (E? + E) tang, = 0; the representation of the magnetic field * reduces to 


=If o 0 exterior to S, another treatment of the problem is possible; see “The 
Electromagnetic Field Exterior to a System of Perfectly Reflecting Surfaces,” Pro- 
ceedings of the National Academy of Sciences, Vol. 16, No. 5 (May, 1930), pp. 353-357. 
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rH = curl f f [n, H] p45. 
S 


Let J = [n, HW]. Introducing the isothermal coördinate system (u, v) 

the surface, and the direction cosines of the u, v curves (e, B, Y)» 
(a, B”, y”), respectively, let components at a fixed point be denoted by the 
subscript 0; then if (a, y, z) is a point on the normal at (£o, Yo, 20), we have 





Go” Bo Yo 
der (ao Ho + Bo'Hy + yo's)—=— ff | 4/00, p/ðyı 94/02, | AS. 
5 ay Ju, Ja 
On the surface S, 
h/t = o/Ob/du + a” Id/dv + 106/0n 
Ob/dy = Ipu + B Ipv + mdg/dn 
Op/02 = y'0b/0u + ypo + ndb/dn 
consequently 
Arlu, (Uo, Vos 2) 
a’ B’ y 
=— f f |«"0p/v + log/in B’0¢/dv + mdg¢/dn y"Ip/ðu + nip/in| dS 
S |Je Jy Je 





AS f {2 — a) (Jepy — Jy0b/82) + (Bo'—B") (Jo0$/02 —- Je /Ox) 
8 
+(y0'— y’) (Jrðp/3x — Jadb/dy) } a8. 


Now 
Jo oe a Ju + a” Jo Ju = Bu + B” Jo J: = y Ju -+ YI», 
from which 


darlu, (to, Voy 1) = Sf (Jod¢/dn) dS + Sf (AJu + BJ.) d8. 
8 g 
Since 


Je = Hy’, Ju =— Hy 
the preceding equation becomes, 


(1.1)  trHu (to vo n)= f f (Hxd/dn)dS + ff (BH. — AH) ds. 
Ss S 


Now the function becomes infinite like 1/r, and from the theory of the 
Newtonian potential, 


Arlu, (Uo, Vos 0)= Quy (Uo; Vos 0) 
+ f f H [do/än]dS + f f (BH! — AH) ds 
S S 
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since A, B become infinite only to the first order on the surface. This equa- 
tion may also be written 








a Bo yo i 
LR) RrMus = 4H? — f S | [06/02]. [0p/dy]o [0¢/02]o | dS 
S [n, W]; [m H] [n, H]: 
the bracket indicating the values on the surface. Similarly, 
Zo” Bo” Yo" 
Prio = dre? — ff | [06/0x]o [8b/dy]o [8p/02]o | aS. 
5 [n, W] [n,H’], [n, W] 








These equations form a system of integral equations which can be reduced 
to the type of Fredholm by iteration, and consequently possess a unique 
solution unless the homogeneous equations, corresponding to no impressed 
field, have a solution. In this case the solution of the homogeneous equations 
defines a field (E, H) by means of 


4nH = curl f f [n, H] ¢d8, 
s 
E==1/) curl. 


The integral equations express that the condition [n, H] —> [reo Æ] is satis- 
fied, hence H is expressed in terms of its tangential components. Hence in 
the equations (1.4), Part I, the first integral representing H is the same. 
This is only possible if 
= — grad f f HigdS +2 ff [n, E] od8 

5 S 

and 
4rE == — grad f f EnpdS +x ff [n, H] pds. 
S s 


The surface integrals which represent (Æ, H) exterior to 8 continue to 
define a solution of the field equations, hence a field, in the interior of any S;; 
but since a potential of a double layer 


f(zyz)= ff w(S)[d(1/r) dn] ds 
has the property that 
fr=+0 oe fa=-o = Aru (So) 


it results that if m continues to represent the exterior normal, instead of 
dru, on the left as in (1.1), 


O=lim ff (H.’d$/dn) dS + ff (BH; — AH’) d8. 
n=-0 g 8S 
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Hence the field defined in the interior of any 8; must satisfy the condition 
H,—H,=0. The tangential components of E are the same on both sides _. 
of Si, hence unless [m, Æ] vanishes identically exterior to each Si, on at leas 

one surface the interior tangential components of Æ are not identically zero, 

let this surface be Sx. Interior to Sx the tangential components of H are 
zero, while [n, E] s40. Now let the field equations be written 


AE = curl H, KH = curl E. 
Then 
KAE = curl «Hi, \«H = curl AE 
or if 


the first equations are transformed into 
f «H, = curl E,, AE, = curl M. 


Hence a field (£,,H,) exists, under the preceding conditions, such that 
interior to Sx the tangential components of H, are not identically zero, while 
the tangential components of Æ, vanish. This is only possible if the time- 
constant p is one of the set of discrete values for which cavity-radiation 
(Hohlraumstrahlung) exists, while the conductivity o of the exterior region, 
also of the interior of S; which is now merely a geometrical surface, is zero. 

If p is not one of the set corresponding to cavity-radiation for any 
surface S;, the assumption that [n, Æ] 40 exterior to each S; is reduced 
to an absurdity. 

The assumption that the tangential vector [n, Æ] defined by a solution 
of the homogeneous integral equations is identically zero on each 8; also 
leads to a contradiction; to show this it is necessary to derive expressions for 
the field at infinity. 

2. From (1.4), Part I and § 3, a diverging field (Æ, MH) can be repre- 
sented in the form 

4nE — curl f f [n, E] paS + 1/d curl curl f f [m, H] p48 
8 


AnH = curl f f [n, H] paS + 1/« curl curl f f [m, E] pds. 
S 8 


Let (xyz) denote a point in space, while (21, 41,2) is a point on 8. From 
the definition, 
p=et/r,  r=(R? + r2 —2Rr, cosy), 
r =(a2 Hy + 22)% R- -Hy H), cosy = (was + yy + 241) /nE. 


Then 
r= R— nr cosy + (C: :)/R 
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Let 
~ cos « = g/R, cos 8 =y/R, cosy=z/R. 


Ky 
y 


hen the limits are easily obtained 


lim Rer®g = għ": cos v 
R00 


lim ReRâg/ðx == — f cos gg?" cos ¥, 
R>% 

lim Ret®G2 g/d? = h2 cos? ger: cos ¥, 
R>% 


lim Re*02/drdy = h? cos a cos Berco Y, ete. 
R>% 


U = 1/4r f f [n, Heres yds, V —=1/4r f f [n, E] e:e tdg. 
S Ss 


With the preceding limits, 
lim Rek curl f f {[n, H]/4r}od8 
R=% S 
= — h{i(U,z cos 8 — Uy cos y) + j (Us cos y — U: cos a) 

-+ k (U; cos œ — Us cos B)}. 
Let Q be a sphere of unit radius about the origin, while 3 is a sphere with 
center at the origin, and radius R. The exterior normal on each is 
7 —(cos a, cos 8, cosy); the right-hand member above is equal to 

—h[n, U]. 
If a vector F satisfies the equation (A—h?)F —0, 
curl curl F == grad div F — h?F ; 


consequently from the limits preceding it is found that 


lim Ret®E == —h[ii, V] —{(ñ(āU)— U} = E, 


R0 
lim Rè? H = —h[n, U] — Malin V)—V} = HM. 
R->00 
Also, 
im Re'®[n, E] =x [n, U] + AV —ha(nV) = [n, E] 
jim Re {[n, H] =A (nm, V] + hU —hn(nU) = [n, H] 
and from the relation A? = — «A, 


h(n, E] =— H, hiñ, H] = — AE. 
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Let the conductivity of the exterior region be zero, while p = iw; then 
= elw/0, k = — plw/c, h = io (ep)%/c. The preceding identities become 
(eu) *[n, E] =p, (cu) #[0, H] = — Er. 

Now the energy flow outward across the sphere 3 is equal to 
c/4r f f {R[ Ee], Rl Hett}} ds 
z 
if only the real parts of the field are considered; omitting the factor c/4m, 


the average value of this expression over a period T = 2r/w is half the 
quantity 


Kn=% f f ((E, H], + (E,H),}as 
z — ž 
=— y ff {Eln Ë] + Ejn, W)}as 
z 
= — y f f (RERED, Rer] + ReRE [n, ReRH]} do. 
2 


From the identities developed above it is seen that 
aun Krp=— SS {E,[n, H,] + E[n, H,]}do 
=(¢/n)¥ ws | Bs |? da—(u/e)® f f | Bh |? do, 


It is an immediate consequence that if the mean energy flow at infinity is 
zero, the functions E,, H, vanish identically. This condition is satisfied if 
the tangential components of Æ or of H are zero exterior to the system of 
surfaces S; for in the identity * 


$f {curl u curl v + div u div v + uAv}da dy dz 
S+E 
_ —=— ff {{n,u] curl v + up div v}d8 


(8+2) 


replace u by H, v by H; a the result subtract the corresponding members 
of the identity with u = H, v = Ħ. Since 


curl H = — AE, 
the right-hand member becomes 
à f f (E[n, H] + E[n, H]}ds 
and vanishes since the left-hand member is zero. Consequently if the inte 


* Weyl, loc. cit. 
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grand of this expression, which depends only on the tangential components 
of E, E, H, H vanishes on S, the integral is also zero on 3, for every R > Ry. 

If E, = H, = 0, it results that the field (E, H) vanishes identically 
~ terior to 8. For the components of the field satisfy the wave equation, 
which becomes in spherical codrdinates 


: 1 Pu ae 
R? AG on) + mT 5g (8205 at) + REGED ig? — h?u = Q. 


Let Fn be an arbitrary spherical harmonic of order n; the integral 


W,(R) = Í. ae P " E,(R, 6, 6) ¥n(8, $)sin 6d 


satisfies the differential equation 


at z 2 (r ie) Mi (—n— un) Wo 


as is seen from the equation in Yn, 





1 a 1 Yn 
‘sin 8 5 (sino G2) + sag pa a a 1) ¥s = 


and an integration by parts.* 
Consequently 
Wn = CiKnas2 (hR)/(R)* + Colne (hR)/(R)* 
= 0;/(B)* (7/2hR)* eP [1 + 1/RC < +) ] 
since a limit must exist, as R —> oo, for the quantity Re’? W,. 


lim Re!®W, = C,™ (2/2h)*. 


R=% 
Since the products Re*®E,, etc., approach their limits uniformly with respect 
to the spherical angles @, ¢, 
lim Rë? SS E(B, 0, p)Yn(0, p)sin 6 dôde 


R>% 
= f f Ya (0, $)Ea (0, p)sin 6 dedo = 0, (1/2h)*. 
Q 


If E, =0, C= 0. But Y» was an arbitrary spherical harmonic, hence the 
expansions of the components of Æ in spherical harmonics on the surface % 
vanish identically. Since Æ is analytic on 3, provided R is so large that 
the surfaces 8; lie entirely in the interior of 3, E must vanish identically 


*Carleman, Sur les équations intégrales singulières á noyau réel et symetrique, 
Upsala, 1923, pp. 181-183. 
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on 3, likewise H. If the surfaces S; are ordinary surfaces, the values of E 
and H at an ordinary point exterior to S can be obtained by analytic con- 
tinuation from their values on some 3, hence the field (Æ, H) vanishes identi- 
cally exterior to S. = 

Returning to the homogeneous equations assumed satisfied when the sur- 
faces S; bound perfect conductors, it has been found that the field (E, H) 
defined by a solution of these equations must vanish identically exterior to 9, 
if p is not one of the exceptional values. But if H vanishes identically ex- 
terior to S, the tangential components of H on § vanish identically; the 
integral equations express that the vector [m, H] appearing in the representa- 
tion of Æ is formed from these tangential components, hence vanishes identi- 
cally. The assumption that a solution of the homogeneous equations exists 
leads therefore to a contradiction unless p is one of the exceptional values 
corresponding to cavity-radiation in the interior of some Sj. 

From the theorems of Fredholm it results that the equations for the 
tangential components of (Æ, M) when an impressed field is present have a 
unique solution, if p is not one of these exceptional values. 


THE GRAVITATIONAL FIELD OF A BODY WITH ROTATIONAL 
SYMMETRY IN EINSTEIN’S THEORY OF GRAVITATION. 


By P. Y. CHov. 


INTRODUCTION. 


The present paper is an attempt to solve rigorously the problem of the 
static gravitational field of a body whose mass is distributed symmetrically 
around an axis in Einstein’s theory of gravitation. In §1 Binsteiw’s field 
equations in vacuo * 

(0. 1) Guv = 0 


are set up and reduced in §2 to a form such that simple problems like the 
sphere (§ 4) and the plane (§ 5) can be solved. In the general problem 
there is a fundamental difficulty which will be avoided by the introduction 
of the Newtonian potential ($7). The solution of the whole problem then 
depends upon the solution of the well known Laplace’s equation and a partial 
differential equation of the second order which is not linear. Finally the 
gravitational fields of spheroidal homoeoids (§ 8, §9) are given as illustra- 
tions of the present investigation and the motion of a particle in the field 
of an oblate spheroidal homoeoid is discussed (§ 10). The paper also con- 
tains a critical examination of earlier works upon the problem notably those 
of Prof’s Weyl and Levi-Civita (§ 3). 


I. EINSTEIN’S Law OF Gravitation. 


1. The field equations. We consider the static gravitational field outside 
of a body whose mass is distributed symmetrically about an axis. Hence the 
guv’s do not vary with respect to time. The most general fundamental quad- 
ratic differential form in such a field appears to be 


(1.1) ds? = —(giiday? + 2g :2d2,da, + goodt2”)— ga,dt3? + gadt? 


where 71, Za are any two codrdinates in the meridianal plane containing the 
z-axis, z3 = ġ, the azimuthal angle, z, = t, the time codrdinate, the unit of 
time being so chosen that the velocity of light in vacuo is unity. The gpv’s 
in (1.1) are functions of 2, and 22 only. 


* A. S. Eddington, The Mathematical Theory of Relativity, 2nd Ed. (1924), p. 81. 
Eddington’s notation with slight modifications will be followed throughout the present 
paper. 
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We assume that the values of the gyv’s exist. From a well-known 
theorem * on positive definite quadratic differential forms of two variables 
such as the form in the parenthesis of (1.1), it is always possible when gi 
Ji2, Jo2 are explicitly given, to make a real single-valued, continuous trans- 
formation from z, and z to u and v by 


(1. 2) Tı = z(u, v), £= z(u,v), where J == [9 (£u %)/0(u,v)] 4! 
such that the following identity is true, i 
(1. 3) Gude? -+ 212d 2dr, + Godt? = e2"( du? + dv?) . 


Hence (1.1) becomes 
(1. 4) ds? = — ¢?"( du? +- du?) — erda? +- ede? 


where m, n, v are functions of u and v to be determined. Let 


U= 2, V= Ta 


Then 
Jiu = Fz: = — en, 933 = —- e?n, Gas = e, 
(1. 5) J = 9119 22938944 == — G IZRI. 
gi a g? eee eam, g3 eai da gan, g*4 a= gZr, 


` Now (1.4) is an orthogonal quadratic differential form. The general 
expressions of the Christoffel symbols of the secohd kind for such forms are 
well known.{ In the present problem the non-vanishing symbols are 


{11, 1} = mu {11, 2} =— my 
{12,1} = my {12, 2} = my 
{22, 1} = — my {22, 2} = my 

(1. 6) {83,1} = — emmy, {33, 2} = — e2n-2mn, 
{44, 1} = e2”2my, {44, 2} = e2”-2mp, 
{13, 3} = ny {14, 4} = vu 
{23, 3} = ny {24, 4} = w 


where the subscripts mean partial differentiations for simplicity. 
Written out in full Einstein’s field equations in vacuo are 


(1.7) Guy —0/0ara (uv, a} + {nas B} (YB, a) 
92 /daybay log (— g) — {uv, a} 8/ôta log (— g)* = 0. 


If we substitute for the three-index Christoffel symbols of the second kind 


* L. Bianchi-Lucat, Vorlesungen über Differentialgeometrie, (1910), pp. 69. 
+A. S. Eddington, loc. cit., pp. 83. 
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froin their values (1.6) into (1.7), we obtain the following five non-vanishing 
components, 


a8) Gu == Myu F Moy + nun F vuu F Ra P rn? — Mu (te vu) ome (te +? 
(1.9) Giz == nur + vuv -H Nune + vary — Mo (Nu + vu) — Mu (tv + ve) = 0, 
(1.10) Gee == Muu + Mer A ner + veo A me? F ro? F Ma (ta F vu) Mefr -t x.) 
(1.11) Gas = e?n [nuu + Ner F nu(nu + vu) + Me(ne + ve) ] = 0, 
(1.12) Ga == — 6% [yuu + veo F vu(nu + vu) + vele + re) ] = 0. 


2. Reduction of the field equations. By putting 
(2.1) x=n +r, 
and adding the expressions in the square brackets of (1.11) and (1. 12) 
we get 
(2. 2) Xuu + Xer + Xu" + xe? =U, 
which becomes Laplace’s equation in the uv-plane, 
(2. 3) Py, + Pe = 0, on setting = eX = g", 


It is well known that the solution of (2.3) is unique, if the boundary 
value of © be given in the uv-plane. Then G4, = 0 becomes 


(2. 4) Yuu F veo F Xuvu + Xoro = 0, 


which determines v. We obtain n by (2.1). 
To get the unknown function, m, we use (1.8), (1.9), (1.10). Write 


Gio = 0; 
(2 5) XrMs + XuMy == Xuv F nuny + vuve =A, 
i Gi — Go = 0: 


— XuMu + xomo = Yo{— yuu + Xuv — nu? — v? + no? + v2} = B. 


Then py solving my and m, simultaneously from (2.5) we get 
(2.6) mu==(xu? + x0?) {xed — xuB}, mo = (xu? + x0") {xu + xB). 


It can be shown by direct differentiation and the aid of (1.11) and 
(1.12) that 
(2.7) dm = mdu + mdv 


where my and m, are given in (2.6) is an exact differential and secondly 
thet m satisfy (1.8) and (1.10). This completes the proof that the func- 
tious, m, n, v, thus obtained satisfy every component of Einstein’s teld 
eq tations (1.7). 
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3. On Weyl-Levi-Civita’s solution. The problem under consideration 
was first attacked by H. Weyl.* His result was criticized by T. Levi-Civita + 
as being incomplete due to the incomplete use of a variational principle. T 
latter started with (0.1) and gave a complete though restricted set of solu- 
tions. Consider (2.3) and set =p. Let z be the conjugate function of p. 
Then 


(3.1) p +iz=f(u + iv) 
where f(u + w) is analytic in u + iv. From this it follows that 
(3. 2) dp? + dz? = F (u + iv) f (u — iv) (du? + dv?) 


namely, one set of coördinates (say u,v) is conformally transformed into the 
other (say p,z). In order to avoid cumbersome mathematical manipulations 
in § 2, both Weyl and Levi-Civita assume initially that 


(3. 3) p==u, =v. Then e” = pe” and 

(8. 4) ds? == — e?™( dp? + dz®)— p2e-2"dg? +. edt. 

Moreover, Gaa = 0 and dm become respectively 

(3.5) ` " §y/Op? + 3?v/02 +-(1/p)dv/Ip = 0, 

(3.6) dm= — dv + p[ (0v/0p)?—(8v/32)?] dp + 2p (3v/ðp) (3v/ðz) dz. 


We recognize (3.5) as Laplace’s equation in cylindrical coördinates 
(p, z, p) independent of ¢. Weyl calls (p, z) in (3.3) the “ canonical cylin- 
drical codrdinates” which are apparently different from the ordinary ceylin- 
drical coördinates used in solving Newtonian potential problems. He then 
emphasizes the fact { that if the distribution of mass of a given body in our 
space-time manifold is known in terms of this set of configurational canonical 
codrdinates, the problem is reduced to the solution of (3.5). He shows § 
that Schwarzschild’s solution in isotropic codrdinates of a body with mass, m, 
having spherical symmetry, corresponds to that of a finite line segment of 
length 2m, with constant linear density, lying on the z-axis of the configura- 
tional canonical space-time manifold. But he does not make clear that it is 
almost impossible to know the corresponding distribution of mass in this 


* H. Weyl, Annalen der Physik, Bd. 54 (1918), pp, 134, 

} T. Levi-Civita, Rendiconti Accademie dei Lincei, Vol. 28, i (1919), pp. 9. 

tH. Weyl, Raum, Zeit, Materie, 5th ed. (1923), p. 266. 

§ H. Weyl, Annalen der Physik, Bd. 54 (1918), p. 140. Schwarzschild’s solution 
is not necessarily limited to a particle. It can be applied equally well to a spherical 
shell. Cf. J. T. Combridge, Philosophical Magazine (7), Vol. 1 (1926), pp. 276. 
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canonical codrdinate system when the distribution of mass in our space-time 
_ coordinates is given. This difficulty is clearly brought out by the following 
argument. 

» When we carry out the transformation from (21, 2, œ, t) to (p, z, œ, t) 
by (1.2) and (3.3) we assume only the existence of the values of gis, Jiz; 922 
in (1.1) so that the transformation is possible, but their explicit forms are 
not given a priori and consequently (1.2) is not explicitly known. Although 
we know the boundary values of ga» in the original (2, Za, $, t) system, we 
do not know the corresponding boundary conditions in the (u, v, ¢, t) system 
on account of the uncertainty of (1.2). Since (3.5) has an infinite number 
of solutions if the boundary value of y is not specified, the solution obtainable 
from (3.5) and (3.6) will not be unique, and consequently it is indeterminate. 

The same difficulty arises if we do not assume the solution of © in (3. 3). 
Here we do not know which solution of (2.3) we should take in order to solve 
(2.4). The complexity of the situation is enhanced further by the uncer- 
tainty of the boundary conditions of v in the wv-codrdinates. 

An alternative procedure to get a solution for the original physical 
problem from (8.5) and (8.6) is to choose a solution of (3.5) in terms 
of the canonical codrdinates first and then try to interpret it in the (a1, 22, œ, t) 
system by a transformation (1.2). The gavs thus obtained must satisfy the 
original boundary conditions in terms of (a, £a ¢, t) given initially. The 
question whether this procedure will lead to a unique transformation (1. 2) 
needs further investigation. It appears not to have been considered in the 
literature. 


II. FIELDS or SPHERE AND PLANE. 


4. Schwarzschild’s solution. As the first application of the results in 
§ 2 let us consider Schwarzschild’s solution. The are element in the gravita- 
tional field outside a body with spherical symmetry is 


(4.1) ds? = — ¢?\dr? — e?u (1262 +. 12 sin? bdg?) + e2"dl2, 


where (r, 0, p) denote spherical polar coérdinates and A, p, v are functions 
of r only. (4.1) may be put in the form of (1.4), 


(4. 2) ds? == — e?" ( du? + dv?) — e?"dg¢? + e?"di?, where 
(4.3) du=rle"dr, v==0, eM==reHt, e” = r sin fet, 
m, à, v being then functions of u. Let ẹ = e" = R sinv. Then (2.3) is 


(4. 4) @R/du2 —R=0. 
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Integrating (4.4), we obtain 


(4. 5) R= re’ = c sinh u. 
Then (2.4) becomes d?v/du? + coth u(dv/du)==0 giving 1 
(4. 6) exp (v/c2)= ¢3(coth u — csch u). 


Eliminating u between (4.5) and (4.6) we obtain 
(4.7) exp (v/C2) = cate Un { [c12 p r2e2 uty) ]% — e}. 


By using the boundary condition on » and v that both of them tend toward 
zero as 7 increases indefinitely we get cs == 1. Solving v from (4.7), we get 


(4. 8) sinh (v/c) = — orte U == — esch u. 
From (4.3) we see that m is a function of u only. In (2.6) we must 
have m» == 0 which together with (4.6) gives 
(4.9) G=+t1. 
Take cz = 1. Then from (4.8) we have 
(4.10) e? = 1 —(2¢,/r)e#. 
Eliminating u between (4.3) and (4.6), we obtain i 
(4. 11) eò == — r csch v(dv/dr)e#. 


The second case c = — 1 only changes cı to — G1. 

Relations (4.10) and (4.11) connect the three unknown functions A, p, ve 
Consequently an infinite number of solutions arises. To obtain Schwarz- 
schild’s solution we set p = 0. Then (4.10) becomes o’ 


(4. 12) Jaa = 0?” = 1 — 2e,/r 
where cı may be identified as the mass of the body from Newton’s theory. 
From (4.10) and (4.11) it follows that A=—-v. The same result can be 


also obtained by assuming that gs, is 1— 2V to start with where V is the 
Newtonian potential of the body. 

A second solution of interest is the one in isotropic codrdinates where 
the velocity of light is independent of direction. Putting A = p in (4.11) 
and integrating, we get 
(4. 13) ` sinh y = Rear (12 — 04?) t. 
To determine the constant of integration, Ca, we use (4.10) and let r tend 
toward infinity. This gives 
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(4. 14) 2 =— cy. 


Solving for e” and rejecting the negative root of e” which is essentially 


dositive from (4.13), we find 


(4.15) ga = e? == (2r —,)2/ (Rre)? and e#—(1-+ ¢,/2r)4. 


This result was also obtained by a transformation of r in Schwarzschild’s 


solution.” 


5. Infinite plane: a. Gravitational field. Let the zy-plane he the given 
plane. From symmetry considerations around any line parallel to the z-axis 
the most general fundamental quadratic differential form appears to he 


(5.1) ds? = — e®™ (dp? + Pdp?) — e?tdz? + ¢2"di® 
where A, m, v are functions of z only. (5.1) can be put in the form (1. +), 
(5.2) ds? = — e?” (du? + dv?) — erdo? + edt? with 
(5.3) du == edz, p=v, M=A, e” = pe. 
In the present case @ = pò” == pR and (2.3) becomes 
(5. 4) d?R/du? =0. Hence 
(5.5) R = ò” = cu. 
Then (2.4) becomes d?y/du? +(1/u)dv/du = 0 giving 
(5. 6) v = log cs -+ c2 log u. 
` From (5.3) and n == x — r, we find 
(5.7) à =(1 — c2) log u + log c4, (ca = C/U). 


By (2.6), Me = àr = 0, we get 


(5.5) t= tl. 


Consider ¢,==1. If we choose the unit of length properly, cs = c, and 


c\=1. Then (5.5) becomes 
(5. 9) P = CU. 


Differentiating (5.9) and on using (5.3) we find 
(5. 10) e (dv/dz) = ce". 


* A, 8. Eddington, loc, cit., p. 93. 
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Here we have again an infinite number of solutions of v and p. To avoid 
this indeterminateness we use Newton’s theory. By setting 


(5.11) Jas = 0? = 1 + 4roz 


and identifying cı as 2mo where o is the surface density of matter on the 
given plane, we get p + v= 0 and the final form of (5.1) is 


(5.12) ds? = —(1 + 4roz)“!dz? —(dp? + pede?) + (1 + 4roz) di?. 


The additive constant in (5.11) is chosen to be unity. Here we are 
dealing with a body whose mass extends to an infinite distance and ds? is 
not Galilean at infinity. The latter condition, however, can be replaced by 
the one that space surrounding the plane is flat if the density of matter on 
the plane vanishes. This is satisfied by (5.12). ` 

The solution (5.12) can be regarded as the limiting case of Schwarz- 
schild’s solution of a spherical shell when the radius of the shell becomes 
infinitely great (neglecting the infinite constant obtained in this limiting 
process). In fact Whittaker * uses this method to obtain his “ quasi-uniform ” 
gravitational field which, as we see in the present discussion, is the field 
outside an infinite material plane. The case ce =— 1 and hence e= cu? 
has been treated by Levi-Civita ł and the result extended to the gravitational 
field of a charged plane by Kar.{ 


b. The motion of a particle in the field. Now it is possible to transform 
away the field represented by (5.12). Let 


gv=r, Y =y, 
(5. 18) Z =(1/2re) {(1 + 4noz) cos h 2rot —(1 + 4rch)*}, 
Y = (1/2ro) (1 + 4roz)® sin h 2rot, 


where h is a constant and when (2, y, z, t)=(0, 0, h, 0), we have 
(2, y, 2, V)=(0, 0, 0, 0). Then (5.12) becomes g 
(5.14) ds? = — dg’? — dy’? — da’? + dt”. 
If we expand (5.13) in terms of o, we get 
v =T, y =y, 
(5. 15) 7 = z — h + Vogl? +(9/2c?) (h? — 2? + gat?) t, 
f= t+(g/e?) (et + Kg). 


* E. T. Whittaker, Proceedings of the Royal Society (A), Vol. 116 (1927), p. 722. 
t T. Levi-Civita, Accademie dei Lincei, Vol. 27, ii (1918), pp. 240. 
tS. C. Kar, Physik Zeit, Vol. 27 (1926), pp. 208. 
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where c, the velocity of light in vacuo is restored and g == 270, the gravity. 
From this we see that (z, y, z, t) are the codrdinates used by an observer on 
he plane and (2’, y’, 2, t) those of one who falls freely toward the plane 
it an initial height h. In the (2’, y, 2’, Y) system gravitation of the plane 
vanishes. 

From (5.13) and (5.14) it is obvious that the differential equations 
lefining the geodesics in the field (5.12) can be integrated rigorously. 
Analysis shows that the orbit of an infinitesimal particle in the (2, y, z, t) 
system is a parabola, though in the primed system it is a straight Jine. 
Furthermore, this Kinsteinian parabola is slightly different from that pre- 
dicted according to Newton’s theory, but when the velocity of light in vacuo 
rsgomes infinite, this difference disappears. 


III. GENERAL SOLUTION OF THE PROBLEM. 


6. Transformation of the fundamental quadratic differential form. The 
foregoing two special cases are solvable from (2.3), (2.4) and (2.6). This 
is because (2.3) degenerates into an ordinary differential equation in each 
case. In reality when © is a general function of u and v, the problem can 
be hardly solvable on account of the uncertainty of the boundary conditions 
of in the (u, v, p, t) manifold as we have pointed out in §3. In the 
following section we shall avoid this difficulty by introducing the Newtonian 
potential into the present problem. As we shall see presently, the problem 
of the general static gravitational field of a finite body with rotational sym- 
metry can be solved provided we can solve a non-linear partial differential 
equation of the second order. 

We start with the cylindrical codrdinates (p, z, $), the z-axis being the 
axis of symmetry of the given body which is finite in extent. Consider the 
meridianal plane containing the z-axis. Choose in this plane as in ordinary 
potential theory & more general set (é, 4) which is conformally mapped upon 
(p; z) by 
(6.1) z + ip = F (É + iq) 


where F (é -+ iy) is a monogenic function of é -+ iy so that 
(6.2) de + dp? = h? (dé? + dy?), h? = I (E + in) E (E — in). 


Let y (é, 4)== const., 0 (é, 7) = const., be two orthogonal (in the Euclidean 
sense) families of curves to be determined in the plane. Denote partial 
differentiations by subscripts as in § 1. Then 


» 
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(6.3) dy = Wedé + yndy, d0 = Og dé 4- Ody where 

(6. 4) Wibe + Yahya = 0. 

Choose the Jacobian of transformation of (6.3) to be a 
a(y, 0 

(6. 5) J= a a = Piba — Wye = ef (We? + Yr?) where 

(6. 6) ef = p. 


Solving f, 0y from (6.4) and (6.5) simultaneously we obtain 
(6. 7) Og =— ely, 0y = ele. 


Since dô is an exact differential, (6.7) must satisfy the necessary and suffi- 
cient condition, 


(6.8) nm -5 6, giving 
(6.9) Vet Yo t fehe + frh 0. 


By (6.1) and (6.6), f is a known function of-é and y. Simple veri- 
fication shows that (6.9) is Laplace’s equation in the (é, n, ) codrdinates 
independent of ¢. 

Now by (6.3) we obtain (6.2) in the form 


(6. 10) da? 4- dp? — h? (Ye? + Yq?) (GY? + Pd). 

Consequently the fundamental quadratic form for a flat space-time continuum 
in the present (y, 6,¢,¢) variables is 

(6.11) ds? =— h? (Wg? + Vg?) (dy? + p 2d) — pda? + dt. 


When matter is present, ds? is no more Galilean. We suppose that in 
such cases (6.11) is replaced by 


(6.12) ds? = — @~2H (edy? -+ perdo )— pede? + edt, 


(6. 13) eH == h2 (Y? + pt 

where A, m y, v are functions of y and 6 to be determined according to Ein- 
stein’s law of gravitation, with the condition that at infinite distances from 
the body all four approach zero as a limit. 


7, Introduction of the Newtonian potential. Next transform (2.3), 
(2.4) and (2.6) into the (¥,6,¢,¢) system. Consider the following ex- 
pression from (6.12), 


(2.1) qy + pee 22mg 62 = dy? + o-29d62 — (dp + ie9d8) (dy — ie-9d8) 
d 
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where we put ef = pe", Let (a -+18) 540, where both « and £ are real, 
be an integrating factor of dy + iedo so that 


(7,2) dy + ie-9d0 =(a + 18) (du + idv), and (6.2) becomes 
(7.3) ds? = — e?H e? (q2 + B2) (du? + dv®)— pede? +- e?dt. 
Comparing (7.3) and (1.4) we obtain 

(7. 4) em — e-2He2h(g2 + p2). 

Equating real and imaginary parts in (7.2) we get 

(7. 5) dy = adu — Bdv, dé = e9(Bdu-+ adv), 

from which the conditions of integrability for dy and dô give 

(7. 6) dy + Bu=0, Qu — Bv = Bgo — gu, and furthermore 


(7.7) Yuu + Yoo = —(a2 + 82) it, Buu + Ow = (a2 +- 8?) 629 A 


By (7.5) and . 7), equation (2.3) becomes 


Pb 0g Of ag ae 
e29 LA 2 Sin 
ee) iF at oe ay ip TO" 6 96 o” 
In the like manner we get (2.4) in the form, 


oy ay ag ðv 0 ov dv ð 
(1.9) t” m — a mr "eR 96 + ay + ee w7? 

In (6.12) we have four functions A, yw, y, v to determine by means of 
the three independent equations (7.8), (7.9) and (2.7) which will he 
rendered into the (y,6) codrdinates by the foregoing analysis presently. In 
order to avoid the one degree of arbitrariness existing in this problem we 
assume the solution of v to be 


(7. 10) Jaa = 0” = 1 — 2My 


where Jf is the mass of the body and y according to (6.9) is the Newtonian 
potential per unit mass. This general assumption includes apparently 
Schwarzschild’s solution as a special case. Equation (7.9) then becomes 


(7.11) an/dy — 09 /0p — w/p = 0, 
giving 
(7. 12) eY = a (0) 


where ©(@) is an arbitrary function. At infinity where y = 0, A =p =y 
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= y= Q for all values of 6. Hence we have @(#)==1 and (7.12) can be 
rewritten in the form, 


(7. 18) A+v=ytpz,. 

This condition is evidently satisfied by Schwarzschild’s solution and even 
by the plane (5.12). 

By (7.10) and (7.11) and since 6 = e”*, (7.8) becomes 


a [ j ûn 3 2 pone 
(7.14) 25; | — 22m) a | +=. 
Consider (2.6). By (2.2), the exact differential 
(7. 15) adm = Mudit + Mydv 


can be integrated into the form, 
(7. 16) 2m = log (xu? + x02) + x + 2 f Pdu + 6dv, where 
(7.17) P =x 4 xD, Q = x0 — xD, 


(7.18) C = (xa? + xv?) (nuno + vure) 
. D = Vo (x? + xo?) (1? + vu? — m? — v). 


Expression (7.16) contains only first partial derivatives and is simpler than 
(2.6). By (7.5) and the inverse relations, (7.16) becomes 


(7.19) 2m —log(a? + B2)-+ log (xy? + eZ) x+2 S Prdy + Qed 
P= ey 0” + xD’, g = Xy” =a PXD P 

(7.20) C = (xy? oP e?0y P) 19 (myn, a VYY) 
D = % (xy? + en) (ny? + vy? ESA e29 [nF + vF] ). 


Between (7.4) and (7.19) we can eliminate the auxiliary functions 
m and a? -+ 62. A recapitulation of results gives 


(7.21) BA —log (xy? + exe?) HE +x +2 [Pray + Vernal, 
(7. 10) Jau = e? = 1 —2My, 
(6.9) VYy=0, 
(7.18) A+r=y+ m 
ĝ on 0? ae 
(1.14) 237 | G — 21y) 7 | + a ohm, 


e= pe’, x= nty, = per == per’, 
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(6.12) ds? = ¢-27 [¢\dy2 +. perdo] — p2e?%dh? + e”dt?. 
(6.18) 2% = Ary 2 +y 2). 


From the above list we see immediately that the solution of the whole 


problem depends upon the solution of the well known Laplace’s equation, 
(6.9), the non-linear equation, (7.14) and a quadrature, (7.21). 


IV. FIELDS OF SpHEROIDAL HOMOEOIDS. 


8. Oblate spheroidal homoeoid. Let the equation of the homoeoid be 
(8. 1) pJ +E =l (pr? arty, > e). 
Use spheroidal coördinates, é, 7, defined by 
(8. 2) p + iz =x cos(é+ wm) (x? = a? — ¢?). 


Then y = const. represents a family of oblate spheroids confocal with (8.1), 
which is x cosh n =a in the family and é= const. a family of hyperboloids 
of one sheet confocal with and orthogonal to the spheroids. 

The Newtonian potential for an oblate spheroidal homoeoid with unit 
mass is 
(8. 3) y = K! cot (sinh q). 


The function, 0, defined by (6.7) may be taken as 


(8.4) o= sin é 
From (8.2), (8.3) and (8.4), 
(8. 5) p? = K? (1 — 62) csc? xp. 

In the present case (6.12) is 
(8.6) ds? ——¢-2# [e2\dy2 + p2e2"d62] — p2e2Vdg2 + e2"dt2, 
where e-2H — x4 cosh? y (sinh? y + sin? £), 


and À, m, y ate to be determined, v being given by (7.10). 
The equation (7.14) that y must satisfy becomes 


(8.7) 5 [(1—2My)( g — «K cot kY) ] — K?e?Y cse? ky = 0, 


in which we assume that y is a function of y alone. Equation (8.7) is 
solvable by the following changes of variables, 


(8.8) R= e¥(1—2My)* csc ep, du = — cse «y 'eY(1— QM) kdy, 
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where the negative sign in du is chosen to make u tend toward positive 
infinity as ý approaches zero. (8.7) then becomes 


(8. 9) @R/du®—R=0, giving i 

(8. 10) i R = ¢, sinh u. ; 
By (8.8) and (8.10), we have 

(8.11) c; sinh u = eY (1 — 2My)* exe xp 


from which, and the choice of du in (8.8), we see that c, must be a positive 
constant. Eliminating eY between du in (8.8) and (8.11) we get 


(8. 12) — ek (1 — 2My)-1 dy = eschu du, which gives 
(8. 13) (¢«/2M) log (1 — 2My) = log (coth u — esch u) + ee. 
Eliminating u between (8.11) and (8.13) we find 
(8.14) y=—% (cx/M + 1) log (1 — 2My) 
+ log {[e27(1 —2My) + c? sin? ny] — c sin ky} + cz 


the generai solution of (8.7) involving the two constants, c, and cə To 
determine cs let y approach zero. Then y tends toward zero and cz == 0. 
The constant c, can be identified with M/k, which is also a constant of in- 
tegration in Newton’s theory. (8.14) now becomes l 


(8. 15) eY = fly! sin ky. 


Obviously e” approaches unity as y tends toward zero. 

Last, we must obtain A. Knowing A we can get p by (7.13) and (8. 15). 
In order to avoid cumbersome differentiations in integrating (7.21) directly 
we use the transformation of y in (8.8), and furthermore put dv = dé By 
(7.13), (8.3), (8.5), (8.8) and (8.15), (8.6) can be written in the form, 


(8. 16) ds? = — x72 e-2H¢2e sin? ky [du? + dv? ] — y~? cos? v dp? + e”dt?, 
which has the same form as (1.4), provided 
(8. 17) e2” — pett (cot? ky + sin? t). 


By (8.8) and (8.15), we see that y can be expressed as an explicit 
function of u, and (2.6), that must be satisfied by u, can be computed with 
the aid of R in (8.10). The quadrature in terms of the u, v variables is quite 
simple. Coupled with the condition that at infinite distances from the body 
p must vanish, the function, p, is found to be 


(8. 18) 62 = K? (sinh? q + sin? é)-1, 
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From (7.13) and (8.18), A is given by 
(2,19) e? — tyt sech? (1 — 2My) ~t (sinh? y + sin? é). 
gain, ds? in (8.6) becomes 


(8.20) ds® =— cy? [y-?(1 — 2My)- sech? ydy? 
+ x2dé2 -+ K? cos? édo?) + (1 — 2My) dt?. 

Solving for sinh y and sin é from (8.2) we get 
8.21 2x? sinh? q = 7? — x? + [rt — 2 (p? — 22) + Kt]%, 
(8.21) 2r? sin? £ = — (12 — K2) + [rt — 2r? (p? — 2) + xt] 


When « is small compared with r, these expressions can be expanded in the 
following forms: 





S 2 2 1—w? 
(8. 22) sin? ¿= + ia Fea) a E eee 


w= (p?— 2) / (P? + 2). 


It is interesting’ to observe from (8.22) that when « approaches zero, 
namely, when the spheroidal homoeoid tends toward a spherical shell as a 
limit, the line element (8.20) becomes Schwarzschild’s solution. Further- 
more, (8.20) is also the solution of an infinitely thin material dise with 
mass M and radius x. 


9. Prolate spheroidal homoeoid. The treatment of the prolate spheroidal 
homoeoid is analogous to the preceding problem. Here the equation of the 
surfaces of the body is given by 


(9.1) p?/a? 4+ 22/c%==1 with co? >a’. 
The spheroidal codrdinates é, y, used are defined by 
(9. 2) z + ip =x cos (+ iy), (x? == ¢? — a?). 


The Newtonian potential for (9.1) with unit mass is 
(9.3) => 


The function, 0, defined by (6.7) becomes 
(9. 4) 6 == — cos é, 


» 
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and ds? given in (6.12) is then 


(9.5) ds? = — e-2H [eddy -+ pendo] — perde? + edt, 
e28 = x4 sinh? q (sinh? 7 + sin? é), e?” = 1 — 2My, 


where y is assumed to be a function of y alone while both à and p are func-, 
tions of y and 6. Between A, uw, y, v we have the relation (7.18), namely 
A+v=y--yu. The equation (7.14) for y in the present case is similar to 
(8. 7), so the remaining analysis will be similar. The result is 


(9.6) ds? =— x? (sinh? q + sin? é) [¢?\dy? + e?#dé?] — pede? + 0? dt?, 
e? — tyt esch? (1 — 2My)-1 (sinh? q + sin? €)-1, 
where et — «24-2 [ sinh? n + sin? é]-1, 
e?Y = Ky? esch? y. 
We notice that (9.6) is also the solution for a rod of length « and masse—~ 
M lying on the z-axis. Similarly when the prolate spheroidal homoeoid 


approaches a spherical shell as a Jimit, (9.6) degenerates into Schwarz- 
schild’s solution. 


10. Motion of a particle in the field of an oblate spheroidal homoeoid. 
The fundamental quadratic differential form (8.20) for an oblate spheroidal 
homoeoid can also be written in the form 


(10.1) ds? == — y-#(1 — 2My) idy? — y2dé? — yr? cos? Ed? +-(1 — 2My) di?. 
If for convenience we put 
(10. 2) y=1/r, E=6— 2/2, 


where it must be remembered that r and @ are not the r and 0 used in 
previous sections, then (10.1) becomes 


(10.3) ds? =—(1 — 2M /r)-1dr? — 126% — r2 sin? 6dg? -+ (1 — 2M /r) dt?, 


which has the same analytical form as Schwarzschild’s solution. The results 
worked out in the latter case are immediately applicable to the present prob- 
lem, provided we interpret the symbols in (10.3) appropriately. 

The four differential equations, 


da, dtu dtv 
(10. 4) PE + {ur a} PA ds = 0, 








defining the motion of an infinitesimal particle in the four dimensional con- 
tinuum characterized by (10.3) are* 


* A, B. Eddington, loc. cit., pp. 85. 
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dr yt (VE ee (%)- in? a) 
(10. 5) J HÀ (Z )-= 7s r sin? be 


F erry ( a =0, 


26, 2 dr dé 
(10. 6) Ss To ae A sing coso ( )=0, 





Cg, 2 d d do dg 

(10. 7) T -i i +2 cot é oe 7O 
at , dr dt 

(10. 8) J + 2r Pr = 0, 

where e = 1 —R2M/r, A+ v=0, v = dy/dr. 


Instead of using (10.5) we can take (10.3), which can be written as 


(10.9) e (2e (= ar) trtsineo ($ )—e “(f)y= i 


Equations (10.7) and (10.8) are immediately integrable, giving re- 
spectively 
(10. 10) 1? sin? 0 (dġ/ds)= cz, 





(10. 11) dt/ds = ae”. 
Let the constants of integration c, and c be positive. 
Eliminating dé/ds between (10.6) and (10.10), we find 


(10. 12) e+e Z Z -g cos ĝ csc? 0 = 0, giving 


(10. 13) v4 (d0/ds)? + c? ese? 8 = Cy? (Take cs >09). 
Eliminating ds from (10.10) and (10.13), we get 
(10. 14) de = — Cz [ (63? — c22)— co? cot? 6]-% csc? 6d8, 


in which we choose the negative sign to make @ decrease when ¢ increases. 
Let 
(10. 15) == (c3? = C2”) **/ Co. 


By (10.13) since r, 6, s are all real we see that c3? = c? and consequently 
p is real. Integrating (10.14), we obtain 


(10. 16) cot 0 = p sin($— Q), 
where Q is the node, and @ is taken to be 7/2 when ġ = Q. The geo- 
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metrical meaning of 67/2 is that z= 0 where the particle crosses the 
equatorial plane of the oblate homoeoid [ef. (10.2) and (8.2)]. 

By using (10.9), (10.10), (10.11), (10.18) and (10.16), we obtain | 
the following relation between y and 4, 


(10.17) ca [2A fF (p) ]-4#dy = — cs [1 + p? i — Q )]tdo, where 


—1 
(10.18) FW) W— ge + St es 
the negative sign in (10.17) will be explained presently. 

The right hand side of (10.17) is immediately integrable in terms of 
circular functions. The rigorous integration ‘of the left hand side in terms 
of elliptic functions has been discussed by Forsyth.” Let «, 8, y («> B> y) 
be the three roots of f(y). Then y can lie only with the interval 8 Z y= y. 
When y= 8, we have the analogous “perihelion” and when y =y, the 
“aphelion.” Let p = po, when y = £. Integrating, we have 





(10.19) e S RUI =a fF [1+ p sin g) 


Here we see that since y decreases after y = 8, but that ¢ continues to in- 
crease after ¢ = ġo, the negative sign in (10.17) must be taken. 
From (10.19) we obtain 


(10. 20) y =y +(B—y) (1 — cnu) / (1 + dnp), 
where pw is defined by the equation, 


(12.21) 2u = 2K —(1/P) {tan [o tan(¢— Q )] — tant[o tan(¢d.— Q)] 


in which o = 63/6, P = [2M (« — y) ]*, 

and K is the complete elliptic integral of the first kind with modulus, k, 
given by 

(10. 22) k? =(B — y) / (a — y). 


From (8.2), (8.3), (10.2), (10.16), (10.20) and (10.21), we obtain 
the equations of the orbit of the particle in the following forms, 


p = [1 + p? sin? ($ — Q )]* ose xy, 
(10:24) z = kp sin ($ — Q )[1 + p? sin? ($ — Q )]* cot xy. 


The equation 0 = const. [cf. (10.2) and (8.2)] represents the family 
of hyperboloids of one sheet orthogonal to the family. of spheroids y = const. 


* A. R. Forsyth, Proceedings of the Royal Society (A), Vol. 97 (1920), pp. 145. 
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Then (10.16) shows that the maximum and minimum latitudes of the 
particle in its orbit are invariable for given initial conditions. 
The function, y, in (10. 20) is a Jacobian elliptic function of ¢ Hence 

-the analogous “line of apsides ” of the orbit precesses about the zaxis. The 
amount of this precession for the particle to describe the orbit once can be 
calculated in the following manner.* In (10.20) we have so chosen y, ¢ 
that at perihelion y = £, ẹ = ¢o Then at aphelion y =y, let d= du. 
From (10.20) and (10. 21), 

(10.24)  tan-[o tan(¢?: — Q)] —tan“[o tan(¢do— Q)] = 2PK. 

At the next perihelion let 6 = ¢,. The relation analogous to (10.21) is 
(10.25) tan1[o tan(¢2— Q)] — tant[o tan(¢.— Q)] =2PK. 

Adding (10.24) and (10.25), we get 


(10.26) tan“[o tan(¢2— Q)] — tan"! [oe tan(¢.— Q)] =4PRK. 


The precession is given by 
(10. 27) A = dz — do — 27. 


Solving $z from (10. 26), we get 


aon 1 f tan4PK +o tan(g— Q) 
(10. 28) A= tan} Š { I— o tan($) — Q )tan 4PK \ (ġo Q) Rr. 


It is interesting to observe from (10. 13), (10.15) and (10.23) that if 
the particle lies initially in the equatorial plane of the homocoid, i.e. 
dd/ds ==) when 0 = 7/2, theri subsequently 67/2 and the particle will 
continually lie there. The approximate formula for A in this case can be 
calculated as follows: Regard (r,¢) as configurational polar codrdinates of 
the particle. Then (10.3) shows that the motion of the particle in these 
coérdinates is the same as the motion of a corresponding particle in Schwarz- 
schild’s solution. Hence the constants, cı and ce, in (10.11) and (10.10) are 
given by ł 





(10.29) G2 =r (1— e), o2—1=—M/re e= (r — r?) /ro, 


where M is the mass of the homoeoid, 7» the semi-major axis, rı the semi- 
minor axis, and e the eccentricity of the orbit in the configurational coördi- 
nate system. The advance of the perihelion is given approximately by 


(10. 30) A = 2r’ 3M /ra (1 — e?). 


* A, R. Forsyth, loc. cit., p. 148. 
tA. R. Forsyth, loc. cit., p. 145. 
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From (8.3) and (8.21) with z = 0, and (10.2), we obtain 


(10. 31) Ape [+ (2 — 02) | 
r K K 


When p? — x? > x? which is obviously satisfied by large values of p, we can 
expand (10.31) in ascending powers of x/p in the form, 


(10. 32) s=5[b+5 Se er ee 


Equation (10.31) shows that p is a monotonic function of r, and con- 
sequently the value of A in (10.30), which is primarily for the orbit in the 
(r, p) configurational codrdinates will hold also in the (p, ) system. Know- 
ing the “semi-major” and “semi-minor” axes, po and p, of the particle’s 
orbit in the latter system we can compute the corresponding values of fo 
and rı by (10.32). Then (10.30) shows that the oblateness of the central 
body causes a small increase in the advance of the perihelion of the orbit 
predicted from Schwarzschild’s solution. This increase vanishes when x = 0, 
namely, when the oblate spheroidal homoeoid degenerates into a spherical 
shell. 

In conclusion I wish to thank Prof. E. T. Bell heartily, whose interest 
in this problem and encouragement in the course of work have made this 
investigation possible. 
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ON THE NON-EXISTENCE OF CURVES OF ORDER 8 WITH 
16 CUSPS. 


By Oscar ZARISKI. 


1. Ina paper, which will be published in the “Annals of Mathematics”, 
I prove incidentally by means of several examples, that the answer to the well- 
known question,” as to whether there always exist plane algebraic curves with 
assigned Pliickerian characters, is negative. It is understood, of course, that 
the assigned characters satisfy the Pliicker relations, and are essentially non- 
negative integers. For instance, I prove that a curve of order 7 cannot possess 
11 (or more) cusps.t Thus, with the usual notations for the Plickerian 
characters of a curve (n-order, m-class, d-number of nodes, k-number of cusps, 
r-number of double tangents, i-number of flexes), we have then that the 
following sets of Pliickerian characters do not correspond to any effectively 
existent curve: 
(1, n=, d=0, k=1i; m=9, 7r=7, i= 17; 
(2) n=m=7, d=1=1, bk =i=11. 








Similarly, I prove that a curve of order 8 cannot possess 16 (or more) cusps. 
For instance, there do not exist (self-dual) curves of order 8 with 16 cusps 
and no nodes.{ 

The proof of the non-existence of the above curves is based on the follow- 
ing general theorem, proved in my. paper as a consequence of certain results 
concerning the determination of irregular cyclic multiple planes: the linear 





* See the interesting paper by S. Lefschetz, “On the Existence of Loci with Given 
Singularities,” Transactions of the American Mathematical Sociely, Vol. 14 (1913), 
pp. 23-41, whieh constitutes perhaps the first attempt to throw light on questions as 
yet unsolved in all their generality, relative to the dimension and existence of con- 
tinuous systems of cuspidal curves. The examples given below solve some of the 
questions explicitly raised by Lefschetz in his paper, 

f On the other hand, seventies with 10 cusps exist, as is shown by the example of 
the seventic with 10 cusps and 3 nodes, which is the dual of a sextie curve with 7 cusps 
and one node. 

ł In contradiction with a statement made by B. Segre in his paper “ Esistenza. c 
dimensione di sistemi continui di curve piane algebriche con dati caratteri,” Rendiconti 
della R. Accademia Nazionale dei Lincei, (July, 1929), p. 38. The above examples 
correspond to the lowest possible values of n. In fact, it is easily shown that when 
n=6, any set of (non-negative) Plückerian characters belong to some effectively cx- 
istent curve. For instance, the existence of a curve of order 6 with 7 cusps and one 
node, mentioned in the previous footnote, can be ascertained as follows: The dual of 
a quartie curve with two cusps is a curve of order 6 possessing 8 cusps and one node, 
Sine. the complete continuous system of curves, having the same characters, has its 
characteristic series non-special, one of the 8 cusps can be considered as virtually 
non-existent, 
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system of curves of order n—3—j determined by simple basis points at 
the cusps of a plane irreducible algebraic curve of order n, is regular (effective 
dimension = virtual dimension) for any value of the integer j, such that 
6j <n. The non-existence of the above mentioned cuspidal curves follows 
at once from this theorem, if we observe that in each of these examples the 
corresponding curves, if they existed, would be certainly irreducible and that 
in each case one of the linear systems, mentioned in the above theorem, would 
have a virtual dimension equal to — 2. 

In my paper the quoted theorem is based on considerations, which involve 
the elements of the theory of algebraic surfaces. Since the question of the 
Pliickerian characters of a curve, so elementary as far as its formulation is 
concerned, is essentially a problem of plane geometry, it seems desirable to 
consider one of the examples quoted above and to arrive at the desired con- 
clusion of the non-existence in a more elementary way, by making use only 
of the elements of plane geometry and of the geometry on an algebraic one- 
dimensional variety. Accordingly, we propose to give in this paper a direct 
proof of the non-existence of curves of order 8 with 16 cusps. 


2. For the proof, let us suppose that a curve, 


f(z, y) =0, 
of order 8 with 16 cusps and no nodes exists. This curve is self-dual, i. e., 
m = 8, r = 0, i = 16. We shall have to consider the curve f from its dual 
aspect, and in doing this we shall face the question whether the dual singu- 
larities of f are exactly of the same type as the point singularities of f, namely 
ordinary flexes and no double tangents. This is by no means obvious. The 
general question involved is the following: given a curve f possessing cusps 
and, nodes only, what can be said about the nature of the dual singularities 
of f? Obviously, it would not be correct to say, that the dual singularities 
of f are necessarily double tangents and ordinary flexes. Thus a curve without 
point singularities at all can possess flexes of order s >1 (where the flex 
tangent has s + 2 coincident intersections with the curve), triple tangents, etc. 
The question raised must refer, in its correct form, not to the individual curve 
f, but to the most general curve of the same order and having the same singu- 
larities as f, or better, to the generic curve of a complete continuous system 
of such curves. We can ask namely, whether the dual singularities of the 
generic curve of a complete continuous system of curves, having cusps and 
nodes only, are exactly double tangents and ordinary flexes. Obvious as the 
answer may seem, it requires a proof. However, it is not our intention to 
attempt such a proof in this paper. For our purpose it will be sufficient to 
show that in one particular case the answer to the above question is in the- 
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affirmative, and not only for the generic curve of the system but for every 
individual curve of the system possessing nodes and cusps only. This is the 
case in which r= 0. We propose then to prove the following 


Lemma. Given an irreducible curve f of order n, possessing d nodes and 
k cusps. If the number r of the double tangents, evaluated according to the 
Pliicker relations, has the value 0, then the only dual singularities of f are 
exactly ordinary flexes. 

Denote, as usual, by i the number of flexes, as evaluated according to the 
Pliicker formulas, and by p the genus of f. We shall have 

p = (n—1)(n—2)/2—d—k = (m — 1) (m— 2) /2 — i, 

where m is the class of f. Denote by f the transform of f by duality. Let 
Qu Yao’ © >, Qt be the singular tangents of f, and let Qi, Qe,- © +, Qi be the 
corresponding singular points of f. The line q; will touch f at certain pvints, 
having at each point a contact of a certain order with f. In addition y; may 
pass through some of the nodes and cusps of f. To each contact of order s 
will correspond by duality a branch of f of order s and of origin Qj, in the 
neighborhood of which there will be only simple points infinitely near to Q, 
To distinct points of contact there will correspond branches with distinct 
tangents. If q; passes through a node, we shall have an additional branch of 
origin Qj, if and only if q; coincides with one of the principal tangents of 
the double point. Similarly, if q; passes through a cusp, we shall have an 
additional linear branch of origin Qj, if and only if g; coincides with the 
cusp tangent. 

Let Sj, Siz °°, 8jr, be the orders of contact of q; at the r; points at 
which it touches f, including possibly the nodes and cusps, through which gq; 
happens to pass and at which it coincides with a principal tangent.” 

Let 

Sj = Sj + Sj f+ H Sirp 


Then Q; is an s;-fold point of f, and since in its neighborhood there are only 
simple points it follows that Q; absorbs s;(s; —1)/2 ordinary double points 
of f. Ilence 


i 
pow (m— it) (aim 8) 12 2 =R 
jz 
and consequently 


(1) 


8; (8; == 1)/2 =}. 


l 
#1 


* At any of these cusps we must put ¢==1. At a node the order of contact of 
q; with one of the branches through the double point is to be considered. 
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We also have, 
n= m(m—1) — 34. 
On the other hand it is obvious that the multiple point Q; of f diminishes the 
class of f by 
sils — 1) + (sa — 1) + (872 —1) 4° + + + (Si —1) = s — 1}. 
Hence 
l 
n=m(m—1)— È (s? — ri), 
j=l 


and consequently 
l 
(2) > (87 —1;) = 3i 
fl 
From (1) and (2) we deduce: 


l L 
3 D s (s;—1)/2 = & (87? — r), 
j=l g=1 


or 
(3) Ela 3)/2 +1] =0. 


Since for any j, s; Z 2 and ry is positive, it follows that each term of the 
written sum is = 0, where the sign = holds, if and only if s; = 2 and r; = 1. 
Hence the relation (3) implies that s; = 2, r; = 1 for j—1,2,---, Lie, 
that the only singularities of f are ordinary cusps, which proves our Lemma. 

COROLLARY. A curve f of order 8 with 16 cusps and no nodes, if it exists, 
possesses exactly 16 ordinary flexes, i. e., the transform f of f will also possess 
16 ordinary cusps. 


3. Let f(x,y) = 0 be a curve (necessarily irreducible) of order 8 with 
16 cusps and no nodes. Its genus is 5. Denote by Ts a set of 8 points cut 
out on f by a line of the plane, by I's a set of 8 points, outside the cusps, cut 
out on f by a first polar of f, and by | Ts | and | Ts | the corresponding com- 
plete series on f. Let moreover He be a canonical set on f, i. e., a set of the 
canonical series gs*. Furthermore denote by Ki, the set of 16 cusps of f. 
We then have the following’ relations: 


(4) 2 Ts + Hs = D; + Kis; 

(£) 5 Ts = H; + 2 Kae. 

The relation (4) expresses the known fact that the Jacobian set T34 == Ig + Kie 
cf the gs cut out on f by a pencil of lines is equivalent to the sum of a 
canonical set and of the two-fold of a set of the-gs'. The relation (4’) 


expresses the fact that the canonical series is cut out on f by the adjoint curves 
of order 5. Eliminating the set Kıs between (4) and (4’) we obtain 
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(5) Ts + 2 D = 3 Ha. 
Since the curve f is self-dual, and since by the Lemma proved above, the 


“mrve f dual to f is exactly of the same type as f, the relation (5) can be 
Pualized, by interchanging Ts and I’, and by leaving He unaltered. Hence 
(5°) Ts -+ 2 r= 3 Hs. 

From (5) and (5’) we deduce Pys=Ts, i.e., the two series | Ts | and |T, | 
coincide. 

There are now two possible cases to consider: (1) the series | Ts | is non- 
special, and hence is a gs?; (2) the series | Ts | is special, and then it neces- 
sarily coincides with the canonical series gst | Hs |. We investigate the 
two cases separately. 

4. Let us first suppose that | Ts |= | Ts] is a non-special series gê. 
Let g. and gs” denote the (incomplete) series cut out on f by the lines of the 
plane and by the first polars of f respectively. Since the two series, of dimen- 
sion 2, are both contained in the series | Ts | of dimension 3, they have a gs" 
in commen. This gs? is cut out on f by a pencil of lines, say of center A, and 
on the other hand the same gs* is cut out on f by a pencil of first polars; the 
pole B of the variable polar of the pencil will deseribe a line b. We hive 
then the following situation: there exsts a point A and line b in the plane 
of f, such that for any point B of the line 6 the points of contact with f of 
the 8 tangents drawn from B are the intersections with f of a line a on A. 
It i» easily seen that this situation is impossible. For, let us consider a point 
B, at which the line b meets the curve f. If A happens to be on b and on f- 
we may suppose that B, is distinct from A, since f possesses only ordinary 
flexes. Let æ, be the line on A which corresponds to Bı. Since, as the variable 
point B of b approaches B,, two or more of the points of contact with f of 
the tangents drawn from B approach B,, it follows that the line a, necessar'ly 
coincides with the lino AB,. It follows that the line a, must absorb all the 
8 tangents, which can be drawn through B,, which is impossible, since f 
possesses only ordinary flexes. 


5. We now consider the case, in which the series | Ts | =| Ts | coinci¢es 
with the canonical series gs*. In this case there exist adjoint curves of order 
5, which cut out on f sets of the g,” cut out by the lines of the plane. These 
adjoint curves necessarily degenerate into a line and into a fixed quartic curve. 
Hence the 16 cusps of f lie on a quartic curve, which obviously does not meet 
f outside the cusps. It can also be shown that there exists a sextic curve. 
which passes through the cusps of f and touches at each cusp the cusp tangent 
(and which therefore does not meet f outside the cusps). In fact, the relations 
(4) and (4’) yield by subtraction: 
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Kis = 3 Ie -+ Is — 2 Hs, 
or, in view of (5’), 
Kis = Ts + Hs. 


This relation shows that the set Ki, of the cusps of f belongs to the series 
| Te + He |, which is cut out on f by the adjoint curves of order 6. It follows 
that there exists an adjoint sextic curve, whose 16 intersections with f (gen- 
erally outside the cusps) fall at the cusps of f. Such a sextic must touch at 
each cusp the cusp tangent. 

Let we(a,y) = 0 and ¢.(2,y) = 0 be the equations of this sextic curve 
and of the above quartic curve respectively. Let us consider the pencil 


[yo(x, y) |? — t[ ou(z, y) }® = 0. 
The curves of this pencil do not have variable intersections with the curve f, 
since all the intersections fall at the cusps of f. Hence, for a proper value of 
t, which we may suppose to be t= 1, the corresponding curve of the pencil” 
will contain the curve f as a component. We have then 


(6) [yo(x, y) ]? — [bs (a, y) ]? = Aa(z,y) ` f(z, y), 
where A,(a,y) is a polynominal of order 4 in v and y. 

To prove that the relation (6) cannot hold we first observe that the curves 
Wo == 0 and ¢, = 0, which we shall denote in the sequel by Cs and C4, satisfy 
the following conditions: (1) the cusps of the curve f are simple points of 
the two curves, and at each cusp the two curves have distinct tangents; 
(2) if the two curves are reducible, they do not have common components; 
(3) each curve possesses only a finite number of multiple points. In fact, 
(1) holds, because the two curves Cs and O4 have at each cusp of f exactly 3 
and 2 coincident intersections with f respectively, otherwise the total number 
of intersections of one of these curves with f would be greater than the product 
of its order and the order of f. The condition (2) holds, because a common 
component of the curves would have to meet f at the cusps only, and the two 
curves would have at some cusp a common tangent. Finally neither one of 
the curves can possess a curve of multiple points, because such a curve would 
have to meet f at the cusps only, which contradicts the condition (1). 

It follows that Ce and C, have exactly 8, distinct or coincident, inter- 
sections outside of the cusps of f. Each of these intersections is at least a 
double point of the curve A;=0. Thus, if O is a common simple point of 
the curves Cs and Ca, then in general O will be a cusp of the curve A, =0. 
If, however, the point O absorbs two intersections of the curves Ce and C4, 
then O is either a tacnode of the second kind or a triple point for the curve 
A, =0, according as Ce possesses at O a simple point or a double point. In 
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both cases O will absorb 3 double points of the curve Az==0. At any rate 
the meet points of Co and C; constitute a set of multiple points of the curve 
= == 0, which will absorb at least 8 double points of the curve. It follows 
lat the curve A, = 0 possesses infinite multiple points, since the maximum 
number of double points (or of equivalent singularities) which a curve of 
order n can possess, without possessing infinite multiple points, is n (n — 1)/2. 
Hence the curve A, = 0 contains a line of multiple points or is a conic counted 
twice. We consider in the next two sections these two cases. The reader 
should hear in mind that the quartic -1; = 0 cannot pass through a cusp of f, 
and that any point common to the curve A, = 0 and C4 (or C'e) is also on 
Ce (or Ca), but is not on the curve f. 


6. Let the curve A, == 0 contain a line of multiple points, say the line 
z=0. Let 


Wo(@, y) = Ae(y) + as (y)e + aye? + ay) ++, 

Wat y) = daly) + balye + Del(y)a® +o, 
where all the missing terms contain higher powers of æ. The coefficients 
a:(y), bj)(y) are polynominals in y of degrees indicated by the indices. Since, 
by hypothesis, æ? is a factor of the polynominal [y¥.(2, y) |? — [¢:(2, 9) }% 
we must have 
(7) Le) P = [ba(y) 1° 
(7) Ras(y)as(y) = 3[b1 (y) b: (y). 


From (7) we deduce that as(y) and b,(y) are the cube and the square 
respectively of a polynomial of second degree.” Let the roots of this poly- 
nominal be assumed to be y = 0 and y =n. Then 

(8) as(y) =¥(y—n)*, baly) =y (y-n); 

(8°) 2as(y) = 3y (y — 9) b: (y). 

We find then 


Œ) {vle y) 1? — [g(s y) J} = y (y — a)? (84b) 

+ 2y(y—a)asly) — 3y (y — 1) ta H” 
where all the missing terms involve the variable æ. The points (0,0) and 
(0,7) are on Ce, C, and on the curve A, = 0, which is made up of the line 
of double points v == 0 and of a residual conic. If 70, then, by (9), this 
residual conic passes through the points (0,0) and (0,7), touching there the 








* None of the polynomials a,(y), 0,(y) can vanish identically, because the identical 
vanishing of one would imply the identical vanishing of the other, and the line # = 0 
would be a common component of the two curves Ce and C, which, as we observed 
above, is impossible. 
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line v= 0. If y= 0, the conic has at the point (0,0) at least a 4 point 
contact with the line x0. In both cases we deduce that this conic must 
degenerate into two lines, one of which is the line z —0, the points of which 
are therefore at least triple points of the curve A4 = 0. Hence the left-hant 
member of (9) must be divisible by v, and we must have 


(10) 3/4 [ba (y) 1? = 2y(y —n)t (y) — 84° (y — n) ba (y). 
If n340, then it follows that b3(y) is divisible by y (y — ņ) and that conse- 
quently also a4(y) is divisible by y(y — n). Putting 
bs(y) =y (y —n) aly), aly) =y (y — 1) ey), 

we have, by (8) and (8°), 

pels, y) = 4° (y — 1)? + By? (y — a) a (y) a 

+ y(y — i) elyet + aly) t: 

(zy) =y — a) ty¥(y—nalye + bly Ho 
We see that the curve Ce possesses at the origin a triple point (at least) and 
that C, possesses at the origin a double point (at least). The origin is there- 
fore at least a 6-fold point of the curve [ye(z, y) — [g(r y) ]® = 0, which 
is impossible since this would imply that the curve f has at the origin a double 
point (at least), whereas we know that it does not pass through the origin 


at all. 
Let now 7-0. Then, by (10), ba(y) is divisible by y, 


(11) bs(y) = yeo(y), 

and (10) becomes 

(10) 8/4 [c2(y) ]? = 2a (y) — 34°b: (y). 
We find 


(12) {[ye(z, y) ]? — [44 (a, y) 2 = 3° (802(y) as (4) 
+ yas (y) — [e2(y) ]® — 6y?eo(y) b2(y) — 8y*bi(y)} +e sy 


where all the missing terms involve the variable «v. The curve Ay = 0 is made 
up of the line of triple points v == 0, and of a residual line. The presence of 
the factor y* in the right-hand member of the relation (12) shows that this 
residual line must coincide with the line s = 0, so that the quartic A, 0 
is merely the line == 0 counted 4 times. Expressing the fact that the term 
independent of v in the right-hand member of (12) vanishes identically, we 
find that c2(y) {8a,(y) — [e2(y)]°} must be divisible by y”. Since, by (10’), 
also 3/4 [¢2(y) ]? — 2a.(y) is divisible by y*, we deduce that a,(y) is divisible 
by y”. Taking in account (8), (8’) and (11), we then deduce, as in the 
previous case (y+ 0), that the curves Ce and C, have at the origin at least a 
triple point and a double point respectively, which is impossible. 
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+. There remains to consider the case in which the quartic curve A. == 0 
“sa conic C, counted twice. Let O be a point at which C, meets the curve (a 
and which is therefore also on the curve Co, but not on the curve f. Since O 
$ a double point of the curve [We(2, y) ]? — [ġ: (7, y) ]* = 0, it is necessarily 
a simple point of the curve Ce. It is obvious that C: and Ce have the same 
tangent at O. We suppose for simplicity that the point O is at the origin, and 
that the common tangent of Cs and C2 at O is the axis y==0. We consider 
the expansions of y 


on Cg: y= bat? + ba +--+ > beat - +S 
on Cai y= t + cst? +--+ ++ oak te ee, 


which represent the curve C'e and the conic Cs respectively in the neighborhood 
of the origin. Let .1(a,y¥) =0 be the equation of the conie Ce. We may 
write then 


ay {Yo y) = (yb — bas? —- «dak — ley); 
| A(z, y) a (y — cox? — 63? —- S ~— Cpi — - s Ary) 


where y(r, y) and Ñ (z, y) are polynomials in y, whose coeficients are func- 
tio is of r, which are regular in the neighborhood of the value s = 0. More- 
over, (0, 0) £0 and A (0, 0) 0. 

We now have the following relation: 

G) (y— ber? — Dye? —- + > — baw! —- + +)? L(y) P— Lea 

= (y — Con? — C? —- - > — era — n >> PL (ay) fy) 

It ~hould he noticed that {(0,0) 540. Our proof will consist in showing that 
(14) cannot hold unless ug = bp for every value of k, which is impossible, 
since this would mean that the curve Ce, and hence also Ca, contain the conic 
Ca as a component, which contradicts the fact that Cs and C; have no common 
components. Let us suppose that the first & — 2 coefficients (k 2 2) of the 
above expansions are alike: 


(15) bo = Co, ba = Cg,° © t, Dee = Crea 
We propose to prove that bz = cr. Let 

[¥(0, 0) ]? = Yo? 0, [.1(0, 0) ]*F(0, 0) = ao 0. 
Recalling that ¢4(0, 0) = 0, we deduce immediately from (14) 


(16) Wo” = ay. 
If we put in (14) 
(17) Y =Y = doe? + baz? ++ + + + gaa}, 


the functions ¥(z,y) and .I(2,y) become integral power series in x, and we 
ply conclude, in view of (15), that the polynominal in q, ¢,(2, y1), cansot 
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contain terms of degrees less than 2k/3. If k is not divisible by 3, we put 
in (14) 

(17) Y = Yo = bat? + bat? ++ o o + bratt + biat. 

We then observe that after this substitution is made the left-hand member d 
(14) does not involve terms of degree S 2k in a, and that in the right-hand 
member the coefficient of 2" is ao(br— cr)”. We deduce that cs == bz, which 
proves our assertion for the case & 340 (mod. 3). 

Let now & be divisible by 3, k = 3k,. If we again use the substitution 
(17) and if we denote by Box, the coefficient of 22% in ẹ4(%, y1), we obtain 
from (14) by equating! the coefficients of x, 

(18) Yob? — Bom == apy”. 

If Box, = 0, then the reasoning employed above, in the, case k s£0 (mod. 3), 
can be used again in order to prove that bs = cre We may then suppose that 
Bu, £0. We use the substitution (17’) and we first prove that as in 
a(z, y1) so also in $4(2, Y2) the term of lowest degree in æ is fma", In 
fact, let y = y.’, Y = ys’, ete., be the Puiseux expansions in the neighborhood 
of the origin of the different branches of the function y defined by the equation 
pale, Y) =0 (Yr, yo’, ete., denoting fractional power series in g). Then we 
can write 

a(s, y) = ply — yr) (y— ye) > 


where p is a constant or a polynominal in æ. By the hypothesis made on the 
function ¢:(#, y1) it follows that each of the series yı — yi’, Y — yr: 
contains terms of lowest degree S 2k. Since ys = yı + bre, it is obvious 
that the terms of lowest degree of the series Yı — Y1, Yı — Yz, * `, coincide 
with the terms of lowest degree of the corresponding series y2— yy’. 
Y2 — Yo’, * +, which proves that the terms of lowest degree of ¢4(2, y1) and 
of ¢4(2, Y2) are the same. ; 

If we now put in (14) y = y: and if we equate the coefficients of x, 
we obtain 





— B3, = ao (br — cx)?, 


which combined with (16) and (18) yields 


(19) (br — Cy)? = cy? — bè. 
Tn a similar way we obtain 
(19) (Cr — br)? = bx? — 0, 


by using the substitution y = bss? + bar? +--+ > -H brat + ca. 
From (19) and (19°) it follows that bz = cx. Q. E. D. 
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CONSTRUCTION OF PENCILS OF EQUIANHARMONIC CUBICS. 


3, By JACOB YERUSHALMY. 
Pa 


1. Introduction. By Salmon’s theorem, the cross-ratio of the four tan- 
gents, which may be drawn to a plane cubic curve from a point on it, is 
constant for the cubic. A certain function of the cross-ratio, which is rational 
in the coefficients of the cubic, constitutes the only absolute rational invariant 
of the cubic. In fact, if æ is one of the values which this cross-ratio assumes, 
then 


J = 4(a2 —a +1)8/(a + 1)2(1— 2a)2(2— a)? 


is the absolute rational invariant of the cubic. This invariant is known as 
‘the modulus of the cubic. 

In terms of the two relative invariants S and T of the cubic, which «re 
of degrees 4 and 6 respectively in the coefficients of the cubic, 


J = 83/7? 
and hence involves the coefficients to the 12th degree. 


If «== — 1, then J = œ, T = 0 and the cubic is said to be harmonic. 
If a==—e(e = 1), then J = 8 = 0 and the cubic is said to be equian- 


harmonic. 


If = 1, then 63 — T? = 0 and the cubic has a double point. 
Ii a is indetermined, S = T = 0 and the cubic has a cusp. 


Since J involves the coefficients of the cubic to the 12th degree, there are 
in an arbitrary pencil of cubics 12 cubics of an assigned generic modulus, 
but only six harmonic and four equianharmonie cubics. 


2. Pencils of Cubics of Equal Modulus. O. Chisini * proposes to deter- 
mine all the pencils having the property that all the cubics of one pencil 
have the same modulus. He succeeds in determining them in the following 
manner. ; 

He observes that to a pencil of cubics all having the same modulus corre- 
sponds a pencil of lines cutting a quartic curve in quadruples of points all 
having the same cross-ratio, and conversely. He then determines all the 


# e Sui fasci di cubiche a modulo costante,” Rendiconti del Circolo Matematico 
di Palermo, Vol. 41 (1916). 
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quartic curves admitting the above property and studying their singularities 
he arrives at the construction of the pencils of cubics. 

In the equianharmonic case Chisini proves that every quartic that is cnt - 
by all the lines of a pencil in equianharmonic quadruples is represented by- 
an equation of the type 

= Ipa (L12223) EEA [i (L12223) ] 2 0, 


r? 0x3 

where = 0 is an arbitrary cubic not passing thru the center of the pencil 
of lines which is taken to be the point C==(0,0,1). It is easily verified 
that the cubic ġa = 0 is the polar of the point C with respect to the quartic 
fa=0. He also shows that the six points C1, C2, Cs, Ca, Cs, Ce of inter- 
section of ¢;==0 with the polar conic of C with respect to ¢;—0 are flex- 
points for f4 = 0 whose flex-tangents pass thru C. Obviously the cubic ġs = 0 
touches f, = 0 at the six points (i. X 

Chisini, however, does not give the actual construction of the pencils of 
equianharmonic cubics. He only points out that such pencils are char- 
acterized by possessing six cuspidal cubics (corresponding to the six flex- 
tangents CC; of the above quartic). It is the object of this paper to make a 
closer investigation of these pencils of cubics with special reference to their 
actual construction. We show that every such pencil is contained in a net 
of equianharmonic cubics thru six base-points. These base-points form the 
vertices of two in-circumscribed triangles of an arbitrary cubic curve, which 
are three-fold perspective from the vertices of a third in-circumscribed tri- 
angle of the same cubic. 


3. Cremona Transformations Leaving a Pencil of Equianharmonic 
Cubics Invariant. It is well known that a general elliptic cubic is trans- 
formed into itself by 8 cyclic collineations of period three whose fixed points 
do not lie on the cubic. These collineations are given in terms of the abelian -- 
parameter u in the form 


w = u + o/3 (w is a period). 


In addition to these general transformations, an equianharmonic cubic is 
transformed into itself by singular homographies and homologies of period 
three with three fixed points on the cubic. In terms of the abelian parameter 
u these singular transformations are given by 


w= + eu +b, (ê = 1). 


The existence of such homographies and homologies characterizes the 
equianharmonic cubics. 
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If, then, we have a linear system of equianharmonic cubics, say a pencil, 
the homology may be fixed or variable, i. e., there may exist one homo.ogy 
leaving invariant all the cubics of the pencil, or the homology will vary from 
Pubic to cubic. However Chisini proves (loc. cit., p. 90) that if the homology 
is fixed the pencil is special, and on a general pencil the homology is variable. 
It is natural, therefore, to look for Cremona Transformations of the plane 
into itself leaving the cubics of a pencil of equianharmonic cubics invariant. 
For this purpose we must investigate more closely the quartic curve f,=0 
which is cut by a pencil of lines {C} in equianharmonic quadruples of po-nts. 

As is known, a cubic surface F, may be mapped on a double plane with 
a quartic branch-curve by projection from a point O on the surface. Consider, 
therefore, the plane v of f,==0 as the projection of a cubic surface Fs, and 
fa=0 as the branch-curve. The equation of f,——0 is, as we noted, 


a 
fame FE oe — y (5) —0 


and s = 0 is the polar of O (the center of {C}) with respect to f ==0. Take 
an arbitrary line a of {C}. It cuts f,= 0 in an equianharmonic quadruple 
of points Æ., Fz, Es, E4 and pa = 0 in three points Pi, P2, Pa which constitute 
the polar group of C with respect to En: - -£,. To a will correspond on Fs 
a plane equianharmonic cubic curve ©, cut out by the plane thru a and O 
(O is the center of projection). To Pı, Pa, Ps will correspond on Y, two 
triples of points. We proceed to prove that each triple of points is a group 
of three fixed points of a singular birational transformation Ts, cyclic of 
order 3, of the cubic Y, into itself. What we have to prove is, in fact, the 
following: 


THEOREM. The lines joining any point O on an equianharmonic cubic 
to the œt groups of three fixed points, on it, of the œt singular birational 
transformations cyclic of period 3, of the cubic into itself form a gẹ! in the 
pencil {0}, and this g,' is precisely the gs obtained by taking the polar group 
of a variable line of the pencil with respect to the four tangents to the cubic 
from O. 


Proof. Let Y, be an equianharmonic cubic and O a point on it. Let y 
be a transformation of ¥, into itself having three fixed points Ay’, As’, As’ 
on the cubic. Let w be the transformation determined by the g: cut out 
on Y; by the pencil {0}, i. e. the transformation which interchanges the points 
of each pair of the g2*. 

Evidently wtyw is a transformation of Y, into itself having as fixed 
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points the three further intersections Ay”, 42”, As” of the lines OA,’, OAJ’, 
OA,’ with ¥,. Hence given any line of the pencil, each of the two points in 
which it cuts ¥, outside of O will define, by a known result, two other points 
which together with it form a group of three fixed points for some birationa 
transformation of ¥, into itself, and by the previous remark these two triples 
will form three groups of the gt mentioned above. It follows that the series 
cot of triples of lines mentioned in the theorem is such that each line belongs 
to one and only one triple, and therefore this series is a gs*. 

To prove that this g, coincides with the g,' of the polar groups we take 
the trace of {0} on a line J. 

Consider the transformation y of Y, into itself having one of its fixed 
points at the point of contact C of one of the tangents thru O. y will leave 
invariant the g,* cut out by {O} since it leaves one group of it (the point C 
counted twice), invariant, and will permute cyclically the three points of 
contact of the other 3 tangents to Y, from O. The other two fixed points of 
y are on a line with O. We have in {0} a cyclic projectively of order 3. 
The trace of it on 7 may be given by 2 == ex (è= 1), having the points 0 
and œ as invariant points. The equianharmonic quadruple of points on 1 
can be taken to be 0, 1, e, e and the polar group of any point (a, a2) with 
respect to it is given by 


(1) Aag — 30.2122" — ht =0 or ag? — 3r — a =Q. 


The polar group of the trace of OC on l is the polar group of 0 with 
respect to 0, 1, e €. Putting in (1) a=«a,/a,=0 we obtain the point O 
and the point œ counted twice, and this triple of points obviously coincides 
with the traces on 7 of the lines joining O to the three fixed point of y. The 
same will hold for any of the 4 groups having one of the 4 points of contact 
as a fixed point, hence the 2g”s coincide. q. e.d. 

From this theorem we conclude that the two triples of points on Fs are 
each a group of fixed points of some birational transformation of W, into 
itself. 

To #3 will correspond on F, a curve of order 9, Cs. It will be seen later 
from the analytical expression for F, that Cy is degenerate, but it can also 
be seen from the following consideration. Since s= 0 touches the branch 
curve fs==0 whenever they meet, the doubly-covered cubic s= 0, i.e. Ca 
does not possess branch-points. Moreover the six points of intersection of 
¢3==0 and fy—=0 lie on a conic (¥,=—=06;/0a3 = 0) and by a known 
theorem * Cy is reducible. It will be seen later that C, breaks up into a plane 


* See for instance F. Enriques and O. Chisini, Courbes et Fonctions Algébriques 
@une Variable, Chap. IV, p. 444. 
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cubic curve which may be supposed to coincide with the cubic s==0 itself 
and another sextic curve. The two triples of points on Fs corresponding to 
P,, Ps, P are, hence, separable. One group of 3 points will be on ¢;==0 
aud the other group will be on the sextic. 

Consider only the cubic ¢s==0. It is traced out by the groups of fixed 
points of the singular birational transformations, cyclic of order 3, sending 
into themselves the cubics of the pencil which we obtain on Fs as the line a 
varies in the pencil {C}, i. e., the cubics cut out by the planes thru OC. 

These singular transformations of the cubics of the pencil are, in fact, 
homologies because the three fixed points on each cubic are on a line (the line 
of the pencil {C} corresponding to the cubic). 

Since thru each point of F, there passes only one cubic of the pencil 
we have a Cremona transformation T of the space sending F into :tself 
defined in the following way: For any point P take the plane of the pencil 
containing it. In this plane we have an homology sending P into P’ in the 
same plane. P’ is the homologous point of P under I. Evidently T possesses 
on Fs an entire curve of invariant points, the curve ¢3; = 0 of fixed-points. 


4, The Equation of Fz. Consider the equation 


0? a 
Pe na p (aye Ea, + ga (awata) 0. 
It is an equation of a cubic surface F. If we project F from the point 
O =(0,0,0,1) on it upon the plane s, = 0 we get as branch-curve 


(073/827) bs — Yo (0g3/0x3)? = 0 


which coincides with our f,—=0. 

The following consideration shows that we can really take the above 
equation to represent our Fg. i 

The plane z,==0 is a double plane both for F and the plane « of the 
pencil of equianharmonic cubics (see Chisini, loc. cit., p. 62), the branch- 
curve heing the same in both cases. The net of cubics on F cut out by the 
bundle of planes thru O will be mapped into the net of cubics thru the seven 
base-points in « The system oo’ of the plane sections of F will go by this 
mapping into the web of cubics thru 6 of the 7 base-points, the seventh base- 
point will correspond to O. This web will therefore contain the pencil of 
equianharmonic cubics and we can take as the equation of Fs: 


Py ==(0'hs/dts”) 24? +-(2)* (062/Ots) 22 + ps = 0. 


From this equation it is evident that the plane z4 == 0 cuts out on Fs 
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the cubic ġa = 0, and that the Oy on F, corresponding to ¢3==0 breaks up 
into ġa == 0 itself and another sextic curve. œ= 0 is, therefore, the curve 
‘of invariant points for the Cremona Transformation T sending Fs into itself. 


5. Every Pencil of Equianharmonic Cubics is Contained in a Net of 
Such Cubics. The only points on Fg which may be fundamental points for T 
are the three points O, Oi, O2, in which OC meets Fs. We proceed to prove, 
however, that they are ordinary points and consequently I possesses no funda- 
mental points on Fs. 

The singular birational transformations sending the cubics of the pencil, 
cut out on Fs by the planes on OC, into themselves are, as we have noted, 
homologies. Therefore the three fixed points are flexes for the cubic, and 
it will be shown later that the line joining them is a side of the Hessian 
triangle of the cubic. The pencil {0} is, hence, composed of the flex lines 
for the corresponding cubics. Wach line forms the axis of the homology; the 
center being the point common to the three flex tangents at the invariant 
points. 

Since O, 01, O2 are not on ġa = 0, one of the following two cases may 
happen: either these points go by each homology into different points on 
the different eubics and will, therefore, be fundamental points for T; or they 
form for each homology a cycle. This will happen if for each cubic the three 
flex tangents at the invariant points meet on OC. In this case O, On O2 
are ordinary points for T which possesses, then, no fundamental points on F's. 
To prove that this latter case takes place, it is sufficient, remembering that 
on a P,, Pz, Ps are the polar group of C with respect to Hi, Es, Hs, Ea to 
prove the following f 


THEOREM. The lines joining any point O of an equianharmonic cubic 
to any three flexes Pa, P2, Ps-on a side of the Hessian triangle form the polar 
group of the line joining O to the point K common to the three flex-tangents 
at Pı, Po, Ps with respect to the 4 tangents drawn from O to the cubic. 


Proof. Let the equation of the equianharmonic cubic be 
P == 73 + T3 + T3? =UV. 


The Hessian of Y = 0 is the cubic £ı%2£3 = 0 composed of the three lines 
g == 0, ga = 0, £s =Q. 

Let O =(Y1ı, Ye, Ys) be any point on Y, = 0. 

The four tangents from O to Y, = 0 are given by 


3 (yt? + Yr? + Yq")? — 4(2,3 + 228 +- z?) CEA + Y2? tz -+ Ys*%3) = 0. 
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Let Pı, Pa, Ps be the three flexes on the line 220. The point K in this 
ase will be the point zı = s = 0 which is the opposite vertex of the flex 
riangle. Let the pencil of lines {O} be projected upon z ==0. The three 
lexes Pa, P2, Ps are given by 

2,3 + z = 0. 


Che trace of the line OK is the point (yı, ys). The equianharmonic quad- 
uple is given by 


he =(P? + PaT”)? — 4 (213 + T) (ys? + Y?r) = 0. 
“he polar triple of (y1, Ys) with respect to p4 = 0 is given by 


Ypa IT + Yys0gs/0X3 =< 0 


Y1 {12241 (YT? + Yst? )— 4y? (T3 + 28)— 120? (y.7a1 + Yès) } 
+ ya{12aeys(ysts® + Yats”)— dys? (218 + x9)— 1223? (Y0 + YaPT) }= 0 
= 12 (y1? + Y2?) (y:2x1 + Yatta) — 4(215 + 25) (418 + yè) 
—12(yrtr? + Yate”) (YPT + Y?) = 0 
= 2,5 +- g — 0, 


rhich coincides with the three flexes. q. e.d. 

We conclude that the three points O, 01, Oz form a cycle for each 
mology, and they are ordinary points for T. Moreover, since the point K 
a each cubic must form with the three points O, 01, O2 an equianharmonic 
uadruple, it is the same point for all the cubics of the pencil. The trans- 
ormation T has therefore the point K as an invariant point. Also every 
oint of the plane z, = 0 is invariant for T, since we have in this plane the 
encil of lines {C} each of which is the axis of an homology. We also see 
hat the projectivity involved on the line OC by the homology on a generic 
lane on OC does not vary as the plane varies in the pencil. Hence the 
ransformation T does not possess fundamental points, and consequently is 
. collineation. More precisely, T is an homology in space, cyclic of order 
hree, with the point K as center and a,+=0 as plane of invariant points. 

The net of cubics cut out on Fs by the bundle of planes on K is a net 
f invariant cubics for T since the planes of the bundle are invariant. Hach 
ubie of the net has three invariant points on it (the three points in which 
; cuts the plane z, == 0) and is therefore equianharmonic. 

By mapping the cubic surface Fy on the plane @ of the original pencil 
f equianharmonic cubics we conclude that every pencil of equianharmonic 
ubics is contained in a net of such cubics thru 6 of the 9 base points of the 
encil, 
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6. A Canonical Form for F; and the Equation of the Homology. Let 
us determine the codrdinates of the point K. If we write ¢;—0 in the 


canonical form 
bs > 23 + T? + T3 + GALIT = UV, 


PFa will take the form 

Pa == L3 + a3 + 2,8 + 6xgrq? + 3 (2) 4rg2a, + 6 (2) AT Tta t GAM Lot, = 0. 
Consider the cubic Y, cut out on Fs by the plane sı = pre: 

We (1 + 3) t + t3 + Carga? + 3 (2) Arg2a + 6(2) Autet- GATE = 0. 


This is an equianharmonic cubic and its Hessian is composed of a flex 
triangle. The equation of the Hessian is found to be 


H = r {[ (1 + p3) ta + Apts + (2) #24) ] (as + (2) 404) — 20242022} = 0. 


The second factor breaks up into the product of two linear factors by com- 
pleting the square and taking the difference of the two squares, and we obtain 
the Hessian triangle. Since z,—0 is one of the sides we conclude that each 
of the lines of the pencil {C} is a side of the Hessian triangle of the cubic 
corresponding to it on Fs. 

To determine the codrdinates of K, we consider the cubic cut out on Fa 
by the particular plane thru zı = 0 and O. The Hessian triangle of this 
cubic is found to be 

Tatal (2) *#r + 224] = 0. 


The sides of the triangle are the lines 
T = 0; z= 0; (2) fts + 2a, =0. 

The three tangents at the flexes on z, == 0 meet on the opposite vertex, which ~. 
is the point of intersection of z2—0 and (2) 4a, + 2x, = 0, or in the point 
K == [0, 0, 1, —(2)%/2]. 

For simplicity send the point K to (0,0,1,0) and interchange the planes 
T = 0 and a= 0. 

The transformation sending the points 
(0,0,0,1), (0, 0, —(2)*/2, 1), (0,0, 1,0) into (0, 0,0, 1), (0,0,1,0), (0,0, 1) 
is found to be 2 = 243 Zo = Lo! 3 Ca = e23; Le = (2) 4% (T7 — cay"). 

Applying this transformation to F, after having interchanged s, and z4 
the equation of P, turns out to be 
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F; = £3 + TaS = 2(2) T + 2(2) #243 + 6 (2) *ra tote = 0, 
and the homology in space sending F, into itself is evidently 
T; T = 21, Uo = To Us = hg, Ti = Ta 


Y. A Net of Equianharmonic Cubics thru Sis Base-Points. In order 
to obtain the equianharmonic net of cubics in the plane we map Fs on a 
plane g. 

As is known, a cubic surface may be mapped on a plane by means of a 
system co? of cubics thru six base-points in the plane, so that the cubics of 
this system correspond to the plane sections of the cubic surface. The corre- 
spondence between the points of the plane and the points of the surface is 
(1,1) except for the six base-points i (t= 1,2,: > +6) to which correspond 
ou the surface six lines denoted by a;. Also to the six conics thru 5 of the 
base-points correspond on the cubic surface six lines b; (the line b; corre- 
sponding to the conic leaving out the point i). Finally to the 15 lines joiuing 
two of the base points i and 7 correspond on the surface the lines c: In all 
we have 27 lines on the cubic surface. 

F, is a particular cubic surface since there are collineations sending it 
into itself, and when mapped on g the six base points will be in particular 
position which we proceed to determine, 

Evidently to r will correspond in æ a transformation T. For a point 
P on F, is mapped into a point Q in « T sends P into a point P’ which 
is mapped into a point Q’ in æ. The correspondence between Q and Q is 
(1,1) and algebraic, and is therefore a Cremona transformation in the plane. 

Since T has no fundamental points on Fs, the Cremona transformation T 
will have no fundamental points in @ outside the six basc-points. Let us 
determine the order of F, i.e., the order of the curves into which T trans- 
forms the lines of g. 

Consider an arbitrary line æ of a. It is mapped into a twisted cubic C 
on Fs. T sends C into another twisted cubic Ë which is mapped into a curve 
Sofa. As is known there are seventy two systems co? of twisted cubics on F's. 
One system is mapped into the lines of « Twenty systems are mapped into 
conics thru three of the base-points, thirty systems into cubics with a double 
point at one of the base-points and passing simply thru four of the remaining 
five base-paints. Twenty systems go into quartics with double points in three 
of the base-points and simple points at the other three base-points, and finally 
one system is mapped into quintics having double-points at the six base-points. 
To determine into what system T transforms the system of cubics corre- 
sponding to the lines of « we must find the number of intersections of C and C. 
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C cuts zs = 0 in three points which are invariant for T and belong, hence, 
also to . If C and Ĉ have any more common points they must be such points 
on C which are the transform of points on C. A point and its transform 
by T must be on a line with K. However, there is only one double-secant 
of O thru K, and since T is cyclic of order three, one of the two points in 
which the double-secant cuts C must go by it into the other point. Hence, 
one of these two points is common to C and G. These two curves intersect 
therefore in four points, and so do S and a in «. Hence 8 is a quartic curve 
passing simply thru three of the base-points, say 1, 2, 3 and doubly thru the 
other base-points 4, 5, 6. The transformation is biquadratic and the funda- 
mental points of the inverse transformation (T-1) coincide with those of the 
direct transformation. The homoloidal net 3’ of the inverse transformation 
being known 

x: (1, R21, 3t, £, 52, 62) 4) 


it is easy to determine the homoloidal net 3 of T. T being cyclic of order 
three must transform the system $ into 3. A quartic C, of 3 must therefore 
have four variable intersections with a quartic C,’ of 3’. Let 3 have multi- 
plicities 71, Te, fa at 1, 2, 3 and Sı, Sz ss at 4, 5, 6. We have 


Tı F Ta + Ta + 2 (s+ s2 + 53) = 16 — 4 = 12 


and since three of them must have the value two and the other three must 
have the value one, we have the result 


Ty == Ta = 13 = 2, Si = L2 = heg m l, 
and hence i 
3: (12, 22, 32, 41, 54, 64), 


Corresponding to the cubic ¢,—=0 on F, we have in the system 8% 
of cubics in « a cubic ¢ each point of which is invariant for T. Consider 
the base-point 4. It is a simple fundamental point and goes by T into a 
line 7 which has no variable intersections with the quartics of 3 and is there- 
fore on two of the three points 4, 5, 6. This says that on Fs, a, goes into 
cy (j= 4, 5, 6) by T, But ca; must pass thru the point of intersection 
of Os and $3==0 and therefore the line 7] in æ passes thru 4. It may be 
either (45). or (46). Let 7(4)==(45),, then T(5)==(56),, T(6)—=(64),. 
Moreover, since ġa 0 and Cas have a point in common on dx, the line (45), 
and the cubic œ have at 4 the same direction. (45), is, hence, tangent to $ 
at 4. In the same way it is seen that (56), and (64), are tangent to ¢ at 
5 and 6 respectively. The three points 4, 5, 6 form therefore an in-circum- 
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scribed triangle in the cubic ¢. Applying the same reasoning for 7-1 we sce 
that the other three fundamental points 1, 2, 3 form the vertices of another 
in-circumscribed triangle in the same cubic. 

The point 1 goes by T into a conic passing thru 1. This conic goes thru 
4, 5, 6 since it has no variable intersections with the quartics of 3%. 1 is 
transformed, hence, into either (12456). or (13456)2. Let T'(1)==(12456). 
then 7'(2)==(23456), and 7'(3)==(31456)2, We have for T 


1— (12456), (18), 1 
2 —> (23456)2> (12) 2 
3 — (31456): —> (23), 3 
4—> (45), — (12346). —>4 
5—> (56)1 — (12345): => 5 
6 —> (64), — (12356): > 6. 


In order to obtain the complete configuration of the six base-points, 
consider for example the point 1. We have by T 


I — (12456): (13), > 1. 


On F, we have the cycle (a: bs c31). These three lines must concur at 
a point on ġ, == 0 (the invariant point on a,), and hence both the conic 
(12456) and the line (31) are tangent to ¢ at 1. The same is true for the 
other five conics. The complete configuration of the six base-points, is there- 
fore as follows: (1,2,3) (4,5,6) are the vertices of two in-circumscribed 
triangles on œ, such that the lines (13), (12), (23), (45), (56), (64) and 
the conics (12456), (23456), (81456), (12346), (12345), (12356) are tan- 
gent to œ at the points 1, 2, 3, 4, 5, 6 respectively. 

As is known there are twenty-four in-circumscribed triangles in an arbi- 
trary cubic ¢. For, if (4,5,6) be such a triangle, and u the abelian para- 
meter of the cubic chosen so that for three points on a line the sum of the 
values of this parameter should be equal to zero (mod. periods), then we have 


Rua + Us = 0 (mod. a, w) 
Rus -+ Us = 0 (mod. w, w’) 
Rus + Us = 0 (mod. w, o”). 
From which 
Us == (Go + ow’) /9. 


Giving to a and @ all the values from 0 to 8 we get 81 points from which 
we have to exclude the 9 flexes, leaving 72 points forming 24 triangles. 
If we start with any ninth of a period for u4, then us and ws, and hence 
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the triangle (4, 5, 6), are determined. In order to determine the second 
triangle (1,2,3) we must put the condition that (12346). should touch ¢ 
at 4. Hence 


(2) Bua + Us F Ur + Ue + Us = 0 (mod w, w). 


But since (1,2,3) is also an in-circumscribed triangle, the following rela- 
tions exist 

Us = — 2u, (mod a, w) 

u= 4u, (moda, w). 


Substituting in (2) we have 
Rus + tr = (Bo + Bu’) /8, 


Uy =— u, + % of a period == u, + ¥% of a period. 


We have 9 thirds of a period, and it would seem that associated with any . 
triangle there are 8 more each of which together with it will give the required 
six points. However, finding the values of uz and us 


u= 4u, + % of a period == u4 + % of a period 
Us == — Bu, + ¥4 of a period == u4 + 1% of a period 


we see that these also are obtained by adding to u, a third of a period, and 
hence the nine thirds of a period give rise to only 3 triangles. One triangle 
is to be excluded; this is the one obtained by adding to u4 the third periods 
0, Bus, Gus, which give the triangle (4,5, 6) over again. Hence, starting with 
any one point (a ninth of a period), the triangle containing it is determined 
and with it there are determined two associated triangles, each of which can 
be taken with the original one to form the base of the net. 

In fact, start with a ninth of a period u,==0/9. The three triangles are 


Urs U == Uy + 0/8, i Ug = Uz -H 2w/3; 
U= U + o'/8, Us Bet + 20/8 F 0'/8, Ue = U + 0/8 + 0/8; 
Ur = Uy +- 20/8, Ug = Uy + 20/38 + 20/38, Ug = W + 0/3 + 20/3. 


It is easily verified from the above that any two of the three triangles 
satisfy our conditions, and any two of them can be taken to form the base. 

It is also easily seen that any two of the above three triangles are three- 
fold perspective from the vertices of the third. For 


Ur -H Us Us =E= Ue + Us F Us == Us + Ue F Us == 0; 


Uy EUs Ur = Ug F Ue -F Ur = Ug + Us -F ur == 
Uy -}- Us F Uo == Uz +- Ug F Uo == Ug -+ Us + Uy == 0. 
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Finally we want to show that if we take on an arbitrary cubic ¢ six 
oints forming the vertices of two in-circumscribed triangles and satisfying 
he above conditions, then in the system co? of cubics thru these points there 
~ contained a net of equianharmonic cubics. 

Consider a biquadratic transformation T having these six points as funda- 
rental points (1°, 22, 3?, 41, 51,61). The fundamental points of the inverse 
ransformation will generally be some other six points (1o1, 2%, 301, 40, 5o?, 
ə) of the plane. T sends the cubics thru (1,2,- - +6) into the cubics thru 
los 20,° * ' 6). It will send ¢ into some cubic ġo. 

The quartics of 3 having double-points at 1, 2, 3 and passing simply 
hru 4, 5, 6 cut the cubic ¢ in œ? groups of 3 points. But since 


2 (ts + Ue + Us) == 20/38, 
Us + tls + Us = 0/8, 
nd hence 


R (uy -E Us + Us) + Uy + Us + Uo = 0, 


t follows that the sum of the Abelian parameters at each group of three points 
s equal to zero, i.e. the three points of each group are on a line. %’ cuts, 
herefore, out on the cubic ¢ the same gs? cut out on it by the lines of the 
jane. The transformation T involves, therefore, a collineation y sending ¢ 
nto @o. y sends the points 1,2,- - - 6 into the points 19,2): - - 6». To prove 
his take for example the line (13). T sends it into one of the points 1o, 2o, 3o 
ay into 1p. Consider the pencil of quartics in 3’ degenerating into the fixed 
ine (13) and the pencil of cubies (27, 41, 54, 61, 11, 31). Then gs? cut out 
w it on @ has a fixed point which falls at 1 since (13) is tangent io the 
mbic @ at this point. To it will correspond the gt cut out on ¢o by the 
ines on lo and the fixed point 1, corresponds to the fixed point 1. And by 
he same reasoning y send 2 into 2o etc. 

Multiplying T by y+ we get a Cremona transformation R having the 
‘undamental points of both the direct and inverse transformations coincident. 
[his transformation will leave invariant the linear system oo? of cubics on 
, + +6. Moreover, each point of the cubic ¢ is an invariant point for R. 

The cube of this transformation is a collineation in the plane. Because 
the lines of the plane go by it into the quartics of 3’: (11, 21, 31, 42, 52, 62), 
vhich go by the same transformation into quartics having four variable inter- 
sections with those of 3’. R sends, therefore, 3’ into 3. Applying R to 3 
ve get again the lines of the plane. But a collineation having a cubic of 
nvariant points is the identity, hence R3 =T and the transformation is 
clic of period 3. 
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If we consider then the linear space Sa whose elements are the cubics of 
our system oo%, our transformation È will be a cyclic projectivity because 
it is an algebraic (1,1) correspondence between the elements. This pro 
jectivity has one invariant point (the cubic ¢) and also every line on this 
point is invariant: in fact every pencil of cubics obtained by combining 
linearly any cubic of the system with ¢ goes into itself since the three base- 
points of the pencil outside the fundamental points are invariant. By duality, 
since the projectivity has a bundle of invariant lines, it must have a plane of 
invariant points. The transformation R in the plane has, therefore, a net 
of invariant cubics. Each of the cubics of this net has three fixed points 
on it (the three points in which it cuts the cubic $) and is therefore equian- 
harmonic. 

It is of interest to note that the cubic ¢ is the locus of the cusps of all 
the cuspidal cubics of the net, because the cusp must be an invariant element, 
and is therefore on the invariant cubic. 


THE PLANAR IMPRIMITIVE GROUP OF ORDER 216. 


By JOHN ROGERS MUSSELMAN. 


INTRODUCTION. 


In a paper,” which discussed the imprimitive group of order 5184 
in Ss, the existence of an imprimitive group of order 216 in Sz connected 
with the Hesse configurations was indicated. The purpose of this paper is 
to discuss this planar group and the geometry associated with it. Of special 
interest is a configuration of twelve triangles which possesses important 
properties. These are dealt with in Section II. In Section I is a study 
of four-fold perspective triangles. A new canonical form is used which leads 
to a ruler construction for them and to a compass construction for a Cleosch 
six-point. 

I. FOUR-FOLD PERSPECTIVE TRIANGLES. 


Four-fold perspective triangles have been discussed by Schréter,t Hess,{ 
Valyi § and others—all using the same canonical form. As a knowledge of 
these triangles is necessary for the development of the next section of this 
paper it has seemed best to study them using a new canonical form, which 
has certain advantages over the former one. Among others it leads co a 
simple ruler construction for ordinary four-fold perspection, and to a compass 
construction for a Clebsch six-point. 

Let us call the vertices of one triangle A, B, CG; those of the second 
triangle a, b, c. We shall choose for our canonical form the codrdinates of 
the six vertices to be 


A: (1,0,0) B: (0,1,0) C: (0,0, 1), 
a: (1,1,1) b: (11, To 7s) C: (Si S2 Ss). 


Let us indicate the four-fold perspections as AcBiCc, AvBcCo, AcBaC's, AcBcCo. 
To be perspective in these four ways requires the following conditions on the 
six points 


(1) 1182 == 1381) 1283 == 7482) 1381 = ToS; 1183 = 128. 


* Musselman, American Journal of Mathematics, Vol. 49 (1927), pp. 355-366. 

+ Schröter, Mathematische Annalen, Vol. 2 (1869), p. 553. 

i Hess, Mathematische Annalen, Vol. 28 (1887), p. 167. 

§ Valyi, Archiv der Mathematik und Physik, Vol. 70 (1884); Vol. Al (1885), 
p. 320; Monatshefte fiir Mathematik und Physik (1898), p. 169. 
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As is well known the third condition above is merely a consequence of the 
first two and it is only three conditions on two triangles to be four-fold 
perspective. If we eliminate r from the three actual conditions we have 
Sı (S182— 83?) = 0; if we eliminate s from the conditions we have 1, (1rs— 12”) 4 
==0. Now s,;=0 together with conditions (1) would compel one of the 
points of the second triangle to coincide with one of the first triangle and 
we should not have two distinct triangles. Similarly if r,—0. Hence we 
see that for four-fold perspective triangles point c must lie on the conic 
12 — %3? = 0 and point b on the conic 2173 220. The first conic is 
tangent to AC at A, tangent to BC at B and passes through a. The second 
conic is tangent to AB at A, tangent to BC at O and passes through a. 
The equation of the line joining points b and c is 





Tı T2 vs 
Ti Ta Ts = 0, 
Sı Se 83 


which can be written, due to (1), as 


11/81 (S2 — 83) [— (S2 + Se) £1 + 8: (#2 + v) ] = 0. 


Now sz > s$s else point c would coincide with point a, so the equation of the 
line is simply 
(2) (Se + S3) 24 — Sito — 4X3 == 0. 


If we let points b and c run over the conics on which they lie and ask for 
the envelope of the line bc we find that all these lines pass through the point 
(0, — 1, 1). To locate this point p, note that if we call the point of inter- 
section of BC and Aa by p’, then p lies on BO and is the fourth harmonic 
of p’ as to B and O. Moreover point p and line Aa set up the reflexion 
pty = 21, po’ = Tg, p£ = X2 which interchanges the two conics £1% — £a? == 0 
and ıt — t? = 0. 

The above furnishes a construction for four-fold perspective triangles 
given one triangle and one vertex of the second triangle. Call the given 
triangle ABC and the fourth point a. Produce Aa to cut BO at p'. Con- 
struct p as the fourth harmonic of p’ as to B and C. Construct any point 
on the conic which is tangent to AC at A, tangent to BO at B, and passes 
through a. Call this point c, then b is the reflexion of c in the line Aa 
with p as center. 


* Tt is of interest to note that the two imaginary intersections of these conics 
form with the four points A, B, O, a six-fold perspective triangles. 


wt 
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Since the line pc ordinarily cuts the conic tita — z4? = 0 in two distinct 
points we find then on every line through p there are two sets of two points 
each which together with point a form a triangle four-fold perspective to 
ABC, There are two lines, however, through p which contain only one set 
of points. One is BỌ *; the other will be mentioned later. 

Let us write the codrdinates of the six points in terms of a parameter 
as follows: 


A: (1,0,0), B: (0,1,0), Č: (0, 0,1), 
a: (1,1,1), b: (p,m 1), c: (p, 1, p). 
The coördinates of the four centers of perspection are (a?, 1,1), (p 1, u), 


(m1) and (#,1,1). The condition that the first three centers lie on 
2 line is 


p? 1 1 
Lá p 1 p | =0, 
p p 1 


which reduces to u(u— 1)? (u +2)=0. If » equals 0 or 1, two points 
will coincide; hence the condition that three centers of perspection lic on a 
line is p == — 2. 

The condition that a conic can be put on the six vertices of the two 
triangles is 


1 1 1 
p? 1 B = 0, 
P 1 


which reduces to a(p— 1)? (u + 2)=0. The equation of the conie on the 
six points when a= — 2 is 2% — org + tt, = 0; the equation of the 
line of centers is 2, — 28: — 2r = 0; the odd center has coördinates 
(--2, 1, 1). Hence the theorem when p= — 2 the six vertices of the two 
triangles lie on a conic, that three centers of perspection lie on a line and 
"he fourth center of perspection is the pole of this line as to the conic. 

To construct the line of centers produce Ba to cut AC at D. On AC 
construct the fourth harmonie of O as to A and D; call this point q. Then 
nq is the required line. 

Of the four intersections of the conics 2,%-—— 28ta + Tazı == 0 and 
TiTa — - T3? == 0 three are at A, B, a; the other is the point (4,1,—2). But 
this latier is the point of tangency of the tangent (other than BC) from 


* Obviously the set on BC coincides with B and C and the six points are not 
distinct. 
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p to Tı — T? = 0. This is the second exceptional line through p which 
contains only one set of two points which with the given point a makes a 
four-fold perspective triangle with ABC. From this we can readily deduce 

a construction for four-fold projective triangles whose vertices are on a conic.— 
But a simpler method is available. We express the conic 21% — 2aor3 + ta 
== 0 in parametric form as 


(5) t= t(2— t), Go=t, Ta =? — t, 


then the parameters of the points A, B, C are t = œ, 2,0 respectively while 
those of a,b,c are t= 1, 4,— 2. Hence we have the theorem that the six 
vertices of the two triangles on the conic are a cubic and its jacobian. So 
the well known construction * on a conic for a cubic and its jacobian will 
furnish us four-fold perspective triangles whose vertices lie on a conic. 

The Clebsch { six-point has the property that the 15 joins of the points- 
meet by threes at ten points. The points can be arranged into two four-fold 
perspective triangles. The usual canonical form for the six-point is 1, 0,0; 
1, det, 2e; 1, Re, Zet; 1, 2,2; 1, 22, 2c? and 1, 2e8, 2c2. The linear transforma- 
tion which sends the first four of these points into the reference triangle 
and the unit point carries points 5 and 6 into 1-++»,1,v and 1+y,v,1 
where v = 1% (— 1 -+ 5%). These points are on the line — 2, + 22 + 23 = 0 
which line is on p, the center of the reflexion and on (1,0,1), the point 
where Ba cuts AC. Points 5 and 6 are pairs in the reflexion with pas 
center and Aa as axis. To construct a Clebsch six-point with the apparatus 
available for four-fold perspective triangles means we must find the points 
where the conic cuts a definite line. This is a compass construction and the 
line can be constructed as indicated above. Since the conic cuts the line in 
two points there is another pair of points 5’ and 6’ which together with 
A, B, C, a will form a Clebsch six-point. The codrdinates of this second set 
of points are v, — 1, 1 +v and v, 1 +v, — 1 where v = W% (— 1 + 5%). 

For further study of four-fold perspective triangles let us choose a second 
canonical form. Let ABC be the reference triangle; in the previous form 
we let point a be the unit point and saw that it was on the conic 
TıT2 — T3? = 0 so now we shall let point a run over this conic £1% — £3? == 0 
by giving it the coördinates 1, t2, t. Then point b will be on the conic 

` ETit — 2? = 0 while point c lies on 21:72 — %3? = 0. These two conics are 
‘aie into each other by the reflexion with center 0,— tł, 1 and axis 


F 


*See for example Winger, Projective Geometry, p. 257. 
f Clebsch, Mathematische Annaten, Vol. 4 (1871), p. 336. 
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{Z3-~2.=0. The equations of the reflexion are pa, == tzi, pr. = t?z, 
pt, == £3. The codrdinates of the six points are now 


A: (1,0, 0), B: (0,1, 0), C: (0,0,1), 
a: (1, 2,1), b: (ty?, tp, 1), c: (p?, 1, p). 


The four centers of perspection are tu*,t,1; m, l, tp; p m 1; and pt, 1. 
The condition that the first three centers lie on a line is tu +- 2 =0. The 
equation of the line is then ¿g — ĉe: — 2tzs = 0, whose envelope is 
ra + 2r = 0, a conic having double contact with z£: — £? = 0. The 
six vertices of the triangles now lie on the conic ta, — 2r,x_ + ttt: = 0 
and the odd center — 2, t°, t has for its polar line as to this conic, the line 
on which lie the first three centers of perspection. In the general case, the 
odd center p»,#,1 and the center ty?,¢,1 lie on the axis of reflexion 
ity - -@_ = 0; the two remaining centers lie on a line through the center of 
~ reflexion 0,—1t,1. 
The axes of perspection have the following codrdinates: 


Ay SAC: — t, 1+ ip, t(1 + tp), 
igs Ae=AiB Ca: 1+ ip, — g’, ull + tp), 
As =A-BC): i(i+ iz), gll + tp), — PR, 
Az=A.BOd: é, By tu 


The condition that the three axes Ai, As and A, be on a point reduces to 
llu + 1) (p+ 2)==0. If now 2łp + 1 = 0, the three axes coincide and 
he vertices of the triangle abe are on a line. The second triangle has 
Aegenerated, but the centers of perspection are distinct and not on a line. 
Hence tu + 2 =0 is the condition that the three axes meet in a point; it is 
likewise the condition that three centers of perspection be on a line and that 
the six vertices of the two triangles be on a conic. If, however, Riu + 1 =0 
the equation of the Jine on which the points a, b, and c lie is 24? — t2 — tay 
= (), The envelope of this line is g? + 8a,¢,—0, another conie having 
ouble contact with Zit — z = 0. 

When fw + 2 = 0 the axes A,, A2 and A; meet at the point 2, — f,—t; 
as / varies this point describes the conic Rg? + a¢,—=0. Likewise when 
tu + 2 = 0, the six sides of the two triangles touch a conie whose equation 
in line codrdinates 1s Ziuso — t?ugus + 2st. = 0. The odd axis has coördi- 
nates — /°, 2, 2¢ and the three other axes meet on the point whose equation 
is 2u, — tus — tus = 0. The pole of the odd axis as to the line conic is 
© point where the axes Ai, A. and Az meet. In general, the odd axis of 
rspection tz, + pt, + txs = 0 and the A, axis are on the center of re- 
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flexion 0, —#, 1; while the axes A, and A, are on a point on the axis of 
reflexion tz — z: = 0. 

To summarize, when ta + 2 =0, the six vertices of the two triangles 
lie on a conic; three centers of perspection are on the odd axis; three axes 
of perspection are on the odd center and this odd center and odd axis are 
pole and polar as to the conic. The three axes of perspection cut the odd axis 
in three points q; which are the jacobian points of the three centers of per- 
spection p: on the line. The hessian points are the intersections of the line 
and conic. The three lines joining the points p; to the odd center cut the 
conic in the six vertices of the two triangles; moreover the six tangents to 
the conic from the points qi touch the conic at the same six vertices. 


II. Tur PLANAR GROUP or ORDER 216. 


On any two sides of the reference triangle in the plane choose a set of 
points such that the vertices of the triangle on those sides are the Hessian 
points of the set. Construct on both sides the cubicovariant points of each 
given set. Join now the six points on one side with the six points on the 
second side in all possible ways. These 36 lines will cut the third side of 
the triangle in six points having the same relation to it as the originally 
chosen sets have to the sides on which they are located. We thus have a set 
of 18 points and 36 lines such that 3 points are on each line and 6 lines on 
each point. The 36 lines fall naturally into four sets of nine each, such that 
each set together with the reference triangle form the flex triangles of a 
pencil of cubic curves. 

If we designate by a; the points 0, œt, 1; by b: the points œf, 0, 1; 
by c; the points wt, 1,0; (t= 0, 1, 2; «3 = 1) ; and if we call the cubico- 
variant sets respectively by ai’, b;’ and c;’ one can easily verify that 


ai’, by, ci are the flexes of 4,3 + t + a3 + Omatt = 0, 
ai’, bi, cx are the flexes of — 2,3 + 2,3 + 2,3 — 6x a0, = 0, 
di, bi’, ci are the flexes of 2,3 — T23 + 233 — 6ma, 2003 = 0, 
a;, bi, ci are the flexes of 2,3 +. 2.3 — 233 — Gna, tet, = 0. 


(7) 


The configuration consists of four Hesse configurations with a common 
triangle—the reference triangle— which is invariant under all the operations 
of the group. The group is the product of that subgroup Gs, of a Hesse Geis 
which leaves one flex triangle invariant, and the G, which sends any one of 
the four Hesse configurations into each other. Hence we have an imprimg 
tive Garg. 

Now these 36 lines intersect in 360 points outside of the points on 
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sides of the reference triangle. These 360 points divide into three set» 
containing 36, 108 and 216 respectively. For each line is conjugate under 
the (s1 and hence is unaltered by a Gs. If two of the 36 lines should be 
unaltered by the same Gs, then the G which interchanges them will leave 
their join unaltered by a Ge Hence a set of 36 conjugate points. This will 
occur if the two lines belong to a set of flex lines of a cubic. This is evident 
also from the duality existing. For the 18 lines a, = wit, == 0, t, + wit, = 0, 
T twtr, = 0 (i==0, 1, 2) which go by six through the vertices of the 
reference triangle meet in the 36 points 1, + œb, toi; (i=j—0, 1, 2). 
These are the codrdinates of the set of 36 conjugate points mentioned above. 
These 36 points are on 360 lines, outside of those passing through the ver- 
tices of the reference triangle. These 360 lines fall into three sets containing 
36, 108 and 216 respectively. The set of 36 lines are the flex lines of the 
four cubics; the 36 points are the flexes. 

Furthermore, if two of the original 36 lines are not invariant under 
the same Gs, they may he interchanged by a Ga or not. In the former case 
we shall get a set of 108 conjugate points, in the latter case a set of 216 points 
conjugate under the group. These will be discussed later, the dual sets of 
108 and 216 lines will also appear. 

Now the 36 points 1, +o, of ((=7—0, 1, 2) fall into twelve 
triangles. Let 


An be 1,1,1; 1, w 0?; = 1, 0, 0; 
Ax. be 1,1, ow 5 1, o°, 1; 1, 0, w5 
Arg be I,1,0; l,o, 1; 1, o, w7 5 
Az be 1,— 1,1; 1,— 0,07; 1,— 7,0; 
Ao. be 1,— 1, o?; 1,—-o?,1; 1,— 0,0; 
Ae, be 1,—1,w; 1,—0,1; 1,—o?, w?; 

8 

(8) As be 1,1,—1; 1,0,—vw?; 1, 0?,—wo; 
Az be 1,1,—w?; 1,?,—1; l,o, — o; 
As be 1,1,—o; l,o,—1; 1, o, —o?; 
Aa be — 1,1,1; —1,0,0?; —1, 2,0; 
Ag be —1,1,0?; —1,02,1; — 1, 0,0; 
Ag he —1,1l,0; —1,w, 1; —1, 07,0. 


We shall arrange these twelve triangles in four rows of three each as 


llows : : 
Ay Ax Ais 
Aa A 22 Aas 
Ast Age Ass 


An Age Aas. 
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Now this set of twelve triangles has the following remarkable property—any 
two triangles in the same row are six-fold perspective ; any two triangles in 
the same column are four-fold perspective with three centers of perspection 
on a line; finally any two triangles in different rows and columns are four- 
fold perspective. Since the triangles in any row together with the reference 
triangle are the flex triangles of a cubic we know they are six-fold perspective 
by pairs, with the six centers of perspection being the other six points. 

Any two triangles in the same column are four-fold perspective with 
three centers of perspection on a line. For Ai, and Azi the centers of per- 
spection are 1,0,0?; (i= 0,1,2) and 0,1,0; the three flexes on one side 
of the reference triangle and the opposite vertex. Since the Geis is doubly 
transitive on the triangles in a column, this proves the theorem for any two 
triangles in any column. The triangles can be paired thus in 18 ways. In 
each case the three centers of perspection on a line, lie on the sides of the 
reference triangle. The three axes of perspection on a point for Ai; and Az; 
are £, -+ ozs =0 (—0,1,2) on the point 0,1,0; the odd axis is the 
opposite side of the reference triangle z+ = 0. Moreover Ay:A21,AizA22, and 
Aıs4s3 have the same centers and same axes of perspection. If two triangles 
are four-fold perspective with three centers on a line, the six vertices lie on 
a conic. These conics are 


A1ijAsi H Lo? — wt lea, == 0 

Aidsi: Ta? oe wt 14120 == () 
(9) Azia T — wt lane, = 0 

AsiAgi: T + wt 122%3 = 0 

AsiAai: Tg? + witty == 0 

AziAa: Lo" + wt IE Tg == 0 (i = 1, 2, 3). 
These 18 conics belong to three pencils of double contact conics, the para- 
meters of the six conics in each pencil being the sixth roots of unity. The 
chord of contact of each pencil is one side of the reference triangle. Each 
conic is unaltered by a Giz of the group. l 

Two triangles in a different row and column are four-fold perspe 

Thus the four centers of perspection for the triangles A1z and Az: are 0, 
1,1 — w?, W°; 1, o — 1,0; and 1, w? — ow, 1. Two such triangles can be j 
in 72 ordered pairs or 36 non-ordered pairs. The Gis which leaves 
invariant is generated by 





(10) pte = Ta =, =f; 
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This sends triangle Ass into itself, or Age or Av. The Gare sends 4,3 into 
each of the twelve triangles, and carries its partner Aes along into three, 
consequently we get 36 non-ordered pairs. Hence any pair of triangles can 
be sent by the group into any other pair in a certain order. Thus all 36 pairs 
are four-fold perspective. The Ge leaving both Ais and As: unaltered is 
generated by 


pt; = ty =f 
(11) pte" = le, == T2 
pts” = wits, == Tı. 


This @s leaves the center of perspection (0,1,0), a vertex of the reference 
triangle, unaltered; it permutes the other three centers in all possible ways. 
~We have thus 86 X 3 = 108 points, conjugate under the group. These points 
san he identified as that set of 108 conjugate points mentioned earlier in this 
Bion. Similarly the 108 axes of perspection of these 36 non-ordered pairs 
of triangles, outside of the sides of the reference triangle, are the set of 108 
conjugate lines previously mentioned. 

Under the G21 points fall into sets of 216 conjugates points. But this 
particular set of 216 points which appeared earlier is worth noticing. They 
lic hy 12’s on 36 lines. Thus on —2,-+ Za + z = 0 we have the pair 
o? — w, 1, 2u? ; w? — w, 2w®, 1. The remaining five pairs of points are given 
by that Gs which sends the line into itself. 








. r 
pt, == 21’, = ft, = t, =g, = £4’, = T; 
(12) pz E, £3’, = i, = T3’, = Loy = ti 
| pt3 = £z, = 01’, =— he, =t, =D’, = —— gg. 


Let us consider the six-point 1,0,0; 0,1,0; 0,0,1; 1,1, 1; w? — w, 1, 207; 
o? — vo, 20, 1. Coble* has given, in a paper on Point Sets and Cremona 
Groups, a method for calculating certain irrational invariants of a six-point 


u which he has called a, b,- f where Sa=0. If two of these invarients 
equal, certain lines on the six points meet by threes. For our special 
t@=@—d—4é, This means geometrically that points 5 and 6 are 
ie points in the reflexion set up with center at meet of 23 and 56 
h axis as 14; also that the pair of points 1 and 4 are apolar to the 
i, 56. Consequently the six-point is self associated in the order (2536). 
' the double ratio of the four lines 1-2356 or of 4-2356 has the value 
ilarly the double ratio of the lines 5-1234, or of 6-1234, or of 2-1456, 


B. Coble, Transactions of the American Mathematical Society, Vol. 16 (1915). 
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or of 83-1456 is 4w. Certain of the lines on the six-point meet by threes in 
six points whose codrdinates are œ? —o, 1,1; 1—o?, 2,2; 1,1, 0; 0, 2w, 1; 
0,1, 22; 1,0,1. It is interesting to note this new six-point is of the same 
type as the first one, since four of the six irrational invariants of it are equal. 

Now on the line — z, + T2 + z = 0 are six pairs of points; each pair 
together with the reference triangle and one other point from 1,1,1; 
1,— 1,1; or 1,1,— 1 forming a six-point of the type above. Hence the set 
of 216 points fall into pairs such that each pair with the reference three-point 
and a definite flex triangle vertex forms a six-point of the above nature. We 
have thus 216 such six-points, with each of the 36 flex triangle vertices used 
six times. 


A PREPARED SYSTEM FOR TWO QUADRATICS IN SIX 
VARIABLES. 


By J. WILLIAMSON. 


Introduction. In a previous paper,* a prepared system was determined, 
in terms of which every concomitant of two quadratics in n variables could 
be expressed, if the concomitants were multiplied by suitable invariant faciors. 
In this paper a prepared system, for the case n = 6, is determined, in terms 
of which every concomitant can be expressed, without being multiplied by an 
invariant factor. It is found that 52 new factors must be added to the 
26- 1-=- 68 factors already determined, making a total of 115. 

The notation of the previous paper is used throughout except that, for 
convenience in printing, dashes are used instead of dots to denote determi- 
nantal permutations; i.e. the series (abc)ds—(abd)c, —(adc)b, is denoted 
hy one of the three expressions (ab’c’)d2’, (abc) ds”, (abe) de”. In 
addition, for the six sets of cogredient point variables, that are necessary for 
this discussion, 7, y, z, t, w, k ave now used, while Q, P, p, and u are written 
for the compound codrdinates we, ms, ma and ms respectively.t 

The first section gives a list of the results while the second is devoted 
to their determination. 


1. The Prepared System. The prepared system consists of 115 factors. 
Of these 63 are simple factors; 


6 a-factors of type tr, 
, g ‘ duals ; 
G u-factors of type (jkmnt), 
15 (-factors of type (ij 

‘ease ype (Ü), \ duals. 
15 p-factors of type (kmnt), 
20 P-factors of type (ijk), 1 factor (123456). 
tT are linear in two sets of variables; 
3 ur-factors of type t2’(j’kmnt), 
3 pQ-tactors of type (V7) (k’mnt), 
8 Qu-factors of ty i’) (imnth’ 
Ne ctors of type ee i’) duals. 
8 pe-factors of type (mnik) js’, 

* J. Williamson, “A Special Prepared System for Two Quadratics in Variables,” 
dmerican Journal of Mathematics, Vol. 52 (April, 1930), pp. 399-412. 

+ Loc. cit., §§ l and 2. 
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6 Pu-factors of type (ijk’) (tji’nm) 
6 Px-factors of type (mnt’) ka’, 
12 pQ-factors of type (if) (k’imn) 
1 pQ-factor (1285) (4’6”). 
1 is quadratic in the variable P: (123’) (4°56). 
1 is quadratic in v and linear in p: (123'5”)4,’6,”. duals 
1 is quadratic in u and linear in Q: (46’) (12356) (12345) } : 
2 are linear in the three variables P, u and z; 
(16’8) (26543) 5a’, 
(542) (12846) 12’, } quate 


duals; 


These factors illustrate very clearly how the principle of duality * applies 
to the non-simple bracket factors. Corresponding to every non-simple factor 
is a dual factor formed by taking the duals of the component factors and 
permuting the same symbols. For example, 1x (2'34) yields the dual factor 
(2’3456) (1’56). A factor may of course be self dual, as is the case with 
(123°) (4°56). 

A’ complete list of these 115 factors is given below. In this list I denotes 
a product of invariant factors formed from ap, (ARs), (Asks), (Ash), Ta 
where A, R, « and p are written for Az, R, As and Rs respectively. If in a, 
factor 12 is convolved, I includes ap, if 23, (ARa) ete. and in any particular 
case the value of J may be written down immediately. If two factors are 
similar,} only one has been defined, since the other may be obtained by 
replacing a, A, As, As, @ by r, R, Rs, Ru, p respectively. 


List of factors. 
ls == üo, G2, Ra ==(Apr)—ay’ba’, 5a, 
3z = (ARs )= (Wb Ra) Ca’, 423 
(12)=ap(4Q), (65), (18)—(a4,8.Q)—=(a'0’R,) (ac’Q), (64), 
(14) = (aA,R3Q)= (abc Rs) (ad’Q), (63), 
(15)=(aRaQ)= ra (as'Q), (62), (16)=(arQ), 
(23)==(AR,) (AspQ)=(ARs)ap’(b’e'Q), (54), 
(34) = (AaBs) (ARQ) =(AsRs) (a’b’R,) (CVR), 
(24) = (ApARQ) == (Air's) (0't’Q) ap’, (53), 
(25) =(ApRaQ) = ap”rq’ (b"’Q) ; 
(123)=-I(A;P), (654), 
(124) = I (AARP) == I (Aas) (AVP), (658), 
(125) == I(ARaP) = Ird (AP), (652), (126)—J(ArP), (651), 


* Loc, cit., § 5. 
f Loc. cit., § 6. 
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(134) == _I(aAsRsP)—=I(a'b’R,) (ac’d’P), (643), 
(1385) =(ad,RiRaP)==(a"b" Rs) re’ (ac’s’P), (642), 
(136) ==(a4,R.rP)—=(a’b’R,) (ac’rP), (641), 
(154) = I (aR,aP)= Ird (as’VP), (623), 
(234)= I(AipP)= Iag (b’c’d’P), (543), 
(254) == I (ApR:aP)= Idp’(b’R3aP), (523); 
(6543)—=-I( Rip), (1284), (6542)= I (R:4pp)= I(R;b'p)ap’, (1235), 
(6523)== I(RAzpp)—= Iap’(Rb’c’p), (1254), 
(6234) = I(rAypp)—= Tap’ (rb’c’d’p), (1548), 
(2345) = I (app)= Iap’(b’c'd’e’p), (1654)—I(aksp), (6123), 
(1865) = I(aAsR.Rp) =I (a’b’R,) (ac Rp), (6412), 
(1346) == I (aA,Rarp)= I (r's 44) (ak't'p), (1265)== I(ARp) ; 
(123845)= I (au), (65432), (12346)= I (Asru), (65431), 
~ (12365)= I (Aku), (65412); 
(123456) = ap (AR4) (AaBs) (A.E) (ar) ; 
(12, 6543) = 1,’ (26543) = — 6x’ (12543) = I (AR us) = Ta,’ (VR), 
(65, 1234) = 6x’ (5/1234) = — 1 (65234), 
{(123, 654) = 1x (2/8’654) = 62" (12354) = I(A3R,ur)== Ta,’ (b'e Ryu) ; 
(123, 1654) = (12’) (81654) —=(16’) (1235/4) = I ( Asa RaQu) = I(a’b’Q) (clus). 
¢ (654, 6123) (65) (4/6123) —=(61’) (6542'3’), 
" (165, 1234) ==(167) (571234) ==(18’) (6514/2’) = I(aRAsQu) = I(ar’Q) (s Au), 
(612, 6543) =(61’) (2’6543) = (64) (1263’5’), 
(265, 1234) = (267) (51234) (3/2) (65124’) = I(ApRA,Qu) =I (Apr Q) (s'Ais). 
(512, 6543) = (51’) (276543) —=(4/5) (12653), 
(123, 6543) = (1/3) (26543) (673) (21543) — 1(A,R.Qu) = I(a’c'Q) (VR), 
(654, 1234) = (64) (571234) = (1/4) (562/34), 
(1265, 6543) (1/65) (2/6543) = (4/65) (21653’), 
== I (ARR ,Pu)—TI(a’RP) (b’Ryu). 
(6512, 1234) ==(6/12) (571234) (3/12) (56124). 
= 236, 6543) = (1/36) (276543) = (5/36) (12643), 
==I(AsrRyPu)=I(a’c’rP) (b’Ryu), 
S41, 1284) = (641) (571234) = (2/41) (6513/4), 
234, 6543) = (1/34) (276543) —=(5’84) (12643), 
== [(A,R,Pu)= I (Ced P) (’ Ru), 
236, 6541) = (126) (36541) = (15’6) (3624/1), 
= I(A,rR,aPu)= I(a’b’rP) (d Rau) ; 
(123, 654) —(1/2") (37654) —=(6’5’) (1234’), 
—I(AsRaQp)= I(a't'Q) (c Rap), 
(126, 543) =(1'6) (27543) (56) (214/3’), 
= 1(ArR,aQp) = I (a'rQ) (b’R,ap), 
(G51, 234) ==(6’1) (5/234) ==(2/1) (5634), 


346 J. WILLIAMSON. 


(128, 154) = (12) (3154) —(15’) (1284), 
= 1(A,aRsaQp) = I (bQ) (caR,ap)—= I (gbQ) (das t pra”, 
(654, 623)—= (65°) (4623)—= (62) (6543), 
(123, 165)= (13°) (2165)— (15°) (1236’)= I (AsaRQp), 
=I (a’¢Q) (VaRp)=—I (ar'Q) (4p), 
(654, 612)—= (64) (5’612) —(62’) (6541), 
(134, 165)—(13’) (4/165) —=(16’) (4135’), 
= I (4A Raa RQp)= I (ar'Q) (aA.R,s’p), 
(643, 612) —=(64’) (3612) = (61) (8642), 
(234, 265) = (28°) (4265)= (26) (2345) = I(AspApRQp), 
=1(b'¢Q) (J ApRp)ap = I (b’c'Q) (d' Ab” p)ap'ap”, 
(543, 512) = (54°) (3°512)—= (51) (5432), 
(123, 543) = (13) (27543) —=(5’8) (2143), 
= 1(AsR.2Qp)— I (Q) (b'Rap), 
(654, 234) —= (6'4) (57234) = (2/4) (5634), 
(123, 365) (1/8) (2365) (6/3) (1235’)— I(A,AsR«RQp), 
=I (eQ) (0 AsRsRp) = I(r AsB.Q) (Ass’p), 
(654, 412) —(64’) (5412) —(1’4) (6542’), 
(12, 34, 65)—=(123'6”) (45) = (1/436”) (2’5”) = (1/536) (V4), 
= I(AA BR RQp) = 1(Ac'r’’p) (PQ) (€V Ra); 
_ (12, 543) = 1x (2/543) — 4,’ (125/3’) = I(AR apr) = Taz’ (V Raps), 
(65, 234) = 6,’ (5/234) = 32 (6524), 
(12, 8346) = 19’ (2/346) = 42’(123’6) == 1(AA,Rarpr) = Ias (b’AsRarp), 
(65, 431)— 6," (5/431) — 3,’ (6541), 
(12, 654) = 1y’ (2’654) —(126'4") 5a’ = I(AR yp) = Ias (b'Rap), 
(65, 123) —= 6,’ (5/123) = 22’ (65138), 
(23, 654) = 2x (8654) = 5,’ (236/4’) == I (AapRs pe) = Iap'bs (d Rap), 
(54, 123) = 5x (4/123) = 2,” (5413) ; 
(12, 34) = 1,’ ( 2/84) = 49’ (123 )= I(AAsRsPx) = Iag (b’A,R.P), 
(65, 43) = 6,’ (5/43) = 87 (654°), 
(12, 65) = 14’ (2’65) = 52’(126’) == I(ARPx) = Ia,’ (VRP), 
(23, 54) = 29” (854) = 42’ (235) = I(AgpgaPx) = Iap’ba’ (C RaP), 
(12, 54)= 1,’ (2/54) = 4,’ (125) = [(ARsaPr) = Iar (b’RsaP), 
(65, 23) = 6,’ (523) = 3,’ (652’) ; 
(12, 34, 65)’ = (1238/6) 45/52” = (1/436) 20/5 a” —= (1/456) 20/82”, 
= I(AAR.Rpre) = I(Ae’1’’p) («b Ra) dasa”; 
(1265, 6543, 1234) —(1’6”) (276543) (571234), 
== I (ARRA Quu)= I(a’r’Q) (b’Ru) (8 Agu) 5 
(123, 6543, 65)—(1'6”3’) (26543) 55”, 
= I(A,R,RPur) = I («1e P) (b’Ryt) sa”, 
(654, 1234, 12)—=(6714’) (571234) 20”; 
(12, 34, 65)” = (123) (4/65) —(1’43) (265) —(126’) (435°), 
I(AARRPP)=I(Ac’P) (VRP) (a’b’R,). 
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In finding the values of J in the above list symbols separated by a comma 
are not to be counted as convolved; thus in (12,34) the value of I is 
p(B) and in (12%, 34,65) is ap(AsRs)ra. Throughout we have written 


A == ub, A =abc, A, = abcd, a = abcde, R=rs, R=rst, R= rstk. 


In the definitions of the bracket factors, it is sometimes necessary to use 
previous definitions; for example, 


(12, 34) = Ide’ (V'A RaP) = Tag’ (ab Ra) (Ve EP), 
by the definition of (184). 


2. Determination of the Prepared System. Since we are now considering 
two quadratics in n variables for the case n == 6, there are seven invariants 
and six quadratic covariants ts?, (t = 1, 2, 3, 4, 5, 6).* By theorem I every 
concomitant,t multiplied by a suitable invariant factor, can be expressed in 
terms of the symbolic factors, 


ins (ij), (ijk), (ijem), (ijemn), (123456) (i j, k, m, n= 1, 2, 8, 4, 5, 6). 


We must now determine if ever in forming these bracket factors, we have 
disturbed any of the invariant factors, which appear when 12, 23, 34, 45, 56 
are convolved together. Originally we have six sets of cogredient point 
variables x, y, z, t, w, k, which are convolved as A==(axyztwk), u = xyztu, 
p = syzt, P = tyz, Q = ty. Since the only factor involving all six variables 
is (123456), and in this 12, 23, 34, 45, 56 are convolved, it follows that no 
invariant factor is disturbed in forming A. Let us consider the formation 
of the factors involving the variable u first of all. For simplicity we call a 
factor containing m symbols an m-factor. If one of the variables g, y, z, t, w 
convolved to form u appear in a four-factor, we may take four of these 
variables as appearing in that factor. Tor t{ 


(ijkr | syet’) (mn | w’y)==(ijkr | 2’y’wt) (mn | zy) + (igkrm’ | u)n,/, 


and on the right w and ¢ are both convolved in the same factor. Proceeding 
in this way we see that we lose nothing by assuming that four of the variables 
occur in the four-factor. We have then to consider the cases in which the 
fifth variable occurs in a two-factor, a three-factor or a four-factor. The 


* Loc. cit., p. 404. 

4 Loc. cit, § 38. , 

t Both here and later the symbols i, j, k, t, m, n, a, b, e, d, e, f are used to denote 
any of the symbols 1, 2, 3, 4, 5, 6. 
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case with the fifth variable in a one-factor obviously does not require to be 
considered. If the four-factor is (ijkr | syzt) or more shortly (ijkr), the 
two-factor cannot contain any of the symbols 4, j, k, r; the three-factor can 
contain at most one and the four-factor at most two of the symbols 1, j, k, 7, 
for otherwise in the formation of u no invariant factors would be disturbed. 
Since there are only six possible values for i, j, k, r, we must consider 


(ijkrn’)m’, (ajkrn’)(im’), (ijkrn’) (ijm’), 


where i, j, k, m, n are all distinct and we have not written in the variables. 

If none of the variables, convolved to form u, occur in a four-factor, one 
may occur in a three-factor. In this case, as before, we may assume that 
three of the variables forming u occur in this factor and we have to consider 
the cases: (a) three variables in one three-factor, two in another; (b) three 
variables in one three-factor, one in each of two three-factors; (c) three 
variables in one three-factor, one in another three-factor, one in a two-factor; 
(d) three variables in one three-factor, one in each of two two-factors. In 
case (a) the same symbol cannot appear in both three-factors and accordingly 
we have the sole possibility («jkr’m’)n’. In case (b) we have 


(ijkr’a’) (mn) (be), 


where no two of i, j, k are the same as two of r, m, n or of a, b, c nor two of 
a, b, c are the same as two of r, m, n. For, if rmn = ijk, (b) becomes 
(ijkna”) (47) (bc) and here ijn are still convolved. The rest follows from 
the fact that we might have started with the factor (rmn) or (abc) in place 
of (ijk). In case (c) we have (ijkra”) (mw )b”, where ijkrmn must involve 
at least five distinct symbols. But neither of a, b can be the same as one 
of i, j, k or the same as one of r, m, n and hence this type is impossible. 
In case (d) we have (ijkr'a” jmb”, where r, m and a, b contain no symbols 
in common with i, j, k. If ab = rm, this type is obviously reducible * and 
so we must consider the case 


. (ijerr" ymn” — (ijlenr) m'r” + (i'ma) kr 


and each term on the right reduces to simpler bracket factors. The further 
case, in which only two-factors can occur is easily seen to be impossible. . 
If the variable w does not occur but the variable ¢ does, that is if the 


* We use the phrase “is reducible” to denote that the factor under consideration 
can be expressed in terms of simpler types or of types that have already been con- 
sidered. The sign = is used for “equal to, apart from reducible terms.” 
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coérdinate p appears but not the coddinate u, and one of the three variables 
convolved to form p occur in a three-factor, three of them may be considered 
to occur in that factor. Hence we have the types, (ijk7’)(m’n’) from two 
three-factors, (ijkr’) (im) from two three-factors, (ijkr’)m’ from one three- 
factor and one two-factor. But, if no three-factor occur, we have the type 
(ijk'm” jrn” from three two-factors. 

Tf no variables w or t occur, but z occurs, we have the single type (ijk’)7’. 
Accordingly we have to consider the following types. 


A. (tjkrm’)n’, B. (ijerm) (in), ©. (ijkrm) (ijn’), 
D. (ijkr’m’)n’, E. (ijkr'n”) (im) (jm), FE. (ijk) (m’n’), 
G. (ijkr) (im), H. (uykr’)m’, I (jkm jrn”, 
J. (ijk’)m’. 


We now consider these types in detail. 


Type A. In A m,n must be successive integers and so we have the 
possihilities, 


1°(2°3456), 2° (3°1456)=— 6’ (12345) + 1(32456), 
3/ (4/1256) == 1° (23456) + 6 (12345), 
4’ (5/1236) = 3’ (45612) + 6(51234),  B’(6°1234). 


We are accordingly left with only two of this type, 1° (2/3456) and 5’ (61234), 
if we include type D. For example the term 1(32456) on the right of 
2/(3/1456) can be neglected, since (32456) has 32, 45,56 all convolved. 


Type B. In type B m,n must be successive integers and by letting 
i = 1,2, 3 in turn we have the possibilities ; 


(12) (14563), (13°) (12564’)==(15") (12346’), 

(14’) (12365’)==(12’) (14563’), (15°) (12846’), 

(23°) (21564’)==(25’) (12346’), (24’) (21865’)==(26) (21345), 
(25°) (21346’), (32’) (34561), (34’) (32165’)==(32’) (34561’), 
(35”) (32146’)==(32’) (34561’), 


together with similar types. These types reduce as indicated above to the 
eight, 

(12°) (14563), (65’) (63214’), (15%) (12346), (62”) (654317), 

(25’) (21846’), (52’)(56431’), (31’) (34562’), (46°) (43215’). 


Type C. In type O, m,n must be successive integers and so must k, r. 
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Accordingly m,n and &,r may have the following values: m,n = 1,2; 
k,r=3,4 or 4,5 or 5,6: m,n—=2,3; k,r—4,5 or 5,6: m,n = 3, 4; 
&,r = 5,6. From these values we obtain six types, 


(1°56) (56342’), (163) (63452), (1°34) (34562), 
(2/16) (16453), (2714) (14563’), (4/12) (12563’). 


Type D. Since r,m,n and i,j,k must be successive integers, there is 
only one factor of this type, (1234/5) 6’. 
Type E. Since 


(ijker’n’’) (im) (jm”)==(ijlerm) (in) (jm) + (if mrn”) (ik) (jm), 
=(i} mrn”) (ik) (jm), 


for the other term contains the simple factor (ijkrm), we may interchange 
the rôles of ijk and imr, and similarly the rôles of wk and jmn. If we 
consider the factors tjk, imr, jmn in turn as the foundation for the u factor, 
we see that ijk, imr, jmn must all be sets of three successive integers. They 
must be chosen from 123, 234, 345, 456 and any three of these sets include 
two with two symbols the same. Accordingly a factor of type Æ would 
simplify. 


Type F. In this type at least two of t, j,k and at least two of r, m,n 
must be successive integers and so we have the possible cases, 


(1234) (56°), (1243”) (5’6’)==(1245’) (36’), 
(1253’) (4’6’) ==(1253’) (46) =(1345) (62), 
(1263) (4’5’)=(1/345) (627), 
(1342) (5’6’)==(1845’) (26°) ==(1563") (4’2)=(1562") (374’), 
` (1452) (376’)==(1452’) (36) ==(1284’) (56), 
== (1234’) (5’6’) (1236) (45), 
(1562’) (3’4’)==(2845’) (16°). 


These factors reduce as indicated above to the three, 
(1234’) (56’), (3452’)(61’), (4325’) (16°). 


Type G. In this type m,n must be successive integers and so must j, k. 
We let + = 1, 2,3 in turn and so get the six factors, 
(127) (18745), (127) (1356), (187) (1456), 
(23’) (24°56), (317) (82/45), (31°) (3256), 


and six similar factors making twelve in all. 
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Type H. In this type r,m must be successive integers and so must at 
least two of t, j,k. We accordingly have 


L (2/845), 1/(2346), 17(2’356)== 6’(1235’), 1'(2456), 
Y (3/145 )== (1285’) 4’, 27(3'156)== (1236")5’, V (3’456), 
3’ (4/126) == 1 (V346), 87(4’125) = 1’ (2/845), 
3’ (4/156 )== 6’(1345’), 37(4/256) = 6’ (2348’), 


and similar factors. But these reduce as indicated above to the four factors, 
1 (2'345), 1/(2/846), 1/(2’456), (3456), 
and four similar factors. 


Type I. In this type t, j; k,r; m,n must all be distinct and must all be 
pairs of successive integers. Accordingly there is only the one possibility 
(123757) 46", 


Type J. In this type 1,7 and &,m must both be pairs of successive 
integers and so we have the types. 


1’(2/B4), 1/(245), 17(256), 27(3°45), (856), 3”(4’56). 


further u-factors. Since types F, G, H, I and J only arise when no 
variable w is present, we need only consider types A, B, C, and D in the 
formation of new u-factors. Let us first consider C ==(ijkrm’) (ijn | Y). 
If one of the variables of Y is to be convolved to form u and none of the 
components of u occur in a four-factor, then all three variables in Y may he 
taken as forming part of u. Thus we have the possibilities, (ijerm) (ajn’ab), 
(ijerm) (ajn’a"b), (ijerm) (ijwa b), (ajkrm’) (ijn’a’"b’”).* In the first 
case neither of a, b = i, j, m or n and so ab must be kr. By the fundamental 
identities + this reduces. Similarly the second and the fourth obviously 
reduce. In the third case, none of a,b,c is i or f; hence two of them are 
m,n or k,r and if ab = mn, c== k. We have then the type 


(ijerm) (ijn'm" r jn”, 


which is reducible. Since k,” and n,m are interchangeable in C, this type 
reduces in every case. But, if one of the variables of w occur in a four-factor, 
we have to consider the possibility (ijerm) (77) (n’abed). This is obviously 
reducible, if abcd includes 17. Let now abcd involve èt but not 7, then since 


* The symbols ’ ” ’” after a letter mean that the letter so marked belongs to a 
convolution of letters even though the other members of the convolution are omitted. 
t Loc. cit., p. 408. 
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k,r and m,n are interchangeable in C, (ijkrm’) (i7) (n’imnr) is typical. But 
this last is equivalent to (ijkrm’) (in’) (jimnr), which is a product of factor 
types already considered. We are left to consider (ijerm) (t7) (n’mnkr) 
=(ukrm’) (t'n) (’mnkr), and this latter can be obtained from two A fac- 
tors and appears in the consideration of the Q-factors. 

We next consider type B—=(ijkrm’) (in | Y). If one of the component 
variables of Y is convolved to from u, we have the types, (ijerm) (n'abcd) t, 
(ijkrm’) (n'abe), (ijerm) (i/n/a”f’s) (abede”). Of these, the first two are 
obviously reducible to simpler types and the last, formed from two B factors 
is also reducible. For a4 i,m, or n and so a = j, k or r and 


(ijerm) (in'af”s) (abede”) 
=(ijkrf”) (inams) (abede”) + (ijkrs) (inaf’m) (abcde”). 


Both of the last two terms have a simple bracket factor as an actual factor 
and hence this type is also reducible. 

Since, in the formation of new u-factors, A and D can only occur with 
simple factors of the type (ij), (tjk) ete., it is easily seen that A and D 
do not give rise to any new u-factors. Thus there are no new u-factors. 


New p-factors. Type C cannot occur with a p-factor, for * 
(ijkr’m) (ajn’s)=(tjkrs) (tjnm) + (ijkr) (4jnms). 


Thus C yields only six factors of the type (ijkrm’u) (ijn’P). Further type B 
cannot occur with a p-factor, for (ijerm) (inab) is reducible," where 
a and b appear from factors of types A, D, F, G, H or I. Also (ijerm) (in’ab) 
is reducible, since a, b must be two of r, 7, k. We are left to consider 
(ijkrm’) (in’a’b’”’) (¢’def) arising from a B and an H factor. But this is 
impossible, since i cannot be one of a,b,c or one of d,e,f, since a,b,c and 
d,e,f are interchangeable. If however one of the components of u occur in 
a three-factor, we have the type (ijkrm’) (n’abc)i’, where abe cannot contain 
ior both of m,n. If a= m, we have (ijerm) (n’mkr)i! =(ijkrm) (n’m’kr) i, 
and this latter is reducible, being the product of (ijerm) and 7 (n’m’kr). 
Hence abe == jkr and (ijerm) (njer) i =(ijkr) (n’m’jkr)7’, and the latter is 
a product of two simpler factor types. 


Type F =(tkr’)(m’n’) cannot occur with a p-factor, for as before 
(ijker’) (m’n’ab) and (ajkr’)(m’n’a"b) are both reducible and 


(ijir) (m’n’a’’b”) (c"def), 


* Loe. cit., p. 408, formula (17). 
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from two F factors, is impossible, since two of a,b,c cannot be the same as 
two of r, m,n or two i, j,k. Hence we must consider (ijkr’) (n’abc)m’. In 
_ this «a,b,c cannot contain two of r, m,n and must therefore contain two of 
Be, j,k which is impossible. 
Type G cannot appear with a p-factor, for (tjlr’) (im’s’a’’) and 
(ijkr’) (im’s’a) are reducible.* But in (ijkr’) (im’ae’) (abcd), formed from 
two G factors, a is distinct from i, r, j, m and k and must therefore be equal 
to n. Similarly 7 is not equal to any of a, b, c, d, e. Accordingly we must 
consider (ijkr’) (im’nm’”) (nt”jk)==(ijkr) (imnr) (nm’jk), which is reducible, 
and 


(ijki’) (imnr”) (nk’’mj) =(ajkn) (imrr”) (nk” mj) + (ijkr”) (imnr) (nim j), 


and this is reducible, unless 2,7, % are successive integers. Similarly 1, j,k; 
i,m, 73 n, m, 7 must all be sets of successive integers and on trial this is found 
to be impossible. We have still to consider the type (tjkr’) (m’abc)i’, where 
a,b, ¢ cannot contain + or both of r,m or both of 7,%, since r, m and j,k are 
interchangeable in G. Hence we have («jkr’)(m’njr)i’ and this type is 
reducible, if i, m,n or i, j,k are not successive integers. But 


(ijhr’) (mnir) i s=(igkn”) (mr jr yi 


and this latter is reducible unless n,7 are successive integers. Similarly j,r 
must be successive integers. Since the only possible type of G factor now is 
(8124) (35’), n= 6 and accordingly n,j,7r cannot be successive integers. 
Since factors of the type A, F, H and I can only appear with factors of 
the types (ij), (tjk) or with factors in which the symbols are not convolved, 
it is easy to show that no new p-factors arise from considering them. We 
take type H as an illustration. In the type (ijkr’)(m’abc) a,b,c cannot 
include r or m and must be i, j,k or i jpn. But (ijkr’) (mk) is reducible 
and (tkr’) (m’ijn)c=(ijkn) (mrij), where n is still convolved with i and j. 
The only other possibilities are (ijkr’) (m’abs’”) and (ijkr’) (m’ab’c’””) both 
of which are obviously reducible. Accordingly there are no new p-factors. 


New P-factors. The types F and G cannot occur with a P-factor, for + 
(ijkr’) (4m’s)==(tjks) (imr) + (ijk) (amsr) 
and no convolutions of successive symbols have been disturbed. A similar 


* Loc. cit., formula (17). 
t Loc. cit., formula (17). 
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proof holds for the type F. Accordingly F yields only three factors of the 
type (ijkr’p) (m’n’Q) and G twelve of the type (ijkr’p) (imQ). 

If type B occur with a further P-factor, it may occur with a single 
symbol thus yielding (ijkrm’) (in’a), where a is not equal to i,m, or n andy 
so this reduces to type C. But B may occur with a simple two-factor giving 
the type (ijkrin’) (in'a”)b”, where neither of a,b is equal to i or one of n, m, 
since (tjkrm’) (in’a’’) b” ==(17’k’) (r'imna”)b”. Therefore we may take 
(ijerm) (inj )k” as typical. But this reduces to (ijkrm’) (kn’j)i, unless 
i, m,n are successive integers. From the list of B factors we have only four 
possible types, (371456) (12/4) 5”, (371456) (12/5) 6”, (34562) (31/4”)5”, 
(34562) (31’5”)6”. Of these the first is equivalent to 


(145) (12364) 5” 
== (145) (12345) 6” + (145) (172/564) 8°” ==(145) (1/2564) 3’, 


and this last is a product of two simpler factors; similarily the second is 
reducible; the third is equivalent to 


(845°) (3126/4) 5” ==(845) (4561/27) 3’, 
and so is reducible; the fourth is equivalent to 
(34/5) (31256) 6” ==(356) (1/2’456) 3” 


but is not reducible, since 3,4, which was originally convolved, is no longer 
convolved. Thus we have the new factor type (34562’) (31’5”)6” and the 
factor similar to it. This type need not be considered farther, for, if the 
extra variable attached to 6” appear in a P-factor, the resulting factor type 
obviously reduces except in the case (34562’) (31’5”) (6”i7), where i,j are 
successive integers. But neither of i, j can be 5 or 3 and so ij must be 12 and 
(34562’) (315”) (6”12)==(34562’) (312) (561’), which is reducible. Further 
(315’) (64) ==(311) (65)-+ (81) (657), and so, if the extra variable is con- 
volved to form Q, no new factor type is obtained. 

If a new P-factor is formed from two B factors, we have the general 
type (ijerm) (abcde) (in'a”) f”. This type is reducible, unless i, n,m and 
a,e,f are both sets of successive integers and also if these two sets coincide. 
From the list of B factors we see that we must consider 


(126) (14563’) (63214) 5”, (12/5) (48216”) (14563’) 4”, 
(31/4’’) (34562’) (48216) 5”. 


Of these the first is equivalent to 
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(126) (14563) (673214) 5” + (12/3) (14563) (6672/7714) 5”, 
==(12/6) (14563) (123, 456) + (123) (14563) (6542/1’)6, 
==(12’6) (14563) (123, 456) ; 


similarly the second and the third are reducible. 
We now consider the possibility of a new factor type formed by a B 
factor and one other factor of the types A, D etc. in turn. 


Types A and B. B==(ijkrm’) (in’), A =(abcde’)f’. In such a factor 
e, f is not the same as m,n nor is one of e,f equal tot If e= m, we have 
(ajkrm’) (ajknm”) (rin) 
== (r’imny’) (ikr) (ijknm”)=(rimn]’) (irk’) (ijknm), 
and the last of these is reducible. Hence e, f= j,k and we must consider 


(ijkrm’) (inmrj”) (in'k”). But there is only one type of A factor and so, 
from the list of B factors, we are left with 


(2/3456) (1/65”) (63214) ==(2’3456) (1/4562) (6871), 
== (23456) (14562) (6371) ==(28456) (14562) (631”), 
and 
(273456) (48215) (461’) 
= (2/3456) (432) (4651/1”) =(13456) (432”) (46512), 


both of which are reducible. 


Types Band D. B==(tjkrm’) (in’), D =(abed’e’)f’. Since abc and def 
are interchangeable in D, i may be taken cqual to e and we have the type 
(ijkrind) (in’f’) (abcid”), which is the same as a factor arising from one A 
and one B factor and accordingly has already been considered. 


Types Band H. B=(ijkrm’) (in’), H =(cdeb’)a’. We have the factor 
type (ijkrm’) (in’a”) (bede), which reduces as before, if either of a,b is one 
of i,m,n. Farther, since (ina’) (b’cde)==(7’ba) (n’cde)-+(inab) (cde), this 
type reduces, unless t, m,n are consecutive integers and also if ¢ is equal to 
one of c,d,e. Accordingly i = f, and we have 


(fabcd’) (fe'u) (b’ cde) ==(fabcd’) (be'a) (fede) + (fabcd’) (fe'ab) (cde), 
and both terms on the right are products of simpler factor types. 


Types Band I. B==(ijkrm’) (in), I =(abe’e”) df’. This type is not 
possible, since ab, cd, and ef are interchangeable in J and neither of c,d can 
equal 4 in B. ' 
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Types Band J. B=(tkrm’) (in), J =(bed’)a’. As in previous cases 
i, n, m must be consecutive integers and none of a, b, c, d can belong to 4, n, m 
and this is impossible. 


P-factors involving type A but not type B. If A occurs with an ordinary 
two-factor, the resulting factor is obviously reducible. The only other 
possibility is 


(ijerm) (wab )=(ijkra”) (mnb) 
+ (igkrb’”’) (mna) + (V7) (mna b = (7 7k) (r mna”). 


Accordingly, if a,b arise from two other A factors, this type is reducible, 
since there are only two distinct A factors. Thus there is no new P-factor 
formed by three ‘A factors. Further, since in A mn==12 or 56, the com- 
bination of an A factor an F factor and any other factor cannot occur. More- 
over, since 


(ijkr’) (m’ts)= (ik) (rmts) + (ijkt) (rms) + (jks) (mir), 


any factor formed from factors of types 4, H, I or J is reducible. Similarly 
type D cannot appear with types H, I or J. If D occur with an ordinary 
two-factor, we have (ijkr’m’) (n’m7), and this is of type C. 

We must now consider the types H, I and J with ordinary simple 
factors (ab). In type H —(ijkr’) (m'ab) neither of a,b is equal to one of 
r,m and so we have (ijkr’) (m/ab)—=(tjk) (rmab)-+ (ijka’”) (rmb”) and this 
is reducible, since at least one of a,b is the same as one of i,j. The factor 
I =(wk’m”)r’n” with the simple factor (ab) is impossible, since neither of 
k,r in I can equal one of a,b and since k,r; m,n; 1,7 are interchangeable 
in I. But J and the simple factor (ab) yield the new type (tjk’) (mab) 
= (123’) (4/56). 

The only type, which we have neglected, is (ijk’m”) (r’n”a), and this 
is reducible, for 


(igk’m”) (rn a)=(ijkr) (mna) + (ijk'a) (mn) + (ijk) (mnra), 
and each term on the right has at least one less broken convolution. 


New Q-factors. Type J cannot occur with a new Q-factor, for (tjk’) (m'a) 
==(tja) (km) -+ (ij) (mka). Two factors of the type A yield the new factor 
type (12345’) (671”) (278456). The only possibility from one A factor and 
one D factor is 
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(123457) (6717) (2345C j==(12345’) (6'6”) (12345), 
= (12”") (384566) (12845 )= (12) (84456) (12856), 
=(1/4) (32/456) (12356), 


and this last is reducible. From A and H we have the type 
(ijkrm’) (n’a’”) (bce j= (ijerm) (n'abe”) (de) ==(ijkra’) (mnb’c’’) (d’’e”), 


where we have neglected terms, which are reducible. From the first identity 
we see that neither of n, m can be the same as one of a, b and from the second, 
that neither of a, b can be the same as one of i,j,4,7r. But this is impossible 
and so the type reduces. Since in J i,7; k,r; m,n are interchangeable, no 
new factor arises from A and J. From two D factors we have the type 


(12385) (676) (12345”)==( 12845”) (1236” | 2’y’2’w") (456 | ayt’)= 0 


by the convolution of 4,5, 6 in the first factor. From D and H we have the 
possibility (ijerm) (n'a) (b’cde)==(ijkr’m’) (n'abe) (de”). This latter is 
reducible, if a and b appear among r,m,n or among i,j,%. Accordingly 
a,b == 3,4 and ede is of the type 126 or 125. Therefore a,b and c,d can 
he interchanged and since cd = 12, this new factor reduces. Similarly the 
combinations of D with Z, and Hf with I are reducible. From two H factors 
we have the type 


(ijir) (ma”) (b cde) = (ijkr’) (m’abe”) (8e) 
=(ijke’’) (rmab) (de) + (ijka’) (rmb’e’) (de). 


From the first identity we see that neither of a,b is the same as one of r,m 
and that therefore one of a, b must equal one of i, j, k. Accordingly this type 
reduces by the second identity. No new type arises from two I factors, but 
the single J factor yields the new type (12375) (4’6”). 

We have now found all possible cases, in which a convolution of suc- 
cessive symbols has been disturbed. These new factor types, together with 
the 68 simple factors form the prepared system. In §1 these factors are 
listed and defined in terms of the symbols a, r etc. of the two quadratics, 
and if the factors J are removed from this list, we are left with a prepared 
svstem similar to that used by Turnbull in his paper on Two Quaternary 
Quadratic Forms.” 


THE Jouns HOPKINS UNIVERSITY. 


+H, W. Turnbull, “The Simultaneous System of Two Quadratie Quaternary 
Forms,” Proceedings of the London Mathematical Society, Ser. 2, Vol. 18 (1917), 
parts 1 and 2, pp. 70-94. 


A VARIETY REPRESENTING PAIRS OF POINTS OF SPACE. 
By F. R. SHARPE. 


1. Introduction. If X ==(a1, t2, ws, £4) and Y= (41, Yo, Ya, Ya) are 
any two points in space, the 10 quantities, 


(1) Jig = tiy + Uji, (i, 7 = 1, 2, 3, 4), 


may be taken as codrdinates of a point P in Sy. The locus of P, when X and 
Y, vary is a six-dimensional variety Vs. It will be shown that Ve is rational, 
being mappable on the So, (gai, Jaz; Jass Gaas J23ə Jats iz). When X and Y 
are corresponding points of an involutional transformation, the locus of P is 
a three-dimensional variety. The case of the cubic inversion y; = 1/s: has 
been partially discussed by Emch,* but the reasons given for rationality are 
insufficient. The general cubic involution will be shown to be rational by 
mapping it on the Sa, (ga, Gaz, Gass Jaa). The proof differs essentially from 
and is much simpler than the proof given by Sharpe and Snyder.t It is also 
shown that the complex of lines joining corresponding points of the general 
cubic involution can also be mapped on Sg, (gat, Gaz, Jass Gaa) and its equation 
is obtained. 


2. The variety Vo. If pi; = Tiy; —xjyi are, line codrdinates of XY, 
they are connected with the gij, by the identities, 


(2) Dis Put = GJi1J in — Jigit 

Hence 

(3) PazPas = 942743 — 94423 == Gis Pas Par == 943941 — GasJa1 = Ja, 
Papaz == JarJa2 — Gaai = Js 

so that 

(4) Par = ( 9293/91), Paz = ( 9391/92)”, Pa = (9192/93) *, 


where the signs of the radicals are all + or all—. We have therefore 


(5) RYL = Jas Ryst = Jar — (9293/91) ®, 
RYT = Jaz —( 9391/92) É, RY sls = Jas — (9192/93) *, 
and hence 


* A. Emch, American Journal of Mathematics, Vol. 41 (1926), pp. 21-44. 
$F. R. Sharpe and Virgil Snyder, Transactions of the American Mathematical 
Society, Vol. 25 (1923), pp. 1-12. 
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9293/91 922944 = 942 — 9291/92, 

9339 44 = 943 — 919 2/ Js. 
It follows from (6) that Ve is rational, being mapped by (6) on the 
Selgas Jans Gass Gasy Fess Jar, Yrs)» The equations (5) express the (1,2) 
correspondence between the spaces S(s, y) and Se- 


(6) 911944 = g'a 


3. The general cubic involution I between X and Y. The involution 
is defined by three equations bilinear in (s) and (y), which, by choosing as 
vertices of the tetrahedron of reference four of the eight invariant points, 
can be taken in the form.* 


(7) G23 S Uaa + doaz + 39435 Jsi = biga + bogaz -+ bagas, 
Jig = C1941 ++ Cod as + Cafas. 

When account is taken of (7), the equations (5) express the (1,2) 
correspondence between the spaces S(s} and Ss(gai gazy Jans Jaa). 

Hence I is rational. From (5) it can be seen that the image of a plane 
in S(x) 
(8) Aq, + Ast, + Åt + Aita = 0 
is the surface in S, j 


(9) (Aiga + A2942 + AsGas + AsGas) 919293 = (A1g2gs + Asgagi + Åg ga) 
which is apparently of order 8 in the g: The terms independent of gus 
however, vanish identically, so that g4, is a factor and the image of a plane 
in S(s) is a surface F, of order 7 in Ss. The image of F, is the original 
plane (8) and the cubic surface 
(10) Ay, + AY + AsYs + Aas = 0, 
the y: being found from (8) by substituting from (1) and solving in terms 
of the g; 

The surfaces 
(11) Ciga + C2gaz + C3943 + C94 = 0, 
images of the planes in S; are quartic surfaces through the sextie curve 
common to the cubic surfaces yj == 0 and through the three straight lines, 
Za = 0, and one of sı = 0, za = 0, T = 0, in which z, = 0 meets y= 0. 
Any two of the surfaces (11) meet in a residual curve of order 7, image of a 
line in S;. It can be shown from (9) that the images of the three invariant 
points (1,0,0,0), (0,1,0,0), (0,0,1,0) in S(x) are the three quadrics 
gı = 9, g2 = Q, gg = 0 in Sz. 

The three quadrics meet in the vertices of the tetrahedron of reference 











* Compare F., R, Sharpe and Virgil Snyder, Transactions of the American Mathe- 
matical Society, Vol. 25 (1923), pp. 1-12. 
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and in four other points. These four points and (0,0,0,1) in S3 are the 
images of the four invariant points which are not vertices in S(x) and of 
(0, 0, 0,1). 

4, The complex of lines X Y. From (2) we have, in addition to (3), 
the relations 


(12) Papes == JasJi2—— Gager == Gas PaPa = JurJes — YssGri2 = Ys» 
Pas Piz = 942931 — 41923 = Fe, 
and therefore the quadratic identity 


ParPos + Pazpsı F Paspiz = 0. 
From (4) and (12) we find 


(13) Paa/ 929s = Pao/ 939s = Pas/ 9192 
== Pos/ 9491 = P31/ 9592 = Pr2/ Jes = (919293) ~*. 

The pı; and g:i; are connected by the identities 
(14) Jupri + gapu + Japa = 0. 
Hence 
(15) GizP3s + JaPa -+ Japis == 0, giz2Pas + Ga1Ps2 + J31pes = 0, 

9aıP42 + Jasper + JosPis = 0, Jar Pos + JaoPa1 + JasPio = 0. 
Any three of these equations are linearly independent, but the sum of the 
four vanishes identically. 

From (14) we also have 


(16) JesPo3 + GaePsa -+ Jas Paz = 0, Qaapsı + GasPi4 + Jarpa = 0, 

JasPi2 + GarPos + JaePar = 0. 
When gas, Jaz, Jas, Jaa are given, then (7) and (13) determine the pi; which 
satisfy (15) and (16). If we eliminate the gi; from (7) and (15) we have 
the equation of the cubic complex. 


ay ae ag — 1 0 0 
by de 3 0 — 1 0 
Cy Ce C3 0 0 . — i 
17 = 0. 
{ ) 0 Pre 0 Pai 0 — Pas 
Paz 0 0 0 — Pye Pas 
0 0 Por = Par Paz 0 


Conversely if the pi; satisfy (17) and the quadratic identity, then (7), 
(15), and (16) determine the gs. Hence the complex is mappable on Ss. 
The cubic inversion is the special case when a, = b= cs = 1, the other 
coefficients in (7) being zero. 


CORNELL UNIVERSITY. 


ON SEMI-METRIC SPACES.* 


By Watracr Atvin WILSON. 


1. Let Z be a set of points to each pair of which corresponds a positive 
real number called the distance between them. If a and b are any two points, 
we designate this distance by ab, and postulate that the following axioms 
are satisfied : 


I. ab=ba. 


II. ab—0 tf and only if a=b. 

A space which satisfies these conditions and in which limiting points are 
defined in the usual way is called by Frechet an E-space and by Menger a 
semi-metric space. 

As a semi-metric space becomes metric when the so-called triangle cxiom 
is added, it is natural to classify these spaces by the degree to which the 
triangle axiom is approximated. Hence we are led to the following additional 
axioms. 


II. For each pair of points a and b there is a positive number r such 
that for every point c, ae + be =r. 


IV. For each point a and each positive number k there is a positive 
number r such that, if b is a point for which ab =k and c is any point, 
actbeZr. 


V. For each positive number k there is a positive number r such that, 
if a and b are any points for which ab È k and c is any point, ac + be =r. 


If Axiom V is further strengthened by requiring r to equal k, our space 
becomes metric. Furthermore, E. W. Chittenden ¢ has shown by an equivalent 
definition that a semi-metric space in which Axiom V is valid is homeo- 
morphic with a metric space. It is the purpose of this article to supplement 
Chittenden’s work by investigating this question for the weaker Axiom IV 
and also to discuss certain other properties of these spaces. 


2. Examples of spaces consisting of enumerable sets of points can be 


* Presented to the American Mathematical Society, February, 1931. 
“On the equivalence of ecart and voisinage,” Transactions of the American 
Hathematical Society, Vol. 18, pp. 161-166. 
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constructed, which show that Axiom V is effectively stronger than Axiom IV, 
and that Axiom IV is effectively stronger than Axiom III. 

In demonstration it is often convenient to make use of the following 
easily proved properties. For Aviom III to be valid it is necessary and sufi- 
cient that there do not exist two points a and b and a sequence {ci} such 
that ac, + bci —>0. For Axiom IV to be valid it is necessary and sufficient 
that there do not extst a point a and two sequences {bi} and {ci} such that 
ac, + bic, > 0 but not abi —>0. For Axiom V to be valid it is necessary 
and sufficient that there do not exist three sequences {ai}, {bi}, and {cx}, 
such that aici + bici 2 0, but not aibi —> 0. 

In the case of each of the three axioms it is readily shown that there is 
a greatest r for which ac + be =r. In future reference to the axioms it 
will be understood that r represents this greatest value. In Axiom III, r is 
a function of a and b; in Axiom IV, r =f (a, k); and in Axiom V, r= f(k). 
In Axioms IV and V, r is a monotone increasing function of k. Since c may 
coincide with a or b, it is clear that in the last two cases r & % and in the 
first rab. Finally, in the last two cases the inequality ac + be < r implies 
that ab < k. 


3. The scope of our work is limited by the following theorems: 


I. For Aziom III to be valid in a semi-metric space it is necessary and 
sufficient that no sequence converge to more than one limit. 


Il. In a semi-metric space satisfying Axiom IV every derwed set is 
closed. 

The proof of the first of these theorems is self-evident. To prove the 
second let A == {a} be any set, A’== {b} be the derived set of A, and c be 
a limiting point of A’. If c does not lie in A’, there is a k > 0 such that 
for no point a in A—c is ca < k. 

Since Axiom IV is valid, let r= f (c, k) ; then for every point z, ex + ax 
=r. Take e< 7/2. Since ¢ is a limiting point of A’, there is some point b 
for which ch < e. Since b lies in A’, it is a limiting point of A, and also 
of A—c. Hence there is a point a in A— c for which ba <e. Then 
cb + ab < r, contrary to the statement at the beginning of the paragraph. 
Hence ¢ lies in A’ and A’ is closed. 


COROLLARY. In a semt-metric space satisfying Axiom IV the set of 
inner points of any set is a region. 


It can be shown by an example that the converse of Theorem II is not 
valid, and that the theorem itself is not valid in general if only Axiom IIT 
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holds. Consequently it does not seem profitable to give any attention to 
spaces satisfying Axiom III only. 


4. The simpler theorems regarding closed sets and regions in general 
metric spaces may now be proved valid for semi-metric spaces satisfying 
Axiom IV in the usual way. In working with these concepts, however, it is 
necessary to keep in mind two respects in which these spaces differ radically 
from metric spaces. These are: 


In a semi-metric space satisfying Axiom IV the Cauchy criterion for the 
convergence of a sequence of points to a point is not necessary, and the dis- 
tance function may have discontinuities. 


To see this consider a space Z consisting of a point a and an enumerable 
set of points {a;}, where the distances are*defined as follows: aa; == 1/i and 
aaj==1ifis&j. It is easily seen that Axiom IV is valid. Obviously &: —> a, 
but the Cauchy property is not valid. Finally, as aa = 1/2 and aga;—1 
for every i = 2, it is evident that a.a; does not converge to aa, and so the 
distance function is not continuous. 

It is convenient to call the set of points {z} whose distances from a fixed 
point a are less than some fixed & a sphere, but on account of the possible 
discontinuity shown above a sphere may fail to be a region; also the sets for 
which az S k or az Z k may fail to be closed sets. However, if S is a sphere 
of center a and radius hk, and r == f(a, k), it readily follows from Axiom IV 
that every point of the sphere of center a and radius r is an inner point of &. 
Likewise, if T denotes the set {x} for which az =k, T contains no point y 
for which ay < r. 

Furthermore, if s’ is a sphere of radius 7 <r and center a, y CS. 
Hence, if = f(a,r) and 7” < r, the sphere s of center a and radius r” 
is such that 5- 7—0. Such a sphere may be called an inner sphere corre- 
sponding to a and k. 


5. Before proceeding further, we turn to a brief consideration of səmi- 
metric spaces in which Axiom V is valid. We first note that in such a space, 
every convergent sequence satisfies the Cauchy convergence criterion. Yor 
otherwise we would have a sequence {a;}, where a; >a, and a constant k > 0 
such that for every integer 2’ there would exist an i and a j greater than 7’ 
for which maj Zk. But, as i>, aa+aja—>0, which contradicts 
Axiom V. 

Now let Z be any semi-metric space and a, b, and c be any three points. 
Also let g(e) be a positive function of the positive real variable e which 
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converges to zero with e, and let the relations ac < e and be < e always give 
ab <g(e). Such a space Frechet calls a space with a regular ecart. 


THEOREM I. A semi-metric space in which Axiom V is valid has a 
regular ecart, and conwersely. : 


Proof. If Axiom V is valid, there is a monotone increasing function 
r= f(k) such that ab =k implies that ac + bc Èr for any three points 
of the space. If k has a lower bound k’ > 0, r has a lower bound 1” > 0; 
in this event let us define r = f (k) for 0 S k S K by the relation r/k = 1'/k’. 
Now let h = h (r) be 4/3 the lower bound of all values of k for which r= f(z). 
Then fh is one-valued and converges to zero as r—>0. If ac<r/8 and 
be < 7/3, then ab < h. Taking e—r/3, h=g(e)—h(r) is the -required 
function. 

To show the converse, assume that Axiom V fails. Then there would 
he a k > 0 and sequences {a;}, {bi}, and {c;} such that a:b; = k for every i, 
but aici + bic; >0. Taking e so that g(e)< k, there is an i such that 
aici < e and bici < e, while a:b; =k > g(e), contrary to the definition of 
regular ecart. 

The above theorem together with Chittenden’s theorem (loc. cit. in § 1) 
gives the following result. 


THEOREM II. For a semi-metric space Z to be uniformly homeomorphic 
with a metric space it is necessary and sufficient that Axiom V be valid. 


That the condition is sufficient is proved by Chittenden. It remains to 
prove that it is necessary. 

Let Z = {x} and let M = {y} be metric and uniformly homeomorphic 
with Z. If Axiom V is not valid in Z, there is a k > 0 and three sequences 
{ai}, {x}, and {xi} such that zre:” =k and sisi + rizi” > 0. Let the 
corresponding sequences in M be {yi}, {yi}, and {yi}. Since the homeo- 
morphism is uniform, yiyi’ + yy” —>0 and consequently, by the triangle 


axiom, yi’yi” > 0. But again this result requires that ai’a:” —> 0, which is 


a contradiction. 


6. THEOREM. Let Z be a semi-metric space satisfying Axiom IV. Then 
Z is homeomorphic with a semi-metric space satisfying Axiom V. 


Proof.* For each point x of Z define two descending sequences {ri (x) } 
and {si(z)} as follows: 


* The following proof is based upon one by Alexandroff and Urysohn, “ Une condi- 
tion nécessaire et suffisante pour qu’une classe L soit une classe D,” Comptes Rendus 
des Séances de V’Académie des Sciences, Vol. 177, pp. 1274-1276. 
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So(%)= 1, rs (z)= Yef(a,1), 
r(x) == Yef[z, r(x) ], 5i(z)= r(e), 
Si-a(@) == Wrei- (2), Tei-a(r)= Yef[e, sir (2) ], 
t2i(z) = mfir, t21 (x) J, si(2)= Yra (s), °°. 


Here f is the function of Axiom IV. It is clear that s: (x) S 14%? for every i 
and z. For each i and z let U:(x) be the sphere of center x and radius s: (x) 
and K; be the set of spheres {Ui(x)} as æ ranges over Z. 

We now prove that, if Dj —Ui(x)-Ui(y)s40 for some i = 1, then 
U;(z)-+ Us(y) is contained in either Ui-ı(£) or Uia(y). Let u be a point 
of Di. There are two cases: si(x)= ss(y) or 8i(z) < si(y). 

In the first case zu + uy < 2si(x)= růz (x), whence zy < Teir(z) by 
Axiom IV. If z lies in Ci(y), yze<si(y)Sssi(z). Hence zy -+- yz 
< Prois (£)= fle, si.(z)] and so tz < sia (s) by Axiom IV. Obviously 
rz < Si4(z) if z lies in Ui(x). Hence Ui(x)-+ Ui(y)C Ui- (x) in this case. 

In the second case zz < si{(z)< si(y) for any z in Ui(x); whence 
ay +22 < 2rein(y) and yz < sily). Obviously yz < si.(y) if z lies in 
U:(y). Thus in this case Ui(x)+ Tily)C Uialy). 

Now let us define a new distance d(z,y) for each pair of points of Z as 
follows and call the new space Z’. If no sphere of any K; contains ++ y, 
let d(z,y)==1. If no sphere of Kin contains a + y, but some sphere of K: 
contains a + y, let d(x, y)= Yi. 

We first show that Z’ is semi-metric. If ey, d(x,y) exists and is 
positive unless some sphere of every K; contains s -+ y. Then there would 
be a sequence {U;(¢;)} of spheres whose respective centers and radii are {ci} 
and {s:(c;)}, each of which would contain g + y. Since s:(c:)— 0, this gives 
the contradiction that c: >s and ¢;—> y in Z. 

Jf a, y, and z are three points, d(x, z)—=1/2+, and d(y, z)==1/2/, j =i, 
we have two spheres U:(a) and U;(b) of K; containing «+2 and y +z, 
respectively. Then by the above, these spheres are contained in either Ui- (4) 
or U;4(b). In both cases d(x, z) S 1/251, and so the distance d(z,y) is a 
regular ecart. Hence Axiom V is valid in Z’ by § 5, Theorem I. 

Let a be a fixed point, k > 0, and S be the set of points {x} for which 
d(a,£)< k. Take i so large that 1/2°'< k. Then Ui(a)CS. For, if x 
lies in U;(a}), a+ a lies in U;(a) for 07% and hence d(a,x)S1/2'. 
That is, S contains every point v for which az < s;(a). 

Now let S be the set of points {x} for which as < k. Take i so large 
that si.1(a)< k and j so large that 2/231 < si(a). Let 8’ be the ses of 
points {a} for which d(a,2)< 1/2}. Then for each s in S’, a+ = lies in 
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some U;(b); i.e. ab- ba < 238;(b) < 2/23) < si(a), whence ar < si(a) 
<k. That is, S contains every point z for which d(a, s) < 1/2/. 
The last two paragraphs prove that Z and Z’ are homeomorphic. 


Corotuary. Let Z be a semi-metric space satisfying Axiom IV. Then 
Z is homeomorphic with a metric space. 


This is an immediate consequence of the above theorem and Chittenden’s 
theorem (§ 5, Theorem II). Note, however, that in this case homeomorphism 
between a semi-metric and a metric space does not imply that Axiom IV is 
valid in the former space. 


% A semi-metric space Z which satisfies Axiom IV and contains an 
enumerable set E == {a;} such that every point of Z is the limit of a sub- 
sequence chosen from Æ will be called separable, as usual. Following Frechet, 
we shall call Z perfectly separable or p-separable, if for each k > 0 each point 
zx of Z lies in an inner sphere corresponding to & and some ai. (See § 4.) 

The author does not know whether separability implies p-separability or 
not. It is possible to construct a space Z containing an enumerable set Æ 
dense in Z and such that for a given k > 0, Z is not covered by a set of 
inner spheres having their respective centers in Æ and corresponding to k, 
but this does not show that there is no enumerable set having the desired 
property. Since by the previous section a separable semi-metric space satis- 
fying Axiom IV is homeomorphic with a separable metric space and a 
separable metric space is always p-separable, it might appear that separability 
implies p-separability in semi-metric space also. This does not follow, how- 
ever, because the homeomorphism between the two spaces may fail to be 
uniform. 

It is easy to show that a p-separable semi-metric space satisfying Axiom 
IV is homeomorphic with a separable semi-metric space without using Chitten- 
den’s theorem. In brief we first prove the theorem that, if ABA: B = 0, 
then there are disjoint regions Æ and 8 containing A and B, respectively, in 
much the same way as for metric spaces. Then Urysohn’s proof * that for 
two disjoint closed sets A and B, there is a continuous function f(z) such 
that f(z)—0 in A, f(z)—1 in B, and OSf(#)S1 in Z—(A+B) is 
applicable. Then, for each k; of a descending sequence {kj} converging to 
zero and each point a; of the set Æ used in defining p-separability, we define 
a continuous function fis;(2) such that fı; (s)=0 in a closed set Aj; con- 
taining a; as an inner point, fi;(z)==1 in a closed set Bi; containing every 


*“Zum Metrisationsproblem,” Mathematische Annalen, Vol. 94, pp. 310-311. 
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x for which az = kj, and 0 S f(z) S 1 elsewhere in Z. Then the distance 


i,fz00 
between two points z and y is defined by © | fis(x)— fas(y) | /2*. 
i j=i 


8. The result of § 6 would appear to be useful in handling upper semi- 
continuous decompositions of metric spaces into disjoint closed sets. Under 
certain broad conditions the space whose elements are the closed sets is known 
to he metric, but the distance between two such elements has no simple relation 
to the distance between the closed sets in the original space. The following 
theorem together with § 6 makes it possible to use the distance in the original 
space as the distance in the new space. 


THEOREM. Let Z = {s} be a metric space and Z = S[X] be an upper 
semi-continuous decomposition of Z into disjoint closed sets. Let Z’ be the 
space whose elements are {X} and for any two elements X and Y of Z’ let 
AY be the distance between the sets X and Y as measured in Z. Then Z 
ix a semi-metric space satisfying Axiom IV and, if Z is connected, so is Z’. 


Proof. By the distance between X and Y in Z we mean the lower bound 
of ry as the point x ranges over X and the point y ranges over Y. If then 
AY = 0, there are sequences {z:} and {yi}, chosen from Y and Y, respec- 
tively, such that aiyi—>0. By the definition of upper semi-continuous de- 
compositions it follows that for any e > 0 every point of X has a distance 
from Y less than e and every point of Y has a distance from X less thin e. 
As Y and F are closed, this makes X = F. Hence Z’ is semi-metric. 

Tf Axiom IV were not valid, there would be some element 4, a constant 
k > 0, and sequences {X;} and {Y:} such that AX; Z k, but AY; + Vi; 
—0. Take a positive e < k/3. Since AF; —>0 and the decomposition is 
upper semi-continuous, there is an ~ such that every point of F; has a dis- 
tance from A less than e for every i>?. Since X;¥;—>0, there is an i” 
such that for every i > 7” there is a point v; in X; and a point y; in Y; for 
which iyi < e. But then for i greater than both } and 7” some point of -Y; 
has a distance less than 2e from some point of A, and consequently AY: < hk, 
which is false. ? 

If Z’ were not connected, it would be the sum of two disjoint non-void 
sets I’ and K’ such that H: K’ + H’-K’=0. In Z let H be the union 
of the sets {X} which are elements of H’ and K have a similar relation to K’. 
If H- K 340, there would be a point y in K which is the limit of a sequence 
{xi} of points of IT. Now y lies in some element Y and each a; in some 
element Xi, whence Y;¥ > 0. But X; is an element of H’ and Y is an ele- 


ment of K’, and H- K’—0, which is a contradiction. Hence -K = 0 
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and, in like manner, H-K—0. This is again a contradiction, because Z 
was connected. Hence Z’ is connected. 

In connection with this theorem it should be noted that, in general, 
Axiom V is not satisfied. 


9. We shall now investigate certain relationships between semi-metric 
and topological spaces, defining the latter by these axioms: 


A. Every point x has at least one vicinity U(x) and x lies in U (z). 

B. If U(x) and V(x) are vicinities of x, there is some W(2) 
C U(x): V(z). 

C. For each U(x) there is a V(x) such that, if y lies in V(x), some 
U(y)C U(x). 

4. If x andy are two distinct points, some U(x) does not contain y. 


Axioms A and B are taken directly from Hausdorff’s Mengenlehre (pp. 
228, 229). Axiom C is the weaker form of Hausdorff’s Axiom C suggested 
by Frechet. This is more convenient, since in semi-metric spaces satisfying 
Axioms IV or V, a sphere is not necessarily a region, but merely contains a 
region containing in turn the center. In Axiom 4 “vicinity” has been used 
instead of “ region,” since this is more consistent in forming a set of vicinity 
axioms. 

Before proceeding further it will be as well to call attention to two known 
points which are sometimes overlooked or insufficiently stressed. The first 
is the fact that it must not be understood that, if some U(x) contains a point 
y different from v, then U(x) is a vicinity of y. Such an assumption in 
certain cases vitiates the work. The second is the difference between equiva- 
lence and homeomorphism, the former being in some cases an effectively 
stronger property than the latter. It may be remarked here that the axioms 
given above are equivalent to the corresponding axioms of Hausdorff. 

It is clear that relations between semi-metric and topological spaces will 
involve enumerability axioms of some kind. Consider the following. 


9. There is an equivalent set of vicinities such that every point x has 
an at most enumerable set of vicinities. 


9. If x is a point and {U(x)} the set of its vicinities, there is an 
enumerable sub-set {Vi(x)} of these vicinities such that x is the divisor of 
the set {Vi(x)} and each U(x) contains some Vi(a). 


` 10. There is an equivalent set of vicinities which is enumerable. 
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Axioms 9 and 10 are essentially the same as Hausdorff’s axioms with 
these numbers. It is shown below by an example that Axiom 9’ is effectively 
weaker than Axiom 9. On the other hand it is readily seen that the restriction 
of the class of vicinities in Axiom 9’ does not affect the definition of limiting 
points. This is a case where homeomorphism and equivalence are not the 
same and it is well illustrated by the following example. 

Let Z be the sum of two disjoint sets A and C, where A consists of the 
points of the interval 0S z < 1 and C is a set {y} of cardinal number c. 
For each y let U(y)== y; for «0 let U(x) be any open interval of center 
x contained in A; for == 0 let U(x) be any half-open sub-interval of A whose 
left end-point is 0 or any such sub-interval plus any point of C. Here Axiom 
9 is not satisfied. If we restrict the lengths of the sub-intervals to rational 
numbers and require Ọ (0) to be either such a sub-interval or such a sub- 
interval plus the point of C corresponding to its length in some correspondence 
between the rational numbers and an enumerable sub-set of C, Axiom 9 is 
valid. On the other hand, Axiom 9’ is valid in the original space, since the 
vicinities of points of C and the vicinities of points of A consisting of sub- 
intervals of rational length satisfy the requirements. The two spaces are 
homeomorphic, but not equivalent. 


THEOREM I. Let the topological space Z satisfy Axiom 9’. Then we 
can take the partial set of vicinities so that for each point Vi(x)> F(x) 
2V(z)D---. 


Proof. Let {U(#)} be the original set and {W4 (z)} be any partial set 
satisfying the requirements of Axiom 9%. Take V,(z)=Wi(z). Now 
Wilz): Wale) D some U(x) some Wa (z). Set Va(s)= Wi (z). Like- 
wise the divisor of the first iə -+ 1 vicinities {Wi(z)} contains some T (2), 
which in turn contains some W4, (x); this we take for V(x). Continue this 
process indefinitely. Clearly every U(x) contains some Vn(z) and z is the 
divisor of the monotone descending sequence {Vn(z2) }. 


TrrEoREM IJ. Let the topological space Z satisfy Axiom 9. Then there 
is an equivalent set of vicinities so that for each point Vi(x)2> V2(4)>--:-. 

This is proved in the same way as Theorem I. - 

10. It is apparent that there is an intimate connection between Axioms 
II, IV, and V of semi-metric spaces and Tietze’s separation axioms * for 


topological spaces. But in studying this connection we meet the following 





* See Hausdorff, Mengenlehre, p. 229, Axioms 5-8. 
9 
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difficulty. If in a semi-metric space the sequence of points {a;} converges 
to a point a, there is for every r > 0 an 7’ such that a sphere of center a and 
radius r contains every a; for which i > 7 and for such values of i the spheres 
of radius r and centers a; all contain a. But this does not hold for topological 
spaces. There, although each vicinity of a contains every a; for i greater 
than some #’, it may be that no vicinity of any a; contains a. Therefore it 
seems well to the author to propose the following axioms in place of Haus- 
dorff’s Axioms 5-8 for use in topological spaces satisfying Axioms 9 or 9’: 


5. For every pair of points a and b and every integer n there is an 
integer m = g(a, b, n) such that m. increases indefinitely with n and the rela- 
tion Vala): Va (b) 0 implies that b lies in Vn(a) and a lies in Vn(b). 


6’. For each point a and each integer n there is an integer m == g(a, n) 
such that m increases indefinitely with n and the relation Vn(a) + Vn(b)~0 
implies that b les in Vin(a) and a lies in Vn(b). 


Y. For each integer n there is an integer m = g (n) such that m increases 
indefinitely with n and the relation Vn(a) -Vn(b)40 implies that b lies in 
Vn(a) qnd a lies in Vm(b). 


It is a simple matter to show that Axiom 5’ implies Hausdorff’s Axiom 5. 
For Axiom 6’ we get the following theorem, which is analogous to a theorem 
of Tychonoff.* 


Turorem I. Let Z be a topological space satisfying Axioms A, B, C, 4, 
and 9 or 9’. If it also satisfies Axiom 6’, it satisfies Hausdorff s Axioms 6, 
7, and 8. 


Proof. Let our vicinities be monotone descending as in the theorems of 
89. Let A and B be two point-sets such that A-B+A-B—=0. Let a be 
a fixed point not in the closed set B and be any point of B. Then there 
is an n such that V.(a)-V,(b)—0. If n is unbounded as b ranges over B, 
there is for each n a point ba in B such that Va(a)' Va(bu)#0. If 
m = g(a n) as in Axiom 6’, Vm(a) contains bn. But m increases indefinitely 
with n; hence every Vm(a) contains points of B, a contradiction. Therefore 
for some n we have Va (a) - Vn(b)=0 for every point b in B. 

In consequence of this result there is for each integer i a sub-set Ai of A 
such that for each point a in A; and each point b in B, Vi(a) + Vi(b)=0. 
The set A; may be void for a particular value of i, but 4, C 42 C ASC: 
and A is the union of the sets {A;}. Likewise, B is the union of a monotone 


*“iber einen Metrisationssatz” von P. Urysohn, Mathematische Annalen, Vol. 95, 
pp. 139-141. 
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increasing sequence of sets {Bi}, such that for each b in B; and caca a 
in 1, Vi(a)-Ti(b)=0. 

Each V;(a) contains a region v;(a@) which contains a, by Axiom C, and 
likewise for Ti(b). Let U; be the union of the regions {v;(a)} as a ranges 
over Li, and W; be the union of the regions {v;(b)} as b ranges over Bi. Let 
i and j be any two integers and ij. If a lies in Ai, Vila): Vi(b)=0 
for cvery b in B, and consequently in Bj. Since V(b) Vi(b), we have 
Vite) > 1, (b)=0 for every a in A; and b in Bj. Consequently Ui: Wy = 0 
for this case, and similar reasoning establishes the same fact for the case that 
i> j. lf then Rand S are the unions of the sets {Ui} and {Wi}, respectively, 
we have AC R, BCS, and R-S=—0. As R and S are obviously regions, 
we have shown that t and B are contained in disjoint regions, which is the 
requirement in Hausdorff’s Axiom 8. A fortiori, Axioms 6 and 7 are also 
valid. 


THEOREM II. Let Z be a topological space satisfying Axioms A, B, C, 
4, 6 and 9 or 9’, and {ai} a sequence of points converging to a. Then for 
etch m there ig an in such that a; lies in Vn(a) and a lies in Vm(a:) for 
every È> im 


Proof. As usual we assume that our vicinities are monotone descending 
in accordance with the theorems of §9. Since by Axiom 6’, m= g(a, n) 
increases indefinitely with n, there is for each integer m an integer n such 
that T, (a) + V2(b)540 implies that a lies in T,.(6) and b lies in Fala). 

Since a: — a, there is an i, such that each a; lies in Fa(a) for i> in 
But then T,(@)-Va(ai)340. Consequently the previous paragraph is ap- 
plicable and we have the theorem on writing in as tn. 


11. THEOREM. Let Z be a semi-metric space satisfying Ariom IV(T). 
Let ry > 2 > ryto and 7530. For each point a of Z let Us(a) denote 
a sphere of center a and radius rj. If these spheres are taken as vicinities, 
Z isu lopological space satisfying Axioms A, B, C, 4, and 9, and also 6’(7’). 


Proof. It is clear that Axioms A, B, 4, and 9 are satisfied. Now take 
a fixed (:(a). Then for some j > i, it follows from § 4 that T;(a) contains 
oniy inner points of Ui(a) and so for any point æ in Uj(a) some U;(x) 
C U;(a). Hence Axiom C is also valid. 

Now suppose that Axiom 6’ were not valid. Then there would be a 
fixed integer m and a sequence of points {bn} such that Un(a) - Un (bn) 0, 
but. for every n either a would not lie in Um(bn) or ba would not lie in Cala). 
The former statement requires the existence of a sequence {cn} such that 
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ACn —>0 and banen —> 0. But then by Axiom IV we have abn —>0. Then for 
some no and every n > No, abn < Tm, Which contradicts the second statement. 
Hence Axiom 6’ is valid. 

Suppose now that Axiom V is valid, but Axiom 7 is not. Then there 
is a fixed m and sequences {an} and {ba} such that Un(an) - Un(bn) 3% 0, but 
either ba is not in Um(an) or an is not in Um(bn). Then for a sequence {cn}, 
we have ann ++ bnCn —> 0, whence anban —>0. This gives a contradiction as 
above. 


Remark. The above theorem is a fortiori true if 9’ is substituted for 9. 


12. THEOREM. Let Z be a topological space satisfying Axioms A, B, 
C,4,and 9. If also Axiom C (T) is satisfied, Z is equivalent to a semi-metric 
space satisfying Axiom IY (Y). 


Proof. In accordance with §9 we assume that the vicinities of each 
point form a monotone descending sequence of sets. For a pair of points 
a and b set fn(a,b)==0 if b lies in Va(a) and fa(a, b)= 1 if b is not in 
Va(a). Likewise define fn(b, a). Let dn(a, b)—=dn(b, a)= [fa(a, b) 


-+ fa(b,a)]/2” and ab = ba = Sai b). Let Z’ be a space having the 
1 


same points as Z and distances defined in this manner. 
Tt follows at once from Axiom 6’ that there is an integer n’ such that 


co 
Vala) + Va(b)=0 if n= w. Hence ab = = 2/2" = 1/22 > 0 and so Z’ 
is semi-metric. 
Now let a be any point andr > 0. Take m so that r > 1/2"-1. In con- 
sequence of Axiom 6’ there is an nm such that, if b lies in Va (a), then b lies in 


oO 
Vn(a) and a lies in Vm(b). Hence ab < X 2/24 = 1/2"1< 7. That is, 


mti 

each sphere of radius r contains some V» (a). On the other hand, let Vm(a) 
be any vicinity. If r< 1/2" and ab <r, dn(a,b)—0 for every n&m. 
Hence by the definition of d» (a, b), b lies in Van (a) and a in Va(b) for every 
n&m. Thus every vicinity of a contains some sphere of center a. Hence 
we have proved that the spaces are equivalent. 

If Axiom 6’ does not imply Axiom IV, there are two sequences {b;} and 
{cı} and a constant k >0 such that ab; Z k and aci + bici —>0. These 
relations show that for a fixed n’ there is an v’ such that d»(a, ci)== 0 and 
dn (bi, c:)= 0 for every i = 7 and every nn’. Then for such values Vy(c:) 
contains a and bi, and c lies in both V,(a) and Vx(bi). If m= g(a,n) 
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as defined in Axiom 6’, this means that b; lies in Vm(a) for iZ ë. Asm 
increases indefinitely with n, we have b; approaching a, which is impossible. 

If Axiom 7 does not imply Axiom V, we have three sequences {ai}, 
{bi}, and {c;}, and a & > 0, such that aid; Z k and aici + dics > 0. As 
above, we have for each n’ an Y such that Va(ai) - Van(bi) 40 for 127 and 
nn’. Let m=g(m) as defined in Axiom 7’. Then d,(ai,bi)==0 for 
nm =m; and, as m increases indefinitely with n, this means that a:b: — 0, 
a contradiction. 


COROLLARY. Let Z be a topological space satisfying Arioms A, B, C, 4, 
and 9", If also Aviom 6'(?") is satisfied, Z is homeomorphic with a semi- 
metric space salisfying Axiom IV (VY). 

For by §9 the space Z is homeomorphic with a topological space satis- 
fying Axioms A, B, C, 4, and 9. 


Remark. A study of the proof of the theorem of § 6 shows that in the 
above ihcorem Axiom 6’ is sufficient for equivalence with a semi-metric space 
satisfying Axiom V, and an analogous remark is true for the corollary. 


13. In the theorem and corollary of the previous section a distinction 
has been drawn between homeomorphism and equivalence. The same thing 
is necessary in connection with Urysohn’s theorem regarding the equivalence 
of a topological space satisfying Axioms A, B, C, 6, and 10 to a metric space, 
which has been referred to in §7. In his proof it is tacitly assumed that 
every vicinity containing a point is a vicinity of that point; without that 
assumption the proof given does not apply and in fact there is homeomorphism 
and not equivalence. This in part explains the necessity for such axioms as 
& and v. 

Since it has been shown that a semi-metric space satisfying Axiom IV 
is homeomorphie with a metric space, it follows from the previous section that 
this is also true for a topological space satisfying Axioms A, B, ©, 4, 6’, and 9’. 


CONCERNING HEREDITARILY LOCALLY CONNECTED 
CONTINUA. 


By G. T. WEYBURN. 


A continuum every subcontinuum of which is locally connected is said 
to be hereditarily locally connected. The principal contribution of the present 
paper is the establishing of the proposition that Every hereditarily locally 
connected, compact and metric continwum is a rational curve in the Menger- 
Urysohn * sense, that is, each point of such a continuum M is contained in 
arbitrarily small neighborhoods having countable boundaries relative to M. 
This theorem was proved formerly ł by the present author for subcontinua 
of the plane, but the demonstration in the present article is independent of 
the containing space and is therefore valid for subcontinua of any compact 
metric space. It is thus demonstrated that in the Menger~Urysohn classifi- 
cation of curves, the hereditarily locally connected continua form a distinct 
class occupying an intermediate position between the class of all regular curves 

= continua each of whose’ points is contained in arbitrarily small neighbor- 
hoods with finite boundaries) and the class of all rational curves. In other 
words, all regular curves are hereditarily locally connected, but not conversely ; 
and all hereditarily locally connected continua are rational curves, but not 
conversely. 

In the course of the demonstration of the proposition announced above, 
the author has found and used a number of strong properties of hereditarily 
locally connected continua, each of which, incidentally, characterizes these 
continua among the compact metric continua. Proofs for these properties, 
together with some of their corollaries, form § 2 of the present paper. In §3 
there is given two lemmas of a general character which also are needed in the 
proof of the main theorem of the paper, given in § 4. . 

We shall employ the usual terminology and notation of the theory of sets. 
Our hypotheses ordinarily concern a compact metric continuum M and its 
subsets, and in such cases we shall consider M as a space and shall speak of 
the open subsets of Af as neighborhoods or open sets. If V is such a set, 
F(V) will denote the boundary of V, i. e., the point set V-—V. A com- 
ponent of a set K’ is a connected subset of K which. is contained in no other 


* See Menger, Mathematische Annalen, Vol. 95 (1925), pp. 272-306 and Urysohn, 
Verhandelingen der Akademie te Amsterdam, Vol. 13 (1927), No. 4. 
+See Bulletin of the American Mathematical Society, Vol. 36 (1930), pp. 522-524. 
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connected subset of K. The quasi-component of a set K containing the point 
p of K consists of p together with all points x such that K is not the sum of 
two mutually separated sets, one containing p and the other s. A collection 
of sets will be called, a null family, provided that all save a finite number of 
these sets are of diameter less than any preassigned positive number. A 
countable sequence of sets whose elements form a null family will be called 
a null sequence. 


2. Properties equivalent to hereditary local connectivity. 


(1). In order that the compact metric continuum M should be heredi- 
tarily locally connected it is necessary and sufficient that if K is any subset 
of M and G is any, collection of open sets covering some subsell H of K, the 
boundary of no one of which contains a point of K, then there exists a null 
sequence Vi, Vo, Vs,- -© of mutually exclusive open sets covering H each, of 
which is a subset of some element of G and its boundary is a subset of the 
sum of the boundaries of a finite number of the sets of G. 


The condition is necessary. For by the Lindelöf Theorem there exists a 
countable sequence Gi, Gz, Gs,- ~~ of the sets of G whose sum covers H. Set 


G,=U1, Ga— Ga: Gi = Us, Gs — Gs (Gi t+ Ge) = Us, > > 
Ga — Ga X Gi = Unm 
1 


Then clearly U., U2,--- is a sequence of mutually exclusive open sets covering 
H, and for each n, 


a-1_ n-i n 
Now set U = 5 Un. Then U is an open subset of M, and hence the com- 
1 


ponents of U may be arranged into a sequence Vi, Va, Vap? t t, which clearly 
must be a null sequence, since M is hereditarily locally connected. Since the 
sets [Un] are mutually exclusive, it follows that for each n there exists an 7 
such that Fa, C U: and F(Va) C F(Ui). Hence Vn C Gi, and by (i) we 


i 
have F(Vn) C $, F(G;), which completes the proof. 
1 


That the condition is sufficient follows at once from the fact * that every 
continuum Jf which is not hereditarily locally connected contains an infinite 
sequence N1, No, N3,°-- of mutually exclusive continua, all of diameter greater 


* See R. L. Moore, Bulletin of the American Mathematical Society, Vol. 29 (1923), 
p. 296; also C. Zarankiewicz, Fundamenta Mathematicae, Vol. 9, p. 134. 
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than some e > 0, which converges sequentially to a limit continuum N having 
co 

no point in common with the continua [Ni]. For, taking K = H =£ N: 
1 


and, for each i, letting G: denote the set of all points z in M such that 
p(t, Ni) < (1/3) p(Ni, H — Ni), then the collection [G4] covers H and the 
boundary of no one of these sets contains a point of K, but clearly no null 
sequence exists satisfying the terms of our condition. 


(2). In order that the compact metric continuum M be hereditarily 
locally connected it is necessary and sufficient that if K is any subset of M, 
and p is any point of a quasi-component C of K, and R is any neighborhood 
of p, then there exist a neighborhood U of p such that R-C CU CR and 
F(U)-KCR(R)-C. 

The condition is necessary. For let H denote the set (K — C): F(R). 
Then since no point of H belongs to C, there exists, for each point x of H, 
a separation of K into two mutually separated sets one containing v and the 
other C; and hence there exists an open set Gs containing æ but not C and 
such that F (Ge): K =0. The collection G of all sets [Gs] for all points x 
of H covers H, and the boundary of no one of these sets contains a point of K. 
Therefore, by (1), there exists a null sequence Vi, Vo, Vs,-- + of open sets 
covering H each of which contains at least one point of H and is a subset of 


ie) 
some Qs and has no boundary point in K. Therefore $, V; contains H but 
1 


œ 
contains no point of C, and K:$ F(VY:)=0. But since [Vi] is a nuli 
1 


sequence and since each V; contains at least one point of F(R), it follows 
that F(S Vi) CS F(Vi) + F(R), and hence K-F(S Vi) CK: F(R), 
because K- X, F (Vi) =0. Then since H, which is = F(R) -(K —C), isa 
subset of X, V;, therefore F(X, Vi): K C F(R) :C. 


œ 
Now set V =} Vi. We have just shown that V contains M but no 
1 


point of C and that PF(V)-K CF(R)-C. Set U =R- (M—F). Then 
R:-CCUCR and F(U) C F(V) + [F(R) — H], and therefore 


FU) -KCK(V)-K+F(R)-CCR(R)-C. 
To prove the sufficiency of the condition, take the sets N, Ni, Nate 
as in the proof of the sufficiency part of (1). Let K =N + S Ni, let p be 
1 


a point of W, and let R be a neighborhood of p of diameter < «/2° Then 
although N is a quasi-component of K, there can exist no neighborhood U of 
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p satisfying the terms of our condition, because any such U would contain a 
point of some N; and since 8(Ni) >, we would have Ni: F(U) 40. 


(3). In order that the compact metric continuum M should be heredi- 
tarily locally connected it is necessary and sufficient that the quasi-components 
and the components of any subset of M be identical. 


The condition is necessary. For let K be any subset of a hereditarily 
locally connected continuum Af. Clearly it is sufficient to prove that every 
quasi-component of K is connected. Suppose, on the contrary, that some 
quasi-component C of K is the sum of two mutually separated sets Cy and C'e. 
Then there exists an open set Æ containing C, but no point of C, and such 
that F(R)-C=-0. Now by (2) there exists an open set U such that 
£-CCUCRand F(U): KEK CF(R)-C=0. Thus U contains C, but not 
C2, which is impossible since C is a quasi-component of K and F(U) -K —0. 

The condition is also sufficient. For consider the sets V, Vi, Natos 
as in the preceding proofs. Let a and b be distinct points of V, and let 


OO 
K =&a +b -+E V: Then obviously a is a component of K, whereas a+ 6 
L 


is the quasi-component of K containing a. Thus our condition is contradicted 
in any continuum which is not hereditarily locally connected. 


(4). In order that the compact metric continuum M should be heredi- 
tarily locally connected tt is necessary and sufficient that the components of 
any subset of M form a null family. 


The condition is necessary. For let M be any hereditarily locally con- 
rected continuum and suppose, contrary to our theorem, that there exists an 
infinite sequence Kı, Ko, Ka,’ ++ of distinct components of some subset of M 
all of which are of diameter greater than some given positive number e. Set 


N 
K=, En Then for each n, Kn is a component of K. By (8), Ka is also a 
1 


quasi-component of K, for each n. Thus there exists a separation of A’ into 
two mutually separated sets H, and H, containing K, and K, respectively, 
and hence there exist two mutually exclusive open sets G, and Q, containing 
iH, and H, respectively and such that the boundary of neither of these sets 
contains a point of K. One of these sets, say Qı, contains infinitely many 
of the sets [Ka]. Likewise there exists a separation of K-@Q, into two non- 
vacuous mutually separated sets L, and La, and hence there exist two mutually 
exclusive open subsets Gs and Q: of Q, containing L, and L» respectively, the 
boundary of neither of which contains a point of K. One of these sets, say Qo, 


378 G. T. WHYBURN. 


contains infinitely many of the sets [K,]. There exists a separation of K - Qs, 
and so on. Continuing this process indefinitely, we obtain dn infinite sequence 
of mutually exclusive open sets Gi, Gs, Gs, * >>, such that for each i, Gi con- 


is.) 
tains some component Kn, of K and F(Gi):-K==0. Set H=, Kn. Then, 
1 


by (1), there exists a null sequence F4, V2,--- of open sets covering H each 
of which is a subset of some G; and is such that its boundary contains no 
point of K. But since the sets G; are mutually exclusive, no set Vn can 
contain more than one of the sets Kn, But then clearly the fact that 
3(Kn,) >e for all s contradicts the fact that Va, Vo, Vs,- -- is a null 
sequence. 

The sufficiency of the condition is an immediate consequence of the 
existence of the sets N, Ni, No, N;,---, as previously defined, in any continuum 
which is not hereditarily locally connected, because for each îi, Ni is a com- 


00 
ponent of X, Nna and 8(N;) > e, which contradicts our condition. 
1 


(5). In order that the compact metric continuum M should be heredi- 
tarily locally connected wt is necessary and sufficient that every connected 
subset of M should be locally connected. (Theorem of R. L. Wilder.) * 


The sufficiency of the condition is obvious. To prove the necessity, let us 
suppose, on the contrary, that some connected subset H of the hereditarily 
locally connected continuum M is not locally connected at one of its points p. 
Then there exists a neighborhood # of p and an infinite sequence pı, Po, Pa't 
of distinct points of H : E such that p(pi,p) < (1/2)p[p, F(E)] for every i, 
and no two points of this sequence lie in the same component of K = H- Ë. 
For each t let O; denote the component of K containing pi. Since, by (4), the 
components of K form a null family, it follows that for some 7, 0;: F(E) =0. 
Then, applying (2), we obtain a neighborhood U of p; such that FO; 
CUCE and F(U)-K CF(E)-C,;=0. Since F(U) C E, therefore we 
have 0 = F(U): K=F(U)-H-G=F(U)-H. But then H is the sum of 
the two mutually separated sets H-U and H—H-U, contrary to the fact 
that H is connected. 


Corotnarius. Let M be any compact, metric, and hereditarily locally 
connected continuum and let K be any subset of M. Then: 


* See R. L. Wilder, Proceedings of the National Academy of Sciences, Vol. 15 
(1929), p. 616. This theorem and its proof are included in the present paper for the 
sake of completeness of the treatment. The proof given is the author’s own. 
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(a) If C is any component of K and R is any open set, there exisis an 
open set U such that R-CCUCR and F(U): KCF(R): O. [Conse- 
quence of (2) and (3)]. 


(b) If K is of dimension > 0 at any one of tts points p, then p lies in 
a non-degenerate connected subset of K. [Consequence of (2) and (3) ]. 


(c) Hither K is of dimension zero, or it contains non-degenerate con- 
nected sets but no continua, or it contains continua. [Consequence of (b)]. 


Remark. Corollary (c) states that the subsets of any hereditarily locally 
connected continuum fall into three mutually exclusive classes as follows: 
(a) sets containing continua, (8) punctiform sets which contain non- 
degenerate connected sets, and (y) zero-dimensional sets. Sets of all three 
classes are known * to exist in hereditarily locally connected continua, and 
it is now definitely established that there are no others. This classification 
is actually a restrictive one, because it tells us, for example, that sets such as 
the totally disconnected one-dimensional sets are not to be found among the 
subsets of hereditarily locally connected continua. The classification is all 
the more restrictive in view of the theorem of Wilder [see (5) above] that 
every connected subset of such & continuum is locally connected. 


3. LEMMA 1. In any separable metric space R there exists a countable 
set of points D such that if p and q are any two points whatever which can 
be separated by some countable set, then p and q can be separated by some 
subset of D.+ 


Proof. There exists a countable set of points Q = z, + tae + ta t'> 
which is dense in R. Order all possible pairs of points x;, x; of Q such that 
x; and z; can be separated by some countable set into a sequence Py, Ps, Potta 
For each n there exists a countable set of points E, which we may suppose 
closed, { which separates the two points v; and æ; in R. There exists a positive 
real number a such that # also separates in R the point sets Va(ai) and 


* See similar remarks by the author concerning the subsets of regular curves in 
Monatshefte fiir Mathematik und Physik, Vol. 38 (1931), and note references therein 
to examples by Knaster, Kuratowski, Sierpinski, and Mazurkiewicz. 

+ It is evident from the proof of this lemma that the same argument suffices to 
establish the following general theorem: If S is amy class of closed subsets of a 
separable metric space R, there ewists a countable sub-class [S8,] of 8 such that each 
pair of points which may be separated by some set of the class S may also be separated 
by some set of the class [S,]. This general proposition together with some of its 
sonsequences will be considered by the author in a later paper. 

ł See Tietze, Mathematische Annalen, Vol. 88, p. 310. 
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Va(2;), where V,-(2z) denotes in general the set of all points of the space 
whose distances from the point «x are less than the positive real number r. 
With the aid of the Dedekind Cut-Postulate it is seen that there exists a 
number @n, 0 < dy S (1/2)p(#i,2;), such that for every positive number 
a < dn, but for no number > adn, there exists some countable set which sepa- 
rates the point sets Va(ai) and Va(z;). For each n let D, denote some 
countable set which separates the point sets Ve (zı) and Ve (z;), where 


wo 
bn = an — 1/n. Let D = > Da. Then D has the required properties. 
1 


For let p and q be any two points which can be separated in Æ by some 
countable set F. We may suppose Æ closed, and hence there exists a positive 
number u such that # also separates the sets Va (p) and Vu(q). Since Q is 
dense in R, it follows that there exists an integer n > 8/u such that the points 
x, and a; of the pair’-Pa satisfy the relations p(z: p) < u/8 and p(z; q) 
<u/8. Hence Vu;2(%i) C Vu(p) and Vuse(x;) C Vulq), and therefore 
a, = u/2. Thus br = an — 1/n > an — u/8 > u/2— u/8 > u/4, because 
1/n < u/8. Hence Va, (z:) D p and Vi,(2;) D q, and therefore the set Da, 
which is a subset of D, separates p and g in R. 


Definitions. Any connected open subset of a locally connected space NV 
will be called a region in that space. A region È is said to join two point 
sets A and B provided Æ contains at least one point of A and at least one 
peint of B. Two regions Æ, and Rə will be said to be strongly separated 
provided that they have no points and no boundary points in common, i. e., 
Ry: Bz = 0. 


Lemma 2. If N is any connected and locally connected metric space 
which has no`cut point and A and B are any two mutually exclusive non- 
degenerate subsets of N, then there exist two. strongly separated regions im N 
joining A and B. 


Proof. We may suppose that A and B are closed, for obviously they 
contain closed and non-degenerate subsets. Let p denote some point of A. 
Since N — p is connected, there exists * a region Ra» joining A and B and 
such that p: Ra == 0. There exists a region Ras containing p and such that 
Rae: Ra» =0. Thus there exist points æ of N such that two strongly sepa- 


* See R. L. Wilder, Bulletin of the American Mathematical Society, Vol. 34 (1928), 
pp. 649-655. It is only necessary to cover N — p with a set of regions no one of which 
contains p or has p on its boundary and then take R p equal to the sum of the elements 
of a finite simple chain of these regions joining some point. a of A and some point 
b of B. 
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rated regions Rep and Ras exist joining A and B' and A and v respectively. 
Let S denote the set of all such points 2 of N. We shall show that S = VN. 
Suppose this is not so. Then since obviously S is open in N and N is con- 
nected, it follows that some point y of N—S is a limit point of S. Since 
N — y is connected, it follows just as above in the case of p that there exist 
two strongly separated regions Gas and @ such that Ga joins A and B and 
G contains y. The region G contains a point s of S; and hence there exist 
two strongly separated regions Ray and Re» joining A and B and A and s 
respectively. 

Now let R, and R respectively denote components of Ray — G- Ray and 
Riz — @* Ro» each of which contains at least one point of A. Inasmuch as 
N is locally connected and y does not belong to S, it follows that G-R, AO 
GR, Let K denote the set A + R, + Be, and let U be a component of 
Gav — K` Gon which contains at least one point of B. At least one point f 
of K is a limit point of U, because N is locally connected. Let Z denote one 
of the sets R, and R such that Z does not contain f and let T denote the 
other one of these sets. Let g denote some point of @-Z. Since f cannot be- 
long to G, there exist strongly separated regions U; and Up containing f and g 
respectively and such that Uy: (G + Z) =0 and Üo (T+ Ū)=0. Clearly 
U-+0;+T contains a region V joining A and B and Z+U,+G isa 
region Vay joining A and y, and the regions V and Vay have no point in com- 
mon. But V contains a region Vas joining A and B and such that Fa ET; 
for it is only necessary to cover V with regions [Vp] each lying together with 
its boundary wholly in V, and then take Va, equal to the sum of the elementis 
of a finite simple chain of these regions: [ Vp] joining some point a of A and 
some point b of B. This is impossible, because the regions Vas and Vay are 
strongly separated and join 4 and B and A and y respectively, contrary to 
the fact that y does not belong to S. Therefore § = M. Accordingly S con- 
tains a point v of B, and thns there exist two strongly separated regions Rab 
and Ray joining A and B. Q.E.D. 


4. THEOREM. very heredilarily locally connected, compact and metric 
continuum is a rational curve. 


Proof. Suppose, on the contrary, that some continuum M exists satis- 
fying our hypothesis but which is not rational. By Lemma 1 there exists a 
countable subset D of Af such that if any two points p and q can be separated 
in M by some countable set, then p and q can be separated by some subset 
of D. Now there exists at least one non-degenerate component C of M — D. 
For if every point of M — D is a component of M — D, then by § 2, results 
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(2) and (3) or Corollary (b), it follows that Jf — D is zero-dimensional at 
every point and hence that M is rational at every point of M — D, for D is 
countable. But D being countable, it follows that W is rational at all of its 
points, contrary to hypothesis. Thus there exists a non-degenerate component 
C of M — D. 
Now no two points of @ can be separated in C by any countable set of 
points. For if, on the contrary, some two points p’ and g’ of © can be sepa- 
rated in Č by some countable set Æ, it follows that some two points p and q 
of C can be separated in ( by 2; and hence there exists a neighborhood R of p 
such that Æ does not contain q and F(R) -C is countable. By § 2, result (2), 
there exists a neighborhood U of p such that UCR and F(U): (A — D) 
C F(R)-C, and hence such that F(U)-(Jf—D) is countable. But 
F(U)-M==F(U)-: (M—D) + F(U) - D, and hence F(U) - M is countable. 
Thus p and q are separated in M by the countable set F(U) - M1, and therefore 
they can be separated in M by some subset of D. But this is impossible, 
-because C is connected and contains both p and q but contains no point of D. 
Consequently no two points of CG can be separated in C by any countable set. 
For convenience of notation we set C =—= N. Then N is a hereditarily 
locally connected continuum no two points of which cán be separated in N 
by any countable set of points. Now the local separating points* of any 
connected subset H of Af which are not rational points of H must be countable. 
For if @ is any uncountable set of local separating points of H, then since, 
by (5) in § 2, H is locally connected, it follows that there exists a region Æ 
in H, and an uncountable subset F of G every point of which is a cut point 
of k. Now it is a consequence of a theorem of the author’s + that there 
exists a point p of E and a countable subset D of R such that p is a com- 
ponent of R— D. Then by § 2, Corollary (b), Æ— D is zero-dimensional 
at p, and therefore both Æ and H are rational at p. Thus every such set G 
contains a point in which H is rational, and accordingly the local separating 
points of H which are not rational points of H are countable. Now since N 
is not rational in any of its points, it follows that the set D, of all local sepa- 
rating points of N = Ne is countable. Hence N, = N — De is connected, 
because Do cannot separate any two points of N. Now N, cannot be rational 
at any one of its points, because a point of rationality of N, would be also a 
point of rationality of N, since Dy is countable. Thus it follows that the set 


* The point p of a connected and locally connected set H is a local separating 
point of H provided that p is a cut point of some region in H. 

+See my paper “ Non-Separated Cuttings of Connected Sets,” Transactions of the 
American Mathematical Society, Vol. 33 (1931). 
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D, of all local separating points of N, is countable. Hence N: = Ni — Di 

is connected, and so on. For any ordinal number a of the first or second 

class, let us suppose we have defined the sets Ng and Dg for all ordinal numbers 

B<a. Then 2 Dg is countable, and therefore V -È Dg is connected. 
<a a 


Set N — $, Dg = Na and let Da denote the set of all local separating points 
A<a 


of Na. It follows just as above that Da is countable. Thus we have defined 
the sets Va and Da for all ordinal numbers a of the first and second classes. 

We shall now show that for some a, Da =0. Suppose, on the contrary, 
that Da £ 0 for every a of the first and second class. Then for each a there 
exists a point po of Da, and Pa is a local separating point of Na but not of Vg 
for any B <a. Since the set of points [pa] is uncountable and since for each 
a there exists an ea >0 such that pa is a cut point of the component of 
Na’ Veq(p) containing Pa, it follows that there exists some e > 0, a point p, 
and an uncountable subset [Paa] of [pa], where ag < aa if B < a, such that 
for each aa, p(P; Paa) <«/4 and pa, is a cut point of the component Ca of 
Vo.’ Velp) which contains pag. Now inasmuch as C,— Pa, has at least two 
distinct components, there exists at least one component F, of Ci — Pa and 
an infinite subset F, of [Paa] such that E: Fı =0. Let Pan, be the first 
point in the sequence [Pua] following po, which belongs to FE,. Then, just as 
before, there exists at least one component F. of Cne — Pa, and an infinite 
subset F, of E, such that Ea: F, =0. Let Pan, be the first point in the 
sequence [Paa] following Pan, which belongs to #.. There exists a component 
Fs of Cn, — Pan, and an infinite subset Fa of E. such that E,- Fa = 0, and 
so on. Continuing this process indefinitely we obtain an infinite sequence of 
sets Fa, Fo, Fot © +. Now since for each i, F; is a component of Cn, — Panp 
since p(P, Pan) < 6/4, and since Cn, is connected and locally connected and 
clearly Cn, - F[V.(p) ] + 0, it follows at once that 8(F;) > «/2 forall ?’s. Now 
for each j > 7%, we have Nop, C Nan; — Pan; and therefore Cn, C On, — Pany 
Thus since Pan, C E; and Ej: Fi = 0, it follows that Cn, Fi = 0; and as 
F; C Cn, therefore F';- F; = 0 for every pair of integers i and j. Since for 
each ¢ it is true that for every j> i, On, C Cni — Pan, and hence that 
Cn, : Fi = 0 as above, and since F; is a component of Cn; — Pan; and Cn, is 
locally connected, it follows that no point of F; is a limit point of 5 Fr; 


n=i+l 
fae 

and therefore no point of F; is a limit point of P— Fi, where F = >) Fy. 
I 


But then for each i, F; is a component of F, which is impossible by virtue of 
result (4) in § 2, because the diameter of every set F; is >«/2. Thus the 
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supposition that D s40 for every a leads to a contradiction. Accordingly 

there exists an a of the first or second class such that Da = 0 and hence such 

that the set Na, which is = N — >! Dg, has no local separating point. Since 
B<a 


N— N, (= P Dg) is countable, therefore Na is connected. 
<a 


The set Na, then, is connected and locally connected, [by (5) in §2], 
and has no local separating point. Let A and B be two mutually exclusive 
open subsets of Ņa such that A- B = 0 and hence such that p(4, B) > 0. 
Since Na has no cut point, it follows by Lemma 2 in § 3 that there exist two 
strongly separated regions Æ, and S, in the space Na each of which joins 
A and B. Since Na has no local separating point, Sı can have no cut point. 
. Thus by Lemma 2 there exist two strongly separated regions R, and S2 in 
Sı, (Sı considered as a space), each of which joins A and B, because A- 8, 
and B: &; are non-degenerate sets. Likewise S, can have no cut point, and 
hence by the same reasoning it follows that there exist two strongly separated 
regions F and Sg in the space S82 each of which joins A and B, and so on. 
Continuing this process indefinitely, we obtain an infinite sequence of sets 
Ra, Re, R,--- each of which is a region in the space Na which joins A and B 
and such that each pair of these regions are strongly separated. But then 


is ¢) 
for each n, En is a component of X, Ri, which is impossible in view of result 
1 


(4) in § 2, because for each n, Ra joins A and B and hence 8(Rn) = p(A, B). 
Thus the supposition that our theorem is false leads to a contradiction, 
and accordingly the theorem is established. 
` In conclusion it will be noted that our theorem is equally valid for metric 
continua which are locally compact as for compact metric continua. This is 
evident at once, because any locally connected and locally compact metric 
continuum Jf which is not a rational curve clearly contains compact continuum 
which is not a rational curve, namely, a closed and compact region in M con- 
taining any point p of M in which M is not rational. And if M is hereditarily 
locally connected, this is impossible by our theorem. 
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GENERALIZATIONS OF BICONNECTED SETS. 
By P. M. SWINGLE. 


INTRODUCTION. 


The problem of the infinite divisibility of space is one which has in- 
terested philosophers ever since Zeno stated his paradoxes while geometry 
was having its origin in ancient Greece. It is a problem which the greatest 
philosophers of the past centuries gave thought to. 

Hume insisted that the mind refused actually to subdivide further after 
a few divisions.* It seemed to him that the mind was unable to know parts 
of space, such as present day points, which were obtained by subdivision of a 
bounded space into more than a finite number of parts. For of such the mind 
could not have an impression. Kant came a little nearer to present day 
theory in that he apparently admitted that the mind could continue to sub- 
divide. Iowever in the world of phenomena he did not admit an infinite 
subdivision as a completed process. But he granted that there might be an 
unknowabie world of noumena in which infinite divisibility existed.t 

Thus, in the light of the historical development of mathematics, all kinds 
of sets, which do not admit of a type of infinite divisibility, are of interest, 
even though in their definition the type of divisibility objected to is used. 
Biconnected sets are such sets. For they are connected sets which cannot 
be subdivided into two distinct § connected subsets. Here infinite divisibility 
into distinct subsets may exist according to present day mathematics. But 
infinite divisibility into distinct connected subsets does not exist. 

In this paper the various definitions of biconnected sets will he gen- 
eralized as well as various known theorems concerning them. While these 





* David Hume, “ A Treatise on Human Nature.” 

+ Immanuel Kant, “ Critique of Pure Reason.” 

i For definitions, theorems, and examples of biconnected sets see B. Knaster and 
C. Kuratowski, “Sur les ensembles connexes,” Fundamenta Mathematicac, Vol. 2, 
pp. 206-253. See also J. R. Kline, “ A Theorem Concerning Connected Sets,” Funda- 
menta Mathematicae, Vol. 3, pp. 288-239. For an interesting example see R. L, Wilder, 
“A Point Set Which Has no True Quasi-Components and Which Becomes Connected 
upon the Addition of a Single Point,” Bulletin of the American Mathematical Society, 
Vol, 33 (1927), pp. 423-427. For further theorems see also R. L. Wilder, “On the 
Dispersion Sets of Connected Point Sets,” Fumdamenta Mathematicae, Vol. 4, pp. 214- 
228. For an unsolved problem see C. Kuratowski, Fundamenta Mathematicae, Vol. 3, 
p. 322 (19). 

§ In this paper two sets A and B are said to be distinct if A X B =0. 


10 385 


386 P. M. SWINGLE. 


generalizations will give sets which admit of an infinite divisibility, the main 
results obtained are for sets which admit only a finite subdivision into dis- 
tinct connected subsets. 

Due to the few known types of biconnected sets and the difficulty of 
developing the theory of such sets, a number of unsolved problems are stated 
in this paper in the hope that they will suggest further interesting sets or 
development of theory. 

The results obtained will hold for any space in which the sets exist, unless 
otherwise stated. 


Two EQUIVALENT GENERALIZATIONS. 


Definition. An n-divisible connected set, where n is a given cardinal 


number, is a connected * set which is the sum of n but not of a greater number 
of distinct connected subsets. Such a set will be said to be n-divisible. 


Definition. An n-containing connected set, where n is a given cardinal 
number, is a connected set which contains n but not a greater number of 
distinct connected subsets. Such a set will be said to be n-containing. 


Examples of biconnected seis, which are both one-divisible and one- 
containing, have been given for the euclidean plane by B. Knaster and C. 
Kuratowski in their paper “ Sur les ensembles connewes.” + In the example « 
there given let b be the point (0,0), c the point (1,0), and a the point 
(1/2, 1/2}, where a is the point which totally disconnects the biconnected set. 
The notation (bac), with necessary subscripts, will be used in this paper to 
denote such a set, wherever a, b, and c may be in the plane. The set (bac) 
will be understood to contain b, c, and whatever other possible points are 
desired below. 

I£ (biaics) (i= 1,2) are distinct except that cı = cz then’ (b:a.¢:) 
+ (bedece) is an example of both a two-divisible and a two-containing con- 
nected set. A simple continuous arc would be an example of an n-divisible 
and n-containing connected set, where n is the power of a countable infinity. 
Since in a euclidean space the greatest number of points therein contained is 
the power of the linear continuum, it is seen that such a space does not contain 
an n-divisible or n-containing set, where n is greater than the power of the 
linear continuum. But if n is the power of the linear continuum, a euclidean 


* A set A will be said to be connected if it contains at least two points and for 
every two distinct non-vacuous subsets of M, whose sum is M, at least one of these 
contains a limit point of the other. By this definition a point will not be considered 
connected. 

} Loe. cit. 
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space of dimensions greater than one is itself both an n-divisible and an 
n-containing connected set.” 


Lemma 1. If the connected set M contains n distinct connected subsets, 
(V), where n is a given cardinal number, then, for any positwe integer w 
nol greater than n, M is the sum of w distinct connected subsets, (C), such 
that each set of (C) contains at least one set of (N). 


Let Ni, N2,-++,Nw be w of the sets of (N). Let C, be the maximal 
connected subset of M —(N: + N: +: -4 Nuo)= Z which contains Ni. 
Let M —C,== My + M+: -F+ Mny separate.t It is necessary that & be 
less than w. For if not there exists an Mi, Mna say, which does not contain 
a point of M — Z, and so, as M, -+ C, is connected, C, is not a maximal 
connected subset of Z. It is necessary then that each of the sets M; 
(i==1,2,: >>, k), where & has its maximum value, be connected and con- 
tain a point of an Ny (g =2,---,w). Let C, and each Mi, which contains 
one and only one Ng, be each a set of (C). The remaining sets Jf; can now 
he treated as Jf was above. Thus the sets of (C) are obtained. 

The truth of the following corollary is now evident, giving a type of an 
“any to finite” property. 

Corontary 1. If the connected set M contains infinitely many distinct 
connected subsets, then M is the sum of w distinct connected subsels, where 
w is any positive integer. 


That lemma 1 does not hold if both n and w are the power of a countable 
infinity is seen from the following example. Let (biaici) (1 =1,2,- °°) 
be a countable infinity of biconnected sets, which are distinct except that 
(biases) X (bi-1đi-10i-1)= Ci = Di. for every 7; let these biconnected sets have 
the further property that they have a simple continuous are 7 as sequential 
limiting set, which has nothing common with any (biaici). Let q be any 
point of t. The set (biaic,)+ (bzđ262) +- + -+ q will be called a set (bq) 
in this paper. The set (bq) is an n-containing connected set, where n is a 
countable infinity, which contains the n distinct biconnected sets (biaici)— bi. 
However (bq) is not n-divisible as there do not exist n distinct connected 
subsets of M, one of which contains q, of which M is the sum. This set is 
an example of a set defined as follows. 


* For a space containing more elements than the power of the linear continuum 
see F. Hausdorff, Grundzüge der Mengenlehre, Leipzig 1914, p. 68, For other spaces 
see also pp. 284-290. 

f By the notation M, +M, +- - -+ M, separate is meant that the sets M; 
(ti=—1,2,...,%) are distinct, non-vacuous, sets, no one of which contains a limit 
point of the sum of the remaining ones. 
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Definition. A connected set M is said to be finitely-divisible if it is 
neither the sum of a maximum finite number nor of an infinite number of 
distinct connected subsets. 


Problem 1. It is not determined in this paper if the first part of lemma 1 
holds if n is the power of the linear continuum and if w is either the power 
of a countable infinity or w = n. 


THEOREM 1. In order that the connected set M be n-divisible, where n 
is @ positive integer, it is necessary and sufficient that M be n-containing.* 


The condition is necessary. For as M is n-divisible it contains n distinct 
connected subsets. Hence, if it is not n-containing, it must contain more 
than n, and so n + 1, such subsets. Thus by lemma 1 it cannot be n-divisible. 

The condition is sufficient. For, if M is n-containing, it is by lemma 1 
the sum of n distinct connected subsets, And, if it is the sum of more than 
n such subsets, it is not n-containing. 


COROLLARY 2. If M is an n-dwwisible connected set lying in a locally 
compact metric space, where n is any positive integer, then M is punctiform.} 


For if M is not punctiform it contains a subcontinuum W. And in a 
locally compact metric space any vicinity which contains a point of W con- 
tains a subcontinuum of W. Therefore IV must contain n -+ 1 distinct con- 
nected subsets and so, by theorem 1, M is not n-divisible. 


THEOREM 2. If M is an n-divisible connected set, where n is any positive 
integer, then M is the sum of n distinct biconnected subsets. 


As M is n-divisible it is the sum of n distinct connected subsets, no one 
of which can be the sum of two distinct connected subsets, as M cannot be 
the sum of n 1 distinct connected subsets. Hence each of the distinct 
connected subsets, of which Jf is the sum, must be biconnected. 

It is of interest to note that an n-divisible connected set may be the 
sum of less than n distinct biconnected subsets. For consider the three- 
divisible connected set (b1@1¢1)-+ (Detiece)+(bgtges), where bici = dele, 
(be@e¢,) is obtained by rotating (b.a1e,) 180° about bıCı, gC == beds, and 
otherwise the three biconnected sets are distinct. Then this three-divisible 
connected set is the sum of the two distinct biconnected subsets (bsasc3) and 
[ (b1a1¢1) + (b2G2¢2) ] — dete. 








* For a proof of this theorem for n = 1 see B. Knaster and C. Kuratowski, loc. 
cit., p. 215, theorem 11. 

For a proof of this corollary for n == 1 see B. Knaster and C., Kuratowski, loc. 
cit., p. 216, theorem 14. i 
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TurorEM 3. Jf M is an n-divisible connected set, where n is any posit ce 
Egeo, then M contains at most 2n—--1 points each of which disconnects Af” 


- M is n-divisible it is the sum of n distinct biconnected subsets by 
wem 2. Let Ci (t+ =1,2,: > +,2) be these n sets. Hence each pomt q 


e dtsconnects M is contained in one and only one set Ci. And either g 


) 


vi coets Cy or tt does not. Of those points which disconnect both M end 

( ture ven be at most z, since there exists at most one point which cis- 
uais a bivonnected set, 

Consider now the set A, each point of which disconnects M but does 


v disconnect the C; which contains it. Consider all points of K that . te 


i 


{ 


+ umts of C. They are of three classes, which we now proceed to 

sid r. 

Lt p be a point of K in (Cy. Then M- -p= M, + Ay spirate, 
Af, contains the connected set Cı — pi say. Now any set C, which 


1 a ocint in JV) lies wholly in Me. Let the class of those sets (, thet Ne 


5 


Y oad hove p as a limit point be denoted by Gi. No set C: io Lo les 
wacr limit point then p, in C1, nor does it contain a limit polit 9° Ca 
Wl Ms separate. Let pa be another point of A in Gy. Thin Y- p 


-if, H, separate, where O,- -pe lies in H, say. As before denote ov Go 
en 


i 


1 cl ss of those sets C: in Me that have ps as a limit point. Since the 
vryaton nade above concerning the sets of G, apply also to the seis of 4, 


voto ( lies also in (a As the number of sets (; is finite, we proce d, 


l 


1 


“His manner. to a finite set of points pi, pa't c, pa With which sve as-o- 


u ed. respectively, classes Gy, Gos + + Gr, of sets Ci. 


Leiri be a point of A in some Cr that is a limit point cf C and separaics 
ron Cy in M. Obviously Cp is not in any Gi, and Ch has no othr iiot 
t ou (h, nor does it have a limit point in Ci. Let F he the st of ail 


sas ts C; that have x; as a limit point, and are separated irom l, bv it. 


aneo] in this manner to get sets Ms, Fo, + +, Pry corresponding to points 
Sty ‘Hr, Tespectively. As before we see that the classes Fy, Facco P, 


at 


di tinct, and are distinct from the @s. As every point of K that Ties 
acs a point of the set pt + +. pre and every point that is a point of K 
a ‘imit jem. of Ci and separates (C, from the C; containing it is a pont 
the set Put + + cy, any other point of K must be a point having neither 
“hose properties, There may still be for instance a point that is a Jimit 
C: and in a C, but does not separate Cı and C; Such points we 
idr next, 


lor the case where 2=1 sec J. R. Kline, loe. cit.; also see C, Kuratowski, 
cit. 
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Let yı be such a point. It separates C; from some C. Then with yı 
associate all sets C; such as Cy; i. e., sets which have y, as a limit point and 
are separated from C; by yı; denote the class of such sets by Ti. No set of 
T, isinan F ora G. That it is not in a G is easy to see. If it were in an F, 
it would be separated from C, by a point Zm, which lies in a Cn 5*Cj and 
hence is distinct from yı. This is impossible. 

Thus with every point of K that is a limit point of C, we associate at 
least one set C; and in such a way that there is no overlapping between the 
sets associated with different points. Let Z, denote the point set consisting 
of all points in C., and all points in G’s, F’s, and T’s, together with the C’s 
which have limit points in these sets which are not contained in K. . 

To complete the proof we note that no point of Z, + C, that is in K 
separates Z, -+ C,, and we can proceed from this set as we proceeded from (. 
In this manner we associate with each point of K at least one set Ci s4 0, 
and in such a way thit overlapping is avoided. Consequently the number of 
points in K is less than or equal to n — 1. 

Hence there exist at most n +(n—1)—2n—1 points each of which 
disconnects M. 


THEOREM 4. If M is an n-divis ble connected set, where n is a positive 
integer, then no connected subset C of M is irreducible connected about any 
subset N of C such that C — N contains more than 2n—1 points.” 


By theorem 1 there exists an integer q, not greater than n, such that C 
is g-containing. Let N be any set about which C is irreducibly connected. 
Then any point p of C — N disconnects C otherwise C — p is a proper con- 
nected subset of C containing N. Hence O —WN can contain at most 2n — 1 
points by theorem 3. 


ANOTHER GENERALIZATION. 


Definition. Let 1, 2,---3 o otl, o+ Ww, oplos 
-++3++ +, be the set of the first k ordinal numbers and let Wi, Wo: + We 
be a set of k connected subsets of the connected set W. Then Wa, Wast © +, We 
is called a k-convergable sequence of W when Wi =W, Wg contains Wi, 
where i runs over all ordinal numbers not greater than & and g over all less 
than i, and Wg — Wo. is a connected subset of W, but for every connected 
subset O of Wr, Wx — C is either a point, a vacuous, or a totally disconnected 
point set. 


* For the case where n = 1 see B. Knaster and C. Kuratowski, loc. cit., p. 225, 
theorem 29. f 
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Definition. A connected set W is an n-convergable connected set, where 
n is any cardinal number, if there exists an ordinal number k, the cardinal 
number of which is n, such that W contains a k-convergable sequence, but 
there does not exist an ordinal number q, the cardinal number of which is 
greater than n, such that W contains a g-convergable sequence. The set W 
will be called also n-convergable. 

A biconnected set is an example of a one-convergable set.” 


Definition. A connected set W is a finitely-convergable connected set or 
is finitely-convergable if it contains, for every positive integer N, an n-con- 
vergable sequence such that n is an integer = N, but it does not contain a 
q-convergabie sequence, where g is an infinite cardinal number. 

The example (bq), given above, of a finitely-divisible connected set is 
also an example of a finitely-convergable set. However (bg)— q is an ex- 
ample of a finitely-convergable but not of a finitely-divisible connected set. 

The example (bac)-+ bd, where bd is an arc distinct from (bac) except 
for the point b, is an example of an n-convergable set, where n is the power 
of a countable infinity. 

In the euclidean plane S let (t) be the set of line segments from (i, 0Y 
to (1,1), where i takes on all real values from zero to one. Let the sets of (t) 
be well ordered hy Zermelo’s postulate, obtaining the set (é:). And let (bac) 
be a biconnected set which has no point common with any of the sets of (¢). 
Let T he the set of points of S contained in neither (bac) nor in a set of (t) 
and let (t); be the points of S contained in the first 7 sets of (t:). Then there 
exists an ordinal number k + 1, whose cardinal number n is the power of the 
linear continuum, such that W,==S, We.==S—(t)1,, Ws =S—(t)2,° °° 3 
ese o, Waas S—(A)p- +5, We 0 + (bac), and Wis (bac). 
As all the Wy’s except Wr contain T it is seen that they are connected. And 
Wi — Win = t; is connected as is also Wy — Wru =T. Hence Wi, Wotte 
Wa, Wes is a (k + 1)-convergable sequence of S. And as the power of the 
set of distinct points of 8 is the power c of the linear continuum, there does 
not exist an ordinal number q, whose power is greater than c, such that 9 
contains a g-convergable sequence. Hence S, and similarly any euclidean 
space of dimension > 1, is a c-convergable connected set, where ¢ is the power 
of the linear continum. 


Turorem 5. If W is an n-convergable connected set, where n is a positive 
integer, then W is the sum of n distinct biconnected subsets. 


As JV is n-convergable it contains an n-convergable sequence W= W, 


* B. Knaster and C. Nuratowski, loe. cit., p. 215, theorem 11. 
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Wat ++, Wn, where it is known that Wa is biconnected. Let Wi — Win 
= Vain (t=1, 2, <: ,n—i) and let Wn =F.. Let j be such that 
Wn-j = Va -H Ve: eo V, where each of the sets Vi, Va teo, V; is 
a biconnected set. Assume that V; is not biconnected and so is the sum 
of the two distinct connected subsets X and Y. Then as Wa~; = Waj + Vir 
== Waja +(X + Y), either X + Waja or Y + Was is connected. Take 
for example the case where Za == Y + Wn_j.1 is connected. Let Z, = Wh; 
and Zg = Wn-jsg-2 (g==8, 4,°°°,7+2). Hence Zi, Zotte, Zi is a 
(j -+ 2)-convergable sequence of the (f +-1)-convergable connected set Wr; 
which is a contradiction. It is then necessary that WV be the sum of the n 
distinct biconnected sets Vi, Vat ++, Vn. 

The example given of an n-convergable set, where n is the power of a 
countable infinity shows that theorem 5 is untrue for such a set. And the 
following example shows that it is untrue for the case where n is the power 
of the linear continuum. 


Example A. In the euclidean plane consider the straight line interval g 
from (0,0) to (1,0) and the set of line segments (t) from (7,0) to (i,1) 
where 7 takes on the irrational values from zero to one. Let T =g- (t) 
and let (bac) have but the point b common with T where g contains b. 
It is seen that T -4+ (bac) is a c-convergable connected set, where c is the 
power of the linear continuum. It is seen further that T does not contain 
a biconnected set V, for V would have to contain more than one point of g 
and so there would exist more than one point which disconnects the bicon- 
nected set V, which is impossible. Hence it follows that T + (bac) cannot 
be the sum of ¢ distinct biconnected subsets. 


Problem 2. Does there exist a cardinal number gq such that a euclidean 
space is the sum of q distinct biconnected subsets? Such a space is the sum 
of c distinct indivisible subsets, that is points, where c is the power of the 
linear continuum. 


Lemma 2. If the connected set W is the sum of the k, k a positive 
integer, distinct connected subsets C1, Co, © > © , Cx, then there exist k con- 
nected subsets Wi=W, Wo, +++ , Wr= 0k, where Wi contains Win 
(i= 1,2,- -, kb — 1) and Wi — Win is connected. 


As W is connected, either Wy = Cr has a limit point in one of the sets 
Ci, Cs,: + +,Cx-1 or one of these sets has a limit point in Wy. Hence let 
one of these sets, which has either of these properties, together with the set Wx 
form the set Wx- And now either Wz. has a limit point in one of the 
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remaining sets of Ci, C2,- + -+,Cz-1 or one of these sets has a limit point in 
W- Let one of these sets, having either property, together with Wr-ı form 
the set Wz-2. Proceeding in this manner the truth of the lemma is seen. 


Turorem 6. If W is an n-dwisible connected set, where n is u positive 
integer, then W is an n-convergable connected set. 


As W is n-divisible, by theorem 2 it is the sum of n distinct biconnected 
subsets C1, C2,---,Cn. Hence by lemma 2 it is seen that W contains an 
n-convergable sequence Wi = W, Wa’ > +, Wn = On, as Cy is biconnected. 
And as an n-divisible connected set contains at most n distinct connected sets, 
W does not contain a g-convergable sequence, where q is greater than n. Thus 
W is n-convergable. 

As a simple continuous are is n-divisible, where n is the power of a 
countable infinity, but is not n-convergable, it is seen that theorem 6 does 
not hold for such an n. And in Example A the set T is c-divisible but not 
e-convergabie, where c is the power of the linear continuum. 


Problem 3. Does there exist a finitely-divisible connected set which is 
not finitely-convergable? An example has been given above of a finitely- 
convergable set which is not finitely-divisible. 

A theorem will be proven now for finitely-convergable connected sets 
which corresponds to theorem 5 for n-convergable sets, n finite. 


THEOREM 7. Let W be a finitely-convergable set. Then either W con- 
tains an infinite sequence of distinct biconnected sets +--+, Ms, Me, M or 
for every integer k there exists an integer q greater than or ioe to k such 
that W is the sum of the q distinct biconnected sets Ma, Mars: © ©, Mo, 3 
The set M, 4- M: +: HMH: (t=1, 2,-+-) may be taken con- 
nected and W — H; the sum of a finite number of maximal connected subsets 
such that, if C is one of these, then He + C also is either the sum of a finite 
number or contains an infinite number of biconnected sets. And the set 
W— Ha does not contain a biconnected set which for every finite t, is con- 
tained in the maximal subset of W — H: which contains Mis. 


For any integer & there exists an integer n, greater than k, such that 
W contains an n-convergable sequence Wi, Wa,’ >+, Wa. Then, as in the 
proof of theorem 5, we obtain the sets Vi, Vac ++, Vn, of which the first 
is known to be biconnected, and if it is assumed that the first 7 of these sets 
is biconnected but that Vj, is not, one obtains the (j + 2)-convergable se- 
quence of VW,_; obtained in theorem 5. Let this Baa be Zi = Way, 
Gi = Wa- -za +Y, Za = Wr- -jis s = Wa-iees? * Zis = Wa. If now Gi 
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— Z, is not a biconnected set, it can be treated as Vj} was above, obtaining 
a (j-+3)-convergable sequence Zi, Gi, Ge, Zo, Zs, <, Zime Proceeding 
in this manner it is seen that either there exists an integer h such that there 
exists a (j + h + 1)-convergable sequence Zi, Gi, Go: + *, Gn, Zo, Zat, 
Zis Such that Ga — Z2 is biconnected, where h may equal one, or one obtains 
the m-convergable sequence, where m is the power of a countable infinity, 
Wi, Way + +> Wn- = Zas Gh, Go, > + 5 Vy. As the latter is contrary to the 
fact that IF is finitely-convergable, there exists the (j + h -+ 1)-convergable 
sequence of which Ga — Z: = Min is biconnected. Hence by mathematical 
induction it follows that either W must be the sum of g distinct biconnected 
subsets, where q is greater than or equal to k, or W contains the infinite 
sequence of distinct biconnected subsets - - -, Ma = Va, M: = Vo, Mi = V1. 
From the derivation it is seen that H;, t finite, is connected and W — Hr 
is always the sum of a finite number of maximal connected subsets, of which, 
if C is one, M: -+ C is either the sum of a finite number or contains an in- 
finite number of distinct biconnected subsets. And W — Hoo does not contain 
a biconnected subset B which for every finite t, is contained in the maximal 
connected subset of W — H; which contains Mi, for Wi, W: = W — Ai, 
-» +3 B or a similar sequence, is an m-convergable sequence, where m is the 
power of a countable infinity, which is impossible. 

This theorem suggests the existence of the following interesting and more 
complicated example of a finitely-convergable set. Let (bq) be a set similar 
to the example of a finitely-convergable set given above. Let (bigs) (i= 1, 
2,:° +,6) be six such sets distinct except that (b1qi) X (baqe2), (b202) X (039s), 

` (Dogz) X (baqa), (baga) X (bsqs), and (b1q1) X (eqs) say each contain one and 
only one point, which is neither a q: nor is it a point which totally disconnects 
one of the biconnected subsets. Then (6:9:)-+(bege) +: ` +-+ (bege) is a 
finitely-convergable set. The theorem further suggests the following problem. 


Problem 4. Is a finitely-convergable connected set ever the sum of a 
finite number of distinct biconnected subsets? 

The following example of an n-convergable set, where n is the power of 
a countable infinity, is of interest in this connection. 


Example B. Let (baca’) be the biconnected set (bac) together with the 
biconnected set (ba’c) obtained by rotating (bac) 180° about be. Let 
(biaiciai’) (i; 1, 2, <+) be an infinite number of such sets, whose sum is 
bounded, which are distinct except that a, = a2 = &a =: ~~, and let (bac) 
be a biconnected set such that be of (bac) contains a,’ + a’ -+---, but 
(bac) contains nothing else common with the sets (biaicias’). Then 
W = (baca) + (Deaecede’) ++ > © + (bac) is both an n-convergable and an 


BICONNECTED SETS. 395 


n-divisible connected set, where n is the power of a countable infinity. It 
has the interesting property that it is the sum of q distinct biconnected subsets, 
where g is either any integer = 2 or is a countable infinity. 


Exampie ©. In Example B let (bac) have the further property that 
a = a. The resulting set W is still both n-divisible and n-convergable and is 
the sum of a countable infinity of distinct biconnected subsets. However 
it is no longer the sum of a finite number of distinct biconnected subsets. 
These examples suggest the following problems, 


Problem 5. If for every integer n, greater than one, the connected sct 
M is the sum of n distinct biconnected subsets, is M then the sum of infinitely 
many such distinct subsets? In previous theorems conditions have been given 
which cause a connected set to be the sum of a finite number of distinct 
biconnected subsets. Here it is asked what conditions cause a connected set 
to be the sum of infinitely many such subsets. 


Problem 6. If the connected set Af is the sum of a finite number of 
distinct biconnected subsets but is not the sum of an infinite number of dis- 
tinct connected subsets, does there exist a finite n such that M is n-divisible? 
This problem is of interest in connection with theorem 2. 


Problem 7. If the connected set M does not contain a maximum finite 
number of distinct connected subsets, must it contain an infinite number of 
such subsets, i. e., does there exist a finitely-containing connected set? 


n-CONVERGABLE SETS. 


A number of other theorems will now be proven concerning n-convergable 
sets, where n is a positive integer. In theorem 6 it was shown that if a con- 
nected set is n-divisible it is n-convergable. Thus we have the following 
problem. 


Problem 8. Does there exist an n-convergable connected set, where n is 
a positive integer, which is not n-divisible? 

The following theorems will be of interest in connection with this and 
other problems. 


THEOREM A. Let W be an n-convergable connected set, where n is a 
positive integer, which is not also an n-div'sible set, if such a set exists. Let 
Ci (i=1, 2,-+-+,n) be the n distinct biconnected subsets of which W is 
the sum and let N; (7 = 1, 2,: > :, n + k) be a finite number, greater than n, 
of distinct connected subsets of which W is the sum. Let C be any C; and 
N be any N;. Then (1) N is not biconnected; (2) if M is any connected 
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subset of W which is the sum of more than n distinct connected subsets, as N 
is, then CX M0; (8) C—NXC is totally disconnected; and (4) 
N—CX WN is totally disconnected tf it contains more than one point. 

It foliows at once that (1) is true, since by lemma 2 W would contain 
an (n -+ k}-convergable sequence otherwise. 

Assume that CX M, in (2), is vacuous. As W—C is the sum of a 
finite number of maximal connected subsets, one of these, Z say, contains M. 
Hence by lemma 1 Z is the sum of more than n distinct connected subsets. 
Thus it follows that TW is also, and one of these distinct connected subsets 
is the biconnected set C, which is a contradiction according to (1). It also 
follows from (1) that N is a set such as M. 

Assume that C—N X C =(N + C)—N contains the maximal con- 
nected subset K, which must be biconnected as C contains it. Then (N + C) 
— K is connected and contains N, and, as by (2) N contains a point of every 
Ci, W—K must be connected. Since W — K contains N, by lemma 1 it is 
the sum of more than n distinct connected subsets, and so a contradiction 
with (1) is obtained as K is biconnected. 

Assume that N—CX N=(N+0C)—C contains the maximal con- 
nected subset X. Then by (1) XY cannot be the sum of a finite number of 
distinct connected subsets, one of which is biconnected; for W — X, .which 
contains C and the connected subset (N + C)— X, is connected, since by (2) 
C contains a point of every Ni; and W — X is the sum of more than n dis- 
tinet connected subsets by lemma 1, since it contains an Ni. Hence X must 
be the sum of more than n distinct connected subsets. But this is impossible 
by (2) as ¥ X C=0. 


Lemma A. If W is an n-convergable connected set, where n is a positive 
integer, but W is not n-divisible, then there does not exist a finite subset 
which disconnects W. 


Assume that the set Q, which contains q points, disconnects W. Let g 
be an integer greater than both n and g. Hence as W is not n-divisible it is 
necessary by theorem A (1) that W be the sum of g distinct connected subsets 
N; (=i, 2,--+,g). Thus one of the Nys, N say, does not contain a 
point of Q. Let W — Q = M, + Mz separate, where’ Jf, contains N. As by 
theorem A, N contains a point of each biconnected set O; (7 = 1,2, °°, 1), 
of which W is the sum, Jf, does also. Let C be a C; which contains also 
points of M. Hence C — C X Q = K, + K: separate, where M, contains : 
K, and M, contains K, As C—WN X C, which is totally disconnected by 
theorem A, contains K: + Q X 0, Ko + Q X C = Z, + Za +: -o + Zy sepa- 
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rate, where Z X Q =0. Hence C= (Ki, + Z, -+ Z+: e Zra) 42, 
separate, which is a contradiction. -Thus no finite subset disconnects W. 


THEOREM 8. If W is an n-convergable connected set, where n is a positive 
integer, then W contains at most 2n — 1 points each of which disconnect W. 


If W is not n-divisible the truth of the theorem follows from lemma A. 
And if it is n-divisible it follows from theorem 3. 
The truth of the following corollary is now evident. 


COROLLARY 3. If W is an n-convergable connected set, where n is a 
positive integer, then W is not irreducibly connected about any set N such 
that W — N contains more than 2n — 1 points, 


In the previous theorems on n-convergable connected sets, where n is 
a positive integer, the full power of the definition of such sets has not been 
used. Only properties have been made use of which are given by the follow- 
ing definition. 


Definition. A connected set W will be said to be n-convergable on a 
finite range, where n is a positive integer, if W contains an n-convergable 
sequence but does not contain an (n +- 1)-convergable sequence. 

The theorems proved this far for n-convergable connected sets hold for 
all sets n-convergable on a finite range. It is evident that an n-convergable 
set is n-convergable on a finite range. But we have the following problem, 
since a set n-convergable on a finite range might contain a g-convergable 
sequence, where the power of g is a transfinite cardinal number. 


Problem 9. Does there exist a set n-convergable on a finite range which 
is not n-convergable? 

Two theorems will now be proven which use in their proof more than is 
given apparently in the definition of sets n-convergable on a finite range. 


THEOREM 9. If B is a biconnected subset of an n-convergable connected 
set W, where n is a positive integer, then W is the sum of a finite number, 
less than or equal to n, of distinct biconnected subsets, a number of which 
form a connected set Z containing B, such that Z—B is either vacuous, 
a pont, or a totally disconnected set. 


By theorem 5 it is seen that the theorem is true unless W — B contains 
a maximal connected subset. 

Assume then that W — B contains the maximal connected subset T. 
Then JW is the sum of the two distinct connected subsets T and W — T, 
the latter of which contains B. Consider for example the case where T is not 

_ the sum of a finite number of distinct connected subsets one of which is bi- 
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connected. Then T is the sum of two distinct connected subsets U, and Vi. 
Consider for example the case where U, +(W — T) is connected, since if it 
is not, Va +(W — T) is. Also U; is the sum of two distinct connected 
subsets Uz and Vz, where U, is such say that Us +(W — T) is connected. 
Proceeding in this manner one obtains the &-convergable sequence, where k 
is a countable infinity, W, = W, W: = U:+(W—T), W;—U02+(W—T), 
++ 3 B. As this is a contradiction it follows that T, and likewise the set 
composed of all maximal connected subsets of W — B, must be the sum of a 
finite number, less than n, of distinct biconnected subsets. Let (B) represent 
the sum of these distinct biconnected subsets of W — B. Hence W —(B)= Z 
is connected and so is composed of a finite number of distinct biconnected 
subsets. And it is evident now that Z — B is either vacuous, a point, or a 
totally disconnected point set. 


THEOREM 10. Let W be an n-convergable connected set, where n is a 
positive integer. Let B be a biconnected and C a connected subset of W. 
Then (1) no connected subset of W contains more than n distinct connected 
subsets where one of them contains a biconnected subset; (2) either C is the 
sum of not more than n— 1 distinct connected subsets or C X B £0; (8) 
either O and C + B are the sum of not more than n distinct biconnected 
subsets or B — B X C is vacuous or totally disconnected; (4) either (C + B) 
is the sum of not more than n distinct connected subsets or O — B X C is 
totally disconnected; and (5) tf C is not the sum of distinct biconnected 
subsets then O — COX B contains at most one biconnected subset F and 
O — F is totally disconnected. 


Assume that WY contains the connected subset K which is the sum of 
more than distinct connected subsets one of which contains the biconnected 
subset K. Then by lemma 1, W is the sum of more than n distinct connected 
subsets, U1, U2,- + +, Ug where Uy contains E. Hence there exists, by lemma - 
2, the sequence of connected sets Wi = W, We, --- , Wy==Uy, where 
Wi.—Wit+ti @=1, 2,---,g—1) is connected, but by (1) of theorem A 
it is not biconnected. Thus the k-convergable sequence Wi, Wot ++, Wo-1 
Zı, Za: + + ; E is obtained, where k is a countable infinity, Wg-ı — Wg con- 
tains Z; — Zin (J=1, 2, <) and Z; contains Wy. As this is a contra- 
diction, (1) is true. 

Assume that C is the sum of at least n distinct connected subsets and 
that C X B—O. Then by lemma 1, WF is itself the sum of more than n dis- 
tinct connected subsets, one of which contains the biconnected set B. As 
this is contrary to (1) it is seen that (2) is true. Also it is seen that if 
C X B=0, C -+ B is the sum of not more than n distinct connected subsets. - 
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Assume that B— B X C=(B+0C)—C contains the maximal con- 
nected, and so biconnectcd, subset E. Then, as E X C =0, by (2) C is the 
sum of not more than n — 1 distinct connected subsets. And as (B + C)—E 
- is connected, and has nothing common with the biconnected set Æ, by (2) 
it must be the sum of not more than n — 1 distinct connected subsets. Thus 
by (1) B+ C is the sum of not more than n distinct biconnected subsets. 
Hence (3) is true. 

Assume that C—BX C=(B-+C)—B contains the maximal con- 
nected subset F. Then, as F X B = 0, by (2) F is the sum of not more than 
n-—1 distinct connected subsets and so of less than n distinct biconnected 
subsets. Similarly (B +- C)— F is the sum of distinct biconnected subsets 
and so B+ C is the sum of not more than n distinct biconnected subsets 
by (1). Hence (4) is true. 

Assume that C is not the sum of distinct biconnected subsets and that 
C--BX C contains the biconnected subset F. Then by (4), as C -+ F =0, 
C— F is totally disconnected. Hence (5) is true. 


Problem 10. Does an n-convergable connected set, where n is a positive 
integer, contain a connected subset which contains no biconnected subset? 


OTHER THEOREMS. 


THEOREM 11. Any connected set M, in a locally compact metric space, 
which contains both a subcontinuum C and a biconnected subset B which is 
locally connected at a point q, contains also a k-convergable sequence, where 
k ts a countable infinity. 


There exists a region R, containing q, and so containing a biconnected 
subset F, and a region R containing a point of C such that Ry’ X Ry ~0 
and RB.’ X C contains a subcontinuum K. There exists a proper subcontinuum 
2 K, of K such that K — K, contains a subcontinuum. Let Tı be a maximal 
connected subset of M — K, which contains a subcontinuum of K — K.. 
Then M — T, is connected and contains K, Hence M is the sum of the 
two distinct connected subsets T, and M — T, one of which, T, say, contains 
E and a subcontinuum C,. Proceeding as above it can be shown that T, is 
the sum of two distinct connected subsets Ts and T, — T, one of which, 
T say, contains Æ and a subcontinuum C2. Thus it can be shown that Jf 
contains the k-convergable sequence W, = M, Wa = Ti, Wa = Tatte E 


COROLLARY 4. If a finitely-convergable set M, in a locally compact metric 
space, contains a biconnecied subset which is locally connected at a poini, 
then M is punctiform. 
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Problem 11. Is a finitely-convergable or finitely-divisible set, in a locally 
compact metric space, always punctiform? 


Lemua 3. Any connected set which is the sum of a finite number of 2 


distinct connected subsets, one of which is biconnected, is not irreducibly 
connected about a finite point set. 


Assume that the connected set M is irreducibly connected about the 
finite subset H. But as a biconnected set is disconnected by at most one 
point there exists in the biconnected subset of M a point g, not contained in H, 
such that M — q is connected. Hence the lemma is true. 


COROLLARY 5, A finitely-convergable set M is not irreducibly connected 
about a finite subset. 


This follows at once from lemma 3. 


Lemma 4. Any connected set M is either the sum of a finite number 
of distinct connected subsets, one of which is biconnected, or it contains a 
connected subset which is the sum of a countable infinity of distinct con- 
nected subsets. 


If M is not the sum of a finite number of distinct connected subsets, 
one of which is biconnected, it is the sum of two distinct connected subsets 
U, and V,;. And U, is the sum of two distinct connected subsets UJ. and Vo, 
where F+ is such say that V, + V is connected since if it is not Vi + U: 
must be. Proceeding in this manner it is seen that the theorem is true. 


THEOREM 12. A finitely-divisible connected set M is not irreducibly 
connected about a finite subset. 


Assume that M is irreducibly connected about the finite subset Q, which 
contains q points. Then by lemmas 3 and 4 it is seen that M contains a con- 
nected subset H which is the sum of a countable infinity of distinct connected 
subsets. Then M—H—M,+--+--+Mou separate, as M is not the sum 
of a countable infinity of distinct connected subsets. Say for example that 
M,+M,+::++M, contains Q—HX Q. Then H4 M, 4M4 
-++ Mg is a proper connected subset of M containing Q. As this is impossible 
under our assumption, it is seen that the theorem must be true. 
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SOME METRIC PROPERTIES OF DESCRIPTIVE PLANES. 
By J. L. Dorrox. 


INTRODUCTION. 


This paper is concerned with the study of certain properties of planes 
in which Axioms I-VIII of Veblen’s System of Axioms for Geometry * are 
satisfied, Such a plane will be called a descriptive plane. A point P of a 
descriptive plane S will be said to be a limit point of a subset L of S if and 
only if every triangle of § which incloses + P also incloses a point of L 
distinct from P. 

From the results obtained in Part I, it may be concluded that a neces- 
sary and sufficient condition that a descriptive plane S be metric is that 8 
contain a countable set of distinct points which has a limit point. In Part IV, 
it is shown that not every descriptive plane is metric. 

A conclusion which may be drawn from Part TI is that a necessary and 
sufficient condition that a descriplwe plane S be in one-to-one conlinuous 
correspondence with an everywhere dense subset of the number-plane is that 
S contain a separable segment. In Part IT, it is shown that not every metric 
descriptive plane is separable. 


Part I. 


Let § denote a descriptive plane which contains a countable set of dis- 
tinct points which has a limit point. The first of the following theorems 
cau he established by means of projections. 


~O. Veblen, “ A System of Axioms for Geometry,” Transactions of the Amcrican 
Mathematical Socieiy, Vol. 5 (1904), pp. 343-384. 

+A polygon will be said to inclose a point P if its interior contains P. The 
term “ polygon” is used, in this paper, in the sense of “simple polygon” as defined 
by Veblen, Joc. cit., p. 363, Definition 9. For a definition of the interior of a triangle, 
see Veblen’s Definition 5, ibid., p. 345. A simple polygon separates the plane into 
just two domains (Veblen’s Theorem 28, loc. cit.); if K is a polygon which separates 
the plane into the domains D, and D,, just one of these domains—say D,—is a subset, 
of the sum of the interiors of a finite number of triangles; D, will be called the interior 
of K. and D, will be called the exterior of K. 
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THEoreM 1. If A and B are two distinct points of S, there exists a 
sequence of points Pa, Pa, Ps,-+-, such that: 


(1) AP,B* (t—=1,2,3,: >). 
(2) APinPi. 
(3) A is the sequential limit point of the P4. 


THEOREM 2. S is metric. 


In order to establish Theorem 2 a method for defining distance in S$ 
will be indicated. 

Let A, B, C, D, Q denote distinct points of S such that A, C, D are 
non-collinear, ABC and DCQ. Let ¢1, Ca, ¢3,: + > denote the positive rational 
fractions less than or equal to 4% (a = t, and ci c; if i=j) which in 
their lowest terms have for their denominators integral powers of 2. For 
each positive integer i a point p; will be selected to correspond to c: the . 
pi being selected so that: 


(1) ApiQ. 

(2) If ci < cj, then Apip; 

(3) If c is the lower limit of a subset [c] of the c:, then px is a limit 
point of the subset of the p; which correspond to the fractions in [c]s. 

(4) A is a limit point of the p4. 


A method for so selecting the p; will now be described. Let p, denote 
a point in the order ApıQ. Let gı, ge, ga, °° denote a set of segments of 
the line AQ such that g; contains A, gı does not contain pı, gi contains the 
end-points of gin, and A is the only point common to the gif Let Pa 
denote a point in gə such that APzip,. Let Pa, correspond to 1/4. For each 
positive integer n > 1 let ni, Gnz,* * `, Eno"? denote the positive rational frac- 
tions less than 14 which in their lowest terms have the denominator 2%, and _ 
let the second subscripts be chosen so that Cni < Guin (0 < i < 2"). If 
points Pri, Pne, + +, Pae have been put into correspondence with these 
fractions (Pn: corresponding to Cwi) by a process previously described, let 
Hni denote a set of segments hı, he, hat © > of the line AQ such that h: 
contains Pri, hi contains no point selected to correspond to a positive fraction 
less than or equal to 14 with the denominator 27 (0 < r < n + 1) except Pai, 
h; contains the end-points of Ais, and Pn: is the only point common to the hi. 
Let the points which have been put into correspondence with fractions which 


"Tf A, B, O are points, “ABO” used as a statement means A, B, O are in the 
order ABC. 
t That such a set of segments exists is a consequence of Theorem 1. 
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have for their denominators powers of 2 not greater than the n-th be denoted 
by Qni Qua," * *> Qnar in such a way that AQniQnia (0 < i< 21). For 
each i (0 < i < 2%1-+-1), let Pens) denote a point such that Qni-1P insin 
(Quo== A) and such that Pensi is in Mns where Wns denotes gnu if i= 1 
and Wam denotes the n -+ 1-st segment Hy, if Qnit==Pjx for some j and 
some kK(l<j<cn+tilj;0<k < 2741). Let Pemi correspond to Cemi. 
Let [P] denote the set of all the points obtained by continuing this process 
for n = 3, 4, 5,- --, together with pı and Pa. Let p; denote the point of 
[P] which corresponds to c; (t= 1, 2, 3,- + -).* 

For each point x of AQ + let f(A,x)= f(z, A) denote a number deter- 
mined as follows: 


(1) f(A, 2)=0 if c= A. 

(2) If s= 4, let [p]z denote the set of all points p of the p; such that 
Apz, and let [c]s denote the set of all fractions c such that a point of [p]e 
corresponds to c; let f(A, x) denote the upper limit of [c]e. 


Then if AvQ, f(A, x) > 0, and if Aza’Q, f(A, x£ )— f(A, x)= 0; indeed, 
if both z and 2 belong to [P], this difference is positive. Also, for each 
positive integer & there exist points Pi, Pat + +, Pz, all of which belong to 
[P], such that f(A, Pi)==1(44)*. 

If V and W are points such that AVC and W = A, W =F, or AWV, 
let f(V, W)= f(W, V) be defined as follows: let Tpw(V) denote the pro- 
jection through D of V on QW, and let T¢y({V) denote the projection through 
C of Tow(V) on AQ. Let f(V,W)—f[4, Tew(V)]. Then f(V, W)Z O, 
and is zero if and only if W == V. If Z is also a point of the segment AC, 
and if WVZ, then f(V,W)Sf(W,Z)S%. For each positive numer e 
there exists a subinterval s of AC containing W such that W is not a limit 
point of AC — s and such that if z is a point of s then f(W,2)< e. Also, 


- if s denotes a subinterval of AC which contains W and such that TV is not 


a limit point of AC — s, then there exists a positive number d such that 
if y is any point of AC — C — s, then f(W,y)> d. 
If V and W are points of AB, let 6(V, W)=4(W, V) denote the upper 


od 


* That A is a limit point of the p; is a consequence of the fact that it follows 
from the definition of limit point that a point A of a line l is a limit point of a 
subset L of lif and only if every segment of l which contains A contains a point of L 
distinct from A, and the p, have been so chosen that every segment of the line AQ 
which contains A contains one of the p,. 

+f A and Q are distinct points, the Symbol “AQ” unmodified by a word such 
as “line,” “segment,” “ray,” etc. means the interval AQ; that is, A and Q together 
with all points X such that AXQ. 
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limit of | f(Z,W)—f(Z, V) | for all points Z of AC — C.* The function ¢ 
is a distance for points of AB; that is it satisfies the following conditions: 


(1) If V and W are points of AB 4(V, W)> 0 if V =W, and 4(V, W) 
=0 if V=W. For if V+-W|f(Z,W)—f(Z,V)|>0 for Z=—YV, and 
if V = W, f{(Z,W)=—f(Z, V) for each Z. 

(2) If V, Y, W are points of AB, then (V, W) + (W, Y)24(V,Y), 
for f{(2, V)—f(Z, Y)=f (Z, V)—f(Z, W)+f(Z, V)—f(Z, Y), and hence 
[(Z.V)—Z,Y) |£ [fZ VI—fZ,W) | +1 F(Z, W)— tZ Y) |. 

(3) If V isa point of AB and is not a limit point of a subset M of AB, 
then there exists a positive number ¢ such that if z is any point in M, then 
$ (V,2)>e. For there exists a subinterval s of ‘4B which contains V and 
which contains no point of M distinct from V and such that V is not a limit 
point of AB — s; hence there exists a positive number e such that if z is 
in M, then f(V,z)>e. By letting Z = V, it is seen that ¢(V,z2) is at least 
as great as -f(V,2z). 

(4) If V is a point of AB and is a limit point of a subset M of AB, 
then for each positive number e there exists a point z of M such that s is 
distinct from V and $(V,2)< e. 


To establish (4) it will be assumed that AVB. The modifications of the 
argument necessary to establish the property for V — A and V =B will be 
pointed out at its conclusion. Let k denote a positive integer such that 
(%)"* < e/4. Let Pi, Po, - ++ , Pam denote points of [P] such that 
f(A, Pi) = 1(44)*, then APiPin (1S i< 21). Let Foy (Pi) denote the 
projection through C of P; on QV, and let z; denote the projection through D 
of Foy (Pi) on VC. Then Vayte--- aC. If v is a point of Va, and 
Z is also in Vz, then f(Z,V)S(C4)* and f(Z,27)S(44)*, and hence 
| f(4,V)—f(Z, £) | S(12)". Let bı denote the intersection of CPi. 
(i=1, 2,- , 2*1) with DFer (Pi), where P= A. On account of the ~ 
order of the P; and the order DCQ, and since the P; are all on the A-side 
of the line DQ, the common part of the interiors of angles 7,D2ji,, and b:QY 
is interior to angle Pi.CPin (1 SiS 2*1—1). Let b; denote the pro- 
jection through Q of b; on VC. Then for 1 SiS 2*1— 1] if v is a point 
of Voi’ and Z is in tifun, Vez (or Z = s), Toy(Z) is in PiPin, and Toa(Z) 6 
is in PisPin. Hence (¢—1)(%)*S f(Z,2)S(t+1)(W%)* and 1(%)* 


* Cf. E. W. Chittenden’s definition of écart in terms of a Hahn function which 
he defines in terms of voisinage in his paper “On the Equivalence of Écart and 
Voisinage,” Transactions of the American Mathematical Society, Vol. 18 (1917), 
pp. 161-166. 
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S f(Z,V)S(i+1) (%4)4 and hence | f(Z,V)—f(Z,2) | S22). If Z 
is in z0 — C and zx is in Vb’, then Tey (Z) is in PQ and Te2(Z) 
is in P21,Q, and hence (24!—1)(144)* Sf(Z,2)S% and f(Z, V)= 1. 
Then if Y, denotes a point such that VX? (t==1, 2,- © -,2*4), | F(Z, Y) 
— f(Z, 2) | S2 (%2)! if Z is in VO—C and z is in VX. 


o 





Fig. 1 


(for the determination of X, and Y,). 


Let Fe denote the projection through D of V on AQ. If AVP, or if 
Vo = P, then if Z is in VA, f(Z, V)S(14)*, and if v is a point of VX." 
(where X¢’ denotes a point in the orders VX¥/C and DX’P:), f(Z,2) 
S24)" 

If AP,Vo, Xe will be selected differently. Let f denote the greatest 
integer for which APjV»>, and let a:, @2, * > * , a; denote the points on VA 
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such that QQiai, where Q; is the intersection of VF, with CPi. Let Qin 
denote the intersection of Qa; with CPin (Pin =Q if j==261). Let s 
denote the interval ai.a; (i = 1, 2, < -, j +1), where ao = V and aj. = A. 
Let V'in denote a point of VO such that Da’in.Q’in. Then if Z is in s; and 
Vati (Vima = CO if j ZU — 1), (i— 1) (1%) S fZ, V)Si(%)* and 


Q 





Iie. 2 


(for the determination of X,’ and Y,’). 


(1—1) (2) Sf(4Z,a)S(+1)(4)*% Let X? denote a point such that 
VX i'n, for i= 1, 2,--°°, 7-1. Then | f(Z,V)—f(Z, 2) ]S2(4)* 
if VaX.’ and Z is in AV. 


» 
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Let Y,* denote a point such that VX."X,’ and VAe*Xe. Then if z is 
in VX *, e(o) S R(E < e. 

In the determination of Xe a set of points 2, £a, * * , ga was defined. 
Let yo denote a point such that Vy od and the segment Qyo intersects the 
ray Da, within the angle P,CP,. For t= 1, 2,--- , 21—1 let y; denote 
a point in the order Fy: and such that the segment Qy: intersects the ray 
Dri within the angle PinCPiz (Po 1 =Q). Let y =A. Let Ye 
denote a point such that VY .yi (i= 0, 1, 2,- , 24). Then if Z is 
VO--C and æ is in V¥e, | f(Z,V)—f(Z,z) | S2(%)*%, for if Z is in 
Titin (zo =V and t4: =C), and Z=+C, and æ is in Vy, then 
GAES F(T) SU 1) e) and (1%) S F(Z, x) S(t + 2) Ge) 

Employing the notation used in the determination of A’, suppose that 
Fo is in AP3; then if both Z and z are in AY, | F(Z, V)—f(Z, 2 | S3(14)%, 
for neither f(Z, V) nor f(Z,2) is greater than 3(44)*. Suppose, secondly, 
that V, is not in AP;, then j > 2. For 271 j, let y,’ denote a point of 
the segment AY such that the common part of the interiors of angles Dy,’ 
and a:Qtis is within the angle Pi-10Pin. If both z and Z are in Va, then 
neither F(Z, V) nor f(Z,2z) is greater than 2(44)*% If æ isin Vy)’ and Z 
is in ditin (2 StS 7), then neither f(Z, V) nor f(Z, x) is outside the limits 
(t—-1) (44)* and (44+1)(4)* If Vo is in APs, let Yo’ =A. Tf Vo is 
not in APs, let Ye” denote a point such that VY.’a. and VY.’y;’ for each i 
(2iSj). Then if Z is in AV and g is in VY, | f(Z,V)—f(Z,2) | 
<3 (45)*. 

Let Ye” denote a point such that VY.*Y_ and VY.*Y¥.’, then if a is 
in VY“, 6(V,2z)S 3(%)* <e. Let s denote the segment X,"}.*, then 
s contains V and a point of M distinct from V, and if v is a point of s, 
p(T, r} <e. 

If F =A, only the point Xe need be determined to establish the property 
(4) of @; if V = B, only the point F’ is required. 

The distance œ for AB will now be used to define a distance for all of 8. 
Let B, denote a point such that DBB, and ABQ, and let R: and R, denote 
points such that AR,R,Bo. Let L, denote the point set consisting of the 
triangle ABD and its interior. If œ is a point of Ly, let te denote the pro- 
jection through R: of a on AB, and let ve denote the projection through R, of 
a on AB. If b is also a point of Ly, let d,(a,b)—= di (b, a)= b(t, to) 
+ (va, vo). Then d, is a distance for L, Let Kz, Ky, Kz denote three 
non-collinear points within the triangle ABD, and let Lo denote the point 
set consisting of the triangle ABD and’its exterior. If p is a point of Lz, 
let wp denote the intersection of the ray Kup (w =z, y, z) with the triangle 
ABD. If q is also a point of Le, let 
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da (p, q)= de (q, p) = (1/8) [d1 (ap, tq) + dı (Yp, Ya) + ds (Zp, za) J 


Then d, is a distance for La, and, for points of the triangle ABD, də is 
identical with d. If, now, p and g denote any two points of S, let d(p, q) 
` = d(q,p) be defined as follows: 


(1) If both points belong to Li, d(p, q)= & (p,q). 

(2) If both points belong to Lz, d(p, q)==d2(p, q). 

(3) If p is in the interior of the triangle ABD and q is in its exterior, 
let d(p,q) denote the lower limit of [d.(p,2) + d2(2,q)] for all points æ 
of the triangle ABD. Then d is a distance for S. 


Parr II. 


Let 8* denote a descriptive plane which contains two points A, and Bo 
such that the segment A,B, is separable. The assumption that a segment 
of §* is separable is not stronger than the assumption that the interior of some 
triangle of S* is separable, for it is easily seen, by means of projections, that 
if the interior of a triangle of a descriptive plane is separable, then each of 
its sides is separable. 


THEOREM 3. Every line t+ of S* is separable. 


Proof. ` Let C denote a point such that Ao, Bo, C are non-collinear. Let 
D and E denote points in the orders CDA, and CB,E, respectively. Let H 
denote a countable point set everywhere dense on AoBo Let T denote the 
set of all points X of the ray Bolt such_ that X is collinear with D and a 
point of H. The ray B.F is a subset of T. Hence it is separable. Similarly 
the ray B,C is separable, and therefore so is every segment of it. In view 
of the argument just given it follows that every line intersecting the line BoC 
is separable. If J is a line not intersecting the line BoC, there exists a line 
intersecting both 7 and BoC and since this line is separable so is J. 

COROLLARY. If A and B are two distinct points, there exists, on the ray 
AB, a countable set of points Pi, Po, Pa; © + such that 'APnPns and such that 
if x is any point of the ray AB then either s= A or AtPn for some n. 


THEOREM 4. If A and B are two distinct points and a and b are two 
distinct real numbers such that a < b, there exists between the points of AB 
and a subset of the numbers of the interval (a,b) a one-to-one reciprocal 


+ In this paper, the word “ line,” unmodified, is used in the sense of “ straight line.” 


pea 
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correspondence in which every rational number of (a,b) corresponds to some 
point of AB, A corresponds to a, B corresponds to b, and if c and f are 
numbers of (a,b) corresponding to points p and q, respectwely, of AB and 
ax<c<f< 6, then ApqB. 


Proof. Let pi, pe, pa, `- denote a countable subset of the segment AB 
everywhere dense on AB and such that p: = p; if i= 7. Let Cn, Co, Ca, ° 
denote the set of all the rational numbers of (a, b) distinct from a and from b, 
cic if i=j. Let p, correspond to cı. Let po: and poo denote the p; with 
smallest subscripts such that Apo:pipe2B, and let cz, and czs denote the ci 
with smallest subscripts such that a < Cz < C1 < C22 < b. Let pai correspond 
to Co, and Poe to C22. If 7 points have been put into correspondence with j 
numbers in this way, let the points be denoted by Pin, Piz’ - *, pi so that 
ADyiPjinPiiwB (1 SiS j — 2), and let the corresponding c; be denoted by 


Cis €j2,° °°, ¢;7, using the same subscripts for corresponding points and 
numbers. Let &==7-+ 1 additional points pei, pee,° * *, Pex and k additional 
numbers Ci, Cha,’ * *, Cre be selected as follows: px: is the p; with smallest 


subseript such that Apps; prs is the p; with smallest subscript such that 
P.jjr2B, and, for 1 <n < k, pm is the p: with smallest subscript such that 
Pin-rPenPins Cra is the c4 with smallest subscript such that a < tm < Cj; 
Gu; is the c; with smallest subscript such that cj} < ow, < b, and, for 1 < n 
< k, Cen is the c; with smallest subscript such that Cjn-ı < Cen < Cjn Let 
Pra correspond to Cmn (1S nS k). Let A correspond to a and B to b. If 
q is a point in the order AgB and q is not one of the pi, let q correspond to 
the number which is the lower limit of the rational numbers corresponding 
to the pi which are in qB. 


Definition. If A, B are distinct points and C, D are distinct points, the 
term “a segment from AB to CD” means a segment which has one of its 
end-points on the segment AB and the other on the segment CD and uhich 
has no other point in common either with AB or with CD. 


Definition. If A, B, C are three non-collinear points, a set G of segments 
from AB to BC is said to fill the interior of the triangle ‘ABC if no two seg- 
ments of G have a point (or an end-point) in common and every point of 
the inlerior of the triangle ABC belongs to some segment of G. 


Definition. If A, B, C are three non-collinear points and D and E are 
points in the orders ADB and BEC, respectively, a set H of segments from 
AD to CE is said to fill the interior of the quadrilateral ADEC if no two 
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segments of H have a point (or an end-point) in common and every point of 
the interior of the quadrilateral belongs to some segment of H. 


In order to show the existence of a set G of segments from AB to BC 
filling the interior of the triangle ABC, let F denote a point such that ACF, 
and let G consist of all the segments from AB to BC which are subsets of 
lines through F. In order to show the existence of a set H of segments from 
AD to CE filling the interior of the quadrilateral ADEC, let K denote a point 
in the order EDK } and let H denote the set of all segments A from AD to CE 
such that h is a subset of a ray which either starts at F and is interior to the 
angle KIA or starts at K and is interior to the angle FKE or coincides with 
the ray KF. 

The definitions just given will be of use in proving the following theorem: 


THEOREM 5. If O is a point of S*, there exists between the points of S* 
and an everywhere dense subsel of the number-plane a one-to-one continuous 
correspondence in which the image of each line of S* which contains O is an 
everywhere dense subset of a line of the number plane through the origin, and 
the image of each line of S* is an everywhere dense subset of an open curve 
of the number-plane.} 


Proof. Let A, and B, denote two distinct points each distinct from O 
and such that O, A,, Bı are non-collinear. Let C, and D, denote points in 
the orders 4,0C, and B,OD,, respectively. Let As, As, da: + + 3 Be, Bs, Bi, 
> + +302, Os, Ca: © + 3 Do, Ds, Dast « > denote sequences of points on the rays 
OA,, OB,, OC1, OD, respectively, and such that each of the sequences Ai, As, 
As, As: ners Bı, B», Bs, By my C1, Co, Cs, C4," RAS D, Dz, Ds, Dats 
has, with respect to the corresponding ray, the properties stated in the Corollary 
to Theorem 3. Let the points of OA, correspond to numbers of the interval 
(0,1) in the manner indicated in Theorem 4 and so that A, corresponds to 1. — 
For each positive integer 7 let the points of ‘A:Ais correspond to numbers of 
the interval (1,4-+1) in the same manner and so that A; corresponds to 1. 
Let the points of A,B, correspond in this way to numbers of the interval (0, 1) 
so that A, corresponds to 0, and let the points of B,C, correspond in the 
same manner to numbers of the interval (1,2), B, corresponding to 1. If 
p is a point of C,D;, and q is a point of A,B, collinear with O and p, let æ 


+ In addition, let K be on the D-side of the line AC, and let F be in the order AQF 
and within the angle ADE. 

tcf R. L. Moore, “On a Set of Postulates Which Suffice to Define a Number- 
Plane,” Transactions of the American Mathematical Society, Vol. 16 (1915), pp. 27-32. 
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If for an integer n and for each integer m (1 < m < n) a set Gaim of 
segments from OPrs-1/em-)1 to Opu- m filling the interior of the triangle 
whose vertices are the end-points of the segments just named has been se- 
lected, in the manner described for m = 2, 3, let Cni, Cna,* * *, Cay denote ~ 
the proper rational fractions which in their lowest terms have a denominator 
S n (N denotes the number of these fractions), and let g’2:n,c,, denote the 


Ay 





Fic. 3 


segment 4-1/(n-1)},¢njYeny (1 S 7 SN), where qis-1/m,o denotes the end-point 
Of Jorm,e OD Opcass my (Joem,o is the segment of Gom which has an end-point 
in common with gosm-1.0)- Let Gein denote a set of segments from Opts-s; (n-1)} 
to Opa1ym) Which fills the interior of the triangle ppsss(n-ty}OPu-ayn) and 
which contains the subsegments of the g’s.n,c,; Within this triangle. Let 
Join,e denote the segment of Gon which has an end-point in common with 


Q2en-1,0+ 
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If c is a proper rational fraction which in its lowest terms has the de- 
nominator m, the point set gic + gee + gae +> ` + g'am e plus the end- 
points of these segments is a polygon which has ge as a vertex or as an inner 
point of one of its sides, for qc is a common end-point of gic and g’asm,c, and 
in the sets of segments described in the preceding paragraph gre for k = 2-++- m 
is a subsegment of g’24m,c. For each real number x to which there corresponds 
a point of the segment OA,, let Iis denote the interval obtained from gic 
by adding to the latter its end-points. For each such number g, let 


izy 
K= © Iis. Then qo is a limit point of the common part of K, and the 
i1 


interior of the triangle D,OA,, and no other point of the ray OA, is a limit 
point of Ke. The subset of Kz within the triangle D-OA, will be called a 
broken line from OD, to OA, and gz and qo will be called its end-points; 
the collection of all such broken lines—that is, for all values of 2 corre- 
sponding to points of OA,—will be said to fill the interior of the triangle 
D,O.Ay. 

For each integer ¢ (t > 1) let T denote the number of rational numbers 
grater than or equal to 0 and less than 4 which are integers or which in 
their lowest terms have a denominator less than or equal to ¢. Let these 
numbers be denoted by br, biot, bip in such a way that bei < bim 
(O<t1<T). Then ba =0. Let M, denote the quadrilateral AiBiCiD, 
and let M: denote the polygon with the vertices P, Pio, ++, Pir which 
are points determined as follows: on the ray fa, there has been selected a 
sequence of points Pau; (J= 1, 2, 3,- +) such that OPrsiPonj and sach 
that any point of the ray except O is between O and one of these p’s. Let 
Pi, denote the first of the po,,; outside of Afi... Then Pu == Ab. 

It is to be noted that Me: incloses M: It may be seen that the rays 
from O through the vertices of Jf; intersect M:-ı in such a way that if Qi 
~denote the point on Mi such that OQiP:, then the interval QtQrin 
(Qira == Qn) is a subinterval of a side of Mi. Let Vi; denote the quadri- 
lateral with vertices Pii, Prin, Qtin, Qa (Pera = Pr). The interiors of 
the F+; are mutually exclusive. Let the interior of Vis (0 < i< T) he filled 
with a set of segments from QP to QtinPtin. Let the interior of the 
quadrilateral Vir be filled with a set of broken lines from QirPir to QuPu, 
in a manner analogous to that in which the interior of the triangle DOA, 
was filled with broken lines from OD, to OA; that is, with a set of broken 
lines each consisting of a finite or infinite number of segments such that each 
point of the segment Q:rP:r and each point of the segment QP is an 
end-point of one and only one broken line of the set, each point of the in- 
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terior of Vir belongs to one and only one element of the set, and such that 
the set has the property now to be defined: for each real number g 
(t—1<24<t) to which there corresponds a point of the segment Ai:iAt, 
let Itv denote the interval obtained by adding its end-points to the segment 
of the set filling the interior of Vz: which has gz for one end-point, for 
1<t<T let Iris denote the interval obtained by adding its end-points to 
the segment of the set filling the interior of V: which has an end-point in 
common with It,i+,0; let Ire denote the point set obtained by adding its 
end-points to the broken line of the set filling the interior of Vir which has 


an end-point in common with I;,7-1,2, then go belongs to Iire. If 0 < t—1 
<«<t, let Ks denote the point set defined as follows: K,== S Iiis. For 
each positive integer z, let Ke denote the polygon Ms. m 

Then if p is any point of S* except O, there is one and only one positive 
number æ such that p belongs to Kz; for each p let a» denote this number. 
The point in which the ray Op intersects the quadrilateral A,B,C,D, corre- 
sponds to a number, positive or zero and less than 4, by virtue of the corre- 
spondence between the points of this quadrilateral and a subset of the numbers 
of the interval (0,4); let ap denote this number. Let p correspond to that 
point of the number-plane which has the polar codrdinates (rp, p) where 
Tp ™= zp and dp = orap, and let O correspond to the pole. 

That the subset of the number-plane which corresponds to the points 
of 8* is everywhere dense in the number-plane is evident from the fact that 
it contains all the points whose polar codrdinates are such that 7 is rational 
and œ is a rational multiple of 7/2. It can be seen from the manner in 
which the numbers a» and ap are determined by a point p of S* that p is a 
sequential limit point of a sequence of distinct points pi, pe, ps,- ` if and 
only if lim £p, = zp and lim ap, = äp, unless p = O in which case it is only 

1200 i=00 
necessary that lim ap,—0. Hence the correspondence is continuous. If” 
i=00 
p is a point of S* distinct from O, the points of the line Op correspond to an 
everywhere dense subset of the line in the number-plane whose equation is 
p= Woräp Let 1 denote a line of S* which does not contain O, and let 
L denote the image of 7 in the number plane. It may be noted that if 2’ is 
any positive real number, then there exists a number «> 2 such that æ 
corresponds to a point of the ray OA; and / intersects Ke; hence L is not 
bounded. Let A and B denote two distinct points of 7 such that AB con- 
tains no point of the ray OA, The image of AB in the number-plane can 
be covered with a simple chain of regions each region of which is the interior 
of a simple closed curve of diameter less than any previously assigned positive _ 


or oa aoe LB can be covered with a simple cham ot qadr lat ri's 
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In his paper “ Concerning a Non-Metrical Pseudo-Archimedean Axiom,” * 
R. L. Moore employed a pseudo-archimedean axiom which may be briefly 
stated: if g is a gap in a line l and'A and B are two distinct points on the 
same side of the line l, then if a triangle incloses g it incloses a point O 
on the opposite side of | from A and B such that the triangle ABC incloses g. 


Definition. If it is true of a descriptive plane that this pseudo-archi- 
medean axiom is satisfied at no gap in that plane, then the plane is said to 
be “ quast-complete.” 


There will now be exhibited an example of a quasi-complete, metric, de- 
scriptive plane which is complete and in which it is possible to define con- 
gruence of segments in such a way that Moore’s set C of congruence axioms t+ 
is satisfied, but which is not separable nor locally compact. 

The descriptive plane is one described by Hilbert in “ Ueber den Satz 
von der Gleichheit der Basiswinkel im Gleichschenkligen Dreieck” f; the 
definition of congruence, however, is different from the one used by Hilbert. 
The points of the plane are all the pairs (x,y) of elements of the set T of all 
the ideal numbers of the form a —a,é* + a,/"*! +--+, where ¢ is a parameter, 
the number of terms in « is finite or infinite, a (a=-0), a,° °° are any 
real numbers, and n is any integer, positive, negative or zero. An element 
of T is positive if the corresponding dp is positive; z > y if «— y is positive; 
y <x means x >y. To obtain a congruence satisfying Moores axioms C, 
let AB be congruent to DE if and only if 


[ (ea — te)? + (ya — ys)? ]* = [ (zp — tr)? +(yn —yn)?]*.§ 


Collineation and order are defined in terms of the elements of T just as they 
are defined in the number-plane in terms of real numbers. Let H denote 
this plane. 

In order to show that H is not separable, it suffices to establish the 
existence of a non-separable segment in H. For each real number b (0 <b- 
<1) let sy denote the segment whose end-points are (b,0) and (b + 7,0). 


* Bulletin of the American Mathematical Society, Vol. 22 (1916), pp. 225-236. 

+See R. L. Moore, “Sets of Metrical Hypotheses for Geometry,” Transactions 
of the American Mathematical Society, Vol. 9 (1908), pp. 487-512. Concerning the 
equivalence, in a descriptive plane, of O and Hilbert’s congruence axioms, see Moore’s 
Theorem 1, ibid., § 6, p. 504. That the proposition that every segment has a middle 
point is a consequence of Moore’s order and congruence axioms has been shown by the 
present author in his paper “ Concerning a Set of Metrical Hypotheses for Geometry,” 
Annals of Mathematics (2), Vol. 29 (1928), pp. 229-231. 

£ Grundlagen der Geometrie, Anhang II, Teubner, 5. Auflage, 1922. 

§ T contains (a)% if a,>0 and n is even. 
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No two of these segments have a point in common, for if 0 <b <V <1, 
then b > b-t. Each of these segments is a subset of the segment whose 
end-points are (0,0) and (1,0), and hence the latter segment, since it con- 
tains an uncountable set of mutually exclusive segments, is not separable. 

If H satisfied the pseudo-archimedean axiom quoted, it would follow 
from the results of Moore’s paper on this axiom that H is separable; hence 
H does not satisfy this axiom. If it can be shown that all the gaps in H 
must satisfy this axiom if one does, then it follows that H is quasi-complete. 
A translation of axes disturbs neither collineation nor order in H, and Hil- 
bert has shown the existence of transformations of H into itself which disturb 
neither collineation nor order and which transform any given line through 
the origin into any other given line through the origin. Hence, in order 
to show that H is quasi-complete, it suffices to show that if g is any gap 
in the z-axis and g, is a particular gap in the z-axis, then there exists a 
transformation of H into itself which disturbs neither order nor collineation 
and which transforms g into g, 

Let g denote a gap in the z-axis. It may be supposed that one of the 
sets into which g divides the axis consists entirely of points whose abscissas 
are positive, for, if this is not the case, consider the gap h which divides the 
axis into the two sets cach of which consists of the points whose abscissas 
are the negatives of the abscissas of the points in one of the two sets into 
which g divides the axis. Let 8, and S> denote the sets into which g divides 
the axis, and let 8, denote that one of these sets which consists entirely of 
points whose abscissas are positive. Let V denote the subset of T which 
consists of all the elements v of T such that (v,0) is in 1, and let W denote 
the subset of T consisting of all the elements w of PF such that (w, 0) is in S. 
Then every element of T belongs either to V or to W, every element of W is 
greater than any element of V, and there is neither a greatest element of V 
“nor a least element of IV. Hence V contains some positive elements. Let V* 
denote the subset of V which consists of all the positive elements of V. 

Let N denote the greatest integer—if one exists—such that if v = aot” 
+ att + + isin V* then n= N. Such an integer N exists, for suppose, 
on the contrary, that if m is any integer there exists an element v = aot” 
+ aim? +--+ of V* such that n <m; since v is in V* a) > 0, and it 
follows that V contains an element greater than any preassigned element of T, 
contrary to hypothesis. Then V* contains elements of the form v—=a)t¥ 
+ attt +--+. Let Fy denote the set of all elements of V* of this form, 
then if v is an element of V there exists an element v’ of Vy such that 


* Every line of H contains a gap, for H is non-archimedean. 
y 


12 
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v >v. Let A; (t= 0,1,2,3,-- +) denote the set of all real numbers a 
such that a is the coefficient of the N + i-th power of ¢ in some element of Vy. 
For each positive or zero integer i for which A; has a finite upper limit, let 
A; denote that upper limit. There is at least one value of i for which A; 
fails to have a finite upper limit, for if all these upper limits are finite, the 
element A ot + Att + 4,tN*2 4+.- ~- of T is either the greatest element 
of V or the least element of W, contrary to hypothesis. Let & denote the 
least integer, positive or zero, for which A; has no finite upper limit. Let 
b=0 if k=0, and if &>0 let b = Aty + AWN +--+ Ay thee}, 
Suppose that b is in V. Let vj =b + jt** for each positive integer j, and 
let z; =b +(1//)t%**1; then if v is in V and w is in W there exists an 
integer j such that w > 2; > vj; >v (v; is in V and z; is in W for all j). 
Suppose, secondly, that b is not in V, then k > 0. Let r denote the least 
positive or zero integer less than & for which c—A)tN + Att peee 
+ Art does not belong to V. Let w; = c—— jtt, and let vf ==c 
— (1/4). Then w; is in W and v; is in V, and if v is in V and w is 
in W there exists a positive integer 7 such that w > w; > vy >v. 

Let V, denote the subset of T consisting of all elements v of T such 
that v < jt? for some positive integer j, and let W, denote the subset of T 
consisting of all elements w ofe T such that w >(1/j)t for some positive 
integer j. Then every element of T belongs either to W, or to Vi, neither 
of these two sets contains a greatest element of itself nor a least element of 
itself, and each element of W, is greater than any element of V,. Let g, 
denote the gap in the 2-axis determined by the point sets S*, and S*, con- 
sisting of all the points of the z-axis whose abscissas are in V, and all the 
points of the z-axis whose abscissas are in W,, respectively. A transformation 
of H into itself which disturbs neither collineation nor order and under which 
gı is the image of g is the transformation under which the image of a point 
(x,y) is the point (2’,y’), where z’ and y are determined as follows: 


(1) If b is in V, a’ =(z —b) /tN**2, 
and y =y N2, 

(2) If b is in W, 2’ =(c— z) /tN*-1, 
and y = — y/iN 


In case (1), S; is transformed into S*,, and, in case (2), Sı is transformed 
into 8*2. 
A complete, compact space is separable.t Since no segment of H is 


{F. Hausdorff, Grundzüge der Mengenlehre (1914). 
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separable, H is not locally separable. It follows that if H is complete, then 
H is not locally compact. 

The plane H is complete. If z= at” 4 att +: +, let the function 
f(z) be defined as follows: 


f(z)=1, if nl; 
f(z)=1f/n, if n>1, 


and let f(0)=—0. If A is a point of H and B is a point of H, let 
d(A, B)== d(B, A)=f(ts—2s)+f(ys—yn). Then d is a distance for 
points of H; that is, it satisfies the three conditions: 


(1) d(A, B)=0 if A=B, and d(A,B)>0 if A+B. 

(2) d(A, C)== f(a — as + te — zo) + flys — ys + Ys — Yo) 
= f(ta — z8) + f(z — 2o) + f(ya — ye) + flys — yo) = (A, B) 
+ d(B,C), for it follows from the definition of f(z) that f(z+ 2’)S f(z) 
+f). 

(3) A point A is a sequential limit point of a sequence of distinct points 
A; (t==1,2,3,- ++) if and only iflim d(A, Ai)==0. Let A =(24, ys) and 

40 


let A; = (z; yi). That d satisfies the second part of condition (3) is verified 
by observing that if A is a sequential limit point of the A;, then either all 
but a finite number of the points (0, y:) are identical with (0, y4) or (0, ya) 
is the sequential limit point of the points (0,y:); similarly for the point 
(z4,0) and the points (2:,0). Hence if e is any positive element of T, 
there exists a positive integer m such that if i> m then — e < ta — ti 
+ (ya —Yyi)<e, and therefore the least exponent of ¢ in za— zs: or in 
ya — yi is not less than the least exponent of ¢ in e. To verify that d satis- 
fies the first part of condition (3), note that if lim d(A,4Ai)—0, then for 
each positive integer n the rectangle with vertices (sa + t”, ya + i), 
(z4 + t”, ya — t”), (ta —t*, yr — t”), (ta —, ys + t”) incloses all but 
a finite number of the Ai, and note that if a triangle incloses A it also in- 
closes at least one of these rectangles. To show that H is complete, let 
Diy Poy Par’ * * [pi =(2i, yi) ] denote a sequence of distinct points such that 
if h is any positive real number there exists a positive integer m such that 
if k is any positive integer then d(pm, Pm) < h, then there exists a point 
Po =(%o, Yo) Which is a sequential limit point of the p;i. For each integer 
r > 1, let mr denote a positive integer such that d(pm,, Pmr) < 1/r for 
every positive integer k. Then if Zm, — tm. == lot” + mt™t +--+ and 
Ym, — Ymae = Oot” + bitt 4- --, it follows that n>r and n >r. If 
Em, = 0 or if the lowest exponent of ¢ in Zm, is greater than 2, let a==0-t 
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+a; + a/t++--- (where a,’ is the coefficient of t in am,). If 
Ema = aot + at +--+ where N = 2, let £o = apt! + aN + --: 
+ axt? + azt? + att +--+ where a,’ is defined as before. Let yo denote 
the element of T similarly determined by the Ym, i 


Part IV. 


Let T denote an uncountable, well-ordered sequence of parameters ¢ such 
that no countable subsequence of T runs through T. If ¢ is an element of T, 
let 2?==1. A polynomial with real coefficients in a finite number of the 
elements of 7 will be said to be equal to 0 if and only if the expression 
obtained by replacing the different elements of 7 occurring in it by in- 
dependent real variables is identically zero. An expression ad,™t.- > t” 
(the exponents are positive or zero integers) is said to be lower than the 
expression 01,™1.™---t."* (a= 0==b) if the first of the differences 
Ng — Mg, Ns-1 — Ms-1;` ` `, Na ~— Mə, Ny — Ma Which is not zero is negative. 
Then a non-zero polynomial with real coefficients in a finite number of ele- 
ments of T may be represented by 4Y, + @2Y3 +' - © + a,Y where the Y; 
(i= 1,2,:* +, k) represent power products of a finite number of elements 
of T, Y; is lower than Yin (0< i< k), and the a; (a ==0) are real 
numbers. Such a polynomial will be said to be less than zero if a, < 0 and 
greater than zero if a, > 0. If P and Q are such polynomials and P > 0 
and Q > 0, then PQ >0 and P+Q> 0, for the lowest term in PQ is 
the product of the lowest term in P by the lowest term in Q, and the lowest 
term in P+ Q is the lowest term in P, the lowest term in Q, or it is 
(a, + bı) Y, where mY, is the lowest term in P and 6,7, is the lowest term 
in Q. The statement P > Q means P—Q>0. Then if F is also a poly- 
nomial of the same sort as P and Q, it follows from P > Q and Q > F that 
P >F, for if P—Q>0 and Q—F>0, thn P—PF=P—Q+Q-—F 
> 0. 

Let R denote the field composed of all rational expressions 7 such that 
r contains only a finite number of elements of T, has real coefficients, and 
does not involve division by zero. Then an element r of R is either a poly- 
nomial or it can be expressed as the quotient of two polynomials of R. The 
relation “greater than” has already been defined for the polynomials of R. 
If r is an element of R which is not a polynomial, let r = P/Q where P and 
Q are polynomials of R, then r > 0 will mean either P > 0 and Q >0 or 
P <0 and Q <0;7—0 means P—0O and Q@+0. If r and 7 are elements 
of R, r> 7 means r— >0. If 1, 7’, 7” are elements of R, there exists 
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in R a polynomial Q > 0 and polynomials P, P’, P” such that r= P/Q, 
== P/Q, and 7” = P”/Q. Hence if r >v and” >r”’, then r >r”. Let 
7 <r mean r>. If risan element of R and 7 is an clement of R, 
w=: means r— 0. In respect of rational operations and relations 
greater than and less than the elements of R satisfy all of the rules 1-16 
given hy Hilbert on pages 35 and 36 of Grundlagen der Geometrie. It is 
this fact which justifies the statement made below that the plane G, there 
defined, is a descriptive plane. 

Let G denote the plane whose points are all the pairs (a, y) of elements 
oi R, in which a line consists of all the points whose codrdinates satisfy an 
equation of the form As + By+C—0 (A, B, © are elements of R and 
not both A and B are zero), and in which three collinear points N, N’, N” 
are said to be in the order NN’N” when: 


(1) Their abscissas z, 2’, s”, respectively, are such that z > 2’ >g” 
or g< gr <2” if B0 in the equation of the line containing the three 
points, 

(2) Their ordinates y, y, y”, respectively, are such that y > y >y” 
ory <y <y” if B=0. Then G is a descriptive plane, but G is not metric, 
for the segment between the points (0,0) and (1,0) contains no countable 
set of points of which (0,0) is a limit point. For let [N] denote a countable 
set of points of this segment and let [¢]y denote the set of all elements ¢ 
of T such that ¢ occurs in the abscissa of some point of [N], then [#]» is 
countable, and, by hypothesis, there exists an element ¥ of T such that ¥ 
follows ¢ in T if t is in [¢]y. It follows that 7’, as an element of R, is less 
than the abscissa of any point of [N], and hence the point (#, 0) is between 
(0,0) and every point of [N]. 
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CONCERNING METRIC COLLECTIONS OF CONTINUA.+ 


By J. H. Roserts.{ 


The notion upper semi-continuous collection of bounded continua, intro- 
duced by R. L. Moore,§ has been very fruitful in the realm of analysis situs. 
In particular, Moore has shown that if G is an upper semi-continuous col- 
lection of bounded continua filling a plane S, then if no element of G 
separates § the collection G is itself homeomorphic with §.|| If the restriction 
that no element of G separates S is removed then G is ++ homeomorphic with 
some cactoid.t f 

I have attempted to extend the idea upper semi-continuous collection 
to apply to collections whose elements were not all bounded. In my paper {t 
“ Concerning Collections of Continua not all Bounded,” I suggest a definition. 
l there show that if Œ is an upper semi-continuous and metric collection of 
continua filling a plane § and no element of G separates S, then G is homeo- 
morphic with a subset of some cactoid.§§ In the present paper it is shown 
that without the restriction that no element of G separates S, G is homeo- 
morphic with a subset of some cactoid. 


Definition. If hi, he, ha, © > denotes any sequence of elements of a 
collection G of continua, and for each 7 the element h; contains points P: 
and Q; then, granting that the sequence Pi, Ps, P3,- - > has a sequential limit 
point P in an element gp of G, the collection G is said to be upper semi- 


oo 
continuous provided every limit point of X, Q: lies in gp. 
izi 


ł Presented to the Society, under a different title, June 21, 1929. 

t National Research Fellow. 

§ “ Concerning Upper Semi-Continuous Collections of Continua,” Transactions of 
the American Mathematical Society, Vol. 27 (1925), pp. 416-428, 

Throughout this paper a point is considered as a special type of continuum. 

| With respect to a suitable definition of limit element. See Moore, loc, cit. 

+t Moore, “Concerning Upper Semi-continuous Collections,’ Monatshefte fiir 
Mathematik und Physik, Vol. 36 (1929), pp. 81-88. A cactoid is a bounded con- 
tinuous curve Mf lying in space of three dimensions and such that (a) every non- 
degenerate maximal cyclic subset of M is a simple closed surface and (b) no point 
of M lies in a bounded complementary domain of any subcontinuum of M. 

tk American Journal of Mathematics, Vol. 52 (July, 1930). Hereafter this paper 
will be referred to as C. C. 

§§ In fact, except for the case where exactly one element of @ is unbounded, @ is 
homeomorphic with a subset of the plane. 
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Definition. If G is an upper semi-continuous collection of continua, then 
an element g of G is said to be a limit element of a set K of elements of G 
if g contams a point P which is a limit point of the point set obtained hy 
adding together all elements of K except g. 

The preceeding definitions apply to collections all of whose elements lie 
in a space 8 for which the notion limit point has been defined. Note that 
the elements of an upper semi-continuous collection of continua are mutually 
exclusive. 


THEOREM 1. If G is an upper semi-continuous and metric collection of 
continua filling a continuous curve + M, then G is itself a continuous curve. 


Proof. It is easily seen that G is separable, connected, and locally con- 
nected. I shall show that it is also locally compact. Let g be any element 
of G. There exists a sequence of points Pi, P2, P3,- © + lying in g such that 


o 
every point of g is a limit point of $, Pi Let d and é denote distance 
i=l 


functions for the spaces Af and G, respectively. I shall define, for each i, 
a number d;. If the M-domain S(P;, 1/2)f is compact, then let d; be 1/2. 
Otherwise, iet d: be 1/2 the upper limit of d where S(P;, d) is compact. Now 


let Ky be the point set > S(Pi, di), and let Ry be the set of elements of G 


which contain at least be point of Ka. For every n the set Ry is compact 
and contains g. If for every n the element g is a limit element of G—— Rn, 
then there is a sequence of elements gı, gz, gs,’ > > such that 8(g, ga) < 1/n, 
and gz does not belong to Rn. Then as limit of è(g, ga)==0 there is, for 


[so] 
each n, a point Qn in gn such that $ Q; has a limit point Q in g. Let D 
izl 


be a compact M-domain containing the point Q. Obviously as M is metric 
there is an integer n such that S(Pn, dn), and therefore Kn, contains Q. 
But as Kn is a domain containing a limit point Q it must contain, for some 
m greater than n, the point Qm. Then gm belongs to Km, and we have reached 
a contradiction, which shows that for some n the element g is not a limit 
element of the set G—R,. Thus the compact set Rn contains a domain 
containing g. 


THEOREM 2. If G is an upper semi-continuous and metric collection of 
t In the present paper a space M is said to be a continuous curve if it is metric, 


connected, locally connected, separable, and locally compact. 
+ That is, the set of all points of Æ whose distance from P, is less than 1/2. 
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continua filling a plane S, then each cycl'c element + of the continuous curve 
G is homeomorphic with a subset of a sphere. 


Proof. Let M be any non-degenerate cyclic element of G. If g is an 
element of JZ it follows, since M — g is connected, that just one comple- 
mentary domain Ep of g in the plane S contains points belonging to elements 
of M— g. Let g* be §— Eg. If g, and gə are distinct elements of af then 
gı” and g? are distinct. Let M* be the collection of continua containing g* 
for every element g of M. Now M* fills the plane S, for if P'is a point of S 
and gp—the element of Œ containing P—does not belong to M, then since 
M is a cyclic element of G, some element g of M separates gp and M — g in 8. 
Thus gp is a subset of g*. It follows that M* is an upper semi-continuous 
and metric collection of continua, homeomorphic with JM, and such that no 
element of M* separates S, and every point of S belongs to some element of 
Af. Then by theorems 3 and 4 of C. C. it follows that 3*, and therefore M, 
is homeomorphie with a subset of a sphere. 


THEOREM 3. If every cyclic element of a continuous curve G is homeo- 
morphic with some subset of a sphere, then G itself is homeomorphic with 
a subset of some cactoid. 


Proof. Let F, and E, be distinct cyclic elements of G, and let X be a 
simple cyclic chain ¢ of G between E, and fe. Let A4 denote an are such 
that Ai lies in E4, but does not lie in any other cyclic element of G except 
when H; is degenerate (i= 1,2). Let K be the set of points of G which 
separate A, and A» Thén by a theorem of Whyburn’s,§ for every maximal 
segment s of A14: —(K + A, + Az) there is a unique cyclic element of G 
containing s. Let sı, Sa s3,-*- denote the maximal segments of Aide 
—(K-+Ai+ Az). Let r be a continuous one to one correspondence throw- 
ing A.A» onto the interval 0 S 21, y==0,z2=0. For each i let Fi be a 


fos) 
sphere with 7 (s:) as diameter. Then the set Af [M =È Fit (K + A+ 42)] 


t By a cyclic element of a continuous curve M is meant (a) a maximal cyclic 
curve of M, (b) a cut point of M, or (c) an end point of M. See G. T. Whyburn, 
“Concerning the Structure of a Continuous Curve,” American Journal of Mathe: 
matics, Vol. 50 (1928), pp. 167-194. 

f See Whyburn, loc. cit. A point set X is said to be a simple cyclic chain of G 
between Æ, and E, provided that X is connected and contains E, and E, and is the sum 
of the elements of some collection of the cyclic elements of G, and furthermore no 
proper connected subset of X containing #, and E, is the sum of the elements of such 
a collection. ; 

§ “Some Properties of Continuous Curves,” Bulletin of the American Mathematical 
Society, Vol. 33 (1927), pp. 305-308, theorem II. 
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is a cactoid. Moreover, as any two distinct points of a sphere can be thrown 
into any two distinct points of the sphere by a continuous transformation 
or the sphere into itself, it follows that the cyclic chain X is homeomorphic 
with a subset of the cactoid M. 

Now it is easily seen that there exists a sequence Qi, Qa Qac °° of dis- 


nN 
tinct cyclic elements of Œ such that every point of G is a limit point of X Q.. 
i 


Now for every m and n (ms54n) G contains a unique simple cyclic chain 

between (m and Qn. If i ma, and m; are positive integers, let (i denote 

the simple cyclic chain of G between Qn, and Qmo Let ny =1 and let mis =?. 

For i greater than 1 the integers n; and m; will be defined by induction as 

follows: Having defined integers ni, na> + <, ni and my, m2,° teami (121) 

i 
let ni be the smallest integer X such that Qx does not belong to $ Cj Let 
jai 
mia be the integer & such that Qr is the first element of the chain trom 
i 
Qia to Qn, which belongs to the set X C; Clearly every point of G not 
j=1 

aı end point belongs, for some i, to the chain C;. It has been shown that 

every simple evclic chain of G is homeomorphic with a subset of some cactoid. 
It can be shown that there exist cactoids Dy, Do, Dast > >, and corre- 

spondentes my m2, 73," ° such that (1) m: is a continuous one to one corre- 

i 
spondence between $ C; and a subset of Di, (2) if P is a point of C: then 
pA 

wi (P)= = mies (P)= wie (P) => >>, (3) the cactoid D; is a subset of Din, 

(4) for every i and k (i< k) the components of De — D: can be orcered 

Hı, Has ++, 1, so that if P; (jn) denotes the limit point of Mj which 

belongs to Di, and K; denotes the sum of the sets Ha, He, cca Mia which 

do not contain Pj, then the diameter of J; is less than the smaller of the 

numbers 1/4? and d(P;, K;)/4i, and (5) if i<j <k, H is a component 

of D,--1);, and P is the limit point of M which belongs to Dj, then if P is 

not in D; the diameter of M is less than d(P, Di) /+. 


NI 
Let D denote $ Di. From property 4 above it follows that the con- 
irl 


tinuum D is a continuous curve. If T is a point which belongs to D; and 
is a limit point of Dis — Di, then for every k (k > +) let gry denote any 
component of D;—- D; with T as limit point. Then (see properties 4 and 5) 
the set grr + gram + gray +: °° has no limit point in D; except T. 
Moreover, if T, and T, are distinct points which belong to D: and are limit 
points of Ds — D: (k >i) then no point is a limit point of both the sets 
gre + Jnd F Jra Ht and gra +H Grata + gredo Htt Tt fol- 
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lows that every simple closed curve belonging to D belongs, for some i, to some 
topological sphere of the cactoid Di. Obviously no point lies within any 
sphere of D. Thus D is a cactoid. 

Let P be a point of G not belonging, for any i, to Ci, and let Pi, Po, 
P;,: + + denote a sequence of points converging to P such that, for each 4, 


P; belongs to > C;. Obviously for every 7 the points of a subsequence V 


of Pi, P., Ps,° es , where V contains all but a finite number of points of the 
4 
original sequence, belong to a single component of G—>C;. Then the 
j=l 
sequence mi(P:), we(P2), ws(P3),° ©- converges to a point P’. Moreover 
P’ is uniquely determined by the point P. If P is a point of C: then let P’ 
be 7i(P). Thus for every point P of G there has been defined a point P’ 
belonging to D. The correspondence m which is such that +(P)==P’ is a 
continuous one to one correspondence between G and a subset of the cactoid 
D.- Thus theorem 3 is established. 


COROLLARY. If G is any upper semi-continuous and metric collection of 
continua filling a plane, then G is homeomorphic with a subset of some cactoid. 


THEOREM 4. If G is an upper semi-continuous and metric collection of 
continua filling a plane S, and is such that (1) no element of G which is a 
bounded continuum in I separates S, and (2) every maximal domain D of 
bounded elements of G has at least two elements of G on its boundary, then 
G is homeomorphic with a subset of the plane. 


Proof. From theorem 1 it follows that the hyperspace G is a continuous 
curve each of whose cyclic elements is homeomorphic with a subset of a sphere. 
But in view of the hypotheses of the present theorem, and theorem 3 of ©. C., 
it is clear that no cyclic element of the hyperspace G is a sphere. Thus 
each cyclic element of G is homeomorphic with a subset of a plane. Now no 
element g of G which is a bounded continuum in § separates 9. Then g 
does not separate G. Hence if M is a cyclic element of G, those elements 
of M which are limit elements of G— M must be unbounded continua in 8S. 
But a correspondence + throwing M into a set as described in theorem 4 
of C. C. throws every unbounded element of G into a point which is arcwise 
accessible from the complement of (M). Thus theorem 4 can be proyed by 
a modification of the proof of theorem 3. 
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THE CYCLIC AND HIGHER CONNECTIVITY OF LOCALLY 
/ CONNECTED SPACES. 


By G. T. WHYBURN. 


1. /ntroduclion. In this paper we shall consider connected and locally 
connected, separable metric spaces which we shal) denote by the letter M. By 

a region in such a space is meant any connected open set of points. The point 
set M — Ë will be called the exterior of the region R. A region will be said 
to join two port sets A and B provided that .L-RA~0AB-R. Two regions 

R and-S are said to be strongly separated provided that R:S—=0. The point 

T pisa cut point of a space M provided M — p is not connected. A point w is 
called an end point of W provided there exists a monotonic decreasing sequence 
[U:] of neighborhoods of 2, such that the boundary of U; is a single point 


co 
and such that e=[J[TU;. A subset N of M is called a nodule of M if N is 


a connected subset af Af which contains more than one point, has no cut point 
and is saturated in AZ with respect to these properties. The cut points, end- 
points, and nodules of a space M are called the nodular elements of M.* 

If R is a region, F(R) will denote the boundary of R, i. e., the set of 
points R—R. For each point p and each positive number 7, S(p) and 
V,(p) will denote respectively the set of all points whose distances from p 
are equal to and less than 7; U;(p) will denote the component of V+(p) 
which contains p. 

This paper is devoted to the study of what might be termed, broadly 

- speaking, the connectivity properties of spaces V and their relation to similar 
known properties of continuous curves, i. e., spaces Jf which are locally com- 
pact. The results found effect, in many cases, real generalizations of the 
known connectivity properties of continuous curves to the more general spaces 
Af. Before proceeding with the theorems, however, we give in the next section 
an example which illustrates the complexity which may arise even in a greatly 
restricted space M. 

' : eS amt A f E a UY ge te plute ee data 
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2. Example. There exists a space M which has no cut point, is both an 
absolute Ge” and an absolute Fo*, and yet is not cyclicly connected.” 

Let a and b respectively denote the points (1,0) and (—1,0), and let 
ab denote the interval (— 1,1). For each positive integer n let Ca denote 


co 
the semi-circle y = [ (1 — 1/n)*?— 27]%. Let Dt = ab + > Cy. Then clearly 
M has all the desired properties and yct a and b lie together on no simple 
closed curve in W. 

Thus it is seen that although the property of arewise connectivity of 
continuous curves extends ł also to spaces M which are absolute Ge’s, the 
cyclic connectivity property of continuous curves without cut points does not 
extend to absolute Gs spaces M without cut points, even though M is at the 
same time an absolute Fo. 

It is interesting to note that even in this example W there does exist 
two mutually exclusive regions £ and 8 such that R- SJ =a + b. Gi 


3. The quasi-divisibility of spaces M. 

(3.1). THEOREM. If pis any non-cut point of M, there exists a mono- 
tone decreasing sequence Ry, Re, Ra,’ >> of regions such that p=, 
Lim 8[p-+ F(Rı)] =0 and for cach i the exterior Qi of Ri is snai 
19% 


and F(G;) = F(R:). 


Proof. Let q be any point of W — p. For each r < p(p, q), let G-(q) 
be the component of W — U(p) containing q, let X, = F[G-(q)], and let 
R, (p) be the component of M — X, containing p. Then clearly we have 


(i) X,=F[G-(q)] = F[R-(p)] C FLU- (p)] C 8-(p). 

Now if rı < r2 < p(p, q), we have 7 
(ii) Gra(q) + Xr = Gr(q) Cc G@n (4); 

and therefore 

(iii) Rn (p) C Rr(p), 


for Rr (p) ` Xr = 0 by (ii). 


* A Gs set is one which is the product of some family of open sets. An F, set is 
one which is the sum of a countable number of closed sets. A Gs or F, set is called 
absolute provided it is a Gs or F, in every metric space in which it is topologically 
contained. A space M is said to be cyclicly connected if every two points of M lie 
together on a simple closed curve of M. 

+See R. L. Moore, Bulletin of the American Mathematical Society, abstract, Vol. 
33 (1927), p. 141; also K. Menger, Monatshefte fiir Mathematik und Physik, Vol. 36 
(1930), p. 210. 
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Now for all save a countable number of rs, we have R, (gr) + Xr 
+ G.(q) =M. For let E be the set of all numbers e < p(p, q) such that a 
component De of M — X. other than Ro(p) and G-(q) exists. Then for 
e, < es it follows by (ii) and (iii) since F'[De,] C Xe, that De, C Ge, (q) and 
therefore that De, © De, = 0. ence E must be countable, for the sets De are 
open. Thus there exists a sequence of numbers fi, fz, fa © *, converging mone- 
tonically to zero such that for each i, M == Ra (p) + Xr, + Gi(q). Now if 
x is any point of M — p, there exists a connected set I containing q + x such 
that I: p —0, for pis not a cut point of M. Tlence there exists an integer i 


vn 
such that g-+aeCICG,, Therefore p= [I Rn (p). Thus if for each 4, 


1 
we set Ri = Rr (p), Gi = Gri (q), the sets [R:] and [G:] have all the neces- 
sary properties -fór the theorem. Lim [p + F(R;)] = 0, because 
eee 4200 


p+ F(R) =p + Xn C Ve (p) and a[¥+.(p)] S ar. 
CoroLLary (3.1la). If H is the sum of a finite number of connected 
sets and H- p = 0, then there exists an integer i such that H C Gi and hence 
H-R,=0. 


CoroLuary (3.1b). The regions Ri = Rn (p), Re = Re( p): © +, may 
be chosen so that for every n, | fa —1/n | <1/n?; or more generally, if 
a1, Q` + + is any sequence of numbers < p(p,q) which converges mono- 
tonically to zero, then, so that for each n, | fn — an| < 1/n?. 


Corotzary (3.1c). If M s locally compact, then each non-cut point 
of M is contained in arbitrarily small regions whose exteriors (also whose 
complements) are connected.* 


Note. Corollary (3.1a) yields a very simple proof for the theorem { 
that the set GŒ of all non-cut points of a space M is a Ge set (or that the set 


00 
F of all cut points is an Fe set). For let J, p; be a countable set of points 
1 


dense in M. For each n > 0, let Gn be the set of all points æ of M such that 
x lies in some region R whose exterior is connected and contains every polut 


* For theorems closely related to this corollary, see H. M. Gehman, Proceedings of 
the National Academy of Sciences, Vol. 14 (1928), pp. 431-433, and W. L. Ayres, 
Monotshefte fiir Mathematik und Physik, Vol. 36 (1929), pp. 139-140. Indeed, the 
iwo theorems in this section of the present paper may be regarded es generalization: 

Seo er Aa © te Pe ea Ag: Lin! E a’ y PP OF BE an 5 a 
ySee G. 1. Whyburn, lor. cit, result {1.8}. For the case of compact spaces 7, 
wat Zarankiewics, Fundumeata Mathematica, Volo 9, pe 163. Por a simple poof of 
Zarankiewicz’s theorem, see W. L. Ayres, Fundamenta Mathematicae, Vol. 16. 
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except possibly one of > pi. Then clearly Gn is open, and it follows at once 
1 
from Corollary (8. 1a) that G =H Qn. 


(8.2) Mikan., If p is any point of a space M, there exists a mono- 
tone decreasing sequence R,, Ro,--- of regions such that p= i Ri, 
Lim [p + F(R;)] =0 and for each i the exterior Gi of Ri is the sum of a 
4-900 


finite number, ni, of connected sets and F(Gi) = F(Ri). Furthermore ni 
does not exceed either i or the number of the components of M — p, and no 
two of these ni sets lie together in the same component of M — p. 

Proof. Let Mı, Ma, Ma, © + be the components of M — p. For each n 
the set M,-+ p is connected and locally connected and has p for a non-cut 
point. By virtue of (8.1) and its proof it follows that there exists a sequence 
of number dı, d2,- > - converging monotonically to zero and for each n there 
exists a sequence of regions (relative to Ma + p) Ri”, R, > such that 


pail ke. "and for each i the exterior, Gi”, in Ma + p of R:” is connected 
and the boundary XY", of R:” and G” is a subset of Sa (p). Now set 

=M—G,, R= M— (G.1+ G2),---, Ry = M— > Get, Pe 
ee understood that if there are only a finite number, k, of Capote of 
M — p, then for all ns > k, and all ’s, Ma = Ri? = Gi? = Xa; w=. Then 
for each n, F( Rn) = > Xa,* C Sa,(p) and M — Rn = Gn = > Gat; and it 


follows at once that the sets #,, Ra, >> satisfy all the required conditions 
in the theorem. 


COROLLARY (3.2). If p is any point of a space M and H is a closed 
subset of M — p which is the sum of a finite number of connecled sels, then 
there exists a region R containing p whose exterior contains H and is the sum 
of a finite number of connected sets. 


4, Locally divisible spaces M. 


Definition. A space M will be said to be locally divisible in the point p 
provided that p is contained in arbitrarily small regions whose exteriors are 
connected or are the sum of a finite number of connected sets according as 
p is a non-cut point or a cut point of M; a space which is locally divisible in 
each of its points will be said to be locally divisible.t 


t It should be noted that this notion is a localization of a stronger property than 
that of diwisibility as introduced by W. A. Wilson. See Wilson, Bulletin of the 
American Mathematical Society, Vol. 36 (1930), p. 85. s 
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Examples are easily constructed of spaces M which are not locally 
divisible—indeed which are not locally divisible in any one of their points. 


(4.1) THEOREM. In order that M be locally divisible in p il is neces- 
sary and sufficient that p be contained in arbitrarily small regions whose 
complements are connected or are the sum of a finite number of connected sels. 


(4.2) THEOREM. Any space M may be transformed by a biunivalued 
and continuous transformation inlo a connected, locally connecled, separable. 
melric space M* which is locally divisible. 


Proof. Let G denote the collection of all regions in . whose exteriors 
and whose complements are the sum of a finite number of connected sets. 
Let J/* denote the space whose points are exactly the points of M but in 
which limit point is defined by means of the system of neighborhoods G, i. e., 
the point p* of M* is a limit point of the point set V* in A* if and only if 
every region of the collection G which contains p* contains at least one point 
of N* distinct from p*. Now since every set L* in M* which is open in J/* 
is also an open set E in M, it follows that M* may be regarded as the image 
of M under a biunivalued and continuous transformation T. It remains to 
show that M* is connected, locally connected, separable, metric, and locally 
divisible. Now M=* is connected, locally connected and separable because it 
is the image under T of M, and M has these properties. To show that 1/* 
is metric we need only prove that it is regular and perfectly separable. It is 
regular, because if p* is any point of J/* and U* is any neighborhood of p*, 
there exists a region Z* of G containing p* and lying in U*. Since M — E 
is the sum of a finite namber of connected sets, there exists, by corollary (3.2), 
a region V of G containing p whose exterior contains M — E. Therefore, 
TCE; whence V* C #*, which proves M* regular. To show that M* is 
perfectly separable, let Pı, po, fs," °° Pa’ * * be a countable sequence of 
points dense in M. Arrange the positive rational number into a sequence 
Tis To Tast °° Tit +. For each n and each i, arrange all possible point sets 
Q such that Q is the sum of a finite number of the components of M — Vr, (Pn) 
into a sequence Q: (i n), Q2(1,2),°° +, Qilin), ++. For each j, i, and n 
and for each point æ of U», (pa), there exists, by corollary (3.2), a region G. 
of the collection G containing z but containing no point of Q;(i,n). By the 


~X 
Liaduö: theosera there oits a countable collection [G:(j, i 2) J of tke 
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ient to the system G. For let p he any point and let P, he any region of G 
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containing p. There exists an 4 such that Van, (p) C Ry. There exists an n 
such that pn C Ur, (p) and hence such that 


Urn (p) C Uor (Pn) C Vori (Pa) C Var (p) C Bo- 


Then since M — R,'is the sum of a finite number of connected sets, there 
exists a j such that Q; (Y, n) D M — Rg, where t is an integer such that 
vy = 2ry. There exists a & so that Gr(j, t, n) contains p but contains no 
point of Q;(v’, n) and hence no point of M —R,. Thus we have 


P C Gr(j, v; n) C Rg, 


which proves H equivalent to G, inasmuch as F is a subcollection of G. 
Therefore M* is a perfectly separable, regular, Hausdorff space and is then 
metrisable by the theorem of Alexandroff-Urysohn-Tychonoft.t We suppose 
a distance function defined in M*. Clearly M is locally divisible, because for 
each e the set *,(p*) = V* is open in J/* for each point p* in J/*; and 
thus there exists a region Ry of the collection G which contains p and lies in V. 
Hence p* C R*, C V*,(p*). Whence 8(R*,) < 2e, and M* — R*, is the sum 
of a finite number of connected sets. 


5. Local end points. 


Definition. A point p which is an end point of at least one region in M 
is called a local end point of M. It is obvious that if M is compact, its local 
end points are identical with its end points. For general M-spaces, however, 
this is not true. For example, the points a and b of the space W described 
in § 3 are local end points but not end points of Mt. 


(5.1) LEMMA, If in a space M having no cut point, A, Bı and B; are 
mutually exclusive closed sets such that A is non-degenerate, and there exist 
regions G, and Gz joining A and Bı, and A and B respectively such that 
Gi: Bs = Gz: B, = 0, then there exist two strongly separated regions Ra and 
Rg joining A and By, and A and Bz respectively, such that Ra: Bx=Rg- By=0. 


Proof. Let Sı denote the set of all points v of M such that strongly 
separated regions Re and Re exist joining A and B,, and v and Bz respectively, 
such that Ra: Be = Rz: Bı = 0; similarly let S2 be the set of all points 2 
of M such that strongly separated regions Ra and Re exist joining A and Bo, 
and v and B, respectively, and such that Ra: Bı = Ra’ Ba = 0. It follows 
at once from our hypothesis that the sets S, and Sz are non-vacuous and 
contain B, and Bz respectively, and that their sum § is an open set. We 


f See articles by these authors in Mathematische Annalen, Vols. 92-95. 
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shall show that § = M. If this is not so, then there exists at least one point 
y of M— 8 which is a limit point of S. Since y is not a cut point of M, 
since -1 contains more than one point, and y does not belong to Bı + Be, it 
follows that there exist strongly separated regions R* and G such that R* 
joins A and B, + B: and G contains y but G- (Bi + B.) =0. The region 
G contains at least one point x of S, and thus there exist strongly separated 
regions Ra and Re such that either Ra joins A and B, but contains no point 
of B, and Res joins # and B, and contains no point of Bi, or Ra joins A and 
Bz, Ry joins z and B,, and Ra: Bı = Rz: Ba == 0. The two cases are entirely 
alike, so we shall suppose the former. Let R, and Re, respectively, denote 
components of Ra — Re: G and Re— Rs Q containing points of B, and Bs 
respectively. Then since y does not belong to S, it follows at once that 
R,» G sé 0 4 Ra- G. Let K = R, +R: + Bı + Ba, and let E denote a com- 
ponent of R*— R*:K which contains at least one point of A. Then K 
contains at least one limit point p of R. Either p C R, + B, or p C R: + Bo. 
Here again the two cases are alike, so we shall treat only the former. Let g 
denote a point of Ra: G, and let Up and Uy be strongly separated regions, 
containing p and g respectively, such that U,-(R.+B,+G)—=0 and 
U,: (Ri + B, + È) =0. Clearly R + Up + RP, contains a region W joining 
A and B,, and Ra + Ug + G is a region, say Q, joining y and Bz and we have 
W: Q =0, W: B: =Q- B, =0. Now obviously W contains a region V join- 
ing A and B, and such that VC W. But then Q and V are strongly separated 
and join A and B,, and y and Ba, respectively, and V-B.=—@Q-B,~0, 
contrary to the fact that y does not belong to S. Thus the supposition that 
S M leads to a contradiction. Accordingly, S contains a point s of A, and 
thus there exist two strongly separated regions Rg = Ra and Ra = Rg joining 
A and B,, and A and Bz, respectively, such that Ra: B2 = Rg: Bı = 0. 


COROLLARY (5.1a). If the space M as in the Lemma is imbedded in a 
space Mo, also an M-space, and if B? and B.° are subsets of M, such that 
BY - M = B, and Bx? - M = Bz and « is any positive number, then there exist 
strongly separated regions R and R in My joining A and B,, and A and Bo, 
respectively, such that R,- BP = R.- B? =Q and every point of R, + R: is 
at a distance < e from some point of M. 


COROLLARY (5.1b). Jf H and K are non-degenerate mutually exclusive 
wss Of e space M which has no cut poiat, then there crisd lwo strongly 
mote tee Set ah tee rtf bE A et 
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then there exist two regions R, and Re such that Ri: Ra = p and the sets 
R, + p and Ra + p are connected and locally connected. 


Proof. We may suppose p is neither a cut point nor a local separating 
point of M, for in these cases the theorem is obvious. Hence there exists 2 
nodule N of M containing p. Let a and b be any two points of N — p and 
let U, denote the component containing p of N: V.,(p), where e <1 and 
also «, < p(p,a +b). Likewise, we may suppose p is neither a cut point nor 
an end point of U, for it is seen at once that if a point p is a local end point 
of some nodule of a given space M, then p is a local end point of the whole 
space. Hence there exists a nodule N, of U, which contains p. Since N has 
no cut point, then! by virtue of the preceding lemma and its corollaries there 
exist two strongly separated regions S*z and S*) in M joining a and N,, and 
band N, respectively. Let Se and S», respectively, denote the components 
of S*,—N,-S*, and S*,—N,-S8*, which contain a and b respectively. 
Now. in case Sa: N, and So- N, or either is non-vacuous, then let A, and Bı 
respectively denote single points of these sets. All cases which may arise 
here, however, are only simpler than that in which these two sets are vacuous; 
hence we shall suppose that Sa- N, — So: Ni =— 0. Then let a; and b, respec- 
tively denote points of Sa- N, and ĝo- Na; and let Go, and Go, denote strongly 
separated regions in M of diameter < 1/2 containing a, and b, respectively 
and such that Ge,- (Sv + p) = Gi, (Sa + p) =0. Let Uz be a region con- 
taining p and of diameten < 1/2 such that Uz- (Sa + So + Ge, + Gu) = 0, 
and let N be the (necessarily non-degenerate) nodule of U, which contains p. 
Now let N*, be the nodule of the set N, + Go, + Gv, which contains N; and 
let A, = Sa: N*, and B, = Sy: N*,. Let A? = So, B1? = So. Then A; and 
B, are mutually exclusive closed subsets of N“; and they contain a; and bı 
respectively but contain no points of Nz. Also A, does not separate N- and 
B, in N*, nor does B, separate N, and A; in N*,; for there exists a point x _ 
of N, in Ga, which can be joined to N: by a region R in N, having no limit 
points in A;, and hence R + Ga, * N*, is a connected set in N”, joining Ne 
and B, and having no limit points in A;, and similarly for the sets Ne and 41. 
Hence by the lemma and corollary (5.2b), there exist in M two strongly 
separated regions S“, and S*,, joining N: and A,, and N, and B,, respec- 
tively, and such that B,°- S*a = A,°- S*,, = 0, and such that every point of 
these two regions is at a distance < 1/2 from some point of N*,, and hence 
so that Eta: Sp = S* b ` a =0. Let Sa and S», respectively, denote com- 
ponents of S*., — N.- Sa and S*y, — Ñ, S* », containing points of A, and B, 
respectively. Again we shall suppose, without real loss of generality, that 
So,‘ Na = 8,-N2—=0. Let az and be be points of Sa, ` N and So, Ne respec- 





~* ¢ TY t x aoa ve o Bart, is ‘ea ee Topas to wee + 
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wand let V, Le the nodule of Ch which contains p. Then just as ahove it follows 
inet gnere exist jo two stroneiy separated regions Sv). and S% , joining s,, 
and Na, and So, and Nga, respectively, and such that 


“a (Sy a i Dn) e Nay 7 (5 las gi Sa) == 0, 
aud every point of S*o.-+ S”m i» at a distance < 1,3 from some point of 
Na where N”, is the nodule of the set Mi + Ga, + Gr, containing Na Let 
Sand N , be components, + +, and soon. Continue this process indefinitely. 


AS Ow 
Let Ry = So -H X Sa, and Re = 8 + SS... Then R, and R: have the desired 
1 i 
oO 
properties for the theorem. For, every point of X (Sa, + S») is at a distance 
n 
= 3/n from p and hence it follows that R- Ra =p and that R, + p and 
R: -+ p are locally connected. 


CoRoLLARY (5.2). In order that the point p of a space M should be a 
local end point of M, any one of the following conditions is necessary and 
sufficient: 

1) that there should not exist two regions R, and R, such that Ri: Ra 
== p and R, + p and R, + pare locally connected. 

2) that there should not erist two mutually erclusive simply infinite 
_ chains + of regions each converging lo p. 

3) that p should not bea cut point of any connected and locally connected 
subset of M. 

6. af Characlerisation of eid point. 

Ih nition. Jia and p are points oF a space M, the subset C of M will 


’ 
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(6.1). Lemma. If pis any point of a space M and-a is any point of 
M — p, there exists a simply infinile chain of regions from a converging to p. 


Proof. Let N, denote the component of M — p containing a. Let 
dı = 1/2 p( p,a), and let x, be a, point of the set Ua (p) 'Nı. Since p is a 
non-cut point of N, + p, there exists a region R, such that a + zı C R, C N, 
and, p: È, = 0. Let d: = 1/2 p (p, Ri), and let vz be a point of Ua (p) Ns 
where WN, is the component of Ua, (p) - N, containing z,. Likewise there exists 
a region Rs such that x, + 2 C Ra C Nz and p- Re =0. Let da = 1/2 p(p, Re) 
and let 23 be a point of Ua,(p): Ns, where N, is the component of Ua (p) 
containing ze There exists a region R, such that s, + zs C Rs © N; and 
p: R= 0, and so on. Continuing this process indefinitely, it is clear that 
the set C = R, + R.-+-- - is the desired chain of regions from a converging 


20 
to p. For, è(p + E Bi) S8(p+ Na) S 8[Ua,(p)] = 2dr S d,/2™1, and if 
j—t>1, N; D R; but N; C Ua,,(p), therefore N; Ri = 0. 


(6.2) THEOREM. If the point p of the space M is not an end point of 
M, then there exist two regions R, and Rz such that Ry: Ra = p. 


Proof. If pis not a local end point, the theorem is obvious in view of 
proposition (5.2). Thus we may suppose p is a local end point but is neither 
an end point nor a cut point of M. Hence there exists a nodule N of M 
containing p, and p is a local end point of N. We now consider N as the space. 

First we treat the case where W is locally divisible in p. There exists an 
e > 0 such that p is an end point of the component Uo of Ve(p) containing p. 
There exists a region U such that p is an end point of U and the exterior 
and complement of U are connected and U C Uo. There exists a region R, 
which is a subset of U and is the sum of a simply infinite chain of regions 
C,, Co," © + converging to p, so that R: + p is locally connected at p, and also 
so that Ri C U. For each i, let a; be a point of Ci: Cis and let By = > CO}. 
There exists a monotone decreasing sequence Ghr, @z,- > > of regions, subsets 
of Uo, such that p—Il Gi: Uo, and for each 1, (Gi) : Uo = pi, a single 
point. There exists an ‘i such that Gu, + pa, does not contain 2,. Since 
F(Gm): F(U.) is necessarily £0, for pp, cannot cut N, it follows that 
Gy, F(U) 0. Let yı be a point of Gr,-F(U). There exists an na > m 
such that Gns + pnp does not contain yı or zə. Let Fo = N—U, let Kı be 
the component of Gm — Gn,-81(B:) containing yı, where we suppose our 
unit 1 so chosen that p(y:,B:) > 1; and let B, =F) + Kı. Just as above 
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it follows that Ga’ P(U) D some point y: There exists an n > nz such 
that G.,-+ pa, does not contain ye or zs Let Kz be the component of 
Gas — Gag! Supo( Bo) containing y, and let Es = E + Ko. Let ys be a point 
of Ga, F(U). There exists an na > nz such that Gr, does not contain Ys or £a. 
Let K, be the component of Gn,— Gn’ Sizs( Be) containing ys and let 
E, = E, + Ks, and so on. Continue this process indefinitely. Then since for 
each i, pa, Bis (for pn, separates x; and pin Uo), it follows that for each 
i, Ki’ Gau = 0; and hence K: Kj = 0 for ij, and also Ki- S1/i(Bi) 0. 


Hence if R, = S Er = Eo + s K;, it is seen at once that Ry is a region 
(since Fo is ae and that È > p but Ra: Ry =0. It remains to show 
that Ry B, = p. Now for each i F (Ei) - R, = 0 and hence R,’ S P(E; = 0. 
Now i 

FP(R) CS P(E) +1 Ge, for Fi — E C E; C Gn. 
Hence i i 


= ‘ea co pe; Oe O . 
Rı: F(R) CR Z F(E) + Ri: II Gu GO + U: TI Gu = p, 


and therefore R, R, = p, for Ry: Ro = 0. 

Now in case NV is not locally divisible in p, then by Theorem (4.2), 
there exists a biunivalued and continuous transformation T of N into a set 
N* which is locally divisible in p*==7T(p), and furthermore such that 
every region in N* whose complement and exterior are connected is the image 
of a region in N. Now by virtue of the case treated above, there exist two 
regions R*, and R*, in N* such that R*,-R*,—= p*, for clearly p* is not 
an end point of V*. These regions may be chosen so that their complements 
and exteriors are connected. Set R, == T7-1(R*,), Re = T(R"). Then Ri 
and Rs are regions in N and indeed R PR. = p. For obviously R- RC Pp, 
since T is biunivalued and continuous; and then if R,- BR, p, it must be 
true that for either R, or Re, say Ri, B © p = 0 ; and hence by corollary (3. 1a) 
there exists a region U in N containing p but such that U- R, = 0 and such 
that U* == T(U) is a region in N*. Clearly this is impossible, for then 
U*- R*, = 0, contrary to the fact that p* is a limit point of R*,. Therefore 
R, Ra = p, and our theorem is proved. 


COROLLARY (6. 2a). In case M is locally divisible in the non-end point 
Ak See " op POPE ee a GP $ 3, 7 con ae E ae He 
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COROLLARY (6.2b). In order that the poini p of a space M be an end 
point of.M, either of the following conditions is necesary and suficient: 


1). that there should not exist two regions R, and Rz such that R,- R, = r A 
2). that p should not be a cut point of any connected subset of M. 


Y. Generalized three-point theorem. The theorem of Ayres that any 
three points Pı, Pz, Ps,` ` > of a cyclicly connected continuous curve C taken 
in any order pi, Pj, px lie on an arc pip;ps in C will be called the three-point 
theorem. We now prove an analogus theorem for spaces M. 


(7.1). THEOREM. If p is not a local end point of a set M having no 
cut point, then if a and b are any two distinct points of M — p, there esist 
regions Ra and Ry containing a and b respectively, and such that Ra: Ru =p 
ond Ra + p and Ry + p are locally connected. 


Proof. In case p is not a local separating point of M, this theorem has , 
been proved in the proof of Theorem (5.2). Hence we may suppose p is a 
local separating point of M. Thus there exists a region K containing p but 
neither a nor b and two points c and d which belong to different components 
K. and Ka, respectively, of K— p. There exists a region L such that L C K 
and such that the points a, b, c, and d all lie together in a single component 
C* of M— I. Now there exist components Le and La of L— p which are 
subsets respectively of Ke and Ka. By virtue of (5.1) there exist two strongly 
separated regions Qae and Q» joining a and Le + La, and b and Le + La 
respectively. Let W = Le + La + p and let Na, Ny and C denote the com- 
ponents of Qa — Qa: W, Qo —Qu- W and, M — W respectively which contain 
a, b, and C*, respectively. Now W contains at least one limit point of each 
of the sets Ve and Ny. And if for one of these sets, say Na, p is the only limit 
point of Ne in W, then set Ry — Ne and define Ry as follows: either Le or 
La, say Le, contains a point g 4 p which is a limit point of Ny; let Ug be a ~~ 
region containing q and such that Ug: Na = 0; then set Ro = No + Ua + Le. 
In this case clearly the sets Ra and Ry thus defined have the desired properties 
for the theorem. If this is not the case, then W contains points x and y, 
distinct from p, which are limit points of Na and Ny» respectively. Now if 
there is any choice of the points x and y such that s belongs to one of the 
sets Le and Ia and y to the other one, say s C L. and yC La, then we define 
the sets Ra and Ry as follows: let Us and Uy be strongly separated regions 
containing x and y respectively and such that 


Üo: (Ño + La) = Uy: (Na + Le) =0. 


f See Bulletin de Academie Polonaise des Sciences et des Lettres, 1928, pp. 127-142. 
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Then Ne + Uo and No + Uy are mutually exclusive regions joining « and s, 
and b and y, respectively; clearly these regions contain strongly separated 
regions Fa and Hy joining a and v, and b and y, respectively. Then if 
Ra = Da + Lo and Ri == Er + La, the sets Ra and Ry, have the desired 
properties. 

Now if no such choice of x and y is possible, then both z and y belong 
to one of the sets Le and Lu, say Le, and no point of Liı— pis a limit point 
of Ne + Ny. Now since d C O*, it follows that at least one point z of La— p 
z a limit point of C. Let U; be a region containing z and such that 

s (Ña + Ño + Lo); = 0. Let f be a point of U,-C and let C; be the com- 
ee of C—C: (Ñe + Ñ) containing f. Either Na-C or Ne’ C, say 
Ña: O, (since the two cases obviously are alike) contains a point g  p which 
is a limit point of C;. Let Uy be a region containing g and such that 
U, Mp -+ Le) = 0. Then Uy contains a point h of Cs, and Cp contains a 
region Vj, joining f and h and such that Vm C Or and hence so that 
Vint (No + Le) =0. Now let U, be a region containing y and such that 


Us: (Wa + Üs + Ym + Ue + Lo) = 0. 
Then Ga =N + Ug + Vm + Uz + La and Go = No + Uy + Le 


are mutually exclusive regions joining a and La, and b and Le, respectively, 
such that Ga-Le—= Gy: La = 0. The regions Ge and Ge contain regions Va 
and Vo, respectively, joining a and Le, and b and Le, respectively, and such 
that Ve CG and VC Go. Hence if Ra = Vet La and Re = Vo -H Le, 
then Ë,- Ry = p and Re + p and Re -+ p are locally connected sets. Thus 
our theorem is established. 

It is clear that essentially the same argument may be applied to prove 
the following slightly more general theorem. 


(7.2). THEOREM. If p is a non-local end point of a space M having no 
cut point and which is imbedded in a space My, if A and B are mutually 
exclusive closed subsets of M such thal A does not separate p and B and B 
does not separate p and A in M, and if A, and By are subsets of Mo such 
that Ag: M =A and By: M =B, then there exist regions R, and R, in Mo 
such that Rı: A340, R:' B0, R,- B = R,- Ao = 0, R,- B, = p, and 
R, +- pand Ra + p are locally connected. 


8. CENTRALIZED Cyetic Covancriviiy Takom. Ife aad bnn nif 
te r URT ut Fe Enb PUHUS t C Sabet te E Alte FIN eyer Pait, fered theip erot 
two regions Ry ond Re such that Rie Ri=a -+b and R, -7e h nnd 
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Proof. Now if M — (a + b) is not connected, the theorem is obvious, 
for in this case we may take R, and R as any two distinct components of 
M — (a+b). Hence we may suppose that M — (a + b) = (M — a) —b 
is connected. Now there exist two mutually exclusive regions G, and G2 such 
that Gi Ge =a and Q, -b = G.-b =0 and G, +a and G: + 4a are locally 
connected. Since M — (a +b) is connected, it follows that there exists a 
region @ joining G, and Ge and such that G,- (a+b) =0. Since clearly 
a is neither a cut point nor an end point of the set G, + G: + Qs + a, it 
therefore lies in a nodule N of G, + Ga + Gs +a, and N:b=0. Lets 
and y be any two points of N. Then by (7.1) there exist two regions Rs 
and Ry containing x and y respectively and such that Ro- Ry =b and Rs +b 
and Ry +b are locally connected sets. Let Ss and Sy respectively denote 
components of Rs — Rs: N and Ry— Ry- Ñ, respectively, such that Sz- Sy 
= b and S,° NA 0 s£ Sy: N. Now it will be seen at once that all cases in 
which S,-N or Sy: N are non-vacuous are only simpler than that in which 
both of these sets are vacuous. Hence we may assume that Sas: N = 8p: N=0. 
Let z” and y’ be points of 8z’ Ñ and, 8y- N respectively, and let Ge and Gy 
be strongly separated regions containing 2 and y’ respectively and such that 
Ga: (S, +a) = Gy: (So +a) =0. Let N” be the nodule of the set 
N + Ga + Gy which contains N, let Ao = S», Bo = Sy, A = N*- A, and 
B==N*-B,. Now A does not separate the sets B and a in N*, for 
G,:-N* -+ N is a connected subset of N* which contains both a and the 
point y of B but contains no point of A. Similarly, B does not separate 
the sets A and a in N*. Thus since A = 4o: N* and B = Bo: N*, it follows 
by Theorem (7.2) that there exist two regions Te and Ty containing points 
of A and B respectively and such that Te T, =a, Te: Bo = Ty: Ap=0, 
and T,-+a and Ty +a are locally connected sets. Then if Ri = Re + So 
and R, == Ty + Sy it is seen at once that R,-R,o=a+d and Ry +a+b 
and R.-+a--+b are locally connected sets. This completes the proof of the 
theorem. 

The theorem just proved is a generalization of the theorem,t which we 
call the cyclic connectivity theorem, that any locally compact space M which 
has no cut point is cyclicly connected. For clearly such a space M can have 
no local end point. Hence for any two points a and b, the regions R, and R: 
exist as in our theorem. Then Ri +a+b and Ra +a+b contain ares 


+See G. T. Whyburn, Proceedings of the National Academy of Sciences, Vol. 13 
(1927), pp. 31-38; and W. L. Ayres, American Journal of Mathematics, Vol. 51 (1929), 
p. 590. For a simple proof of this theorem, see the author’s paper, “On the Cyclic 
Connectivity Theorem ”, appearing in the Bulletin of the American Mathematical Society. 
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(ab), and (ab)2, respectively, from @ to b; and obviously (ab). 4- (ab). is 
a simple closed curve in M. 


COROLLARY (8a). If the space M has no local separating point, then for 
cach pair of poinls a and b of M, there exists an infinite sequence Ri, Ro, Ratt 
of mutually exclusive regions such that for each i, Ri +a + b is connected 
and locally connected and for each i and j,i j, Ri- Ri =a +b. 


Proof. Clearly M can have neither cut points nor local end points. 
Hence by the theorem in this section there exist two mutually exclusive regions 
R, and S, such that Ë,- Sı =a+b and Rı+-a+b and Sı+a--b are 
locally connected. Now S, can have no local separating points, and therefore 
it follows that a and b are not local end points of Sı -+a -+ b. Hence, by 
the theorem just established, there exist in S, two regions Rz and Sz such 
that Fz 82 =a +b and Re+ a+b and S.-+a-+ 6 are locally connected. 
Similarly, S, can have no local separating point and there exist in 8; two 
regions F£; and S such that B, S =a +b and R +a -+b and 8s+a-+b 
are locally connected, and so on. Continuing this process indefinitely, 
obviously the sets #,, Rə, Rs,- + + so obtained have all the desired properties. 


9. Higher connectivity of absolute Gs M-spaces. 


(9.1) THEOREM. If the space M has no cut point and is an absolute Gs 
set, then every two non-local end points a and b of M lie oma simple closed 
curve in M. Thus every nodular Gs-space M which has no local end points is 
cyclicly connected. 


For by the theorem in § 8, there exist regions R, and R, in M such that 
R,-R,=a+b and Rj +a+b and R2+a+0D are locally connected; and 
since each of the sets R, -+a + b and Rz +a -+b is also a Gs space M, these 
sets contain { arcs (ab), and (ab). respectively from a to b. Clearly 
(ab); + (ab) is a simple closed curve in M containing a -+ b. 

It should be noted that this theorem is also a generalization of the cyclic 
connectivity theorem. 


(9.2). Turxorem. If the Ge-space M hus no local separa'ing points, then 
each pair of points a and b of M can be joined in M by a conlinuum T whieh 
is the sum of a set of c independent arcs from a to b, i. e., T = © azb, where 
arb is an arc in M from ato band if £ Ay, arb: ayb =a T k 

miS daaa aoaea Tea taa Sy a aa a a a tin EAN 


f Soo the reference to Muore and Menger in § 2. 
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ceding sections by the same method as used in my paper, Continuous Curves 
Without Local Separating Poinls,t to prove the same theorem for a compact 
space M. The argument required here differs only in some of the details 
which must be modified slightly on account of the greater generality of the 
space, but is essentially the same proof. 


10. Conclusion. Some unsolved problems. The proofs for a number of 
the propositions in the preceding sections are considerably complicated by our 
lack of knowledge of the existence of a property of spaces Wf analogus to the 
property of continuous curves C to the effect that cach subcontinuum K of O 
is, for each «e > 0, contained in a sub-continuous curve K* of O such that 
è(K*) <8(K) +e This suggests the following problem, a positive solution 
to which would make possible greatly simplified proofs for some of the 
propositions in the present paper. 


(10.1). Propiem. If K is any connected subset of a space M, then is 
it true that for cach e > 0, K is contained in a closed, connected and locally 
connected subset K* of M such that 8(K*) < 8(K) +? 


It seems likely that a space M without cut points may possess a certain 
higher connectivity between any two of its points, even though these points 
be local end points. In this connection a solution to the following problem 
would be of interest. 


(10.2). PROBLEM. If a and b are any two points of a space M having 
no cut point, then does there ewist two. mutually exclusive regions R, and Re 
in M such that Bi- B, Da+bd?t 

It may be noted here that it is not true that such regions R, and Rs always 
exist so that È,- R, =a +b. A simple modification of the space Wè in § 3 
shows that this is not always possible. 

Finally, the author wishes to mention the desirability of a thorough 
investigation of the properties of the local end points of a space Af and of the 
subsets of the set F of all local end points of M, For example, can M be 
disconnected by the omission of E or of any closed subset of E? 


THE JOHNS HOPKINS UNIVERSITY. 


f See American Journal of Mathematics, Vol. 53 (1931), pp. 163-166. 

ł Essentially this same problem was raised hy the author in Transactions of the 
American Mathematical Society, Vol. 32 (1930), p. 943, problem (9,1). It is remarked 
that the results in the present paper greatly clarify the difficulties discussed in this 
reference. 


GENERALIZED GREEN’S MATRICES FOR COMPATIBLE SYSTEMS 
OF DIFFERENTIAL EQUATIONS." 


By Wirrram T. Rem. 


1. Introduction. The existence and properties of the Green’s matrix 
for an incompatible system of linear differential equations of the first order 
has been treated by Bounitzky, Birkhoff and Langer, Bliss and others.[ In 
the systems considered by the above mentioned writers the coefficients of the 
system are supposed to be continuous functions of the independent variable. 
W. M. Whyburn § has demonstrated the existence of the Green’s matrix for 
a system of equations whose coefficients are only Lebesgue summable functions 
of the independent variable. 

For certain special types of compatible differential systems, where the 
differential equation is a single linear equation with continuous coefficients, 
the existence of generalized Green’s functions has been shown by Hilbert, 
Bounitzky, Westfall and others.[ Recently Elliott | has treated generalized 
Green’s functions for general compatible differential systems consisting of a 
single differential equation of the n-th order with continuous coefficients, 
together with boundary conditions involving the values of the solution and 
its first n — 1 derivatives at two points. 

It is the purpose of this paper to show that theorems corresponding to 
those obtained by Elliott are true for a system of n ordinary linear differential 
equations of the first order with Lebesgue summable coefficients, together with 
boundary conditions involving the values of the solution at two points. 

Vector and matrix notation is used throughout the paper. A capital 


* Presented to the American Mathematical Society, December 30, 1929. 

+ National Research Fellow in Mathematics. 

$E. Bounitzky, Journal de Mathématiques, (6), Vol. 5 (1909), p. 65; G. D. 
Birkhoff and R. E. Langer, Proceedings of the American Academy of Arts and Sciences, 
Vol. 58 (1923), p. 51; G. A. Bliss, Transactions of the American Mathematical Socicty, 
Vol. 28 (1926), p. 561. 

§ W. M. Whyburn, Annals of Mathematics, (2), Vol. 28 (1927), p. 291. 

TD. Hilbert, Göttinger Nachrichten, (1904), p. 213, and Grundzüge einer allge- 
meinen Theorie der Fntegralgleirbungen, Berlin, (1912), p. 44; E Rounitzky. loe. H> 
WwW We ete, Tere we atte, Citta, STOP Ry oe st Dee Ty gf Meet, 6 a ot Vv 
Ht GS ae 

W W Bliiott American Faurnal af Wethewatics, Vol, 50 (1928), p- PAB: alo, 
American Journal of Mathematics, Vol. bl (1929), p. 397. 
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letter will denote a square matrix with n rows and n columns whose element 
in the +th row and j-th column is given by the same letter with the sub- 
script ij. Æ is used to denote the unit matrix, that is, Ey = 0 if 154], 
Ei; = 1, and 0 is the matrix each of whose elements is zero. It may be 
mentioned here that in this paper the idea of the zero matrix and the unit 
matrix is used only in connection with matrices whose elements are constants 
or continuous functions. If A and B are two square matrices, then the matrix 
product AB is the matrix C, where Ci; —=AiaBa;.* Similarly, all vectors are 
supposed to have n components and if y is a vector, then y: is the i-th com- 
ponent of n. The product 'Ay of a matrix A by the vector y is given by the 
vector b, where b; == Aiaya (i= 1,2,:+-°,”). Similarly, the product 7A is 
given by the vector c, where Ci =nņaAai (t=1,2,:-+,n). The conjugate 
imaginary of a complex quantity a is denoted by @, and the conjugate of the 
matrix A, which will be denoted by 4, is the matrix each element of which 
is the conjugate imaginary of the corresponding element of A. A==||'Ais || 
is used to denote the adjoint, or transpose, of A, i.e, Agy==Ays (ij 
==1,2,:+-,n). 
A solution of the vector differential equation 


(1) y = 4 (z)y + g(a), 


where A: (2) (4,7==1,2,---,m) and gi(x) (t—=1,2,:-+-+,m) are Lebesgue 
summable functions, real or complex, of the real variable æ on the interval 
X:a&s& b, we define as an absolutely continuous vector y(z)== [ya(2) ] 
which satisfies (1) on Xo.+ With the homogeneous vector equation 


(2) y =Ale)y 
we associate boundary conditions 
(3) My(a)+ Ny(b)=0, 


where M and N are square matrices such that the matrix || M,N || f is of 
rank n. The differential equation adjoint to (2) is 


(4) Z= — zA (2) 


* The repetition of a subscript in an expression will denote summation with re- 
spect to that subscript over the values from 1 to n. 

fX, is used to denote ‘almost everywhere’ on X. The excepted null set is not 
constant and may vary. Throughout this paper primes are used to denote differentia- 
tion with respect to an independent variable w. 

t If M and N are two matrices of n rows and m columns, then |M; N || is used 
to denote the matrix U which han E rows and 2n columns and whose elements are 
defined as: U; gja = Mj, Urg = Ny (47=1,2,---,). 
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and the adjoint boundary conditious are given by 
(5) 2(a)P + 2(b)Q==0, 


where the matrix of coellicients of (5) is of rank n and MP —- NQ = 

A matrix G(s;t) is said to be a Green’s matrix for the system (2), 
(3) if for each value of ¢ ona < ¿< b we have: 
(6) Each column of G(z;t) as a function of æ is a solution of (2) on 
aSe<ctandt<2zSb, 


(7) G(t+;t)—GUi—31)=—£ 
(3) MG(a;t)+ NG(b;t)—0. 


Whenever the system (2), (3) is incompatible there exists a unique Green's 
matrix for the system which is given by 


(9) Q(æ:t)}=(1/2)Y (z)[ |z —t | /( — t) E + DA]Z (t), 


where F(z) and Z (s) are matrix solutions } of (2) and (4) respectively such 
that Y(2)Z(2)=Z(2)Y (#)= E, D is the reciprocal of the matrix MY (a) 
+ NY(b), and A = MY (a)— NY (b). We have 

(A) When the system (2), (3) is incompatible the unique aoliition of 
(1), (8), where g(v)= [ga(x)] is any summable vector, is given by { 


ya f alz; tg (eat 


(B) The functions Hi; (z; t)=— G;j:(t; s) defined by (9) are the ele- 
_ ments of the Green’s matrix for the adjoint system (4), (5) and 

(10) Each row of G(z;#) as a function of ¢ is a solution of (4) on 
asti<cvande<t=b, 


(11) G(a;2—)— G(a;2+)—H#, 
(12) G(2;a)P + G(2;b)Q =0.§ 


2. Existence of Generalized Green’s Matrices. We shall now assume that 
the system (2), (3) is compatible of index r. Then the adjoint system (4), 

a A, Bliss, lor. cit.. p. 564. 

+A square matrix Yisa each column of which is a solution of (2) and such that 
the determinant | Viet lis detYerent from zero on XY is colled 9 matrix solution ef (2), 
ean bie I z or J ge Te è HEE ', . bye 1 ae erry a | i . 
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(5) is also compatible of index r.* Let the matrix "F (x)= || "Y4; (x) || be 
defined as follows: "Y, "Ys,---,°¥, PY =Y a) G=1, 2:°°,4r)] 
are r linearly independent solutions of the system (2), (3) and "Yi; =0 
if j >r. Also by "Z(x) we denote a matrix whose first r rows are linearly 
independent solutions of the adjoint system (4), (5) and the elements of 
the remaining rows are all zero. The general solution of (2), (8) is then 
of the form 


y(z)== X *¥a(&) aa, 
a=1 

where the a,’s are arbitrary constants. Whenever (2), (3) is compatible the 
system (1), (3) has a solution if and only if the vector equation 


(13) MAONO 


is satisfied by the vector g(s). 
If condition (13) is satisfied we seek to determine a matrix G(s; t) 


which is continuous in (x,t) at every point on aS}? Sb except along the 
line z = 1, which satisfies the condition 


(14) G(é-+31)—G(t—3 t)=E, 


and is such that every solution of (1), (3) may be written in the form 
b à r 

(15) y(ey= f G(ast)g (att $ Yala)aa 
s a=1 


If such a matrix G(s; t) exists we will say that G(s; t) is a Generalized 
Green’s Matrix for the compatible system (2), (3). 

Let Y (x)= || Ya; (x) | be a matrix solution of (2) such that the first 
r columns of F(x) are "Yı, "Ya + -,°¥Y;,. By Z(2) we denote the matrix 
solution of (4) such that Z (æ) Y (s)= Y (s)Z(s)=E on X. Let s(Y;) 
denote MiaYaj (a) + NiaYas(b) (i, j =1, 2,- -,n). If the system (2), 
(3) has r linearly independent solutions, then the matrix 
* For the ease in which the elements of the matrix A(#) are real continuous 
functions of the variable æ and the clements of Af and N are real constants this result 
has been established by Bliss and his method of proof carries over wholly for the 
system (2), (3). See G. A. Bliss, loc. cit., pp. 566-567, In a recent paper the author 
has also established this result for an infinite system of linear differential equations 
which includes as a special case the finite system (2), (3) when the coefficients of the 


system are real. See W. T. Reid, Transactions of the American Mathematical Society, 
Vol. 82 (1930), pp. 284-318; in particular, pp. 306-311. 
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| 81 (Vrs) 81 (Prue) $ 7 81(¥,) 
Se (Yrs) 7 
Sn( Vou) . =a Sn(YVn) 
is of rank n — r. The integers hi, kest + +, kn-r may then be so chosen that 


the matrix 
Sky ( You) = t Shy ( Yn ) 
Sty ( Krii } . 
Stenar (Era) © C Sial Ya) 


has a unique reciprocal, which we will denote by 


sl, Ship D Stn 
S39, 
Stirs . 7 SIn-r,n-r 
Now define the matrix D = || Da || as: Druin = sig (i j= 1,2, e n — r); 


Dy =0 if i&r or j Akg (a= 1,2, ` +, n— r). 


THEOREM 1. A generalized Greens matriz for the compatible system 
(2), (3) exists and may be written as 


(16) G(s; t)—=(1/2)¥ (2)[|e—t| /(e—H E+ Da]Z(t), 
where Y (x), Z(z) and D are defined as above and A = MY (a)— NY (b). 


Let K (s; t)==(1/2) ¥(2)Z(4)[ | e—t|/(@—t)]. Then K(z;t) asa 
function of w is a matrix solution of (2) on aS s <t and t<a#Sb. 


Furthermore, 
KGé+;Hj)—K¢t—;H)=—E. 


b 
Let u(a)— f K (a; t)g(t) dt, 
Q 
a >b 
—=(1/2)¥ (a) S ZOI f ZOJA. 
Since u(x) is clearly ahsolutely continuous on X and 


wiry ALLU) + airy 


ates ee cy = Piha MT 
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Since by hypothesis the system (1), (3) is compatible, there exist values of 
the a,’s so that 


2z $i(Ya)da + si(u)=0 
(t= 1,2,-- +, 2). 
Since s,(V;)==0 (¢==1,2,---,2; j—=1,2,---,7), we have 


am 


> 
D Sn (Fra) Orsa = — Sx, (u) (i=1,2, -n — r), 


a=1 
=(1/2)[Mnse¥ep(t)—NavaYea(b)] f° Zor(2)gr(#) at 
Then 


n-r b 
Orsi =(1/2) 2 Drvistey MrpaYap(a)— Nay a¥ a6(b) | J Zey (t) g(t) dt 
(t—=1,2,-+-,n—r). 
Therefore 


y(a)= X Va (a) de 


+ f° DYOL et] /@—HE + Dalz (gat, 


and we have that a generalized Green’s matrix for (2), (8) is given by (16). 

It is to be noted that the choice of the integers kı, kee,’ * >, ken-r is in 
general not unique. When r—0 we have from (16) the ordinary Green’s 
matrix for the incompatible system as given by (9). 


THEOREM 2. The generalized Green's matriz for the compatible system 
(2), (3) is not unique. If G,(2;t) is one generalized Green’s matrix, then 
every generalized Green’s matris is of the form 


(17) G(x; t)= Gi (£; t)+ "Y (x) U(t)+ V(2)*2(2), 


where V(x) and U(x) are matrices each element of which is continuous on X. 
Furthermore, every function G(x; t) of the form (17) is a generalized Greens 
matris for the compatible system (2), (3). 

It is evident that there exist constant matrices T and T* such that 
TY (a)T =Y(a) and T*"Z(z)—=Z(x), where: (a) the first r columns of 
Y (x) and the first r rows of Z(x) are linearly independent solutions of (2), 
(3) and (4), (5) respectively; (b) Y: (r)= 0 = Z;n(s) if j>r; 


(c) s È Paila) Ya; (2) de = Ei; = f 3 Zia(2)Zia(2) dz 


(4,7 = 1, 2,- ` sg) 5 


(d) Pri eir IREE yee 


moj SB ee PID: Gene ws 
al 
where h(7)— [ha(2)] is any summable vector on XY and 
b n 
pissu -f Š Zale)haljde (i=1,2,---,7) 
a æl 


In view of (13) we have that for every vector g(z)— [ya(*)] so determined 
the system (1), (3) is compatible. If Gi(r;f) and G(w;t) are two gen- 
eralized Green's matrices for (2), (3), let Ge; t)—- Gils; t= D2; 1). 


D(a; t) is continuous in (x,t) ona y Sb. Then 
(8) Dio(w3t)ga(4)a 
= f Diles 1). — È Boalt) ( fZay(o)hy(v) dv} +he(t) Jdt, 
b r b S 
(19) = f= È f Diles) Zalo) do)Zar(t)+ Dey (5 #) Tha (t) dbo 


We also have 


*B r 
(20) S Diala t)ge(t)at— $, Yan(2) dn, 
@ “wel 
where the dy’s are constants. Now 
Dh = r 
dum S Fonlu) (È Yor(u)dy) du (ES, 
Y= 


r 


(21) -f Fonlu) (Cr 3 { f° Dostu; v)Zaslo)do \ Zar (t) 


a=. 


+ Doy(u31)Thy(J)at ) ai 
in view of (19) and (20).° From (19), (20) and (21) we then obtain 


f |- > { S Palos 0 Boao) de } Zay(t) + Diy(23t) 
(29) + Pa Yin(r) (= [ Farle) { S" Dastu; r)Zag(v)dv \ du | Zar(t) 
‘any (ior etd: JI roay on, 
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The change of the order of integration necessary to obtain relation (22) is, 
as before, permissible. Since the cocfficient of hy(t) (y==1,2,°°°,”) in 
(22) is a continuous function on aS tb for each value of v on X, and 
the relation (22) is true for every summable vector h(x), we have 


(23) Day(a5 t)= È Viale) Zart) + $ Yea) U*oy(t) 


(y= 1,2: ° n), 
where 


V*y(e)= f "Dep(a30)Zip(v)dv G=% an j= 2 r) 
Tu= È [fF Fat) f Dooltu;v)Zaplo)do } du] Zai(t) 
+ S Yoi(u)Day (ws t) du (6 1,2,- -r f—=1,2,' ++, 0). 


In view of (14) we have that each element of D(z; t) is continuous in (g, t) 
on a} Sb and therefore, since each element of Z(z) and ¥ (s) is con- 
ance on X, it follows that V*,;(z) and U*;;(¢) are continuous functions 
of their arguments. Let 
Ui; (2) = 2 TiaU*a; (£) and Via; (z)— = V* ia(2) Ta; 
(L j= 1,2, >in). 
G(x; i)= G (23t) +F (2) U(t)+ Y (2) Z (6) 


Then 


and clearly U(x) and V(x) are continuous on X. Also if U (s) and V (e) 
are any two matrices of continuous elements we have in view of (18) that if 
G(a;t) is a generalized Green’s matrix for (2), (3), then Gi(a;¢) 
+Y (x)U(t)+ V(2z)'Z(t) is also a generalized Green’s matrix for the com- 
ae system (2), (8). = 


3. Principal Generalized Green’s Matrices. We will now determine . 
generalized Green’s matrix which shall possess for adjoint systems the same 
property as is given for the ordinary Green’s matrix by (B) in the intro- 
duction. 

Let M*, N*, P* and Q* be square matrices such that the matrices 


My, Na; “ay Qij 


are unique reciprocals. For any pair of vectors 3 and z(x) defined on X 
the vectors s(y), s*(y), ¢(z) and ¢*(z) are defined as 
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s(y)= My(a)+ Ny(), t(z)=2(a)P + 2(b)Q, 
s*(y)= M*y(a)+ N*y(b), (2) 2 (a) P* + 2(b) Q*. 
Then we have the identity + 
(25) Sa(y)t*a(z) + s*a(y)ta(z) = Ya(%)2a(2) | eke 

If y(x) and z2(x) are solutions of (2) and (4) respectively, then 

[2a (2) Ya(2) V = za (£) Ya" (2) + 2a" (t) Yala) = 0 

on Xo, and therefore zg(r)ya(z) is a constant for z on X. Let 2(z) be any 
solution of (4) and K(x; t)—=(1/2)¥ (£) Z (t) | z — t |/ (< — t), where Y (x) 
and Z (x) are matrix solutions of (2) and (4) respectively which are recipro- 
cals for z on X. Then 


(24) 


0= Ô {a(2)[ (0/02) Kas (z; t)— Asp) Koy (5 t)] 


+ [2a (2) + 26(@) Aga(z) ]Kaj (z; t)}dr 
(j= 1,2,°° n), 


== Za (£) Kaj(z; t) | azt- |. 24 (2) Kaj (xt) | 8 


Za 
Hence 
(26) @a(t) Kaj (a; t) | SS = tq(@) Kas (T; t) | yai > 
= 2;(t) (j= 1,2,--+-,0). 


Let K (z; t) denote the vector [Ka; (£; t)] which is the j-th column of 
K(a;t). In view of relation (25) we have 

Lemma 1. If K(x;t)—=(1/2)¥(x)Z(t) | £—t | /(£— t), where Y (z) 
and Z (x) are matris solutions of (2) and (4) respectively which are unique 
reciprocals on X, then for every solution z(£)= |Za(£)] of (4) we have 


tta (2)sa(Ks)ot ta(z)s*a(Kie—ay(t)t G= +50). 


As before, let *Z(2) denote a matrix whose first r rows are linearly 
independent solutions of the system (4), (5) and the elements of the re- 
maining »——r rows are all zero. Let ¥(s) denote any matrix of Lebesgue 
summable functions of the form 








Wi (z) Wio(z) © s Y,r(z) 0 7 0 
P, (x 2 e > Yar (£) 0 . 0 
(27) V(z)= a ‘ sg. if 0 - ofl? 
I 
Wal) - A O +» of 
PSO TT Fee gi oe aes 


a i W. 
t The subseript wœ is used to denote that the veeturs s(A,) and s (;) are dcter- 
mined by (24) when A; is considered as a function of w. 


452 WILLIAM T. REID. 
and such that the r-rowed determinant whose general element is 
v Fy 
f "Lia(£) Va; (x) de 
a 


is different from zero. Since the first r rows of "Z (x) are linearly independent 
solutions of (4), (5) it follows that there always exists a matrix (s) 
satisfying the above condition. Let 


Riu Rie . Rar 0 





0 
Ra A R Ror 0 9 
P ; RE . 0 0 
R = Bry : oe Rrr 0 0 > 
Q 2 #8 0 E 0 
o> >- 00-0) 





where the r-rowed square matrix 
Ru Ri + © Rr 
Ra * © e Bar 
Rr ` a i Err 


is the unique reciprocal of the matrix 
| o b 
| f "Zalt)Yals)de + - f Inq(t) Var (x) de | 
a a 
b 
(28) f "Za (2) Gas (2)dx 


b b 
f "Zra(@)Var(a)da - - f Zra(x) Var(x) dx 
a a 
We now define the matrix N (s; t) as 
N (z; t)=— U(r) RZ (t). 
Then 
b b 
S| Gia) Was 3 tyde =— S *Zia(2) Yap (2) Bgy Zo (t) de, 


= — "Zy (t), 
= — t“a("Zi)Sa(K;)o 
(i =1,2,: = -,r; f=1,2,: a); 


in view of Lemma 1 if we denote by "Z; the vector ["Zia(«) ]. 
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Let YJ" (x7) be a matrix of absolutely continuous functions satisfying on 
Xo the matrix differential equation 


(d/dx) 9" (2) = A (x) Y" (x)-- V(r) R. 
Then 9)(x)== Y" (x)"Z (4) is continuous in (x, t) and Yj) (e; t)== [Yas (a; i] 
is a particular solution of the non-homogencous equation 
(29) (9/02) 9i = ACD Nes) G= +50), 
where N; (z; t) is the vector [Va;(z;¢)]. Then we have 


b v 
S, ial) Was a5 t)de = S” (0/02) Zia (2) Yas (2; 1)] de, 
a a 
= 'Zia(r) Vai (2; t) | H ae 
= ta (Zi) Sa (D)o 
(i= 1,2,- t’ T3 j=1,2,° i “s n), 
in view of relation (25). Therefore we have 
(30) l*a Zi) Sa (i)a = — t*a (Zi )sa(K;)o 
(i=1,2,- > T; j= 125° * ton). 


Let F (s)= || Yi; (z) || be a matrix solution of (2) and Y; denote the vector 
(Faj). From (25) we have 

l*a Zi)sa (Y) = 0 (i= 1,2, 3 j= 1,2,:°° ? n), 
and furthermore the vectors {*("Z;) (i=1,2,- - -,7) are linearly inde- 


pendent.+ Then in view of (30) we may determine quantities Ciz(t) such 
that 


8(Va) Cay + 5(Qj)2 == — 8 (Kj). (i= 1,2, n). 
Furthermore, since s(Y;)s and s(K;)e are continuous functions of t, the 
elements of the matrix C(/): = 1 C; j{t) | may be chosen continuous functions 


of t. We have then established the following 


Lemma 2. Hach element of the matric Y(e;t)=Y(2;t)+ ¥(#)C(1) 
is continuous in (£, t) ona’ Z 7206, is absoluiely continuous in x on X for 


enun need uue of È on A, andas such thal on Ao the motrir dittepeotial 


EDs dat oa A, ber. P obb, 
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is satisfied, and 
(32) s(Yj)s =— 8(Kj)o ((=1,2,; nn). 


The solution of (31), (32), is not unique but is determined except for 
added solutions of the homogeneous system (2), (3). Let @(x) be any 
matrix of Lebesgue summable functions of the form 


@11(2) ©12(z) af Oin(T) 











®@o1 (T) 
O(z)= || (2) : + Orn(x) 
0 0 os 0 
| 0 0 a 0 





and such that the r-rowed determinant whose general element is 
òb 
f Oilz) Ya; (2) dz 
a 


is different from zero. Then there exists a matrix L(i)= || La; (t) || each 
element of which is continuous on a S t & b and such that the matrix 


(83) G(z;t)=K(2;i)+ ¥(#;t)+"Y (x) L(t) 
satisfies the relation 
b 
f O(2)G (£; tjd =0. 
a 
We have therefore established the following 


THEOREM 3. If the system (2), (3) is compatible of index r, then for 
each pair of matrices U(x) and ©(x) defined as above there exists a matriz 
G(x;t) which is continuous in (z, t) ona S} Sb except at z = t, which is 
absolutely continuous in sona Ss < tand t <x S b, and which is such that 


(34) (0/dx) G(s; t) = A(x) G(a;t)+ N(z;t) on Xo, 
(35) G(t +3 #)— G(t— 3 1) —E, 

(36) MG(a;t)+ NG(b; t)=0, 

(37) fe) G(x; t)de =o. 


THEOREM 4. The matriz G(z;t) satisfying the conditions of Theorem 3 
is a generalized Green’s matrix for the compatible system (2), (8). 
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Let 
b 
u(a)— f G (a; t)g(t) dl, 
a 


where the form of G(a#;t) is given by (33). Then in view of (13), 


u(e)—=¥ (2) | TA/2)Z() la—t|/(e—t) 
+O dY (0) S LOJO dt 
Then u(x) is absolutely continuous on 1° and on Xe we have 
w(z)= A(a)u(z)+ 9(2). 


From (36) we obtain Mu(a)+ Nu(b)—0 and therefore u(x) satisfies the 
compatible semi-homogeneous system (1), (8). Then every solution y(x) 
of the system (1), (3) may be written in the form 
r b 
y(a)— È Yale) + f (etg), 

and therefore the matrix G(s; t) defined by (33) is a generalized Green’s 
matrix for (2), (8). 

A generalized Green’s matrix for (2), (3) which satisfies the conditions 
of Theorem 3 will be called a principal generalized Green’s matrix for the 
compatible system (2), (8). 


5 l 
COROLLARY. If u(s)= f G(x; t)f(t)di, where G(x; t) is a principal 


generalized Green’s matrix for the system (2), (8) and f(x)== [fa(x)] is any 
summable vector, then 


w (2) = A(a)u(a)+ f(a)-+ S Niti) on Xo 
(38) Mu(a)+ Nu(b)=0, i 


f ojula 0 


Now let 
Yh Mie Rair 0 - 0 
| Ror * oF to Rir 0: 0 | 
jo . a 0 0 l 
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where the 7-rowed matrix 





Ri Mie y= Mir ! 
Nox 3 x7 Mer 
Re R S Rer | 


is the unique reciprocal of 


v b 
J, ral) Yal2)de soe f @1a(¢) "Var (a) dx 


(39) elt 
{era(0)" Yas (a) de ret [Gra @)"Far(a) ds 


With respect to the matrices &(2) and @(#) a matrix H (x;t) is said 
to be a principal generalized Green's matrix for the compatible adjoint system 
if each element is continuous in (s, t) on a SF Sb except at v = £, if each 
element is absolutely continuous in z on a& g < t and t<a#Sb, and if 
furthermore: 


(40) (0/dx) I (a; t)== — IT (a; t) A(x)—*Y (HRO (x) on Xo, 
(41) H(t+;)—Hti—-;)—E£, 

(42) If(a;t)P + H(b;t)Q =0, 

(43) f Ūla; 1) Y (z)dz = 0. 


The existence of a principal generalized Green’s matrix for the adjoint system 
may be established by argument similar to that used in the proof of Theorem 3. 


THEOREM 5. If G(x;t) and I(x;t) are principal generalized Green’s 
matrices for the system (2), (3) and the adjoint system (4), (5) respectively, 
with respect to a pair of matrices ¥(x) and @(x), then G(a;t)—— H(t; 2). 

For let é and 7 be any two distinct points of X and suppose é < q. Then 
we have the matrix equation 


$58) [ (6/02) G59) — A (0) (25 )] 
: + [ (6/00) H (2; £)+ A(z; £)A(2)]G (z; 9) de 
= H(2;&)G(a34) [ZE + H(z) G (e;n) | ee + A(x; €) Gen) | = 


art 
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But 
d- 
S A 8) [ (0/02) G (a5 n — A (0) G (05m) Jae 


=~ f° H(a5£)¥ (a) R2(n) de, 
and =0, i 


S TO) Ale; 8) + Ë le; 6)A()]0le;n)de 


= — f TOR) G(z;q)dz, 
=Q. 
Therefore 


H(236)@ (251) |2 = Ë (2; £)G(2;1) | zE + Ale; £) Glen) |2. 


a=t- z=7- 


We have in view of (25), (36) and (42) that 
(EE WE —3 £) 16 (E51) = A la 8) [EG Hn) E937) ] 
and hence in view of (35) and (41) that 


Glé; n) =— Ë (n; 6). 


Since this is true for each pair of distinct points é and y, we have established 
Theorem 5. 


COROLLARY. For any chosen pair of matrices P(x) and O(x) satisfying 
the conditions described above, the principal generalized Green’s matrix for 
the compatible system (2), (8), and also for the compatible adjoint system 
(4), (5), is unique. 

The matrices ¥(z) and @(2) have been chosen so that the r-rowed square 
matrices (28) and (89) have non-vanishing determinants. In particular, 
(z) and @(x) may be determined so that each of the matrices (28) and 
(39) is the identity matrix. If this is done some of the preceding formulas 
will simplify considerably. 


4. Examples. Consider the system 


(44) pe eS 


y—1 0 [+s 
R 1 0 Į—1i 0 
(15) I wees Ll gt) =o. 


Ihis system is compatible of order one, and has a solution y(a)==(cos x, 
sinu). The adjoint system is 
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(46) z =— z: i i, 
m agi eem e 


which has the solution z(%)—=(cosz, — sin x). According to the notation 
introduced above we have the matrices 1Y(x) and 1Z (æ) defined by 








2 cos x 0 
oS | —sin z 0 ||’ 
and 
5 cos £ — sin £ 
T sg 0 














A matrix solution F(s) of (44) and its reciprocal Z (æ), which is a matrix . 
solution of (46), is given by 


cossy — sing 
sin g cos & 


cosg sing 


: Z(z2)= 
sing cosg ||’ (2) 


rom |_ 




















The generalized Green’s matrix for the system (44), (45) which is given by 
the formula (16) is readily found to be equal to the matrix 


K(x; t)—=(1/2)Y (2) Z(t)[|*e—t|/(@—?)]}. 


From Theorem 2 it then follows that every generalized Green’s matrix for 
(44), (45) is of the form 


(48) G (2; t)= K(a;1)+ 1¥(2)U(t)+ V(e) Z(t), 


where the matrices U (4) and V(x) depend upon the choice of the matrices 
W(x) and ©(v). 

(a) If we choose &(x)—=(1/27r)11V' (s) and O(4)—(1/27)1Z (x), then 
the principal generalized Green’s matrix for the system (44), (45) is given 
by the relation (48), where 


teost —é#sint —zxeosz 0 

















U (i= 1/2 | ; a ls | Pej ayen | SE o |== Fo. 
(b) If we choose 
cosx 0 
W (x)= O(24) = 1/0 0 oP 














then the values of U(t) and V(z) become A 


Lcos’ -b sini —/sind ~ 


0 0 


' cosg 0 Pe) sina" 
W(u)== 1/2 |! ie oe? O(2)=— lr, à i y 


the corresponding values of C (Ł) and V (e) are given by 


g t cos ¿— sint —dtsint 
Ut) = 120 á 0 ; 


V (0) = 1, ar || 


-scosse sing Or 
geing o || 


For each choice of the matrices ¥(r) and O() the corresponding valne 
of F(z; t), the principal generalized Green's matrix for the adjoint system 
(46), (47), is determined by the relation TI (s; t)}=— G(t; 2), in view of 
Theorem 5. 


5. Remark. The author has recently shown that for certain types of in- 
finite systems of ordinary linear differential equations of the first order with 
two-point boundary conditions an ordinary Green’s matrix may be defined, 
whenever the system is incompatible, in a manner entirely analogous to that 
used in the finite case.* For such infinite linear systems we may establish 
by the above method the existence of the principal generalized Green’s matrix. 


UNIVERSITY OF CHICAGO, 
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A CREMONA GROUP OF ORDER THIRTY-TWO OF CUBIC TRANS- 
FORMATIONS IN THREE-DIMENSIONAL SPACE. 


By ETHEL ISABEL Moopy. 


1. Introduction. Since each four-dimensional quadric variety of the 
%5 system | H(z) | = 0 having a common self-polar simplex 3 is transformed 
into itself by the G3. of linear transformations consisting of the six central 
harmonic homologies, defined by the vertices and opposite four-dimensional 
faces of 3, and the different products of these, the intersections of these 
varieties by twos, threes,’ >+ are also invariant under Gss By successive 
stereographic projections these varieties can be mapped in S3. It is the 
purpose of this paper to derive the équations of the corresponding trans- 
formations in S, and in 8; and to determine their characteristics and funda- 
mental elements. 

In a paper, published in the Atti del R. Istituto Veneto,* Montesano has 
given a brief synthetic outline of this group of transformations, which he 
calls the group I, and also of the corresponding groups associated with two 
and three dimensional quadric varieties. 

The corresponding G, in S2 is expressed by the non-cyclic G4 of harmonic 
homologies. 

In S; the Gs of central and axial involutions can be projected into a 
plane, where it is represented by four perspective quadratic inversions, and 
the three products of these in pairs. A cubic curve is left invariant; on it the 
three non-perspective inversions fix the three fundamental irrational involu- 
tions belonging to the curve.t 

The Gig in S4 can be mapped in Ss ‘by meaus of a group of sixteen 
quadratic transformations which transform into itself each surface of an «0% 
system of F,:C2?. Within this system there are œo? which are composite 
consisting of the plane of the conic and a cubic surface.[ By mapping an F's 


* D. Montesano, Su alcuni gruppi chiusi di trasformazioni involutorie nel piano 
e nello spazio, Ser. 6, Vol. 6 (1888), pp. 1425-1444. 

+ The equations and properties of this group (Montesano’s group y) were derived 
by Miss B. I. Hart in her thesis for the degree of Master of Arts, Cornell University, 
September, 1926. i 

The equations and essential properties of this group in 8, (Montesano’s group G) 
of quadratic transformations were derived in my thesis for the degree of Master of 
Arts, Cornell University, June, 1927. 
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a s 
‘ est G6 wy v 


oa My eaS SE ar W ooi perspec bye A ONGUL S tuvendtous and thew prodi is 


ras 
[3 i ` k T a 4 a E E ‘ 


' eG te ptr POE hss PauSioi efo S ade aray n, s Pee en 


embhie emye passing throueh the vata O or the iraysiobreiion Ao ano 
Srei e UE DA JO moet f ge ias otare reac yas ab Meso Wert ees os 
ungu dy eeit This Gede curve is point oy pout Inar at wea. tae 
transionmation J.. 


2.0 The Gar ne Bes ura oes at Sa The ataliou a: gr oar 
dimensional quadvatie variety i» N, pefersed toe selfpular slutph X us supa N 
or verercuce can De written in the form 

6 

We) eA 22 - =, 

tł 
This variety is invariant under the group of thirty-two linear transformations, 
consisting of the six central harmonie homologies 


Tas 2P ==- Ze- zr} (r==1---6, ri), 
=G 


"i 


the fifteen products of these in pairs 


Vay: ai == - 2), 2 ==—2), 2 2, (r=1:--6, r g); 
Ds j=? ` "6, tÆ j, 


| 
pi 


the ten products of these taken three at a time 


Thiij: 2 = -— y Zl =- -i Rj =— 2), Zr =r; (r= 2+: 6, rA j), 
fa2 9-5, f—B KIA, Lj l 


and the identity. The products of the 7, taken one, two, and three at a time 
will be referred io as transformations of the first. second, and third species 
respectively. 

A transformation of the first species 7, is detined by the center 


Oia Ci ee let Oi (e eles the = F) 


and the foui-space 5N, of Invariant points 
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while those of a transformation of the third species are the two planes of 
invariant points 


(0,0;0;): Zr, = 0, Zr =0, 2r,=0, 
and 
Se: z =0, 2:—0, 24—0. 


The sections of H(z)==0 by the invariant S4, Ss, and Sa are the point 
by point invariant varieties Qi, Qij, Quiz of the transformations of the first, 
second, and third species respectively. These are all quadric varieties, Q; 
being three-dimensional, 0;; two-dimensional and 9,;; one-dimensional. 


3. The Gs: of quadratic transformations in Ka. Let (Z) be a point of 
H(z)=0 and from it project H(z) 0 into S4: 2e = 0. The equations of 
this stereographic projection are 


(3. 1) Yg == Zog — 26293 (g=1- . 5), 


where the y’s represent the codrdinates of points in ze = 0. Conversely, given 
a point (y) in z= 0, the cotrdinates of the point corresponding to it on 
H(z)=0 are 
(3.2) Zg = PY gH’ (Y, 2)— ZH (Y) ; (g=1---5) 

Zo = — ZH’ (y) 
where 


5 
A’ (y) = È hgy? 
g 
and 
5 
H’ (y, Z)= © hoyag. 
g= 


The projection T’ of T in zs = 0 is the product (38.2)T (8.1), and the 
equations of the transformations of G”: are 


Ti: yi = — yH (y, 2) + HH’ (y) 

(i=1: +8) yr’ = yr H’ (y, 2) ; (r= 1: 5, ri) 
Tg: Yr = yr" (y, 2)— -H (y) ; (r=1: -5) 
T'a: yi’ = — yi’ (y, 2) + zE (y) 

(i=1:- -5 yi’ = — yH (y, 2) + zH (y) 

j= ee Yr’ = Yr’ (y, 2) ; (r=1-- +5, rÆ j) 

isj) i 
T'is: yi = — will’ (y, 2) 


(t—=1-- +5) Yr = YH (y, 2)— 2H’ (y) ; (r=1:: +5, ri) 


A CREMONA GROUP OF ORDER THIRTY TWO. 463 


Tuj: yy = -- yl’ (y, 2) + ZI (y) 
($24 yë =— pH (y, 2) + 3E (y) 
p= B+ 5 yf =— yI (y, 2) + BH’ (y) 
i% j) y = pH’ (9, 2) ; (r= 2+ 5, ri j) 
and 
Tiie: Yl = — yill’ (y, 2) 
i= wes -5) yi’ = — yill’ (y, 2) 
Yr = yH (y, 2) — 2-H’ (y) ; (r==2---5, rÆ i). 


The quadric surface 
Q: H'(y,2)=0, H’(y)=0 
is a common fundamental element of all the transformations of G’g2. 
The fundamental points of the transformations of G's» are 


Oy: (yi=1, Yr=0) 

Oo’: (Yr = žr) 

O'i: (yı =Z; Yi =; Yr = 0) 

Ois: (yı =0, Yr=žr) 

O'ii : (yı 2, Yoru, Yi = Zi Y= 0) 

Ohie: (Yr = Yi = 9, Yr =F) 

For each of these O’ the restrictions on the 1, j, and r are the same as for 
the T with corresponding subscript. 

The image of the fundamental point O’ under the corresponding trans- 
formation T” is the S;: H’(y,2)=0. 

The image of Q under a transformation of the first species of G’s2 is its 
three-dimensional projecting cone from O’. To prove this, let (p) be a point 
of Q and let the codrdinates of O” be represented by Y. The codrdinates of 
any point (y) on the line joining (p) to O’ are of the form 


Yo = AY g + ups; (g=1:: +5). 
By substituting these values for the y’s in the equations of the transformations 
of the first species of G’s: and making use of the fact that H’(p,Z)==0 and 
H’(p)==0, the resulting point (y’) is found to be (p). Hence each point 
of Q is imaged by a generator of the projecting cone of Q having its vertex 
at O’. This cone is of the second order. Its equation for T,’ is 

[IE (y, 2) i]? + hiz? H’ (y): = 0; * 
and for Ty’ 


* A subscript written after the parenthesis will he nsed throughout thie poper ta 
piate that the function to which it applies eontuins no term im the variable of that 
subscript, 
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Hi’ (2) H’(y)— [H (y, 2)? =0. 

This cone with [E (y, 2)]3 forms the complete Jacobian of the defining web. 

The Jacobian of the defining web of a transformation of the second or . 
third species of G’32. consists of [H’(y,2)]® and a three-dimensional quadric 
variety containing the quadric surface Q, of which it is the image, simply. 
The equation of this quadric for T ’;; is 
[H (y, 2) ]? — 2 (hayss + hitiys) H (y, 2) 
. + (hits? + hiz) B (y) = 0; 
that for Tis, 

A’ (y, 2) [H’(y, 2)— 2H’ (y, 2)s] + E (y) B (2): = 9; 

that for Tii; 

H (y, 2) [E (y, 2)— hiy, — 2hiys%, — hiyi] 

+ H (y) [h + bids? + hiz] = 0; i 





and that for TF'iiss 
H (y, 2) [E (y, 2) — 2hr Yrr, — dhr Yrra — Wr rëra] ` 
+ H’ (y) [hrr + ħrara + hražra] = 0. 

The projection upon ze 0 of the point by point invariant quadric 
variety Q of a transformation T of the first species of Gaz is the invariant 
variety Q of the corresponding transformation T” of the first species of G’s2. 
The equations of the 2s are therefore 

Qz: 2y: H (y, 2)— 24H’ (y)}= 0; (i=1---5) 
and 
Og’: A’ (y)=0. 
The result of eliminating ys between Q; and ©,’ shows that the complete 
intersection of these two varieties lies in the three-space y:ž; — y;%; = 0, and 
the intersection of this three-space with each of the quadrics 0,’ and Q,’ or ~ 
ij Rzy (y, 2) i — 3PH (y)i + hay Pt? = 
(i=1:.- -5 Yii — YZ = 0 
j=2: +6 izj) 
is the point by point invariant quadric surface of T’i;; and 
Vio: A’(y)i=0, ys = 0; (t==1-- -5) 
is the point by point invariant surface of T'is In a similar manner, the 
point by point invariant conie of Tz; is f 

Yj: Rzy H (y, 2) 4. — 2H (y) ia + ys? (h2? + hd?) = 0 

(i = 2.. 5, Yai = Yižıžş = Yii. 
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The corresponding conic for T'is is 
Qis: H’(y)== 0 
(i= 2:5) yr—y=—. 
Given a point common to J[(z)= 0 and another quadric variety G (z)= 0 
of the system | JZ (z) | = 0, the coördinates of its projection upon ze = 0 are 


(8. 4) pYs = 26%i — 262i 5 (i=-1:--5). 
From (3.4) it follows that 
(3. 5) 2/26 m (kyi + Z4) /Ze- 


If the values of the ratios in (3.5) are substituted in H(z)— 0 and G(z2)= 0, 
the resulting equations are 


G(Z) + 2hG@’(y, Z) + kG’ (y)= 0 
2H’ (y, 2)+ kH’(y)= 0. 


The result of eliminating k between the equations (3.6) is 
G (2) [E (y)? — 4G” (y, 2) E (y) E (y, 2) + 4G” (y) [E (y, 2) ]? = 0. 


This equation represents a three-dimensional quartic variety in S, having 
the quadric surface 


(3. 6) 


’ 


F,: H’(y)=0, H’(y,2z)=0 


as double quadric. The three-space H’ (y, z)= 0 of the double quadric is the 
polar three-space of O; with respect to Q,’. 

Every three-dimensional quartic variety having a double quadric is in- 
variant under a G’s2, for such a variety is the projection in S, of the inter- 
section of two quadric varieties in 8; which have a common self-polar simplex. 

Let A(z)==0 be a second quadric variety belonging to the system 
| H(z) | =0 and containing the center of projection (Z). The codrdinates 
of any point (2’) on the line joining a point (z) to (Z) are 

ai = Mii + uzi; (i=1: -6). 
The points of intersection of this line with A(z)=0 and H(z)—0 are 
given by 
RAH (z, Z) + pH (z)= 0, 2AA (z, Z) + nA (z)= 0. 
The condition that these two equations in A and p have a solution in 


common is 
Th(2,2)A(a) -Al DHM = 0. 


Kreg 2 atte Cyd dL oi wie preuges cus, meres mare yuna UL (2) or tne Hugi- 
eection of these two varieties. The eyumion of the projection ot this mier- 


section upon Si: za == 0 is therefore 
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Va: H’(y,2)4’(y)— 4 (y, @)H’(y) =0, 
which is the equation of a three-dimensional cubic variety containing a plane. 
The equations of this plane are 

A’(y,2)=0, A’ (y, 2) 0. 
But, in general, the projection upon S, of the intersection of two quadric 


varieties is a quartic variety. The residual part of this projection is the 
three-space corresponding to (Z) in the stereographic projection. This three- 


space is H (y, 2)= 0, 
the intersection of the tangent S, to 
HA (z)=0 


at (Z) and the 8, of projection. This is the three-space of the double quadric 
of V4. 

Therefore, among the œ+ quartic varieties which are invariant under G’s2 ` 
there are oo% which are composite, consisting of the cubic variety and the 
three-space of the double quadric. 


4. G32 of cubic transformations in 83. The plane 
A’ (y, Z)= 0, A’ (y,Z)=0 
meets the quartic surface 
A’(y)=0,  H’(y)=0 
in four points which are double points of 
Vs: H’(y,2)A’(y)— A’ (y, 2) H’ (y) = 0." 
Vs can be projected stereographically into S: ys = 0 from any one (Ẹğ) of 
these four double points. The equations of the projection are 
(4.1) Lg = Yos — Yoo; (g=1-- +4). 
Conversely, given a point (x) in ys = 0, the point corresponding to it on V; is 
(4.2) Yo = Wio + ktg; (g=1- » +4) 
Ys = WYs; 
where 
k= — 2 [II (x, 2) A” (z, §)— A” (x, 2) HH" (2, 9)] 
w == IT" (a, 2) A” (a)— A” (a, 2) H” (x).+ 








* The properties of a three-dimensional cubie variety containing a plane are dis- 
cussed by Segre, “ Sulle varietà cubiche dello spazio a quattro dimensioni e su certi 
sistemi di retie e certe superficie dello spazio ordinario.” See sections 5-11. Memorie 
della Reale Accademia delle Scienze di Torino, Ser. 2, Vol. 39 (1889),- pp. 3-48. 

t The H” and A” are used to denote functions similar to the H”s of equations 
(3.2) but for which the summations are from g = 1 to g = 4. 


ro a . O pr H oeae S aty Aata Pr : a7 
ate hits F ade A rosii nj iann a? ryote ede va 


(4.2) (PA (4.1). Le 
m= A H p A e p H e). 


add 


The equations of the transformations T” can then be written im the forte 


hae gl =- bry wji- 22 yin 

(i= 1-+-4) r’ = kr, ; (ree ri). 
T dl v- hijo -r RUJ Gr- Gem; (=l: +4). 
Tle Lr! = Trak — 2 (ris - - 7Zsr)mM; (r=1-- 4). 
Thays X = — kri — Rw Gi + Zim 

(i=1- 3 gj’ = —- hx; — Rw]; + 22m 


peed ay’ = krr; (r=i1:::4, ri, j) 


T'is: Ti = — ktis + 2 (Zips — sji) m . 
(t=1:--4) Er = kars + 2Grsu — 223m; (r=1---4, ri). 





TT" ie: wil = —- kris — 2w is + 2259im 
(t=1---4) Lr’ = ktrs — 2 (2-5 —isr)m; (r—=1---4, rit). 
T" se: x,’ = ka, + wjr — 23,-m; (r=1 4) 
Tiaj: T = — he, — 2wy, + 2Zm 
(i = 4 gy = — kri — wyi + zım 
j =8. t4 gy = — kr; — wyj -+ 22;m 


tÆ] Tr = hr (r==2---°4, 1, j). 


PT" vis: ty = — hays -+ 2 (AGs aa Rs.) m 
(i= 2---4) ai =- hes + 2 (Fide: -ži)m 
te = kris + 2H -Ys — 225Yrm ; (r==2+-+-4, ri). 


Tiis: By =- - kri Gs — mGA + 225m 
(i=: 4) t=- krapo wid Aam 
Be —histe BaL aA; (r=? 4, KI). 
PC sa8! t ==- hs, 


r,’ apy ee Dar as wt tr D. POR. 
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respectively, have a solution in common. Therefore, if k==0 and w == 0 
when H” (2,2) and A” (2,2) are not both zero, m = 0. But k==0 and 
w == 0 intersect in a Cs, which is composite, consisting of the straight line 


Cı: H’(a,2)=0, A” (a,2)=0 


and a Cs. This O, is therefore a fundamental curve of all of the transforma- 
tions of G59. 
The fundamental points O” of the transformations T” of the first species 
are: 
0:”: (a1, tye 0) 
0;”: (Er cl Ur) 
On”: (2, = 245 — ZsYr) . 


The point O” is a double point of each of the surfaces of the defining web 
of the corresponding T”, and hence the six transformations of the first species 
of G3. are monoidal. The fundamental points O” all lie on the common 
fundamental C's. 

If (p) represents a point on this Cs and if the point O” is represented 
by (z), the codrdinates of any point (x) on a line joining (p) to (z) are 


(4.3) Lg = Apg F py" 3 (g=1---4). 


If the 2’s in the equations of the transformations of the first species of G’’s2 
are replaced by their values from (4.3), the image of any point on this line 
is found to be the point (p). Therefore, the image of Cs under a trans- 
formation of the first species of G52 is the quartic cone having the corre- 
sponding O” as vertex and containing Cs. 

The image of O” under its corresponding T” is the quadric k = 0. Both 
C, and Os lie on k= 0. The two systems of generators of this quadric are 


A” (a, %)— pH” (x, 2)= 0 


(1) A” (a, 9)— pH” (x, 9) =0 
and 
(2) A” (a, 7) —2A" (a, G)— 0 


H” (x, %)— AH” (a, 9)=0. 


C is a line of (2), and, therefore, its symbol on k = 0 is [1,0]. The symbol 
of the complete intersection of k =0 and w =Q is [8,3], and therefore, 
Cs must be of symbol [2,3] on &==0. Hence, through each point O”, passes 
one line of the regulus (2) and therefore one trisecant of C;. This line is 
a fundamental element of the transformation to which O” belongs, each point 
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of the line having for its image the whole line. The equations of these 
fundamental lines are: 


Tay: 
iH” (a, 2)— ZH” (x, 9)=0 
iA” (x, Z)— HA” (z, G) = 0 
Ds: 
H” (a, 2) H” (9) — H” (<, 9) H” (G, )=0 
A” (x, 2) A” (9)— A” (2, 9) H” (g, 2) = 0 
Le: 


H” (x, 2) [9sH” (g, 2)— 2H” (4) ] 
— H” (x, 9) [sH (2)— 25H” (9, 2)] = 9 
o A” (x, 2) [GsH” (9, 2)— 23H” (4) ] 
— A” (2,9) [GsH" (2)— zH” (9, 2) ] =0. 
The complete Jacobian of a transformation of the first species consists 
of k? and the quartie cone. 
The invariant surfaces of the transformations of the first species of G’’s2 
are found by projecting the Qs into y¥,=0. Their equations are: 
OL: wii + kri — žm = 0 
Qs”: wis — Zm = 0 
Q”: m=0. 


The general plane of the system through O;” is 


ÀTr, + Urs + VIr, == 0. 
Under T;” this becomes 


k (TrA + Mtra + Vir) = 0. 


But k = 0 is the image of O”, and, therefore, the plane is transformed into 
itself. Any line 7 in such a plane, z, goes into a cubic curve under 7,4”. 
Since the line J meets & in two points this C, must have a double point at 0;”. 
But, if a line Z meets the fundamental trisecant Li, the trisecant itself is a 
component of the image, and the line goes into a conic. But J has one other 
point S in common with k = 0 and meets each of the lines joining the point 
O” to the two residual intersections R,, Rə, of Os and +. Therefore, the 
image conic passes through O;”, Rı and Rẹ A similar argument holds for 
T:” and Te”. Therefore, in any plane of the pencil through L, the corre- 
sponding T” of the first species of Gs. is quadratic, the image of any straight 
Tna Thing p comin throirh P. Po rva O”, 

vor transrormations of the second species, the sundamental elements 
which are transformed into $ -0 are the itreight lines: 
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OF OES tr, = 0; (ry = 1: -4) 
Lr, = 0; (roa 1:°°4, 725449, TÆT). 
0;"05" : LryYrz je Err, = 0 9 


LrYrg as Err. IS 0 
(m= 15+ +4, =l +4, n=l -4) 
(11 Ta ETs; Ti TaT £t). 
0:”06”: Er, (Zrls mis 2sYr,)— Lr,(2r,9s sal sIr) = 0 
Er, (Eres ae ZsYrs) m Era (ris — ZsYr,) = 0 
(rp =l: +4, res1- + +4, ree l- + +4) 
(rE Ta ETa; Try Try Tat) 
05” 06”: Uy (Gots = Zaja) +z (a2: — Zs) ~+ z3 (Jia — 21,92) = 0 
Lo (FaZa — Zaga) + (Yabo — aJo) ta + La (Fos — Zee) = 0. 
The cubic surface 
Z; (wi + bzi)— ži (wg; + krj) = 0 
meets each of the cubics 0,’ and Qy’ in the 
Cy: 23 (wifi + kei)— 3, (wif; + kaj) = 0, m= 0. 
This Cs is the complete intersection of the two cubics Q,” and Q,”, but it is 
composite, consisting of the Os and a residual C,. This C, is therefore point 
by point invariant under the transformations T’’;; The equations of these 
invariant C, of the transformations of the second species of G2 are 
Cais: (Zii — tgi) A” (@)-— 2 (jai — T434) A” (w, J) = 0 
(ži — Zigi) H” (a) — 2 (2zi — riži) H” (2, 9) = 0 
Oas: (Hits — Zis) A” (4) — 22:4” (s, J) = 0 
(Gits — 2495) H” (x) — 2r: H” (x, 9) = 0 
Care: Yi A” (a)— rA” (a, Y) == 0 
Gi” (£)— ReH” (x, 9) = 0 
Cage? A” (z)=0 
H” (x)= 0. 


If r is the rank of a space curve Cm, and Cm and Cm form the complete 

intersection of two surfaces, Fy, and Fy, then 
m(u +v —?2)=r +t, 

where ¢ is the number of intersections of Cm and Cm. C4 and Cs form the 
complete intersection of two cubics. The Os was of symbol [2,3] on k==0, 
and the number of apparent double points of a curve of symbol [f1, k2] is 
W (hy? + ka? — kı — k2). Therefore C; has four apparent double points and 
is of genus 2. r= m(m—1)— 2h, and therefore Cs, p == 2, is of rank 12, 
andt=8. Therefore Cs and C, have 8 points in common. 
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The fundamental lines of the transformations of the third species are: 

Laji (giz; — igi) + 24 (Již — Gis) + 2; (Gži — Fits) = 0, 

Er = 0 
Lais: £: (Zis — Zi) — Li (Z1Ys — Zs ) = 0 

Er Yrs — Err = 0 
Laris: Eri (Zres asYro) Teg Tra (Žr ğs aei 2sYr,) =0 

Tii — Lif. = 0 
Lise: 2, = 0 

Errr, + LrsYr2ry + LreWrser, =i Errar, ——. Erir ars R: LroYrierg = 0. 





The invariant elements of the transformations of the third species are 

isolated points, for the 
Cs: 2, (wifi + ke.) == 2, (wii + hai) =—(wij; + bea; 3; 
meets each of the cubic surfaces 2,”, 0;”, 2;” in the configuration of points 
represented by the equations 
2, (wy. + ha.) = Zi (wii + bai) = 2; (wij + kzi), m = 0. 
These would in general represent 27 points, but the equivalence of Cs, p = 2, 
is 23, and, therefore, there are four residual points of intersection which are 
invariant under T”; The four points which with C; form the complete 
intersection of 
2, (wir + key) = wists = 0, m=—=0 

are also invariant under 7”1i;.. The invariant points of T’’1:5 are those which 
with C, form the complete intersections of 


2, (wy, + ka.) = 2; (wii + boi) = ZH sw, m == (0) 
and of 
Žr, (WY, + kar,)== Bry (Wira + ktr) = 0, m = 0. 
Those of T”iis are those which with C; form the complete intersection of 
% (wi, + kri) = ži (wg: + kr:)= 0, m == 0 
and of 
Žr (WHr + kzn) = Zra (Wira + ktr) = W25Ys; m= 0, 
and those of T”ise are those which with Os form the complete intersection of 
Z (wi + kay) == Z5Y5w = 0, m == 0, 
and of 
iR (u Uns “4- hay, )— uy Cedi i. heyy) -> i; { u Irs : kalada in = 0, 
The taehsi0imations ol cue fast epeces Ga Ús: uae anunuiddd, tole 


those of the second and third species are nor, The yacious types of non- 
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monoidal cubic involutorial transformations have been discussed by F. R. 
Morris.* In the work which follows, frequent reference has been made to 
his paper. 

If a non-monoidal cubic transformation is to be involutorial, all of the 
cubics of the defining web must have a Ce, p = 3 in common, and the image 
of a point P may be defined as the point of intersection of the polar planes 
of P with respect to all the quadrics of a bundle having Ce as the locus of 
the vertices of the cones of the bundle. If this bundle of quadrics contains 
a composite quadric, the line of intersection of the component planes of this 
quadric must be a component of the vertex locus, and the whole locus consists 
of Cs, p = 2, and one of its bisecants. This composite sextic is the funda- 
mental curve of the corresponding non-monoidal cubic transformation. 

The transformations of the second and third species of Gs. are of this 
type, and, from the properties of the general non-monoidai cubic transforma- 
tions in Ss having for their fundamental curves C;,’s consisting of Cs, p = 2, 
and one of its bisecants, the nature of the principal systems of these trans- 
formations can be determined. For the case in which Ce is non-composite, 
its image consists of the co! trisecants of Ce, which constitute a ruled surface 
Rs: 0,3. If, however, the Ce is composite, consisting of a Cs and a line, this 
Rs breaks up into two parts, one consisting of the bisecants of C, which meet 
the fundamental line and the other of the trisecants of Cs. The trisecants 
of Os form one regulus of a quadric containing Os. This quadric is the image 
of the fundamental line. The bisecants of C; which meet the fundamental 
line generate a ruled surface of order six, containing Cs as a double curve and 
the fundamental bisecant as triple line. This sextic surface is the image of Cs. 
Therefore, for a transformation of either the second or third species, the 
principal system consists of the quadric surface, k = 0, image of the funda- 
mental line, and the image of Os which is a ruled sextic surface, containing 
the fundamental line as triple line and the Ọs as double curve. 

Any plane through 0;”0;” has an equation of the form 

Atr, + ptr, = 0. 
Its image under T”; is 
ie (A£r, + Uira) = 0. 
The image of 0:”0;” is k= 0, and therefore under T”:; every plane m of 
the pencil through 0;”0,” is transformed into itself. Under T:” the image 
of any straight line J of m is a cubic curve having a double point at 0;”. 
Since 7 meets each of the lines joining O;” to the three residual points of 
intersection R,, Rz, Rs of Cs and r, the image cubic must pass through these 


* Morris, “ Classification of Involutory Cubic Space Transformations,” University 
of California Publications in Mathematics, Vol. 1, No. 11 (1920), pp. 223-240. 
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points. Under 7,” this cubic goes into a Cə. But, since Cs contains 
O;”", ke (the section of k= 0 by +) must be a component of this Cy, as 
must also the lines joining O; to the three residual intersections of Cs and 7; 
and the line 0,’0,;”, counted twice, is also a component. Therefore, the 
image of I is a conic containing R,, Rə, Rs. The same argument holds for 
planes through the lines 0;”0;”, 0:0”, and O5”O,’. Therefore, in any 
plane m of the pencil through a fundamental line, the corresponding trans- 
formation of the second species is quadratic, the image of any line Z being a 
conic containing Ri, Re, and Rs. 
The equation of any plane through the line Lyi; is 


Nos (Již; — G52) + Ati (YZ — 2ga) + ATi (Gizi — Git) + ptr = 0. 
Under £14; this goes into 
He Aes (Již; — GBs) + Ati (Gye. — sds) + Az; (J:i — Yes) — ptr] = 0. 
The component k= 0 is the image of Lii; and any plane through Ly; is 
transformed into a plane through Li; The particular plane of the system 


through L,;; which contains 0,”, 0;”, O;” is r = 0, and this is transformed 
into itself, as is also the plane containing O-”, Os”, Oe” or 
tı (Již; — Fii) + t: (Již — Grids) + z (Giz — Yi) = 0. 
Let the two points common to D4; and Cs be R, and R. Then in the plane 
determined by 01”, 01, O7”, any straight line Z goes into Os: 0:0;R,2.0° 
under 7,”. Under 7,” 
C3: 0,0;R,R.0,? ~ C2: RıR0;. 
Under T,” 
02: RyR.0; ~ C2: 0,0;0;. 


Therefore, in this plane, the transformation 7’’1:; is quadratic, any line being 
conjugate to a conic through O,, O: and O;. A similar argument holds for 
the plane through Liij and O,’, Os”, Os”, and also for the corresponding 
planes through the other fundamental lines L and their corresponding trans- 
formations. Hence, associated with each transformation of the third species 
of Gs. are lwo planes which are transformed each into itself and in which 
the transformation is quadratic. 

The projection in ys = 0 of the intersection of the given Vs and another 
Fa of the system 

IPER) BG DEG) 0 


Fri we H (e, 2) BY (a) 2B EE e  | 
+ [2H (x, 2) BY (9, @)-- B” (D, 8) U(r) -— 2B" (a, 8) H” (2,9) | 
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on which k= 0, w= 0, 
is double. But H” (x, Zz)= 0, the image of (9), is a component of Fy. The 
other component is 
Fe: B’ (9) w? — 2B’ (¥, Z) wm + 2kwB” (G, x) 
— 2B” (a, 2) km + B” (a) k? = 0. 

The double line 

Ci: H’(2,2)=0, A” (2,2)==0 
lies in the plane H” (g, Z)= 0, but the double Cs does not, and hence there 
are œ Fe: Cs®, Cı, which are invariant under Gp. 

Every cubic variety of the «3 system 

IK (y, 2) B’ (y)— B’ (y, 2) H’(y) = 0 
is invariant under G’: The cubic variety 

H (y, 2) A’ (y)— A’ (y, 2) H’(y)= 0 
has (¥) as double point, and every variety of the system contains (4) simply. 
A variety of the system will have (¥) as a double point provided B’(y)—0 
and B’(¥,z)—0. Therefore, there are %1 cubics of the system which have 
(J) as a double point. Let 

H (y, 2) C’ (y)— (y. 2) H’(y) = 0 
represent one such variety. The projection in Ss: Ys = 0 of the intersection 
of this variety and 

Hi’ (y, 2) A’ (y)— A’ (y, 2) II’ (y) = 0 
is composite, consisting of 

A” (x, 2)==0 
and the 
Fa: kO”’ (x2)— 2mC” (a, Z) + 2we” (x, 7) = 0. 

Therefore, there are œ? F: C; which are invariant under G32. The F, have 
all six of the points O” as double points and contain the fifteen lines joining 
these in pairs. The quadric cone K», determined by a vertex O” and the five 
lines of F, which pass through it, meets F, in a Cs which is composite, con- 
sisting of the five lines and the Cs determined by the six points O”. The I’, 
must therefore contain this Ọs. An F, having these properties is a Weddle 
surface, and, since the Weddle surface is known to be irrational, and F, and 
[H’’ (a, 2)]*—=0 form a composite Fe of the system of surfaces invariant 
under G2, the general sextic of this system cannot be mapped upon a plane. 
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ON THE CAPACITY OF SETS OF CANTOR TYPE.* 


By Oxtver D. KELLOGG. 


1. Introduction. Tf E denotes any bounded set of points, then Æ, 
together with its limit points, contains the boundary of an infinite domain T. 
To this domain and to the boundary values 1, may be assigned, by the method 
of sequences,+ a harmonic function, called the conductor potential of the set 
E. This conductor potential, V, is unique, in the sense that it is the only 
one yielded by the method of sequences, and in particular, is independent of 
the sequence of regions with T as limit. The points of Æ at which V ap- 
proaches 1 (and also points of Æ not boundary points of T), if such exist, 
are called regular points of E. All other points of E are called exceptional. 
The total mass, as given by Gauss’ integral, producing the potential V, is 
called the capacity of E. 

The question of the unique determination of a harmonic function by 
continuous boundary values, not yet generally settled for boundaries con- 
taining exceptional points, would be definitely and affirmatively answered 
if the following lemma were established : 


Any bounded closed set of points of positive capacity contains regular 
points, 


This lemma was formulated“in 1926,t and established in the case of the 
logarithmic potential in 1928,§ but it has not yet been proved in the case of 
the Newtonian potential. In view of this fact, and of the central position 
of the lemma with respect to the Dirichlet problem for general domains, the 
consideration of the lemma in special cases appears to be a task worth while. 

=~ In particular, the sets of Cantor type, studied in the following pages, 
have a peculiar interest, for the following reason. Some of them have 0 
capacity, and some positive capacity. The latter owe their positive capacity 
to the relatively great separation of the points of the set, a quality which 
ordinarily reduces the likelihood of regular points. It would accordingly 


* Read before the American Mathematical Society, September 11, 1930. 

+See Kellogg and Vasilesco, “ A Contribution to the Theory of Capacity,” Ameri- 
can Journal of Mathematics, Vol. 51 (1929), pp. 515-526. References to the literature 
are there given. 

= Relloes, “On the Classieal Dirichlet Problem for General Domains.” Pronet sa 
of rhe National Academy at Serereen, Vol 12 (1926), p 108, ivot gote 21. 


§ Kclogg, “ Cnicité des fonctions harmoniques.” Comptes Rendus, Vol. 13 (1928), 
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seem probable that if the lemma were to fail, it would fail for a set of this 
sort. In the general cases studied, it is true. 


2. Construction of the Sets of Cantor Type. Let C denote a closed Y 
cube, of unit side, and let a, a, &s,' © + be an infinite sequence of positive 
proper fractions. We remove from C all points whose distances from any 
of the three planes through the center, and parallel to the faces, are less than 
a;/2. There remain eight closed cubes of side 8,==-(1—«,)/2. From each 
of these, we remove all points whose distances from any of the three planes 
through the centers and parallel to the faces are less than 8/2. There 
remain sixty-four cubes C2 of side 82 =(1— a,)8,/2. Continuing in this way, 
there are defined 8" cubes Cn, of side 8, =( 1 — on) 8n1/2, n = 1,2, 3,° °°. 
The set of points E common to all the cubes of the infinite set thus deter- 
mined, is the set of Cantor type corresponding to the sequence [ai]. 


3. A Lemma on Capacity. Using the notation of section 1, and denoting 
the capacity of E by c(Z), we have 


Turorem I. If U is harmonic in T (and this includes regularity at 
infinity), and never negative, and if its lower and upper limits on the boundary 
of T lie between a and b,0 < a S b, then 


m/b £ o(B)S m/a, 
where m is the mass producing U, as given by Gauss’ integral. 


Proof. Given e O < e< a, we consider the domain U<a—e. This 
is an infinite domain, lying, with its boundary, in T. Its conductor potential 
is U/(a— e), and hence the capacity of its boundary is m/(a—e). But 
the capacity of a set is never greater than that of an including set,* and hence 
c(#)S3 m/(a—e). As c(#) is independent of e, the second inequality of 
the theorem is established. ss 

For the first inequality, we note that U/b never exceeds 1 near the 
boundary of T, and that it is therefore less than 1 in T. Accordingly, the 
conductor potentials of the sequence of domains approximating to T all exceed 
U/b in these domains. Hence their limit, V, the conductor potential of T, 
is nowhere less than U/b.. If V— U/b vanishes at any point of T, it is 
identically 0, by Gauss’ theorem of the arithmetic mean, and then c(£)= m/b. 
Otherwise, there is an equipotential surface, V — U/b = k, k > 0, enclosing 
E, on which the derivative of V—U/b in the direction of the normal, 


* See Kellogg, Foundations of Potential Theory, Berlin, 1929, p. 331. Here fur- 
ther properties of capacity are treated, and the method of sequences described, , 
pp. 322-338, 
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(counted as positive in the sense in which it points into the infinite region 
bounded by the equipotential surface), is never positive, and somewhere 
negative. Gauss’ integral, extended over this surface, yields 


o(E)— m/b iS fae" —UAyas >o, 
S 








and the first inequality of the theorem is established. 


4. Inequalities between the Capacities of Certain Sets and Subsets. Let 
C denote a closed cube of side 8, and C’ any one of the eight cubes formed 
from C by discarding the points whose distances from any of the three planes 
through the center and parallel to the faces is less than 8¢/2 (0<a<1). 
Let e denote any set of points in one of the cubes C’, and Æ the set consisting 
of e and the seven congruent and symmetrically placed sets in the remaining 
cubes ©”. We desire inequalities on c(Z) in terms of c(e). 

We consider first the sum U of the conductor potentials of the eight 
sets e, at the points of #. Let P be such a point. The conductor potential 
of the subset e to which P belongs, does not exceed 1. The value at P of the 
conductor potential of any of the other sets e does not exceed c(e) divided 
by the distance between the two cubes C’, one containing P, and the other 
the subset in question.* Hence 


wr 


where w” is a number, about 5.701. As the mass producing U is 8c(e), 
it follows from theorem I that 
o(B)= 8e(e)/[1 + o(¢)p”/a8]. 

To obtain an upper bound for c(/), we first replace each set e by an 
including set ë, béunded by one or more surfaces such that the Dirichlet 
problem is possible for the infinite complement of ë and any continuous 
boundary values. This can be done in such a way that the sets @ lie in the 
cubes C’, for instance by enclosing the set e, with its limit points, in a finite 
number of spheres, and discarding the portions of the spheres outside of the 
corresponding cube O’. Distinguishing by a bar the quantities for the sets ë 
from the corresponding quantities for the sets e, we may reason as follows. 
The value at a point P of # of the conductor potential of the set @ to which 
P ‘longs, is i, because the Dirichlet problum is possible for the infiuite 
Made deer TE O UG Conor ren oro, Hr Ved ges +` i tAE GE TE P a 


“pee Foundations of Potential Theory, 1. ¢., p. 331, exercise 4. 
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potentials of the seven remaining sets é@ is not greater than c(é) divided by 
the greatest distance from P to any of its points (or any greater distance). 
Hence 

Ü(P)= 1 + cla) u/s, 


where w is a number, about 5.026. It follows from theorem I that 


o(#) = 8e(8)/[1 + e(ë)w/è]. 

In the limit, as the enveloping surfaces shrink down on the sets e, we have 
the same inequality for the sets Æ and e. 

We shail find it convenient to use the inequalities derived in the form 
(1) 1/8¢(¢) + p//88 S 1/c(L)S 1/8e(e) + u”/8a8. 
Since c(e)==0 implies c(#)=— 0, and conversely, vanishing capacities need 
not be excluded from the inequalities in this form, provided they are under- 
stood in this sense. 


5. A Necessary Condition that a Set of Cantor Type Have Positive 
Capacity. Let E denote a set of Cantor Type, and let yn denote the capacity 
of that portion of Ẹ in one of the cubes Cn, i. e. yn =c(E > Ca). The first 
of the inequalities (1) then yields 

L/yn = 1/8yns1 + R / Bòn 
Replacing n successively by 0, 1, 2,---m, and adding the resulting in- 
equalities, we have 
1/yo = 1/6(E) = (p!/8) [1 + 1/88: + 1/8282 +- ` ++ 1/878] + 1/8" na, 
(n = 1, 2,3,- + -). 
The two terms on the right are never negative, and we therefore infer 


THEOREM II. Necessary conditions that the capacity of the Cantor set E 
be positive, are (a) that the series 


oO o-- n 
(2) È 1/88, = È 1/[# I 1 — a) 1, 
converge, and (b) that 8"yn have a positive lower bound. 


Incidentally, we remark that the series (2) will converge if lim sup an 
< 3/4. It will diverge if lim inf gn > 3/4. 


6. A Sufficient Condition that a Set of Cantor Type Contain Regular 
Points. From the criterion of Wiener for the regularity of points may be 
derived the following *: 


*See Kellogg and Vasilesco, loc. cit., p. 519. 
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The point P of E is regular or exceptional, according as the integral 


is divergent or convergent, c(p) being the capacity of the portion of E in 
the sphere of radius p about P. It will be convenient to know that in this 
integral criterion, the function ¢(p) may be replaced by the capacity C(p) 
ot the portion of E in a cube of fixed orientation, of half-side p, and with 
center at P. But this fact is made evident by the inequalities 


(oP y 1 fe oD a, sfa afl in f io; 


p? 3% Jesh p 











which show that the integrals involving c(p) and C a converge or diverge 
together. 

If P be taken at a corner of the unit cube C, then C(8,)— yn, and the 
second inequality (1) will give us information about the function C(p). 
Applied to the subsets in On and Cris, it yields 


L/yn S 1/8 yn + pw” /8ens8n- 
Combining this inequality with those obtained from it by replacing n by 
a+1,n-+2,:--n-+ p—1, we find 


tae 1 J 1 tote Hg 


yn 8 Ons18n 8G ns28n01 8? Ons pOnsp-1 8? Ynip f 





We should now like to allow p to become infinite, discarding the remainder 

term outside the bracket. But it is not clear that its limit is 0. The diff- 

culty can be turned by replacing FE, for the moment, by the set of all points 

in all the cubes Cup; if we then denote by yn,» the capacity of the portion 

of this set in a cube On, we have yn = lim yn», and ¢(Cnip)—= K8n1p, where 
prow 


K is the capacity of the unit cube. The above inequality then becomes 
E a pe eee er eee gee Oi Pere A 
Yno 8 Ons18p RO ns28n41 BP len nOnap-t 8° K Snip 


If we confine ourselves to the case which alone interests us, namely that in 
which the capacity of EF is positive, the series (2) converges, and the term 
outside the bracket approaches 0 as p becomes infinite. The result is 


(3) 1 Yan Z (u a /8)s° Ry 1—13 





a mr a z 4 a) = 
vitae Wy 3+ the reimainder, artes n wis, of the auies 


x 
(1) D 1/8! a8, 8, = 1). 
0 
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Returning, with the inequality (8), to the integral criterion for regu- 
larity, we note that 


Ön in 
J, [C (p) /p?]dp = Yni f dp/p? =x veel ona ree 1/8n), 
ee Ont 
and hence that 
(5) $1000) /0* dp 2 Š yee (18an — 1/3) 
= (8/u")3 (1/8) (1/8ns1 aaa 1/8,)—= (8/1) È [1/8**18,.42 2] [1 + Sines) /2]. 


AS &n lies between 0 and 1, we arrive at 


Tueorem III. A sufficient condition that the set E of Cantor type have 
a regular point, is that 88, become infinite with n, and that the series 


(6) Š 1/8 8n Ra 
diverge. 7 

In order to apply this condition, we shall have need of a theorem on 
infinite series with positive terms, which is a special case of one due to Dini,* 
and which may be stated as follows: 


^ 
If Dien is a convergent series of positive terms and if Ta- = Ca + Cnu Fte 
i 


denotes its remainders, then the series 


z Cn/Tn-i 

is divergent. 

7. Establishment of the Fundamental Lemma in Two General Cases. 
We proceed to establish the lemma in the two cases (a) in which the terms 
of the sequence [«;] have a positive lower bound, and (b) in which this 
sequence has the unique limit 0. 

In the first case, on the hypothesis that Æ has positive capacity, the series ` 
(2) converges, by theorem II. Since the a; have a positive lower bound, the- 
series (4) also converges. It then follows from the theorem of Dini that 
the series 


a. 
> 1/8 18n 10nn 
1 

diverges, and from this follows the divergence of the series (6). The con- 


* See Knopp, Theorie und Andwendwng der unendlichen Reihen, Berlin 1922, p. 285, 
2nd ed., (1924), p. 294, or Fort, Infinite Series, Oxford 1930, pp. 42-43. 
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vergence oi (2) implies that 8%8, becomes infinite with n, and hence by 
theorem II, E has the regular point P. 

The second case can be reduced to the first by the following device. 
We form a subset Æ’ of E by omitting those points of E which are in those 
cubes Ca which are not at the corners of C, omitting the points in those cubes 
C, which are not at the corners of cubes Cz, and so on. Those points of # 
are omitted which are in those cubes Cen,» which are not at the corners of 
cubes Con. It is at once clear that Æ” is a set of Cantor type, and a little 
reckoning shows that the sequence [«;’], which characterizes it, is as follows 


a = a, + (1 — a) (1 + a2) /2 
= 1/2 + [a2 + a1 (1 — a) ]/2, 
Os" = 1/2 + [24 + ga (1 — a4) 1/2, 


On? = 1/2 + [zn + Gon-1(1 — Gon) 1/2, 


The expression for a,’ shows that lim a,’ == 1/2, and it follows from the 
remark following theorem II that the series (2) for E’ converges. The same 
expression shows that a,’ > 1/2, and it follows then from case (a) that the 
series (6) for Æ diverges. Theorem III then shows that Æ has regular 
points. Hence, E, which contains Æ’, also has regular points. 

We remark that the reasoning employed above shows that in the cases 
studied the vertices of all the cubes Cn are regular points. Thus the regular 
points, in these cases, are everywhere dense in #. If the fundamental lemma 
is true, this property is possessed by all reduced * sets of positive capacity. 

The fundamental lemma is thus established for sets of Cantor type, 
except when the set [æn] has two or more limit points, one of them 0. The 
series set up enable one to study further cases, but I have not settled them all. 
On the other hand, no cases have come to light in which the lemma fails. 


8. Two Remarks on Capacity in General. We formulate the first 
remark as 


THEOREM IV. Any closed bounded set of positive Jordan outer content 
conlains regular points. On the other hand, the set of Cantor type formed 
with g; = 1/2 shows that a set may have 0 outer content, and still have regular 
points, by theorem III. 

Tf the set is a Pai set, we may understand his ee referred ‘to as 
teut. Regularity refers to nate ior W ith respect to the AOA SAUTAN 

We give the proof of the theorem for the case of a plane set. Only 
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formal modifications are necessary for the case in which three dimensional 
content is involved. Suppose then, that F is a closed set, lying in the unit 
square, with the outer content a > 0. If we divide the square into four equal 
squares, the outer content of the portion of Æ in at least one of them will be 
not less than a/4. Call such a square S,. If Sı be similarly divided into 
four equal squares, the part of F in at least one of them will have an outer 
content not less than a/4®. Continuing this process, we construct an infinite 
sequence of squares Sı, S2, S3,:--, such that the outer content of the part 
of E in Sy is at least a/4”. If P is the limit of this sequence, then P is a 
regular point of E, as we now show. 

Let yn denote the capacity of the portion En of E in Sa. Then En can 
be enclosed in a set of squares of a quadratic mesh so fine that the capacity 
of this set of squares differs arbitrarily little from yn, while the area A of 
the set of squares is not less than 4/4”. Let U denote the potential of a spread 
of unit surface density on these squares. Then U cannot exceed, at any 
point P, the potential at P of a spread of unit surface density on a circle of 
area A with center at P.* It follows that U = 2(rA)%. As the mass pro- 
ducing U is A, theorem I assures us that the capacity of the set of squares 
is not less than 14(A/r)* 2 na (a/r)*%. Since this last expression is im- 
dependent of the fineness of the mesh, it follows that it is also a lower bound 
for yx. Using this lower bound in the integral criterion of section 6, we see 
that P is indeed a regular point of E. In fact, since C(p) is a monotonically 
increasing function of p, C(p)/p has a positive lower bound, and the integral 
is hence divergent. 

The second remark concerns the question of the possible topological 
character of the capacity of a set. Formulating it as broadly as possible, 
we ask: does a continuous «ne-io-cne transformation, not only of the set £, 
but of the whole of space, necessarily carry Æ into a set Æ which has positive 
capacity when, and only when, Ẹ has? 

The sets of Cantor type furnish an immediate negative answer. In fact, 
let the set Æ be characterized by the sequence in which æ; has the constant 
value 3/5, and Æ” by the sequence in which a has the constant value 4/5. 
Then Æ has regular points, and hence positive capacity, by theorem III, 
while Æ’ has 0 capacity, by theorem II. And there is no difficulty in setting 
up a continuous one-to-one transformation of space, carrying F into £’. These 
sets therefore constitute an example in point. 


CAMBRInGE, MASS., 
NOVEMBER 22, 1930. 


* See Foundations of Potential Theory, loc. cit, p. 149, lemma III (b). 


NOTE ON FRACTIONAL OPERATORS AND THE THEORY OF 
COMPOSITION. 


By Leonardo M. BLUMENTHAL. 


In this paper the methods and notation of the theory of composition of 
the first kind, developed by V. Volterra and J. Pérés,* are applied to certain 
fractional operators.+ The concept of the “finite part” of an integral de- 
veloped almost simultaneously by J. Hadamard and R. D’Adhemar f is em- 
ployed to give a new definition of negative fractional orders of integration 
that is amenable to treatment as a very special case of composition. The 
symbolism already in use in the theory of composition is utilized with obvious 
advantage in the theory dealt with in this paper. Finally, definitions are 
given for the operators in the case of the complex variable, the concept of 
“finite part” being extended to contour integrals. 

1. If a function F(z,y) can be put in the form 


a-1 
“7 — $(2, 9), 


P(2,y)— Ë Te 


where « is different from zero or a negative integer, and the function #(z, y), 
finite and continuous, is not zero for y =v, then F’(z,y) is said to be of 


regular order g. 
The resultant (Volterra product) 


FG = f "F(a, &) G(E, y)dé 


of two functions of regular orders « and £ is, by a fundamental theorem, 
of order « + 8. 
For « > 0, the integral of order « has been defined by the expression § 


* A systematic development of the theory is to be found in Volterra et Pérés, 
Legons sur la composition, Paria (1924). 

{ For a historical sketch as well as a bibliography sce “ A Survey of Methods for 
the Inversion of Integrals of Volterra type,” H. T. Davis, Indiana University Studies, 
No. 76, 77; also two papers by the same author, .Lincrican Journal of Mathematics, 
Vol. 46 (1924), pp. 95-109; Vol. 49 (1927), pp. 123-142. 

td. Hadamard, dinates de Peale Normale Steadcieure (19051, p. 122: RD Ad- 
aed, Joerres et Herons A poore, Pardes S0% po Top LS 

§0. H. Hardy, “ Notes on Some Points in the Integral Calculus,” Messenger of 
ST heosiiles, Vol. 47 (1917-18), p. 115. 
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Fah = L/P] [y— DF Oat, 


where the function f is summable throughout any interval of positive values 
of y, y = 0 included. Hardy, in the paper referred to below, shows that the 
expression exists for almost all values of y and is summable. It is to be 
noted that the lower limit of the integral is an essential part of the definition. 
Now * 
1¢=(y—2)*1/T (a). 


Hence we may write, putting F =f (y), 
al f(y) ] = fl, 


the lower limit x being a parameter which hereafter we shall omit exhibiting. 
The whole theory of integrals of positive order may thus be treated by means 
of the theory of composition. It is immediate, for example, that the operator 
F.[f(y)] obeys the index law 


PuP f(y) ] = Pool f(y) 1, p> r>0 
for Pfa) =f 
and FuP.(f(y)] =F) 1. 


But composition is associative, and hence 


Pu f(y) ] =fr), 
which, by means of the theorem cited above on the order of the resultant, 
yields 
PuPv[f(y)] = fle? = Pool y). 


Again, making use of the concept of fractions of composition it is immediate 
that 
tim Ff (y)] =F). 


2. When two functions are of negative orders, the integral defining 
their composition may not exist. It has been found, however, that all the 
theorems valid for ordinary composition hold if we agree, that whenever the 
integral F'G does not exist, we are to take the finite part of the integral.+ 
It is upon this that we base our definition of negative fractional order of 


* It is usual to place an asterisk above the ] to indicate the Volterra product. 
tJ. Pérés, “Sur la composition lére espèce: Les fonctions d’ordre quelconque et 
leur composition,” Rendiconti della Realle Accademia dei Lincei, (1917), p. 45, 104. 


the Prite part ot all non-conecraeut integrals is to be taken. 
Tet nove y - n We tans | Wee ome th tetenrad o ueeative noi r 


a hy the expression 
ad i i x t ká t -> : 
Fasti) i L LE Dif G TIARE 
t TA 


wy 
3. Finite part of f (y YP dt Let the function f satisiy 
a 


a Lipschitz condition throughout any interval of positive values of 4, and 


consider the expression 


T= lim | Bi To DANAA- der], 


where 


(1) f(y)=— no(y)- 


THEOREM. The limit J erists. 
We note first that J differs from 


aaa [fas ge tye j 


E> tytn 
by a finite term f(y) /y(y—- x)”; for 
r= lim [ f” g- -OOd + er6(y —6) 


-af D+ sy) \ +f | 








whence, using (1) 
R) Pont + fly)/yly ay. 


Now the limit J’ is readily seen to exist, for 


FEAD FAND, “p(y © ely) 
E a ae TE 


and using the Lipschitz condition 
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f Oota), 
and hence, by our definition 
: a v-e CROT o(y—e) d 
Falf) = lim f en dt + E 


If the function f is differentiable, this expression can be put in a more 
useful form. First we write I’»[f(y)] in the equivalent form 

















(3) Falf(y)] = vim [ f "UTITA a t+ ac a | Yi <y 
Now 
a e) w+ p) — it) 
GU- P Q-A 
whence 
oy) ("AOs Ot) gy, 2l) 
(y—4)" Í, Gym E Goa 
Substituting in (3), and taking account of (1), we have 
OE O e n 
v  #t) _ 1 døe) 
Sperry a haar” 


In general, if f is differentiable (p — 1)-times and its (p — 1)-si deriva- 
tive satisfies a Lipschitz condition, 


O f gordi fy orp (pat 
where 


h@=fy—f Wy) y—t)+ Py) Y— t)! 
-e (DAD (y) (y — t) (p—1)!. 
Now 
S aorar (— p— a H)=(y— s) 1y (1 — p— p). 
The first member of the right hand side of (5) is a sum of terms of the form 


(FO (y)7i1] f (g — treat 


and hence may be written 
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= (=D) ALT: a) 471 + 1 — pp). 


Whence 


ie 19 gas oe » FOA a 
L |) PH T GQ+i--p—-pil “J, (yH 
3. A few examples of functions obtained by the use of the definitions 


used in this paper are given. In this table we have set the parameter x equal 
to zero. The functions are obtained with a minimum of calculation. 


Falk] = k 11 = 1-9 = [E/T (1 — 2) ly", 
Paly*) = IAr (1 + e= [01 + k) E(k —q + 1) Jy", 


ise) 00 
Faler] = 3 lite 2 yi-1/T(i— n), also, from (4), 
i-1 


Yv gettin 


F afler] = ~ it, 
ale] aari o T(1—71) 
Falsiny] = X (~ 1eme X (— 1) ymyr (2p —y)]. 
p=1 pal 
For f(t) representable in a series 
F(t) ao + at + det? /2! et > H aat” /n! H>, 


convergent for 0 = t S y, we have 
wo 
Palf(y)]—= È latin) ly. 
4. Differentiation. The finite part of the integral 


{garg eat 


admits directly of differentiation with respect to y. It is performed by 
differentiating under the integral sign as though the integrand were con- 
tinuous at y and ignoring the fact that the upper limit of the integral is a 
function of the parameter. Thus 


Paty = E/E n)] S w Dde; 
dP a/dy = [(—1—a)/P(—9)] S y d, 


and since 
[(--1- Eip -fi El- a)i. 


” . 
dL, tiy [1, r( 1 u) | f (y - i) : (i)li -Laali (a)l. 
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It is readily seen that the operator satisfies the condition of linearity 
and the index law. The latter is immediate upon using the classical properties 
of the finite part, or may be even more readily seen by use of the theorems 
valid for composition of functions of negative orders. Thus 


BigP olf (y)] = Pap (FL?) me ( FL) 1 = FL) me fle” = Bp oF (y) ]- 


Example. Let us apply our definition of fractional operator to obtain 
the solution of Abel’s equation: 


oy f(y — u(t) at = atE(1—2), aes 


where the function (y) satisfies a Lipschitz condition (and is therefore 
absolutely continuous) and is not necessarily zero for y—0. Operating with 
the symbol 171, we have 


u(y)= [1T (1 —q)] pm = [1/T (1 — n) ] Paley), 


where, in accordance with our agreement we are to take the finite part of 
the non-convergent integral appearing in the right-hand member. But by our 
definition, the finite part of [1/T (1 — 4) ] Fxil¢(y)] is readily given, almost 
everywhere, by the eee 


T 0 t 
maada f faa] 


mo [ER T S pipni i] 


almost everywhere. But L. Tonelli has shown that the function u(y) deter- 
mined for almost all values of ¢ by this expression satisfies Abel’s equation 
for all values of the variable y. Thus, substituting, we have 


v u(t) =m 
So Gam TO me 
yan t (2) 
af a, (E— 2)” 
= $(0)-+ St F(a) S woad dz 
= s(0)+ f g) 
= $(y). 


* L, Tonelli, “Su un Problema di Abel,” Mathematische Annalen, Vol. 99 (1928), 
p. 191. 


Hence 
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KIN oak eth Ore PEt a GPE DOLL SEP A gees 
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Po oe cles w f ( zy tv yes 
E 


Consider the expression 
(6) fs) JEO- w) zil f E) exp] (y- 1Hlogtt z) ahn | A. 
c 


where L is an integer and the point z is a point of S or on C. We prove 
the following theorem: 
Turonem. f(s) = lim f "(z), p, a positive integer, erists and differs 
yp 
from the iterated integral of order p by a polynomial o(2) such that f #(2) 
--(2) is zero at the point z =a, together with its (p 1) derivatives, 
where ais a point within or on C. 











For 
meee EU p = y) 
lim ¥(2 == lim ae 
v Pte) yop (1—4) (2 —y) = (p--1--y) 
G wi) f (exp [y- 1)logU- 2)-+ Wri}] dt 
T i) a E 
Qari Ë K à 
E i Í f(t) G — 2)?" (log (t — 2) -+ 2hwi} dl, 
which is independent of k. 
Thus 


f-P(2) -lim F"(2z)—= [ (Lai) (C -1)2(p iT fF 1 2)?og(t cyd, 


of which the p-tb derivative is (1). Whence 


A ph tia f 
POC” Ats)> f a j ies f odiada m 8, 
u Eia (EAE ii 


Tho meert t er hate a ta Iru aa e Mae Sate et OT 
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For a fractional index the operator is a mixed linear polydromic func- 
tional with polydromic indicatrix. Now it is natural to define the positive 
fractional order of integration in the complex domain by the expression 


for (2)= [T (1 — u) /2ri] f (t— zya (4) dt, 0<p<1 


where the curve O has the origin as its initial and final point and incloses 
the branch point z, and an assigned branch of the multiform integrand is 
holomorphic in the region bounded by C. The choice of the curve O to pass 
through the origin is an essential part of the definition, since integration 
along two closed curves around z not both starting and ending at the same 
point will give different values to the operator. 


6. Development of fo*(z). The function f(t) being expressible in the 
oo eo 
form f (t)= F, ant”, the series (¢—z)#1 J, ant” can be integrated termwise, 
n=0 n=0 
and we have 
oo 
for) [T(L— x) /2i] $ af i(t —2) dt. 
n= o 


Now for C we chose a loop from the origin around the branch-point z 
and back to the origin. Whence 


f in (t — zyeidt = (1 — e?n) f PE amas, 
e 0 


where the integral may be considered taken along the straight line from the 
origin to the point z. I£ in this integral we put t == éz, we obtain 


1 
f eami — ere) (eana f En (1 — EdE, 


Whence 
for (2)=(1/2ri) T (1 — p) (1 — 0 i) omii gu A On (n 4-1, w)2” 
ay nET) a 
ECETES 


Thus this definition of the positive fractional order of integration in the 
complex domain as a contour or loop integral is seen to yield the same Taylor 
development as the definition for this operator adopted by Hadamard.™ ‘The 


*The Taylor development for the Hadamard definition is given in Mandelbrojt, 
“Modern Researches on the Singularitics of Functions Defined by Taylor’s Series,” 
The Rice Institute Pamphlet, Vol. 14 (1927), No. 4, p. 291. 


F ze E N By Ut ae + te TE fe poi 


paud abd sebees tO Mast tee anwely o this operator a pali or the aliauy 


TSt iiaea, Cas Gr Ga EN ate t Ge eo Ve Vout a 
~ Le Pannu pepe. 
Pode Sia {bre nonii runtin el onhe o inte ateo seus es’ 


entirely snu iar to that or toe unite part or an int gran Som. stead Gye 
is essential since in iutegiot ne a aupetion (E spe Padin Opi 
along (, a loop from the origin aroand the point z and back to the origin. 
the tateereal around the orele with 2 as center does not approach zero vith 
the radius oi the circle. We write, therciore 


Pa = rA fe D 


where, by definition 





J O O a E (ae, 


with the finite part of the integral in the second member being taken. Thus 


Kalf] SORTA $m) (eeren FY (a. ad 


PES rn thay eee ce — tł 7(0) e P) 
se eee l er Gt | 
% The Index Law for fo#(z). 





THEOREM. fo”fot(z)= for” (z), O<uv<l, ptrs€l. 
By definition we have 


Ifote) -[P(L- v) PCL: -p)/(2nt)?] f (t-.- 2) dt f (u — t) "f (u) du, 


where both O, and C'e have their initial and end-points at the origin and 
inclose the points 2 and € respectively. 

Now choosing Ca as a loop rnana the ongin around the poini # in the 
positive direction and hack to the origin, we have 


492 LEONARD M. BLUMENTHAL. 
fofo t (2) == (Yari)? r (1 —v) E (1 —- p) (1 — e27) (1 — ert”) 
J f(u)du f (t— z) (u — t) dt. 
ce) u 


A change of variable in the second integral enables us to write 





pope (a) DESPA EA — E TCTC) 


(2mri)°T (u +v) 
i (u — 2)#?-1F (u) du. 


Writing the expression as a loop integral around z the above expression 
becomes, after some reductions, 


a 





fjete) = TETE? f (u— ayumi (u) du, 


and hence 
forfor (z)= fot (2). 
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POTENTIALS OF GENERAL MASSES IN SINGLE AND DOUBLE 
LAYERS. THE RELATIVE BOUNDARY VALUE PROBLEMS. 


By G. C. Evans and E. R. C. MILE: , 


1. Introduction. The potential due to the most general distribution of 
finite positive and negative mass deposited in a single layer on a closed sur- 
face S may be written in the form 


(1) v= È grp Iler) 


where the mass function (e) is a completely additive function of point sets 
e on 8. The most general distribution of mass in a double layer on S yields 
similarly the potential 


(2) u(M)—= f cos ee ne) dv(ep) 


where v(e) is likewise a completely additive function; here np denotes the 
direction of the interior normal to S at P. In fact, for all the closed surfaces 
to be discussed the direction n is that of the interior normal to the surface, 
whether or not it may be interior to the region in question. 

In terms of these potentials, by means of Stieltjes integral equations, 
one can solve generalized boundary value problems of the first and second 
kinds. The first boundary value problem is solved by (2) when the limiting 
values are given of the quantity fudw, extended over an arbitrary portion 
of 8’, which is a surface neighboring S, as 8’ approaches 8. In the second 
boundary value problem, limiting values of the flux fdv/dn dw are similarly 
given, and the problem is solved in terms of (1). Special cases of these 
problems are the Dirichlet and Neumann problems, respectively, with bound- 
ary values summable on S.* 


2. Differential geometry of S and of its neighborhood. We assume that 
8 is a simple closed surface with a tangent plane at every point, whose orienta- 
tion changes continuously with respect to displacement of its point of tan- 


* A summary of this paper appeared in the Proceedings of the National Academy 
of Scicuees, Vol. 15 (February, 1929), pp. 102-108. Subsequently, the special cose of 
the Nenmann problem. the ne heine subject ta the restriction of ab elute cevt inn’ ty, 
Was Heated by Vo Gymther, Sur m ope uation Tos ind tarde. ae SRR JE eek 
problinie de Neumann.” Comptes Rendus de Acad mie des Sciences Vol, 189 fop- 
fewer, 1929), pp. 447 450, 
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gency on S. A further restriction which is of importance for the potentials 
(1) and (2) is that there shall be a constant T such that 


| cos(MP, np) | 
irrespective of the position of the point M, and 

| cos(QP, ne) | 
(2. 2) fet Ops dop < T 


irrespective of the position of the point Q on S, dw being the element of 
surface area of ©. A general type of such surface is furnished by the fol- 
lowing theorem.* 
Lemma. Let QP =s be the are length of the curve of section of 8 
made by the plane which is determined by ngo and P, and f(s) a positive 
8 
continuous, non-decreasing function of s such that f(s)/sds is a con- 


vergent integral. If there is a number © such that the inequality 


(2. 3) | q (me, ne) | = f(s) 


holds for all Q, P on S for which s = ©, then there is a constant T such that 
` (2.1) and (2.2) are satisfied. 


There is no loss of generality if we take 8’ small enough so that f(s)< 1, 
sss. 

We take p, 0, z cylindrical codrdinates of S in the neighborhood of Q, 
where p, 6 are polar codrdinates, referred to Q, in the tangent plane at Q. 
Let (8, Q) denote the portion of © containing Q which is bounded by the 
curve on S determined by p = ô. 

For a point P, in #(8, Q), where 8 is small enough, we have pi > Ysi 


p e . 
In fact, since s = f sec(s, p)dp and sec(s, p) & sec (ng, ns), where ns is the 
0 


normal to 8 at the point whose parameter is s, this relation holds for s, = 7. 
If, then, we let 8 — 8/2, g(p)=f (2p), we have f(s) g (p) for p & 8, where 
g(p) is a continuous non-decreasing function of p such that 


f L2 =ne) 
o p 


converges. Then (2.3) may be rewritten 


* Curves in the plane that satisfy the relation analogous to (2.1) have been studied 
as “curves of class T.” See G. C. Evans, “ Fundamental Points of Potential Theory,” 
The Rice Institute Pamphlet, Vol. 7 (1920), No. 4, pp. 252-329. See p. 261. 
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(2.4) | X (Mo, Me) |< g(p), (e = 8—=9//2), 
and we have also the relations 
(2. 5) z = 2pg (p) 

| cos (QP, ne) | = 2g (p) (p 8). 

| cos (no, np) | > Wy 

| dw | < 2pdpdé 
With respect to the integral (2.2), then, we have 
| cos(QP, ne) | 

(2.6) ee dop < 8nm/(8). 


But the point Q is distant by a not zero amount A from the set of points 
comprising S — o (8, Q). Hence 
ee | cos(QP, no) | dop— È +f < 8mm (8) + (1/A2)meas. S, 
QP w S-w 
and the theorem is proved with reference to the integral (2.2). 


The integral (2.1) may be considered first in the particular case where 
Mf is a point Q of S: 


rm f Los(QE, ne) | | coal ] cos(QP, np) | en eae 


where Is is extended over (8, Q), ve Ig = meas. §/A?. 
If we let y= <(QP,nr)— (QP, ne), we shall have |¥|<g(p), 
and therefore . 
| cos (QP, np) | = | cos(QP, nq) | -+ 9(p)- 


Hence Is < 124rm(8), so that 
(2.7) I < 12am(é)-+ (1/A?) meas. 8. 


For the general case, Af not on 8, let A(M) denote the distance of M 
from S, and T(J) the corresponding value of the integral (2.1). Then 


T(M)5 meas. 8/[A (M) ]?. 


If the T(M) are not bounded, for all W, there will be a sequence of points 
{M}, with lim P(4;)==0. Then, since lim A(Z;) ~0, the points M; will 
have a limit point Q on S. Without loss of generality we may suppose 


A RS ai We aes x ` . er p) D, 
` 1 $ v ‘ ý 4 


sequence. 
Ou account of the continuity in the orleutation or the normal, we huow 
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that there is at least one normal to S in the neighborhood of Q which passes 
through Jf;.** We may therefore, writing Qs for the foot of one such normal, 
suppose that lim Qs = Q, and accordingly lim MQa=0. We have 
(2. 8) T (Mr)= Ta(Mr) + Ts (AG), 
where the integrations are extended over w(8, Qx) and S—w(8, Qr), respec- 
tively. The second term on the right is evidently bounded, < K, for all Mx 
with & sufficiently large. 

As for To(Mz), we may write 


(GLP, n)= < AGP, ne) t y 





where 
lw [S| < (nosne) | 5 g (p), MiP = p, 
p being measured in the tangent plane at Qr. Hence as before 
| cos (MiP, na) | dwp + 4am(8). 


Ts (Mf) = 
(di) wa  M,P? 


But if we write < (MP, ne)—= <q (MP, ne)+ y”, where P’ is the projection 
of P on the tangent plane at Qr, we have 
| cos (MzP, ne) | S| cos (MP, no) | + | siny” |, 
sin y” S 2/p. 


Hence, writing w for the projection of o(%, yx) on the tangent plane, 





rane f RAH aste f (2/pt) do’ + drm (8). 
Ww’ X- = a 
But 
E _ i 
MP? MP” 
and therefore 


To(Mr)< 2 r ae do + 4 S Pae -+ 4am (8) 


< 4r + Sxm(8)+ 4mm (8). 


Hence, referring to (2.8), we see that (Mf) is bounded, contrary to our 


assumption. 
It follows that r(M) is bounded for all M not on S, and since by (2. 7) 
it is bounded for all M on S, inequality (2.1) is established. 





(UP + MP’ | | MPMP) — 5, ,5 
— MPAP? S (2z/p ); 








* In fact we may draw a small sphere with center Q and then choose J, close 
enough to Q so that it is nearer to Q than to any point of the surface of the sphere. 
There will then be a shortest distance from Jf, to points of 8 within the sphere, and 
this distance will fix a normal from A, to S whose foot is the desired point Q,. 
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A particular form of f(s) which satisfies the conditions of the lemma 
is f(s)=Cs%, O< a. SLereafter it will be assumed, except in $6, that 
f(s)< Cs, that is 


(2. 9) | £ (ne: wp) | < Cs < 2Cp, (p< 8=8'/2). 


Let now & be a surface neighboring to S, simple and closed, with a 
tangent plane at every point, whose orientation changes continuously with 
respect to displacement of its point of tangency on S’.* Let it be defined 
by normal displacement of the point P of S in amount n(P), | n(P) | Sz, 
where n(P) is a continuous non-vanishing function of P. If r is small 
enough there will be a one to one correspondence between the points of 9’ 
and those of §. In fact, we see first that if P is a point of o(8, Q) and np 
and mq intersect at M, we cannot have MP and MQ<1/C. We refer 9 
momentarily to rectangular codrdinates at Q, the z-axis being in the direction 
of ngo through M, and consider the plane section determined by ne and P. 
We take z along the intersection of this plane with the tangent plane at Q, 
in the direction of P, and assume that np and ngo intersect at M. 

For p < ô, so that s < v, we have the angle between ng and the normal 
to s at a point P” of s, in the plane section, = the angle no, np, and therefore 
< Cs, by (2.9). Hence 


g= A cos(x, s)ds > fos Cs ds==(1/C) sin Cs 
0 o 


z= f in, s)ds, |z| < f sin Cs ds =( 1/0) (1 — cos Cs). 
o 0 


Now for P in w(8,@Q) the angle (z,s) is less than 1 in numerical value, and 
accordingly zy > |z|. Hence 


| za — 2 | > | za —(1/C) (1 — cos Cs) | 
and 
MP? = (23 — 2)? + q2 
MP? > z4? + (2/0) [ (1/C)-- zx] (1 — cos Cs). 


From this inequality it follows that UWP > MQ if zu == MQ < 1/0. 
But similarly taking np as the z-axis, if MP < 1/0, we have MQ > MP. 
Hence both MP and MỌ cannot be < 1'0. 
Moreova the distance A from Q to the set of points S w(8, 0) 


has 
coeve o beva AL for oH 4 yho A SA Th, ety ae) ig et ela 4 3s 


y 


“The requirements on S are not :tated with witidicnt precision in Evans and 
Miles, loe, cit. 
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no normal to a point of S— (8, Q) can cut zg in such a way that both 
normals are in length <7. Consequently if 7 < A, and < 1/0 at the same 
time, the correspondence is one-one. 

The orientation of the tangent plane to S’ has been defined, according 
to hypothesis, by functions which are continuous at every point of S’, and 
hence are uniformly continuous. The projection on the tangent plane at M 
of any element of are ds on S’, through R in the neighborhood of M is at 
least as great as ds'cos(ns, nre); hence there is a small neighborhood of M 
of radius greater than some constant, independent of M, such that the pro- 
jection on the tangent plane at M of any rectifiable are s on 8’, in this 
neighborhood, will be a rectifiable are on the tangent plane of length = s/2. 

For the analysis of the boundary value problem we consider a family 
of surfaces 8’ 8S,’ where | n(P) | <7, and r approaches zero. In order to 
complete the description of the relation of the family $8,’ to 8 we assume that 
there are positive constants O, «, 8” such that if na denotes the normal to S” 
at a point J on 8’, and mq the normal to S at Q on S, the inequality 


(2. 10) | £ (nm, no) | < OMe 


will be valid, whenever MQ < &”, irrespective of the particular surface S’, 
of the family, involved.* As in the case of & and (2.9), the quantity 8” 
is assumed to be small enough so that the angle described in (2.10) is < 1. 
It follows then that the projection on the tangent plane to § at Q of an 
element of arc ds’ at M on S’ is = ds’/2 if MQ < &”. 

In particular, the requirements for 8,’ are satisfied if S,’ is parallel to 8 
internally or externally, and in its neighborhood, that is, if n(P)— r. Also, 
if S’ is a surface with continuous curvatures, and if no(P) is a continuous 
non-vanishing function on S, in absolute value <1, with continuous deriva- 
tives with respect to displacement on S, the family of surfaces 8,’, where 
n(P)= rtn (P), satisfies the above requirements. 

A regular curve on § or on 8’, for the purposes of this article, will be 
a simple closed curve on the surface, made of a finite number of arcs, each 
with a continuously turning tangent, the two branches which come together 
making a not zero angle with each other. Since any part of such a curve, 
contained in a neighborhood of diameter sufficiently small, say equal to some 
constant 8”, when projected on the tangent plane at any point of this neigh- 
borhood, is itself a portion of a regular curve, and the projection of the 


* This condition, rather than a slightly less restrictive one, is introduced in con- 
formity to (2.9). The condition (2.9) was introduced in order to generate a one to 
one correspondence between the points of S’ and those of S. 


fos & fies è PD . t pers 


on oS or on SA can pe subanvieea Mio Jeur teus OF Gilda eh Ubi ida: 


ede Aata atrod, pe R a > tok dem tae ot fee ae ei a as a 
spotus Tu did Sadit tegujlal dic Gal tie salian GL supe Goa U tait e 
on the muface may then be described as a regular curve if it can ho sub 
avuad Mto a mle NAMAT W (uas Or Ceamteier abo ra Iy sie ap et o 
valch has as its amago, on the angid paro at one œ its pulats, a ces 
regular curve. 

We deune a requier aet (G on the sanaw, asa sstem or latices tr. 
corresponding to positive numbers 8, successively decreasing and approaching 
zoro gs a Pmt, Each hatice represents a partition of the preceding lattices 
into a finite number of cells wi, each of which is a regular clos-d curve of 
diameter < 8). and (ro is the surface itself. In a similar manner we may 
define a net G for a regular closed curve w on the surface, with reference to 
its interior region o, and given such a net, we may extend it through the 
complement of w so that it becomes a regular net for the surface itself.” 

3. Stieltjes Integrals. We may form the Stieltjes integral over S of 
any continuous function (J?) with respect to r(e) or w(e), and by means 
of the postulates (C), Ct), (L), (M) of Daniell. generalize these integrals 
so that they apply to integrands h(P) which are not necessarily continuous, 
but may in particular be merely hounded and measurable Borel. We may 
then define the two functions of regular curves 


ols aia) 
(3.1) 1 í 


u(w)= f a(P,m)duler), 


where g (P, w) is the symmetrie surface density at P of the region o bounded 
by mł The functions r(%) and p(w) are additive and hounded functions 
of regular curves on S. 





> Bray and Evans, “A Class of Functions Harmonie within the Sphere,” American 
Journnl of Vathematios, Valo 49 1927), pp. tas 159. The definitions of lattice tae 


given, on pp. 156 end 168 should be completed jy meking cach lattice a pminion oi 
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Moreover we may form Stieltjes integrals of the form 


(3. 2) f h(P)dv(wp), 


where h(P) is continuous, and evaluate the integral in terms of a Riemann 
sum based on arbitrary modes of division of S into regular cells of diameter 
< 8, where lim §=0, and the integral will be identical with fh(P)dv(er).* 
The integral (3.2) may also be extended to functions h(?) bounded and 
measurable Borel, and in particular to A(P)=q(P, w). Since then 


J, Peale) f° q(P, w) dv(wrp) 


with a similar identity for the function u, we have 


( v(w)= § g(P,w)dr(wr) 
(3. 3) | J; 


| u(w)= f q(P, w) du (wp). 


Functions of curves which satisfy (3.3) are said to have regular discon- 
tinuities.t{ The functions defined by (3.1) are then not only bounded and 
additive, but have regular discontinuities. 

In particular, therefore, we may rewrite the integrals (1) and (2) in 
the forms 








(3.4) o()= J, (1/ULP) du (wr), 
(3.5) uN) fee we) aD: 


where the p(w) and v(w) satisfy (38.3). We need also to consider the 
integral 
(3. 6) 


(Qh f ERETO dula) 


cos(QP, nq) 
= {a du (ep) 


where Q is on S. 


* Bray and Evans, loc. cit., p. 159. 

ł In analogy with regular discontinuities of functions of a single variable. See 
Bray and Evans, loc. cit., pp. 157, 170. Stieltjes integrals may also be formed with 
respect to functions of curves whose discontinuities are not regular, and evaluated by 
means of an arbitrary mode of division. See R. N. Haskell, “A Note on Stieltjes 
Integrals,” Annals of Mathematics, Vol. 29 (1928), pp. 543-548. 
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When M is not on & these integrals offer no difficulty. But (3.6), and 
(3.4) and (8.5), when H =Q on S need special treatment. Consider the 
case of (3.5). In this case the integral is not defined as the limit of a sum, 
but is regarded as a generalized or improper integral.* That this integral 
exists for almost all Q on S and represents a summable function on S, and 
that the identity 


(3.7) ff, o f ene) ave) f dv(wr ) S ERP due 


is valid, follow from the fact that the generalized integral 


f aie f ai | dua 


is convergent, where t(w) is a bounded additive function of positive type, 
with regular discontinuities, say the total variation function of v(w).| 
Similarly, 


(3.8) fa e f a) d, wwe) f dp(wp ) (ere dug 


is valid. These results may be summarized in the following theorem. 


THEOREM 1. The integrals (3.4), (8.5), when M is a point Q on S, 
and the integral (3.6) converge for almost all Q, and the identities (3.7), 
(3.8) are valid. In these formulae v(w) and p(w) are given in terms of 
v(e) and p(e) by (8.1), and have regular discontinuities, but the analogous 
formulae may be written d’rectly in terms of v(e) and p(e). 


4. Boundary values of integrals. With reference to the correspondence 
between points of S and points of S’ with | n(P) | < 7, as described in § 2, 
let w be a regular closed curve on 8, and w” =w (r), w =w (r) be the 
corresponding sets of points on 8’. We indicate that 8’ approaches 8 from 


the interior or from the exterior, respectively, by the symbols lim and lim 

T2O+ T= 

and consider the quantities Jim ((7,w), lim ((7,w), lim V(r, w), 
T=0+ T=0- T=0+ 


lim V(r, w), where 


Tahe 

Fea f u(M) dox, 
(4.1) So 

: de (MW) 

J (r.r ) ( } a Wess, 

stato ihe 
Daniel, loe, cit, Also Eyans, “ Fundamental Points of Potential Theory.” Riv 

Po Siek PB DRE Vol T (19203, pp 292220, Ca perticukse pp. 207 260, 


+ Evans, Joe, eih. p. 268. Phat the totol variation fanetion Was reenlsr dicon 
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the integrations being extended over the surface S’, and ny being the normal 
to S’ at M. Of course the quantity V(r, w) depends merely on the curve 
w’ and not on the particular surface on which it happens to lie, and represents 
merely the flux of v(M) through that curve. 


THEOREM 2. As S’ approaches S entirely from the inside or entirely 
from the outside of S the following equations hold: 


(4.2) lim U(z,w)— = anv(w) + f dv(ep) f eee) dug, dog 


(43) lim V(r, w)— = rutu) f° du(er) f. Y duo diy 

Let w (7,8, P) be the portion of w (r) which is cut out by the normals 
io S in a small neighborhood w(8, P) of P, where the projection of e(8, P) 
on the tangent plane at P is a circle with center P aa radius 6. Indicate 
the respective boundaries of these regions by w’(r,8,P) and w(8,P), and 
their complementary regions in o’({r) and w respectively by ’(7,8,P) and 
(8, P). 

With P on § and M on S’, let be the angle (HP, np), and ¢’ the angle 
(MP, nar), nau being the normal to 8’ at M. If 8 is sufficiently small, we 
shall have, for M in w’(7,8, P), 


| cos ġ — cos g | < kA sin l o— g l= L (ru, np) 
3 rr 2 r 
< Cre-2 < Cp, 
daw < 2pdpdé, 





where p, the projection of r == MP, and @ are polar coordinates in the tangent 
plane at P. Hence 


(4.4) f | cos p — cos ¢’ 1, kua 4084 
WCT, Â P) Ue g 
Hence, given e, we may take (e), and then 7(8) so small that, by (4. 4), 
| f OSÉ dun t 2nq(P,w) | <6 
w'(7,5,P) T” 


q(P,w) being the density function, and the + or — sign being used ac- 
cording as 8’ is interior or exterior to S. In fact, 


cos 
f g doz 
W (Tri P r? 


is the measure of the solid angle subtended by w’(7,8,P) at P, prefixed by 
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the algebraic sign opposite to that of 7, and on account of the inequalities 
given for z in (2.5) and (2.9) differs from 27q(P,w) by less than 4xCp 
as r approaches zero. 

Hence 


(4. 5) | f, eer) an rte douta f° q(P,w)dv(ep) | < N (8), 


where N (©) is the total absolute mass on 8. 
On the other hand, given 8, the quantity Sor cos Eig “dor is continuous 


as r approaches and becomes zero. Hence, given ¢ wand ô, we may take r 
so small that 


cos ġ _ cos ġ oe 
(e | f, aor Q'¢7,8,P) T? ia J, e» a a <e 


But by (2.5) and (2.9) we have | cos(QP, np) | < Kp uniformly in P. for 
@ on S in the neighborhood of P. Consequently 


COs 
Svan ee 
oP T 
and 


(4.7) | f d(e) Én SERIE E J: race 


r2 








< 4rK8, 





<d 











if 8S e /[4rKN (8) ]. 
Hence, given e, we can, by combining the inequalities (4.5), (4.6) and 
(4. 7), choose § small enough and then r small enough so that 


| f dv(er) f se ie J, dv(ep) s ae dg + 2ar(w) | << 


since v(w)== f q(P,w)dv(ep). We have then finally 


lim a Whe) Fs an doy = = = 2Qav(w) + Í, dv(ep) {5 ane dwg, 


T=0+ 














which is the equation (4.2), which was to be proved. 
Equation (4.3) is established in a similar way. We have 


(4. 8) F (r, he f dox f aa du.(ep) 


à esa 
= | dplep) f — a> dox 
s Fut Te 


a” 


and if we write o” = o (r, 8, P)+ Q (r, 8. P), the proof proceeds as before. 
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Moreover, if ng denotes the normal to S at the point Q which, on S, 
corresponds to M on 8’ and we form Vi(r, w): 


dv(M) 
7 = 
(4.9) Vilr, w) ee dou 


=f autor) f EGO dow 


and again write wo’ = w (r, 8, P)+ Q (7,8, P), the quantity 
[cos (MP, nq) /MP?] dou 
QT eP) 


is continuous as r approaches and becomes zero. But, denoting + (MP, ne) 
by ¢:, we have for M in (7,8, P) 





| cos pı — cos $” | S 2 | sin Pha? S | p — p | S| X (no, nar) | 


< OMQ*< CMP 
by (2.10), if 6 has been chosen small enough. Hence we may substitute ¢’ 


for ¢1, as we substituted ¢’ for ¢ in the consideration of U(r, w), and we 
have the following corollary. 


COROLLARY. The function Vı(r, w) behaves in the same way as V (r, w) 
when r approaches zero, i. e., 
lim V(r, w)= lim V(r, w). 
T=0+ 
5. Generalized boundary value problems, and Stieltjes integral equations. 
Let F(w), G(w) be arbitrary bounded additive functions of regular curves 
on 8, with regular discontinuities. We speak of functions, given by potentials 
of a single layer (1), as of class (1), and of those given by potentials of a 
double layer (2), as of class (2). 


THEOREM 3. There is one and only one function u(M) of class (2) 
for which 





(5.1) 1ta Utk gasera AA 
and there is one and only one v(M) of class (1) for which 
(5.2) © yo— u HÈ vot, w)—G(w), (#0) 


2A 


PUTLNTIALS OF GENERAL MASSES, >05 
unless X is a characteristic value of the kernel 


A cos(QP, npr) 
Qa QP: 








THEOREM 4. The value A==-+ 1 is nol a characteristic value. Hence 
the solutions of the particular problems 


U(0-+,w)=F(w), V (0 —, w)= G(w) 
are unique in the respective classes (2) and (1). 


THEOREM 5. The value X==—1 is a characteristic value. For this 
value of X, condition (5.1) can be satisfied if and only if 


f, #9(P)4F (er)—=0, 
s 
where o2(P) is a solution of the homogeneous equation with kernel 


à cos(QP, ne) 


On QP? (A==—1), 


and is determined except for an arbitrary multiplicative constant. 

The mass function v(w) of (2) is then determined except for an arbi- 
trary additive term of the form Cw, which does not change the value of u(M), 
M exterior to S. 


Condition (5.2) can be satisfied for X= —1, if and only if 
G(S)=0. 

The mass function p(w) of (1) is then determined except for an arbitrary 
additive term of the form C f de (P) dup; the corresponding v(M) contains 
an arbitrary additive constant if M is interior to S. 

The value A==— 1 in (5.1) corresponds to the exterior Dirichlet prob- 
lem, in (5.2) to the interior Neumann problem. 

On account of (4.2), (4.3), the conditions (5.1) and (5.2) may be 
rewritten as Stieltjes integral equations: 


Sites À à C, cos(QP. no) 
(5. 3) v(e) $ oo P(w) i. on Í drhti) i gpa dig. 


x À a Š > cos(OP we 2 
(5, 1) P (w)— a” G(w)— me f dia(e p) f co ( Pato) there 
oe at IS alse 


P= ae 
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If v(J) is a function of class (1) which satisfies (5.2), the function 
p(w), bounded and additive, with regular discontinuities, must be a solution 
of (5.4). Conversely, if »(w) is a solution of (5.4), bounded and additive, 
and having regular discontinuities, the function v(Jf) given by (1) will 
satisfy (5.2). Similarly, for the functions u(M) of class (2). 

Each of the equations (5.3), (5.4) has a unique solution which is a 
bounded additive function of curves, with regular discontinuities, unless A is 
a characteristic value of the kernel 


A cos(QP, nr) 
Rr QP 


Equations (5.3), (5.4) are solved by means of Fredholm equations, by 
means of the substitution 


(5. 5) »(w)-+ = P(w)=B,(w), 


(5. 6) iaje Š G(w)= Re (w). 


The possibility of reducing (5.3), (5.4) to Fredholm equations depends 
on the fact that Rı(w) and R,(w) are absolutely continuous, on account of 
(3.7). Consider (5.3). Substituting the value of v(w) from (5.5) into 
(5.3), we have 


Rw) =- Š f ar (we) S aor ia 


+f, aR (we) f ee g 


The derivative nearly everywhere of 2i(w) is 


A? cos(QP, np) 





r (Q)= 4x? Js OP? dF (we) 
P, np 
+f re } aR, (we), 
or 
cos(QP, np) 


6D O O=O = fA n(P) dor, 


since R,(w) is absolutely continuous, where we have placed 


1(Q@)= 4 f cost ge tel dF (wp). 





In the same way, we have 
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(5.8) =o È f e r (P)dor, 
where 
g(Q)=— 25 Sf, O dG (we). 


Hence if v(w) is a solution of (5.3), bounded and additive, with regular 
discontinuities, 7,(Q) will be a solution of (5.7). That is, (5.7) is neces- 
sary for (5.3); and (5.4) implies (5.8). Conversely, if rı(Q) is a sum- 
mable solution of (5.7), then the r(w) given by (5.5) will be bounded and 
additive, and will satisfy (5.3). Similar statements may be made with 
regard to (5.8), (5.6) and (5.4). 


Lemma. Unless à is a characteristic value, i.e., unless for this value 
of A there is a continuous solution of ihe homogeneous equation with kernel 


À cos(QP, np) 
22 QP? i 


each of the equations (5.7), (5.8) has a unique summable solution. 


Suppose A not to be a characteristic value. Then (5.7) has a summable 
solution. In fact, this equation is equivalent to that which is obtained by 
twice repeated substitution of (5.7) into itself, the resulting equation having 
a bounded continuous kernel.* Since the known function in this equation 
is summable, the solution, given in terms of the resolvent kernel is summable. 
The solution moreover is unique. For, suppose there were two different sum- 
mable solutions of (5.7). Then their difference, say ¢1(Q), would be a 
summable solution of the homogeneous equation 


(5.9) ao Rf Ete) G, (P)dor. 


But every solution of this equation is a solution of the homogeneous equation 
with twice iterated (and continuous) kernel, namely, the equation 


(5.10) t (O= Gx S, E.Q, P): (P) dor. 


If ¢1(Q) is summable, it is continuous in virtue of (5.10). But this means 


* Goursat, Cours duterlise. Vol 8, Paris (H915). pp 355, 864; Kolong Fev de 
Pee ef Pts Met TT oy The Ue toot sy C. 4 P s ee 
Artes Roceted Karsi de Dane h ocad Kid oo, thot it is Ganninous GH the basis oi 


proper assninptions on S. The assumptions on Sin the precf cited are Hant, anos 
restrictive than (2.9), but the proot remains valid merely under (2.9). 
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that (5.9) has a continuous non-zero solution. Consequently A would be a 
characteristic value, contrary to the assumption. The lemma is proved. 
Since the kernels 


A cos(QP, np) à cos(QP, ne) 
Rr QP ? Rr QP? 

of (5.7) and (5.8) respectively are associated, and have the same character- 
istic values, we may consider both equations at the same time. It is known 


that A== — 1 is a characteristic value for these kernels, while A= 1 is not.* 





* These statements are usually proved on the basis of slightly more restrictive 
assumptions on S, as in Kellogg, loc. cit., p. 311. Accordingly we indicate a brief 
proof on the basis of our hypotheses with regard to S, of which the characteristic 
assumption is (2.9). 

Suppose A= 1 were a characteristie valne, There wald then be a continuous, 
not identically vanishing solution ¢ (Q), of the homogeneous integral equation corre- 


sponding to (5.8), namely 
P, 
(a) o=o è f PEE) G (P)dor, Q=1). 
ar Js OP 


The function v,(1/), given in the infinite region exterior to S as a potential of a single 
layer (1) on &, 


1 
van= f gyp o(P)der, 
would then satisfy the boundary condition (4.3) with 


u(w)= Í $(P) dor, 


that is, 


lim von w= f° raD f oe S(P) dup lden os 0; 


T=0- 


If now we apply Green’s theorem to the infinite region 7’, exterior to S’, we have 
f { (8v9/8x)2 + (6u,/8y)2 + (819/82) 2}dT =- f vo (ðra/ðn) du’ 
T’ Ss’ 
= f v(M) dV o(r, wa), 
since v(Jf) vanishes canonically at œ. But since v,(Jf) is a continuous function of 


Q and r as M approaches Q along ngs and the total variation of V(r, w) is bounded, 
we have by a well known theorem 


(8) lim S. vo(M)dVa(r, ox)= f vo(M) dl ue Vo(r,0)]—=0. . 


In fact, the total variation of V,(7,w) does not exceed the quantity 


f dor | $(P) if. cos (ALP, ns) 


“yp: «| aM 








Ve aA 1 (AL pte, Baty, abe Vick, hae A Ra. (AAS ge A 
homogeneous equation Correspouding to (9.4) has a not identically vanishing 
solution g (Vy. Both or tucse homogenous equations haye the some nuon 
of limedily dependent solutions. It is known that cor A T them mno 
he tec diay mide pendeet solutions of (4.9) or or the hamesenceus canot an 
corresponding to (5.5). 

For the value As - 0 1. a recessary and sufficient condition that (4.7) 
have a solution is that 


> 


f eA )yrPydP- =0 
JS 


which, on replacing JUP) by its equivalent in terms of P(w), and reversing 
the order of integration, takes the form 


(5.11) f, 6:(P)IF (wp): =0, 


#:{P) denoting a solution of the homogeneous equation with kernel 


and if we write 


= + $ 
Ss Sa ieee 


the first of these integrals is < 4r and the second is <(const.) (meas. 8’) < (const.)} 
x (2 meas. 8). 
Hence if T is the region exterior to S, we have, from (8), 


f, {(@e0/02)? + (Ovo/dy)? + (Bro /d2)?}AT +0. 
T 


But this means that t, is constant outside N, and since it vanishes at © and is 
continuous across S, it vanishes outside and on S. Hence it vanishes identically also 
inside S. The condition (4.3) yields now the fact that 


> ai COR > 
f e ergo: S ERRO g (Py dor}day = 0, 
Jo JS UP- 
which with (a) and the eontinnity of ¢(Q) implies that ¢(Q) 0. This is contrary 
ta the hypothesis, Henee X 1 is uot a chatacteristic value. 

“Suppose iu fact that we apply Green's theorem to the revion interior io N, 
in the same way as we applied it in the previous footnote to the region exterior to N, 
taking as r(JZ) the potential of a single layer associated with a continuous solution 


fo TR p teat a Coe te raat ana Gis ald Walk yatsui Genera 
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à cos(QP, ne) 


— Fn QP? > (A==—I1). 


Suppose the condition (5.11) is satisfied. Then the general solution 
of (5.7) is 
71(Q)=71(Q)+ 6, 
since ġı(Q)= Č is a solution of the homogeneous equation 


bs(Q—— gf PE) Gi (P) der. 


Hence by (5.5), we have 
»(w)—= zP (w) + B(w) 


=z Fw)+ f F(Q) dng f dug 


= ny (w) + Co. 
If we substitute this value of v(w) in (2), dealing as we are here with the 
exterior Dirichlet problem, the contribution due to the term Cw is zero, and 
u(M) is given simply by the formula (2) with v(e)—v,(e). 
For the value à= — 1, and the interior Neumann problem, a necessary 
and sufficient condition that (5.8) have a solution is that 


J, Oldo f° 9(Q)dog—0. 


But this is equivalent to the condition 


o=— ZG f aw p) f EEEn dag — ae Sq =D. 
Hence we have the condition 
(5. 12) G(S)=0. 


But, since the steps may be retraced, this condition also is both necessary 
and sufficient in order that the interior Neumann problem be solved by means 
of a potential of a single layer. 

If (5.12) is satisfied, the general solution of (5.8) is in the form 


12(Q)=T2(Q) + Co2(@) 


where C is an arbitrary constant, and ¢2(@Q) is a solution of the homogeneous 
equation 





O= go f PE) 45(P) der, 
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and is a continuous function. But as we have seen [in the preceding footnote] 


the potential (1) where v(wj== f ¢2(P)dwp reduces inside S to a constant. 


Hence the effect of the term Cd. (Q) is merely to change v(M) inside 8 by 
an arbitrary constant. 


6. Boundary values of u(M) and v(M). For simplicity, we consider 
merely approach in the narrow sense, letting Jf approach Q on S along the 
normal ng (lim M =Q =). We shall show that u(M) and dv(M)/dnę 
approach definite boundary values wherever v(w) and w(w) have derivatives, 
that is, nearly everywhere on S$; and for S we may take a surface which 
satisfies merely the conditions of the Lemma of § 2, with no assumptions about 
the curvature. We say that v(w) [or v(e)] has the derivative A at Q if 
lim v(w)/w = A, where the regions w form a regular family about Q. 


TuHEoreu 6. Let S satisfy the conditions of the Lemma of § 2, and let 
Q be a point on S where v(w) has a derivative v' (Q)= A; then 


(6.1) lim u(M)— = 294 + f wen) GET 
If w (Q) exists, = A, then 
2 dv(M) _ cos (QP, nq) 
(6.2) Jim Sn me eed + f ee e) au(ep). 


So far, in dealing with integrals over the whole of § it has made no 
difference whether we used the differential dv(e) or the differential dv(w). 
For integrals over a part of S, however, the symbols may involve some am- 


biguity. Hence for the integral f f(P)dv(wp), extended over a region w 


bounded by w, where f (P) is integrable in the Borel sense, we introduce the 
definition 


{1 )av(we)—= f g(P,w)f(P)adv(we)— È 9(P,w)f(P) aver), 


in which q(P,w) is the density function for w bounded by w. The integral 
is thus an additive function of curves w. 
We indicate integration over the region Q complementary to w hy the 


symbol ( FP) (we), W being the same curve as mw, regarded. if we like. 


on OE T E oe r 
as Lasing Gppualte Ciee. We haye 


f #(P)dv(we) + f. tiniu f. ATEA 
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It may be noted that given v(w) there is one and only one v(e) such 
that v(w)=v(w) for curves w where v(w) is continuous in the sense of Vol- 
terra: eanvercaly miwon La thann ia ama anA only ane van) eorresnonding 
to it in this sense, provided v(w) has regular discontinuities.” 

Since v(w) and (w) are independent, we may as well assume that the 
hypotheses for each of them are satisfied at some point Q, and prove both 
identities at once. We must first examine the integral 


ae cos (QP, ne) = cos(QP, np) 
I= J. ore dv(wp)= f. -or dv(er) 


and the similar integral J, with ng instead of np. We may write 


v(w)== Aw + on(w) 


where wn(w) is a bounded additive function of regular curves on S, with 
regular discontinuities, such that lim y(w)==0 when the regions œ form 
a regular family about Q. Without loss of generality we may assume that 
n(w) is of positive type.t 

Let I, be that part of T referring to Aw, and I, to wy(w) ; the convergence 
of I is a consequence of the fact that § is of class T. The convergence of Ie 
will be established as a generalized integral, if it can be done when cos(QP, np) 
is replaced by | cos(QP, np) |, and the convergence of the latter integral will 
be established if 

lim F h(m, P)d[won (w) | 


MO 
exists, where 





h (m, P= 10E ene) L (QP > 1/m), 
= m? | cos(QP, np) |, otherwise. 


In fact the h(m,P) form an increasing sequence of functions of P, with 
lim h(m, P)= | cos(QP, np) | /QP?. Finally we need only consider the 
MOO 

neighborhood (8, Q) of Q, so that | cos(QP, np) | < 3g(p), p being the 
projection of QP on the tangent plane at Q, and g(p) being the continuous 


ô 
function of § 2 such that m (8)= f [g(p)/p] dp converges. In fact, 
0 


* Bray and Evans, loc. cit., p. 159. 

t Bray and Evans, loc. cit., p. 173. In the analysis there given, the case where 
one or the other of the two families p,’, p;” may contain merely a finite number of 
elements should be considered; but in this special case the proof is immediate. 
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| cos(QP, np)— cos(QP, ne) | 
= 2 | sin{ (QP, np) + (QP, ne)}/2 | | sin (np, ne) /2 | = g (p). 


We may therefore substitute for the h(m,P) the dominating increasing 
sequence 


hy (m, P)= 39(p)/p? if p > 1/m, 
= 3m?g (1/m) otherwise. 


The function o7(w) being of positive type is a non-decreasing function of p 
if w—=w(p,Q). If we represent this function by B(p) and remember that 
h,(m, P) is a function of p alone, we have 


ô 
Í, Ja(m, P)afon(w)] = f” tam, P)aB (0) 


and this by an integration by parts is equal in absolute value to 
j 5 ê 
| [8(P)Ma (m, P)] — f Ble) dh (m, P) | 
B(8)9(8) | f glp) | \ 
=34 044 ZAP) 
{ & as ) ie (e)a p? 


è 
< Bg Ele Q1 + mlw Q1] Sopa 22) 
The Stieltjes integral in the last expression is however, by a second integra- 
tion by parts, the same as 


| 9(8)—gla/my—2 f° LE ap | < g(8)-+ 2m (3). 





Hence ; 
f bgm P) Aon w)] < mtot, Q)) [9(8)-+ m(8)]. 


But this bound is independent of m, so that the point is proved. Similar 
considerations apply to the integral J. Incidentally, this bound may be made 
as small as we please by taking è small enough. 

It is well to emphasize the following results, implied by the analysis 
which hay just been completed. 


LEMMA. The integrals 


f. Ig) S glo) d Lon(w)] 
af wid Q) mö Q 


are converqepl, and moy he wale nèt a Pa coun d 


E ie Y 
v i ar S Je a Se 


$e Gs 

. ü g . 

positive continuous increasing furction of p such thut [yip ‘pl ep > 
o 

convergent, 


ae 
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COROLLARY. We have, under the hypotheses of Theorem 6, 


‘ P, np) cos(QP, np) 
6.3) 1l OSOE ne) dumm f LOE. ne) 2 
Sek ae See a 7 Pee ee 


i cos(QP, np) cos(QP, np) 
6. 4 ] SS Ca eee , = Sanna NER i 
(6:4) Eo Ja Qr ariste) Í QP? aE): 
with similar relations if np is replaced by nq and v(w) by p(w). 

If we let ġ be the angle (MP, np), ¢’ the angle (MP, na), y = p — P, 
r= MP, we have 


P\ ene cos d dv(M) _. ¢ cos¢’ 
(6.5) ua f SSE dco), Gem =f EE au we). 





We evaluate the limits of these integrals first by comparing them for the 
portion w(8,@) of S, then with corresponding integrals over the projection 
of (8, Q) on the tangent plane at Q, and finally by noticing that the integrals 
over the portion 2(8,Q) are continuous as M approaches Q. 

Accordingly, we show first that given «e we can choose ô small enough so 
that for all smaller values of è we have 


xe: 6) ge 


cos ġ — cos ġ’ PO ee 
(6.7) fico | EME | alenwy] S6 


72 


cos ġ — cos ¢’ 


3 du Se 








independently of the position of M. We have in fact, if P is in o(8,Q), 


cos ¢ — cos of ses =| ain? t E ngs | S 4/2 < g(p)/p?, 
applying (2.4) and making use of the fact that |4| 5 |np, no |. The 
desired inequalities follow then immediately from the lemma. 

Let r, be MP, and ¢, be the angle MPi, ng where P, is the point, on 
the tangent plane at Q, at the foot of the perpendicular from P. We show 
now that, given «e we can choose ô small enough so that for all smaller 8 
we have 


6.8 
( ) Pes 
independently of the position of M. In fact, using the symbol z of § 2, 











ceg Stel diraog, 


ye T~“ 





cos ¢’ COS di 


r T? 


cos p’ — cos dr =e cos pı (rı + 7) (11 —7) 


g? ry? 
S 2g (p) /P? + 22/p* = 29(p)/p? + 4g (p) /p” = 6g (p) /p”, 


the last inequality being a consequence of (2.5). Consequently, here again, 
the desired inequality follows immediately from the lemma. 














cr 
rs 
ue 
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Moreover if ô is small enough we can show that 


| f {eo ulm?) Lon (w)] | < e2, 


whence, from (6.8), 


(6.9) | f (cos #712) dlon(w)] Es 
independently of M. 

For this purpose we introduce again the notation B(p), and write, in- 
tegrating by parts, 


| S SP ao |= | f SH ae | 
= B(8)/8° + | f B(e)d(cos di/n?) |, 


of which the first term of the last member may be made as small as we please, 
with 8. The function cos ¢,/ri2 is a monotonic function of p, since for a 
given M the numerator decreases in numerical value, without changing sign, 
and the denominator increases, as p increases. In the second term, then, 
we introduce „s as the upper bound of (w) when w is the circle of radius p, 
0 < p S64, and obtain 


FF Bto)aleos guint) | < Pew Lf o%€(oosds/n2) | 


for, since | (no, mp) | < 1, w(p)< 2mp2. But by performing again the in- 
tegration by parts, the right hand member of this inequality is 


E ays + aa | f (cos ġı/7:2)d (ap?) | 


SS ays -H Arya = Crys, 


and this also may be made as small as we please with 8, independently of M, 
since ys approaches zero with 8. Thus the desired inequality is established. 

The rest of the proof is not difficult. In accordance with (6.4) we can 
take 8 small enough so that, given «e, 


‘ cos (QP, rp cos(QP, np) i 

(6. 10) f coe CO Tn) ) av(wr)— f cose te) dv (wp) Le 
| 78 QI . weg Q? | 

Also, if we denote by y the limit of the absolute value of the solid angle 

Suuiciaed at ie by ete. flo ps  aporerenes Gwe one take ò ruet yuseihs 

so that piven c 


(6.11) pady — 2a | Se. 


MEE ofits Pe REESE fo P TEE Tae eh GY ` ` Epa’ a A bos 2 x3 
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is’ fixed, however, we may choose J£ close enough to Q on ng so that the fol- 
lowing inequalities hold, when «e, is given: 














cos ġ cos(QP, np) 

Pay (wp)— f SOE A < 
(6-42) (i 7? »(wr) we QP? r(e) = 
(6. 13) f OE? Ade Ay | Sea, M on = no. 

w(6,P) r? 





Consider now the inequalities: 


R= ff. OE dowe) f LEED) dy wp) + 2rd 


on np) cos(QP, np) 
Í, oP dv(w Snag OF OP? dy (wp) | 


+ cee A dml f ao cg d[wn(w) ] | 


i | faz pu d[on(w)] | : 


+ | Ay — rA | 


ae cos(OP, nr) cy, 
i es yi S f, WQ QP? dv(we) | 


cos œ 
a | Sao a EAr | 


r2 








s 




















where with the notation + the -+ sign is taken if Af is on + ne, the — sign 
if M is on — nọ. By taking 6 small enough each of the first four oe 
in absolute value signs, of the right hand member, may be made =e, by 
means of (6.10), (6.7), (6.9), (6.11), independently of the position of M; 
with ô so fixed, M may be taken on + mg near enough to Q so that each of 
the last two expressions may be made S «e, by means of (6.12), (6.13). 
Hence, given « and e, arbitrarily small, we can choose M near enough to Q 
so that 
RS de + 2e. 


But this establishes the equation (6.1) of the theorem. 
By means of similar inequalities, taking account also of (6.6), we estab- 
lish (6.2). This completes the demonstration of the theorem. 
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SUFFICIENT CONDITIONS IN THE PROBLEM OF LAGRANGE 
WITH VARIABLE END CONDITIONS. 


By Marston Morsz.* 


1. Introduction. A general formulation of problems of this type has 
been given by Bolza + who obtained necessary conditions analogous to the 
Euler equations and the transversality conditions. Bliss f lightened Bolza’s 
hypotheses, and gave a new form to the problem. In its simpler aspects in 
the plane it was recognized by Hilbert § and others that the conditions 
analogous to the Jacobi conditions could be given in terms of characteristic 
roots of an auxiliary boundary value problem. A necessary condition of the 
latter sort has been recently obtained by Cope. The author obtains a 
“similar necessary condition in somewhat simpler form. 


Sufficient conditions in this general problem have never been established. 
The present paper gives and establishes such conditions. 


The author has also studied the complete problem of which the minimum 
problem is a special case, namely, the problem of finding an extremal which 
gives to a fundamental quadratic form a prescribed type number. The solu- 
tion is in terms of characteristic roots of a linear boundary value problem. 

Finally the results obtained lead to new types of separation and oscilla- 
tion theorems involving the relative distribution of characteristic roots of 
two different auxiliary boundary value problems. This is in contrast with 
earlier comparison theorems, more geometric in nature involving focal points 
and conjugate points. See Morse II.** Other theorems of this nature even 
more general in character will be published shortly by the author. 


* Presented to the Society, September 12 (1930). 

{ Bolza, Mathematische Annalen, Vol. 74 (1913), p. 430. 

$ Bliss, Transactions of the American Mathematical Society, Vol. 19 (1918), p. 305. 
Also see Bliss, American Journal of Mathematics, Vol. 52 (1930), p. 674. 

§ In this connection sec the following: 

Lovitt, Lincar Integral Equations, p. 207, for work of Hilbert; Richardson, Mathe- 
matische Annalen, Vol. 68 (1910), p. 279; Plancherel, Bulletin des Sciences Mathé- 
matiques, Vol. 47 (1923), p. 376; Bliss, Bulletin of the American Mathematical 
Saciety, Vol, 32 (1926), p. oti 

Some, A natt ay Eat = 

` Certoin results in the following papers wdi be used. 

Duo VT, frepaeetinos of the Amercian Mothonatical Society, Val. 31 (1929), 
p. 379. This paper shows the connections with a theory in the large. 


Woe et ye 
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THE ACCESSORY PROBLEM. 


2. The transversality conditions. In the space of the variables « and 


(y) = (Y > 5 Yn) 
let there be given a curve 
(2.1) Yi =J: (T) PERET (i=l, n) 
of class C’. Points neighboring the initial and final end points of g will be 


denoted respectively by 
(2.2) (4%, 185° > +, Ynt) = (28, Y°) (s=1,2) 


where s==2 at the final end point and 1 at the initial end point. 
We consider curves of class C’ neighboring g. Such curves will be called 
differentially admissible if they satisfy m differential equations of the form 


(2. 3) pels, y, y) =0 (8 =1,; > sm <n). 


We suppose g is differentially admissible, and that along g the functionai 
matrix of the functions (2.3) with respect to the variables y;’ is of rank m. 

A curve neighboring g will be said to be terminally admissible if its 
end points are given for some value of (æ) by the functions 


~ 


(2. 4) g = g (A, t, er) Yi = Y (0, + +, Or) O<r S&nt 2 


Morse II. Mathematische Annalen, Band 103 (1930), p. 52. Here are separation 
theorems. 

Morse ITI. “Sufficient Conditions in the Problem of Lagrange with Fixed End 
points,” Annals of Mathematics, Vol. 32 (1931). 

In this paper sufficient conditions are derived, it is believed for the first time, 
under the following hypotheses regarding normaley. If the extremal g be defined on 
the closed interval (ab) of the æ axis it shall be normal relative to the Euler con- 
ditions on every subinterval of (ab), Previous methods of proof break down because 
now a set of extremals through a point p on g's extension just before g need not form 
a field near g. Previously it was assumed that g was normal on every sub-interval 
of an interval including (ab) in its interior. For a definition of normalcy see the 
following paper. 

Morse and Myers, Proceedings of the American Academy of Arts and Sciences, 
Vol. 66 (1931), p. 285. Were the Euler and transversality conditions are derived 
in forms necessary for the present paper. 

Other references follow: 

Bolza, Vorlesungen über Variationsrechung, hereafter referred to as Bolza; Hada- 
mard, Leçons sur le calcul des variations, Vol. 1, Paris, 1910; Carathéodory, “ Die 
Methode der geodiitischen Aquidistanten und das Problem von Lagrange,” Acta Mathe 
matica, Vol. 47 (1926), p. 199; J. Radon, “ther die Oszillationstheoreme der kon- 
jugierten Punkte beim Problem von Lagrange,” Sitzungsberichte der mathnaturwissen- 
schaftlichen Abteilung der Bayrischen Akademie der Wissenschaften zu Miinchen 
(1927), p. 243. 
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where these functions of (#) are defined for («) near (0) and reduce to 
the end points of g for («)==(0). We assume that the functional matrix 
of the 2n + 2 functions in (2.4) is of rank r for (#) = (0). 


A curve that is both differentially and terminally admissible will be 
called admissible. 


We seek first the conditions under which g affords a minimum for the 
expression _ 


(2.5) I= fag y)de + Gla yt) 


among admissible curves of class C’. 

The functions f and ¢g are to be of class C’” while the functions G and 
the“vad point functions in (2.4) need be of no more than class 0”. 

It is known * that if g affords a minimum for J there exists a constant 
Ay and m functions Ag(x) not all identically zero if A,—0, such that g 
satisfies the equations 


(2. 6) (d/dz) Fy: — Fy,==0 (i= 1,+ ++, 0) 
where ł F=)of + Agde (B==1,---,m) 


while the following transversality relations hold 
(2.7) MdG + [(F — Gi Fy; ) da? + Fy dJi YS 


Here dz and dy;® are the differentials of the functions (2.4) evaluated 
for («)==(0), while dG is to be evaluated for (z1,y1) and (a, y2) at the 
respective ends of g. Here and elsewhere [ ]? shall mean the difference 
between the value of the bracket evaluated for s=? with (2,y,y’) at the 
final end point of g, and the corresponding evaluation at the initial end 


point of g. 
It will be convenient to set 
(2. 8) G[w*(a), y" («)] = g (a). 


If we regard (2.7) as an identity in the independent differentials da, 
we obtain the following relations 


(2.9) Agel [(E- WF yee | Tayao 


CHE SR e S a ee by eS 


"Gog BMuroo aud Myers, § 4, lor. cet. 
+The summation convention of tensor anrlyais ia ta he neod throw chert 
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where the subscript A indicates differentiation with respect to on. 
3. The second variation. It is convenient to set 
(3. 1) Pi; (2) =F yy, Qi = Fywy Rij = Fry vy 


where the partial derivatives of F are to be evaluated along g. As is con 
ventional we then set 


(3. 2) 2w (9, = Pisnins + Qun + Rimini. 


A set (a) in (2.4) determines a set of end points. Let us take a set 
of points («) of the form 


(3. 3) On = an (e) on (0)== 0 (h = 1,: i 1) 
where the functions o,(¢) are of class C” for (e) near (0). Suppose that 
we have a family of admissible curves ~ 
(3. 4) Yı = yi (z, e) (G=1,:; : sn) 


taking on the end points determined by («) in (3.3). That is, we suppose 
that we have, subject to (3.3), the following identities in e 


(3.5) yila (a), e] =y: (a). (s=1,2; t= 1, n). 


We suppose that for e = 0, (3.4) gives the extremal g. 
We shall need * the results of differentiating these identities with respect 
to e. Upon setting ax =u, a first differentiation gives, (h =1,: > -,r), 


(3. 6) Yio = Yan Un — Y iatn uh On’ = Up. 


A second differentiation and evaluation for e==0 yields the result, (s not 
summed), (h,k—=1,--+-,7): 4 


(38.7) Yiee + Yiestn Un = (Y ine — Gi TE — Gr En) une + (Yin — Yi Lr) ur 


We now suppose J evaluated along the curves (3.4) between the end 
points determined by (3.3). We have ł 


(8.8) Aod /de = dognun + (Fan?) un +f. (Pa Yio + Fyr Yizo) dx. 
at 


* What we need for the general theory is to know that the second variation 
takes the form (3.9). For the general theory the reader need not follow through 
the algebra except to that end. 

+ The symbol ( i which is used in this place alone, means evaluation at the 
two ends of the curve y, = y; (x, e€). 
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We shall differentiate (3.8) with respect to e and set e—=0. From 
differentiation of the integral in (3.8) and appropriate integration by parts 
we obtain terms of the form 


A = [ (Fu Yie + Pyr Yicz)ar]? unt [yiecly'] ] 
together with the integral 


B=? [ola ade ni = yie(a, 0). 
Differentiation of the remaining terms in the right member of (3.8) gives 


terms of the form 


O = dognetntr + [(Fo + Gi Py, + GP yy Jara A4 Fa] i une 
+ [(Puyie + Fy ice) tn]? un + (Aogn + [Fars] f) un’. 


We wish to reduce the sum A +C to a quadratic form in (u). We 
first replace Yie in A and C by the right member of (3.6). We thereby 
obtain additional quadratic terms of the form 


D = 2[ Fy, (aut yin® — Gë LE) J] Unde. 
The terms remaining in A + C which are not quadratic in (u) have the form 
[En (Yiee + Yrest un) |) F Aog + [Fa] A 


which terms with the aid of (3.7) and the transversality relations reduce 
to the form 
E = [Py (Yine — Gi” abt? — itd) J7 Urk. 


Thus we have for e = 0, setting ax = un, 
a? 
(3.9) NoG2T /de? — bitinin + 2 Í. olarda bine bia 
gı 


where 2b; is the sum of the coefficients of urux and uxun in OC, D, and E. 
We thereby find that 
(3.10) bre = Mogis + [ (Fo — Gi Py.) antr 
HE — Gi Py ) tin? + Py, (Eyin + ae yi) + Foy yei) 
For ¢ = 0 let us set 


(0/00) 2 (a(e)) = y? 


and indicate evaluation of 4i(z) at the respective ends of g by the super- 
script s. We shall prove the following lemma. 
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LEMMA. The quadratic form 
Danae (h, k = 1, aS r) 


is identically equal to a quadratic form in a suitable subset of r of the 2n + 2 
variables y5, i°. 


Let us set (s not summed) 


(3.11) yars (0)— ar (0) Ga’ (a°) = cin8 (t==1,-++,n; s=1,2). 
From (3.6) we obtain then a fundamental relation 
(3. 12) Mi? = Cinn 


A parallel relation is obtained from (2.4), namely 
(8. 13) yo == Lr Ur («)—=(0). 
We need to consider the two matrices 


.,8 
Cin 


xn 


es 
(3. 14) =p ip | =q 




















of which the first is the matrix of the coefficients of the variables (u) in the 
system (3.12) and (8.18), and the second is the functional matrix of the 
system (2.4), evaluated for («) = (0). 

By hypothesis q is of rank r. It follows that p is of rank r. For p can 
be readily obtained from q by adding suitable multiples of its last two rows 
to the preceding rows. 

Hence the variables ur may be expressed as a linear combination of r 
of the variables y*, 4;° and the lemma follows directly. 


4, The accessory boundary problem. From this point on we suppose 
that the extremal g is normal relative to the Euler equations and trans- 
versality conditions. See Morse and Myers, § 5. The constant ào is not 
then zero. It can be taken as unity and this choice we suppose made. 

A set of functions »:(c) of class C’ which satisfy the differential 
conditions ` . 


(4.1) sln) = ppum + perin =0 (B=—1,-++,m;i=1,--+-,n) 


and which with a set of constants (u) satisfy the terminal conditions 


(4.2) ni® == Can Un 
will be called admissible. 
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The form of the second variation suggests * the accessory problem of 
finding functions 7i(%) and constants (u) which give a minimum to 


I (1,4, 0)= bnan +2 S Tol) — onenslde 
gil 
for a given o, relative to all admissible sets (n) and constants (u). 


Suppose we have a solution of the accessory minimum problem for a 
given o, in the form of n functions 4;(x) of class C’, and a set of constants 
(u). It follows from the fact that g is normal as stated that the solution (7) 
is normal in the accessory minimum problem relative to the new Euler and 
transversality conditions. For we note that for ào == 0 the Euler and trans- 
versality conditions for the two problems are the same. In particular, upon 
noting that 2° ==a* in the accessory problem, we find that the transversality 
conditions (2.9) for both problems, if A, = 0, may be given the form 


[stan cin] = 0 (h—=1,+ ++ yr). 


There must then exist m multipliers g(x) of class C” which with the 
functions y:(a) satisfy the differential equations 


(4.38) (d/dr)Qn — n, =0, Og=0 (i—1,---,n; B=1,---,m) 
where _ 
(4. 4) Q(9, 7; Bp oT) == o (7, 7) + wp Pe — onini. 


The functions (7), (#) and the constants (u) and o must also satisfy the 
transversality conditions, 


(4. 5) brrr + [Qn cins] i = 0 (h,k =1,; > +,7) 
and the given boundary conditions 
(4. 6) NiE = Canum 


The differential equations (4.3) and the boundary conditions (4.5) 
and (4.6) define what will be called the accessory boundary problem. 


By a solution of the accessory boundary problem is meant a set of 
functions yi(#) of class C” which with multipliers g(s) of class C’ and 
constants (w) and o satisfy the conditions of the problem. We have the 
theorem 


“The form of the intesrand is speee.ted by the ideo of dominating the Pa c’ 


1 N, eee E 3 > Gia Pore y 
th. woud vaiatioa Vy now toa Teed ou) ls bl if cue necks to auibais the 


3 [j 


seeond variation subicet to p candition that the inteeral of nn, over the giver 
mitersal be unity. See Cope, lee. cit. 
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THEOREM 1. A solution (q), (u) of our problem of minimizing I (m, t, ©) 
for a fixed o must possess multipliers (p) which with (4), (u), and o, give 
a solution of the accessory boundary problem. 


By a characteristic solution * of the accessory boundary problem will be 
meant a solution for which (y)54(0). The corresponding value of o will 
be called a characteristic root. 


5. The necessary condition on the characteristic roots. We shall prove 
the following lemma. 


Lemma. If (n) is a characteristic solution with constants (u) and o, 
T(y, u, o)== 0. 


Since (7) satisfies dg = 0, we have 
(5. 1) L(y, u, 0) == Dagttntte + 2 foo n, By ©) dE. 
If we make use of the homogeneity of Q and integrate by parts in the usual 
way, we find as a consequence of (4.3) that 
(5.2) L(y, u, 0) = Brett + [Qn m]? 


If finally we make use of (4.5) we see that I (y, u, c)—=0 as was to be proved. 
We now come to the following theorem. 


THEOREM 2. If a normal extremal g furnish a minimum for the given 
problem it is necessary that there exist no characteristic solution of the ac- 
cessory boundary problem for which o < 0. 


Suppose o, were a negative characteristic root and (4) the corresponding 
characteristic solution with its constants (u). We have 


a2 
(5. 3) I (4, u, 0)== I (y, u, 01) + 2 f omda. 


By the preceding lemma I(y,u,01)—=0 and since (y)4(0) we have from 
(5.3) that 
I(y, u, 0) < 0. 

We now seek an admissible family of curves of which I(y,u,0) is the 
second variation. 


* We shall presently assume that every segment of g is normal relative to the 
Euler conditions. Under this hypothesis the only solutions (7,#) s& (0,0) will be 
the solutions for which (7) zÆ (0). 
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For the given set (u) let y° be defined by (3.13). The sets y’, (7), 
(u) then satisfy (38.12), (8. 13) and (4.1). In the normal case * it is known 
that there will then exist an admissible family of curves of the form 
yı = yı(z, c) and functions a(e), such as (3.3) and (3.4), such that y, 
(4) and (u) are the corresponding variations for this family. But this is 
impossible if g furnish a minimum since I(7, u, 0) < 0. 

Thus the theorem is proved. 


6. The non-tangency hypothesis. In ordinary problems involving trans- 
versality of a manifold to a given extremal it is generally customary to 
assume that the manifold is not tangent + to the given extremal, or to insure 
this by other assumptions. There is here a corresponding assumption ap- 
parently hitherto unnoticed. The problem could be treated without this 
hypothesis, and a summary of results in such a case will be published sepa- 
rately. But sufficient conditions in the case where the hypothesis is made 
are much simpler than in the case where it is not made. Moreover simple 
examples in the plane will show the undesirable complexity and unimportance 
of the special case. 

In both cases one is led to an accessory problem involving a parameter o, 
but in the more general case the parameter need be introduced only into 
the integral and not into the end conditions. 

In the space of the 2n + 2 variables (z°, y;*) consider the 2-dimensional 
manifold defined by the equations, (see 2.1), 


(6. 1) ys == Ji (2) (s=1,2;i==1,- . en) 


for x° neighboring aë. This manifold is essentially the arbitrary combination 
of a point of g near the final end of g with a point of g near the initial end 
of g. We now regard the equations (2.4) as defining another manifold 


(6.2) y: = y: (a) xs = g(a) 


in the same (2n + 2)-dimensional space. We term (6.1) the extremal mani- 
fold and (6.2) the terminal manifold. 


Our non-tangency condition is simply that the extremal manifold and 
the terminal manifold possess no common tangent line at the point (a)==(0) 
on the terminal manifold. 


*See Morse and Myers, § 5, Theorem 5. 

van the poremetric fam this t--taupiien with the assumption that the Werer- 
strass function F, 3 0, enables one to prove the existence of a field of eatremals 
cutting the given manifold transversally. 
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We state the following lemma. 


Lemma A. A necessary and sufficient condition for the non-tangency 
condition to hold is that the matriz || cin’ || of (8.11) be of rank r. 


If one writes down as columns the direction numbers of the tangents 
to the parametric curves of the two manifolds concerned, one verifies the 
lemma readily. In particular a set of such direction numbers for the 
terminal manifold are given by the r columns of the matrix 


Lr? 
Yin? 


(t==1,°°+,2). 
(A==1,---,7) 














This matrix is of rank r by hypothesis (§ 2). The corresponding matrix 
for the extremal manifold consists of two columns 


1 0 

0 1 ; 

g 0 (i= 1,---,2). 
a 

0 ay 


The non-tangency condition means that there is no linear relation between 
the columns of the two matrices which actually involves both matrices. That 
there is such a relation if and only if | ci’ || is of rank less than r will be 
left to the reader to prove. 

We shall point out some of the advantages of assuming the non-tangency 
condition which we shall assume from now on. 

The variations (7) and constants (u) appearing in the second variation 
are related as follows: 
(6. 3) ni? = Car Uh 


as we have seen. In the case of non-tangency we can solve (6.3) for (u) 
in terms of a suitable subset of r of the variations ;°. Instead of the lemma 
of § 3 we then have the following. 


- LEMMA B. In the case of non-tangency the second variation may be 
written in the form 


a 
Nod? I/de? — qla) +2 f° om) de 
where q(n) is a quadratic form in r of the variations 748. 


y. A canonical form for the accessory boundary problem. The accessory 
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differential equations can be thrown into the Hamiltonian form, and in the 
case of non-tangency the boundary conditions considerably condensed. 
We set 


(7. 1) Ei = ny (n, 7, H o) Pg (n, 7) = 0, 


The relations (7.1) can be solved for y;’ and wg in terms of £; and qi, pro- 
vided we make the usual assumption that along g - 


Ru ++ Bin Pin © l bmn! 
En a -Enn Pin vate ` dingy! 
(7.2) 0. 
hin eee Piv 0 see GQ 
Png! ` © l Pry,’ 0 --- Q 


With y; and pg taken as such functions of £; and 4, we set 
(7.3) H(z, , £, o) = m — (7, 1; Bs o). 


As is well known and easily verified the accessory differential equations 
take the form * ' 


(7. 4) dyi/dz = Hy, ; dg,/dz = — Hr, 
The boundary conditions (4.5) and (4. 6) take the respective forms: 


(7. 5) fit int — Gi? Cin? = breuk i (h,k =1, + +,r) 
(7. 6) Ni = Cir Uh - (s=1, 25 i= 1,: TR n). 


In the case of non-tangency these boundary conditions are equivalent to 
exactly 3n linearly independent conditions Ly(y,f)==0 on the variations 
ni, £;8 (p= 1,° $ 2n). 

For in the case of non-tangency the matrix ¢ == || c° || is of rank r, 
so that (7.6) gives 2n— r independent conditions on the variables 7:°. 
We can replace the variables {u) in (7.5) by linear combinations of the 
variables 4;° obtained from (7.6). The resulting relations will be inde- 
pendent of each other because the matrix of the variables £;* in (7.5) is 
obtained from e by interchanging rows and coltunns and then changing the 
sign of the Jast z columns. We thus have 27 independent relations as desires, 


dee Bolza, p. 593, loc. cit, 
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The accessory boundary value problem thus takes the compact form 


(7.7) dyi/da =He,;  dti/de = — Hn, (i=1,:--,n) 
(7. 8) Lp(a, €)= 0 (p =1,; 2n). 


SUFFICIENT CONDITIONS. 


8. The theorem. By the Clebsch sufficient condition we shall hereafter 
mean the condition that 


(8.1) Ri;jwiw; > 0 (i=l n) 
for any set (w)=£(0) satisfying i 
(8. 2) Pay wi = 0 (6B =1,- > -,m) 


where the partial derivatives involved are evaluated along g. 
By the Weierstrass sufficient condition we shall mean the condition 


(8. 8) E(2,4,93y',r4) > 0 


for distinct admissible sets (x, y, Y) and (x,y, y) for which (x,y, 9’,A) is 
near the corresponding set on g. 

The extremal g will be said to be identically normal if every subinterval 
of it is normal relative to the Euler conditions. 

In § 12 we shall prove the following theorem. 


THEOREM 3. In order thai an identicaliy normal extremal g afford a 
proper, strong, relatwe minimum, it is sufficient that the Weierstrass and 
Clebsch sufficient conditions and the non-tangency condition hold, and that 
all characteristic roots be positive. 


9. The fundamental quadratic form. We are now assuming that g is 
identically normal and the Clebsch sufficient condition holds. On such an 
extremal (Morse III, § 4) there exists a positive lower bound of the distances 
between a point and its nearest conjugate point. With this understood let 


(9.1) > ©=Ap,° E= Ap a = at Ap = 4? 


be a set of successive n-planes cutting the a-axis in the order of their sub- 

scripts, and placed so near together that no point and its first following 

conjugate point lie on a closed segment of g cut out by two successive n-planes. 
On the intermediate n-planes f 


(9.2) T= l ' + +, T= lp 
respectively let 
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(9.3) Pi: + +,Pp 


be a set of points neighboring g. Let (v) be a set of pn -+ r =ò variables 
of which the first r equal («> > ',@r). The next n shall be the respective 
differences between the y codrdinates of P, and of the point on g at £ = d, 
the next n the differences between the y codrdinates of P, and of the point 
on g at = de, the next n a similar set for P} and so on to Py». 

A set (%) in (2.4) determines two end points 


(9.4) (3, yt) =Po (2,9?) = Pon 
The complete set (v) determines the points 
(9. 5) Pos" * >, Pow 


If the points (9.5) be sufficiently near g they can be successively joined 
by extremal segments. Denote the resulting broken extremal by #. We shall 
say that (v) determines the above broken extremal Æ. The expression J 
taken along Æ will be denoted by J(v). With the aid of the Euler equations 
one sees that the first partial derivatives of J(v) with respect to dri,° + *, V8 
are all zero for (v)==(0), and with the additional aid of the transversality 
conditions one sees that the remaining first partial derivatives are zero for 
(v)=(0). Thus J(v) has a critical point when (v)—(0). 

The terms of the second order of J(v) now come to the fore. They will 
be obtained by means of the following identity in the variables (z) 
= (21° ` +, 28) 


(9.6) S°vpvg Apeq == (d?/de®) J (er, > ` > €25) (p4 =1,:; -> +,8; e= 0) 


where e is to be set equal to zero after the differentiation, ahd the partial 
derivatives on the left are to be evaluated for (v)=(0), as indicated by the 
superscript 0. 

Consider then the family of broken extremals Æ through the points (9. 5) 
determined by a set (v)==(ez:ı,' * -, eza) for a fixed (z) and variable e. 
Represent this family in the form 


yi = yi (z, 6) On == eln (h=1,: r; i=1,: n). 


Although the functions y: (z, e) fail in general to be of class C” at the corners 
of the broken extremals, one verifies the fact that (3.8) and (3.9) still hold. 
Wh heh atta et 


1 tommy t he varia Hehhe in tbat wa hmo horo 
š PU Tor i- Sey see $ TA ny 


e? p 
(9. 7) fi (Py Yiee + Fyr Yicce) de Ts, [yierl y, | i + 2 [Yiee y] eye 
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while the last sum would not appear if there were no corners. 

But even in the case of corners the last sum vanishes. For since the 
broken extremal is determined by (ez) we see, for example, for z= 4;, that 
Yı (G1, €)— Yr (ar, 0) = Caras 
(9. 8) = © © © © © © eo . 
Yn (trs €)— Yn (1, 0) = Cran 


so that Yiee(@ı, e)= 0. Similarly 
Yieo (at, e)=0 (t=1,---,p) 


from which it appears that the last sum in (9.7) vanishes just as in the 
absence of corners. 

Now un was defined as a,’(0). For the present family unr = z» so that 
we can infer from (9.6) that 


a8 
(9.9) J vgugptq = diaznen + af o (9, 9) dx (p,g==1,:-+,8) 
at 
(h, k=1,- x T) 
A curve 74 == y(x) in the (z, y) space will be called a secondary extremal 
provided it forms the part (q) of a set (y, u) of functions of s of class C’ 
which satisfy (4.3). From its origin in (9.9) we see that (y) in (9.9) 
defines a broken secondary extremal W’. To determine its ends and corners 
we note the following. 
Since un = Zm (3.12) becomes 


(9.10) i8 = Cinta (i=1,:--,n3s=—1,2;h—1,-° +57) 
so that (2:,--°,%-) determines the end points of E’. From (9.8) we see 
that : 


[m (41), pt > Mn (Gx) | a [2rst5 roe > Zren] 


Similarly we see that the set 7:(@2) equals the next set of n 2’s, and so on 
to the set 7: (a) which equals the last n 2’s. Thus the set (z) determines 
both the end points and the corner points of the broken secondary extremal F”. 
The set (z) thus uniquely determines the broken secondary extremal W. 

We summarize in the following theorem. 


THEOREM 4. If J(v) represents the value of J taken along the broken 
extremal determined by (v) its terms of second order have the form (9.9) 
where (q) is taken along the broken secondary extremal determined by (z). 


10. Further introduction of o. The previous introduction of the para- 
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meter o into the second variation will automatically result if we replace the 
integrand f by a one-parameter family of integrands 


(10. 1) f—oly:— 9: (2) I[yi— Fi (2) ] 


where y; = 9i(z) as before represents the extremal g. For each value of o, 
g will still be an extremal. To construct the broken extremal of the pre- 
ceding section for this new problem we need the following lemma. 


Lemma. A decrease of o never causes a decrease of the distance on the 
x-axis between two successive conjugate points. 


First recall that we are assuming the Clebsch sufficient condition holds 
along g, and note that the Clebsch condition is independent of o. Using 
Taylor’s formula one sees that the Weierstrass sufficient condition is satisfied 
for the problem of minimizing I (y, u, e) subject to (4.1) along any secondary 
extremal. Moreover, g is assumed identically normal. It follows that any 
segment d of the z-axis free from successive conjugate points for o= co 
will afford a proper minimum to I (y, 0, co) in the fixed end point problem. 
See Morse III. : 

From the way o enters into the second variation it follows next that 
after o is decreased from oo, d will still afford a proper minimum to 
Ily, 0, 6). 

If, however, there were for the decreased o a pair of conjugate points 
on d, it would be possible to make I(y,0,c) zero by taking it along the 
secondary extremal joining the two conjugate points, and along the z-axis 
for the rest of d. This is contrary to the nature of a proper minimum. 
Thus there can be no pairs of conjugate points on d. 

The lemma follows readily. 

By virtue of this lemma the broken extremal determined by (v) in §9 
for o == 0 will also be similarly determined by (v) for each negative o. 


The value of J taken along the broken extremal determined by (v) 
will now be denoted by J(v,0), 00. We set 


(10. 2) Q (2,0) = Jair, (0, 0) 2p2¢ (p q= 1,: > +, 8). 


By virtue of Theorem £ extended to any negative o we have 


a0? 
LAH BY Oie aes? e oe í Ol, Sangh (he te a poe FY 
A . ‘ 


de 
rere (o) in tabon atopy the hreben seen nedary ertremal determined ny {2) 


for the given o. 
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11. Properties of the form Q{z,c). THEOREM 5. The quadratic form 
Q(z, 0) is singular if and only if o is a characteristic root in the accessory 
_ boundary value problem. 


The conditions that the form Q(z,o) be singular are that the linear 
equations 


(11.1) Q:, = 0 (p=1,:--,8) 


have at least one solution (z)=4(0). 

If such a solution (z) be given we shall first show that the broken 
secondary extremal Æ determined by (z), with the set (u) equal to the first r 
of the 2’s, gives a characteristic solution. 

Let us first examine the geometric meaning of the conditions (11.1) 
for p=r-+1,:-+-:,r-+-n”. From (11.1) and (10.3) we see that 


(11. 2) Qena = 2[ On J, = 0 cee Wee 


Equations (11.2) taken with (7.2) show that E has no corner at s == t. 
More generally we see that the conditions (11.1) with »>~,r imply the 
absence of corners at each of the points of E at which 


= li °°, E = ay, 


that is, the complete absence of corners on E. 
There remain the conditions (11.1) for which p&r. From (10.3) 
and (11.1) we see that 


(11.8) Qe, = brrr + 2[ Qn, Oni%/d2n] | = 0 (h,k=1,-°+-,7). 
With the aid of the relations (9.10), namely, 

(11.4) Mi? Guiles (hme <<) 
we see that (11.3) takes the form 

(11. 5) [On Ca] | = bate. 


But (11.4) and (11.5) regarded as boundary conditions on (y) have pre- 
cisely the form of the boundary conditions (4.5) and (4.6) of the accessory 
boundary problem. 

Finally we see that on E, (7)34(0) since (z)54(0). If then Q is 
singular we have a characteristic solution (7) of the accessory boundary 
problem. 

Conversely, let there be given for some ø a characteristic solution (7) 
with its constants (u). Let (z) be a set which determines the secondary 
extremal (q). In (z) the first r variables will be the set (u). 
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Conditions (11.5) and (11.4) are satisfied since (7) is a characteristic 
solution. Conditions (11.3) then follow. All conditions such as (11.2) 
are satisfied because of the absence of corners on the secondary extremal (y). 
Hence all conditions (11.1) are satisfied. Moreover, (z)54(0) since 
(n)A(0). 

Thus Q(z,c) is singular when o is a characteristic root. 

The theorem is thereby proved. 


The number of linearly independent sets (n) which furnish characteristic 
solutions corresponding to a given value of o will be called the index of o. 


For a given o < 0 it is clear that linearly independent secondary ex- 
tremals will determine and be determined by linearly independent sets (z). 
Since the nullity of the form Q is the number of linearly independent solu- 
tions (z) of the equations (11.1) we have the following theorem. 


THEOREM 6. The nullity of the form Q(z,o) equals the index of the 
root o. 


Let M(y,v) be any form quadratic in yi, vs with coefficients continuous 
in z, and with no terms quadratic in (v) alone. We shall prove the following 
lemma involving Q and M(y,v). 


Lemma A. For o sufficiently large and negative the form 


(11. 6) N = 20(y, v, p 0) + M(x, v) 
is positwe definite in its variables (y, v, u), subject to the conditions 
(11. 7) peui + bay’ vi = 0 (i= 1,- "+n; =EL, s m). 


Subject to (11.7) the form N may be written as follows: 


(11. 8) N = Rijvivg + 2Qarnivy + Pijp + M (n, v)— Roni- 
If we set 
(11.9) —o=1/p? qi= poi p0 


we have in place of (11.8) 
(11.10) N = Ryp | ouy ow t pa. eye l- Jora 
Ae taa levee Pry a ky ate tela Gii i ETSE ETLE ET S 


GEES EDI panoi = GA. r T= i. 
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For p==0 the form (11.10), taken subject to (11.11), becomes the 


form 
N = Rijvivy + wiwi py,’ vi = 0, 


and is positive definite by virtue of the Clebsch condition. It follows that 
for p sufficiently small the form (11.10) is positive definite * subject to 
(11.11), and hence for o sufficiently large and negative, (11.8) is positive 
definite subject to (11.7). 

Thus the lemma is proved. 

We come to a fundamental theorem. 


THEOREM 7. If an extremal g is identically normal, while the Clebsch 
sufficient condition and the non-tangency condition hold, then the form 
Q(z,o) will be positive definite for sufficiently large negative values of o. 


According to Lemma B of § 6, in the case of non-tangency we have 


(11. 12) Qe 0)=a(N+2 f Un, ede 


where q() is a form quadratic in the variables 74°. 
Now any such form as g will satisfy a relation 


(11. 13) q (n) 2 — elp m? + nity] (i == 1, o, n) 


provided simply that c be a positive constant sufficiently large. 

Let h(x) be any function of x of class C’ on the closed interval (at, a?), l 
taking on the values 1 and — 1 respectively at z =a? and z =al. Then 
(11.13) may also be written in the form 


(11. 14) a(n) = — c f (a/s) (nih (2))] de 


where (7) represents any set of functions yi(x) of class D’ taking on the 
end values 7°. 
From (11.12) and (11.14) we see that 


(11.15) Q(z, c)= T [29 (n, 9, p o)— o(d/dz) (mnih (a) ) de 


* This statement can be proven as follows. By virtue of (11.11), for a fixed v, 
m of the variables (v) can be eliminated and N reduced to a form L in the remaining 
variables with coefficients continuous in p. The form L is now subject to no auxiliary 
conditions, For p=0 L is positive definite, and according to the ordinary theory 
of quadratie forms will still be positive definite for p sufficiently small. 
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By virtue of Lemma A of this section the integrand in (11.15) will 
be positive definite in (4,7, u), subject to (4.1), provided only that o be 
sufficiently large and negative. For such a o, for (z)34(0) and hence 
(7)s4(0), we have then 

Q(z,0) > 0. 


Thus the theorem is proved. 


12. Sufficient condition for a minimum. We shall now prove Theorem 3. 


By virtue of Theorem 5, Q(z,o0) is non-singular for «= 0, since all 
characteristic roots are positive. According to Theorem 7, Q (z,c) is positive 
definite for o sufficiently large and negative. If we increase o from large 
negative values to 0, Q will still remain positive definite since it remains 
non-singular. Hence under the hypothesis of Theorem 3 


Q(z,0)>0 (z)A(0). 


Since the extremal g is identically normal and the Clebsch and Weier- 
strass conditions hold, a neighborhood N of g exists so small that if the end 
points and corners of a broken extremal Æ determined by (z) lie in N, 
each of £’s component segments will afford a minimum to J in N in the 
fixed end point problem with the given differential conditions. 

Let g’ now be an admissible curve lying in N. The end points of g’ 
and its intersections with the n-planes 


(12.1) T= Oy, `, E = Ap 


of § 9 will determine the set (v) of § 9. For our choice of the neighborhood 
N we have : 
(12, 2) Jg ZJ (w). 

On the other hand Q(v,0) gives the terms of second order in J (v), 
so that for (v) sufficiently near (v)==(0) 


(12. 3) J(v)= J (0) 


where the equality holds only for (v)==(0). 
Thus if g’ lies in a sufficiently small neighborhood of g 


£qO Wy Fo" TOON, 


Now (12.4) becomes an equality only if both (12.2) and (12.3) become 
equalities. But (12.3) becomes an equality only if (v)==(0), and (12. 2) 
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then becomes an equality only if g’ is identical with g. Hence the equality 
in (12.4) holds only if g’ is identical with g. 

Thus the minimum is proper and the theorem is proved. 

If we recall that the Clebsch sufficient condition entails the Weierstrass 
sufficient condition in its weak form, that is for sets (x,y, y’) neighboring 
those on g, we have the following corollary. 


COROLLARY 1. For a weak, relative minimum it is sufficient that g be 
identically normal, that the Clebsch * and non-tangency conditions hold, and 
that all characteristic roots be positive. 


It is now easy to obtain certain theorems about the sign of the second 
variation 
az 
(12.5) In, u, 0) = Brxeintir + af olay) de (hk =1,° + -, 4) 
a 


taken subject to the conditions 
(12.6) @g—0 Ni = Cin Uh (B=—1,-°-,m;i—1,:--,n). 


In the first place we see from (10.3) that along a broken secondary 
extremal determined by (z) for o—0 


(12. 7) I(y, u, 0)== Q (z, 0). 


In the second place we recall that the Clebsch sufficient condition for g 
in the original problem entails the Weierstrass sufficient condition 


E (2,2, 7,7, ») > 0 (Ay 


set up for the second variation, for æ on our interval, for (a) unrestricted, 
and for differentially admissible sets (x,y, 7’) and (2, 7,7’). 

Now let I(y, u, 0) be taken along any curve g of class C’ which satisfies 
(12.6). The resulting value of I will certainly be as great as the value of I 
taken along the broken secondary extremal with the same ends as g and the 
same intersections with the n-planes (12.1), as a use of the Weierstrass 
condition shows. But Q(z,0) is positive definite if all characteristic roots 
are positive. Hence the following theorem. 


THEOREM Y. For the second variation to be positwe for every admissible 
(7)s4(0) it is sufficient that g be identically normal, that the Clebsch and 
non-tangency conditions hold, and that all the characteristic roots be positive. 


* We refer only to Clebsch and Weierstrass sufficient conditions from this point on, 


? 
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If e= 0 is a characteristic root of index q, but there are no negative 
characteristic roots, we see that the form Q(z,0) is still positive, except on 
the g-plane of points (z) satisfying (11.1), on which it is zero. Use of the 
Weierstrass condition leads to the following theorem. 


THEOREM 8. If g be identically normal, if the Clebsch and non-tangency 
conditions hold, and if o-=0 is the smallest characteristic root, then the 
second variation will be positive for all admissible sets (y)s4(0), except 
for those characteristic solutions for which o= 0, and for these solutions 
the second variation will be zero. 


The following corollary is of interest. 


COROLLARY. In order that g afford a proper, strong, relative minimum, 
it is sufficient that it be identically normal, that the Clebsch, Weierstrass, and 
non-tangency conditions hold, and that the second variation be positive for 
all admissible (»)34(0). 


For if the second variation be positive for all admissible (7)s@(0) there 
can be no negative root o by virtue of the proof of Theorem 2, and no root 
o==(0 by virtue of the preceding theorem. Theorem 3 then yields the 
corollary. 


13. The case G=0. The fixed end point problem. It will be of 
interest to determine the nature of the accessory boundary value conditions 
(7.5) and (7.6) in certain important problems. One can find ba from 
(3.10). 

In the fixed end point problem one finds that 


bis = 0 Cin? = 0, 


and that accordingly the accessory boundary value conditions reduce simply 
to ni? = 0. 


The end points variable on two manifolds. We suppose the end points 
variable on two n-dimensional manifolds not tangent to g. It will be 
illuminating if we suppose the extremal carried into the z-axis and the 
tangent planes of the two manifolds into the planes «== a® respectively. 
Saha trensformation oon be adits 2 tay sod wapa ba bu iy ace it tye 
problem came to us in parametric form, 

We take the y-codrdinates on the respective manifolds as our terminal 
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parameters («). We then have 2,°(0)==0. The variations 7;° are inde- 
pendent, and the accessory boundary conditions are readily seen to have 
the form 

fit = — [F ri; 

P = — [F] tyn 


thus exhibiting the dependence of the accessory boundary conditions upon 
the curvature of the end manifolds. 


The periodic case. Here we suppose that the integrand f and the func- 
tions ¢g have a period w in z, and that &? — a! = oœ. We suppose further 
that an extremal g of period œw is given. 

We compare g with neighboring curves of class C’ whose end points are 
congruent, that is, whose y-coördinates at v == a? and z =a} are the same. 
We can take these common y-coördinates as the terminal parameters (a). 
Thus the terminal conditions may be taken as 


Yas = HE z8 = as (i= 1,: :-,n; s= 1,2). 


From (3.10) one sees that bm: = 0. The accessory boundary conditions 
become 
A Fe nit = 92 


and thus require a characteristic solution to be periodic. 
We have thus the following theorems. 


THEOREM 9. In order that a normal periodic extremal afford a minimum 
to J relative to neighboring differentially admissible curves joining congruent 
points, it is necessary that the accessory differential equations have no periodic 
solutions for o < 0. 


THEOREM 10. In order that a periodic exlremal afford a proper, strong, 
minimum to J relative to neighboring differentially admissible curves joining 
congruent points, it is sufficient that it be identically normal, that it satisfy 
the Clebsch and Weierstrass sufficient conditions, and that the accessory dif- 
ferential equations possess no periodic solutions for oS 0. 


Ill. Tur QENERAL PROBLEM. 


14. The problem defined. Apart from conditions, such for example as 
the Clebsch condition, which in the most important problems are generally 
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fulfilled, the problem of minimizing J is essentially the problem of finding 
an extremal for which the type * number and nullity of Q(z, 0) are zero. 


This is a special case of the more general problem of finding an ex- 
tremal for which the type number of Q(z,0) is a prescribed positive integer, 
and the nullity zero. 


This problem will have more point if the type number and nullity of 
Q(z, 9) are really determined by the extremal and boundary conditions alone, 
and not also by the number and position of the n-planes (9.1) we have used 
in constructing the broken extremal and defining J(v,c); and this is the 
case as we shall show. This is subject to the natural limitation that the 
n-planes (9.1) be sufficiently near together. 

The study of this general problem exhibits more adequately the inter- 
relation between the calculus of variations and the accessory boundary problem. 

Up to this point the functions J (vr,o) and the quadratic form Q(z, o) 
of § 10 have been defined only for o =0. We can, however, define them also 
for c > 0. 

For each o > 0 it will, however, first be necessary to choose the n-planes 
(9.1) nearer together than any two successive conjugate points. If the 
choice of these n-planes be made, say for o = co, the same choice will suffice, 

according to the lemma of § 10, for o < oo. Thus the number 8 of variables 
in the set (z) depends upon the choice of øo, but one choice can be made 
for all values of e S oo. 

It will remove ambiguity if we now denote the form Q by @(z,o,8), 

and term å the dimension of the form Q. 


In Part III we shall assume that the extremal g is identically normal, 


and that the Clebsch sufficient condition and the non-ltangency condilion 
hold. 


15. The theorem aboul Q(z,0,8). A point (z)54(0) at which all the 
partial derivatives of Q(z,o,6) with respect to (z) vanish will be called a 
critical set with characteristic o and dimension 8. The value of o will be a 
characteristic root as we have seen. 

We now come to the following lemmas. 


Lemma 1 The form Q hes the j.operdy that 
“Lhe type number of a quadratic form is the number of negative coeflicients 


oppearing in the iorm atter it fas heen transformed by a real linear noy--sinerloy 
transformation into a yum of squared terms only. 
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(15. 1) Q(z, d, è) < Q(z, o”, 5) 
provided (z)5&(0) and d > o”. 


Let (7) represent the broken secondary extremal Æ determined by (z) 
when o = o”. From (5.1) and (10.3) we have 


(15.2) Tp tho’) = Q (2,08) + 2(0" — o) f mnda 


where (u) gives the first r variables in the set (z). From (15.2) we see that 
(15. 3) . I(, u, 0°) < Q(z, 0”, 8). (2) = (0). 
But from the minimizing properties of the component arcs of E 

(15. 4) Q(z, 0,8) (nu, 0’). 


The lemma follows from the last two inequalities. 
By the sum of a number of sets (z) will be meant the set (z) obtained 
by adding sets (z) as if they were vectors. 


Lemma 2. The form Q(z,¢,8) is negative if evaluated for a sum 
(z)54(0) of a finite number of critical sets with characteristic roots less 
than o. 


Without loss of generality we can suppose the critical sets in the sum 
have distinct characteristic roots. 

Let (z) be the sum. Let o’ be the largest of the characteristic roots 
and (z’) the corresponding critical set. Let (z) be the sum of the remaining 
critical sets so that (z)—=(7)+(2”). 

From the preceding lemma we have 


(15. 5) Q(z, T, 8) < Q(z, o, 8) o’ <e 


and this inequality proves the lemma if there is but one critical set in the 
sum, since the right hand form is then zero. 
Now as a matter of algebra of quadratic forms 


(15.6) Q(z, o, 8)== Q(2’, 0’, 8) + z” Qa (z, 0”, 8) + (2, 0’, 8) 
(p=1,- ` *, 8). 


But since (2) is a critical set for e = g’ this equality reduces to 
(15. 7) Q(z, o’, §)= Q(z", o, 8). 


Tf we now adopt the method of mathematical induction and assume the 
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lemma true for a sum involving one less critical set than the original sum, 
the right hand form is as a consequence negative. The lemma then follows 
from (15.5). 


Lemma 3. The members of any finite ensemble of critical sets (z) 
with distinct characteristics o are linearly independent. 


Suppose there were such a linear dependence. Let (z) be the linear 
combination which is zero. We can regard (z) as a sum of critical sets with 
distinct characteristics. Let (z) and (2”) now be defined as in the preceding 
lemma. Equations (15.6) and (15.7) hold as before. But the left hand 
member of (15.7) is zero since (z)—(0), and the right hand member is 
negative by virtue of the preceding lemma. 

From this contradiction we infer the truth of the lemma. 

For a fixed dimension ê there cannot be more than ô sets (z) which are 
independent, since there are 3 variables in the sets (z). From this fact and 
the preceding lemma we deduce the following. 


The number of characteristic roots less than oo ts at most the minimum 
dimension number 8 permissible for oo. 


From this lemma we also obtain the following: 


LEMMA * 4. The members of any finite set of characteristic solutions 
(n) with distinct roots o are linearly independent. 


We come now to the fundamental theorem. 


THEOREM 11. The type number of the form Q(z, co ŝo) equals the 
number h of characteristic roots less than oo, counting each with a multi- 
plicity equal to its index. 


We shall keep 8 = ô throughout the proof. 

If o be sufficiently large and negative we have seen that Q is positive 
definite. Ifo be now increased, the form Q will remain non-singular except 
when o passes through a characteristic root o. According to Theorem 6 of 
§ 11, the index qı of such a root equals the nullity of the form when o = øo. 
As o increases through o, it follows from the theory of quadratic forms that 
the type number of Q(z, o, 8o) changes by at most qı. Thus the type number 
of Q(z, ov, 8) is at most A, the sum of the-o ladiccs. 


*This lemma could also be proved directly from the differential equations and 
hoondary eonditions, 
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Corresponding to each characteristic root o < oo of index q, there are 
q linearly independent critical sets (z). According to Lemma 2 these sets 
will make Q(z, oo, 89) negative, as will any linear combination of them not 
(0), arising from different characteristic roots © < co. 

But according to Lemma 3, the members of any finite ensemble of critical 
sets with distinct characteristics will be independent. Thus there are h 
critical sets with o < sọ which are independent. These h critical sets re- 
garded as points (z) taken with the point (z2)—(0) determine an h-plane 
in the space (z). On this h-plane Q(z, so, ôo) is negative definite. 

It follows * that the type number of Q is at least h. But we have seen 
that is at most h. Thus the type number is exactly h and the theorem is 
proved. 


16. Comparison theorems. We seek to connect characteristic roots with 
conjugate points. 

A point z = b will be said to be a conjugate point of =a of index q 
for a given value of o, if there are just q linearly independent secondary 
extremals (7)3£(0) which vanish at z = a and z =b. 

We come to the following theorem. 


THEOREM 12. In the fixed end point problem the form Q(z, c,8) is 
singular if and only if for the gwen o, =a? is conjugate to g= a. 
Moreover the nullity of Q(z,0,8) equals the index of «=a? as a conjugate 
point of s = a. 

The type number of Q(z,¢,8) equals the number of conjugate points 
of x =a! preceding c= a? for the given o, counting conjugate points accord- 
ing to their indices. 


The first paragraph of the theorem is a consequence of Theorems 5 and 
6 applied to the fixed end point problem, inasmuch as the accessory boundary 
conditions arising from the fixed end point problem are simply 7i*—=0. The 
second paragraph of the theorem is proved by a repetition of the proof of 
Theorem 2 of Morse I, p. 392, except for obvious changes such as replacing 
the word “order” by “ index.” 

When the boundary conditions reduce to q: = 0 the accessory boundary 
problem will be called the boundary problem with null end points. 

The latter half of Theorem 12 taken with Theorem 11 gives the follow- 
ing Theorem. 


* Morse I, p. 390, loc. cit. 
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THEOREM 13. The number of conjugate points of «=a! which for 
o = co precede x =a", equals the number of characteristic roots less than oo 
in the accessory boundary problem with null end points. 


We shall now prove the following: 


There exist arbitrarily many conjugate points of «==a' preceding 
«=a? for o sufficiently large and positive. 


Let (a,b) be any closed interval interior to the given interval. I say 
that for o sufficiently large and positive there must be a conjugate point of 
=a on (a,b). 
If this were not so the integral 


f 
(16.1) f Ola Welds 
a 


would be positive for all differentially admissible sets (7) not identically 
zero on (a,b), of class D’, and null at a and b. Moreover there exists at 
least one set (y) in this class. For example one could take a finite succession 
of short arcs each of which is a secondary extremal when o = 0. 

Holding any such (y) fast let e become positively infinite. The term 


A 
—2 Í. oqimide 
a 


included in (16.1) will cause (16.1) to become negatively infinite. This 
is contrary to a previous assertion. 

From this contradiction we infer that for o sufficiently large and positive 
there will be at least one conjugate point on (a, b). 

Hence the statement in italics is true. 

We have compared characteristic roots with conjugate points. We can 
also compare characteristic roots in one boundary problem with characteristic 
roots in another such problem, as follows. 


THEOREM 14. The number of characteristic roots less than oo in an 
accessory boundary problem involving r end parameters (u), (see $4), lies 
between k and k + r inclusive, where k is the number of characteristic roots 
less than oo in the boundary problem with null end points. 


This theorem will be proved with the aid of the following lemma on 
quadratic forms. 
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Lemma. Let Q2(z) be a quadratic form obtained by setting the first r 
variables (2) in a quadratic form Q:(z) equal to zero. If the type number 
of Q2(z) is k, the type number of Q(z) lies between k and k + r inclusive. 


Let h be the type number of Qı. It follows from the theory of quadratic 
forms that there is an h-plane, say mr, through the origin of the space (2) 
on which Q, is negative definite. If the first r of the variables (z) be set 
equal to zero, these r conditions together with the linear conditions defining 
xa Will define a plane r of dimensionality at least h— r. On + however, Qz 
will be negative definite. Hence k 2=h—r. See Morse I, Lemma I, p. 390. 

The variables (z) which actually appear in Q, are those codrdinates (z) 
which are arbitrary in the sub-space (z:,:°+,2r)==(0). Since Q is of 
type k, there exists in this sub-space a k-plane m, through the origin on 
which Qə is negative definite. Now in this sub-space Q, = Q2 Hence Q, is 
negative definite on m. Hence h =k. 

Thus the lemma is proved. 

We come now to the proof of the theorem. 

Let Q:(z) be the form Q(z,0,8) with e= oo, set up for the given 
accessory boundary problem. Let Q2(z) be the form obtained from Q:(z) 
by setting the first r variables in Qı (z) equal to zero. Using the same inter- 
mediate n-planes (9.2) as were used in setting up Q:(z), let Q be now set 
up with o = vo for the fixed end point problem, and in the resulting form 
let r be added to the subscript of each variable. There will result the previous 
form Q2(z). 

Now the type number of Q(z) is the number & of characteristic roots 
less than op in the boundary problem with null end points. The theorem 
follows from the lemma and Theorem II. 

We have the following corollary. 


COROLLARY. The number of characteristic roots less than oo im any 
accessory boundary problem involving r end parameters, differs from the 
corresponding number for any other such problem involving s end parameters 
by at most the larger of the two numbers r and. s. 


We shall prove the following theorem. 


THEOREM 15. The number of characteristic roots on any finite interval 
of the c-axis, in any accessory boundary problem involving r end parameters, 
differs from the corresponding number for the boundary problem with null 
end points by at most r. 
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In fact let h, and hz be respectively the numbers of characteristic roots 
less than o, and oz in a given boundary problem. (c <o2). If kı and ke 
denote the corresponding numbers for the boundary problem with null end 
points we see from Theorem 14 that 


hy = kı + m, Smar 


16. 
( 2) he = ka + me Smr. 


Now h2— h, is the number, say m, of characteristic roate of the given 
problem on the interval 
(16.3) o, So < op. 


For this number m we have from (16.2) that 
m = (ka— kı) + (m — m) | m — m| Sr 


which proves the theorem for the interval (16.3). 

Now corresponding to any finite interval whatsoever there exists a closely 
approximating interval which is of the form (16.3), and which contains the 
same characteristic roots. Thus the theorem is true in general. 

We note the following corollary. 


COROLLARY. The number of characteristic roots on any finite interval 
of the c-axis for any accessory boundary problem differs from the corre- 
sponding number for any other such problem by at most the sum of the 
numbers of parameters in the end point conditions of the two problems. 


Except for this corollary the limits of the inequalities given in these 
theorems can be realized by i so that these limits are reduced as 
much as possible. 

It is not so with this corollary. From this corollary it would appear 
that the number of characteristic roots on a finite interval for one boundary 
problem might differ from that for another by as much as 23n + 2n = 4n, 
whereas the actual limit can be shown to be 2n, and depending upon the 
end conditions may be less. 

This question is one of a series of questions in the theory of these 
boundary problems which can be effectively treated by the methods of this 
paper. Among other things it involves a notion of the boundary problem 
common to two problems. 

Prom une porn, ob View Ol ine theory GOL POUNUAI Y Value promem ut 
degree of generality of the preceding results is evidenced hy the following 
fact. In the definition of the accessory boundary problem of § 4, one can 
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prescribe the form w(y, 7’), the differential conditions ®g == 0, and the con- 
stants Ci, and bax, subject only to the restriction that ba, == bra. To avoid 
unnecessary complexity we shall also require that || ci.® || be of maximum 
rank 7z. The problem of minimizing 


Vo Drgunttr + f ; o (9, 9’) dx 


subject to the conditions 
pge == 0 nid = Cin Uh (t=1,--+,; R= 1,---,1) 


will admit the v axis between at and a? as an extremal with multipliers 
Ao = 1, Ag==0, and for this extremal the accessory boundary probiem will 
have the prescribed form. 

This faci also shows the appropriateness of the form into which the acces- 
sory boundary conditions were thrown. 

This theory will be further developed from the point of view of the 
geometry of boundary value problems. 


ON THE PROBLEM OF LAGRANGE. 


By Lawrence M. GRAVES. 


In recent years there has been a tendency to derive the functional equa- 
tions which characterize the solutions of problems of the calculus of variations 
under the least restrictive hypotheses on those solutions. For the simplest 
problem in the plane in non-parametric form, Whittemore * derived an equa- 
tion for the solutions in 1901, under the hypothesis that the minimizing 
function y(x) has a derivative y’ (x) which is bounded, and also continuous 
except on a set of content zero. Tonelli derived this equation + under the 
weaker hypothesis that the minimizing function y(x) has bounded difference 
quotients. Similar results for the problem in parametric form were found 
by Hahn and by Tonelli.{ Tonelli obtains the Weierstrass condition also, § 
and for the non-parametric problem under the still weaker hypothesis that 
y(x) is absolutely continuous. 
In the present paper, we obtain a multiplier rule to characterize the 
minimizing functions y:(z) in the problem of Lagrange, supposing only that 
those functions have bounded difference quotients. Under the same hypothesis 
the analogue of the Weierstrass condition is derived in § 4. Some properties 
of normal intervals for admissible-functions are derived in § 3. The corollary 
of the theorem in this section enables us to prove the analogue of the 
Weierstrass condition under hypotheses on the normality of the minimizing 
functions which are less restrictive than those usually made §5 contains 
an additional remark on the relation between normality and the Weierstrass 
condition, as well as a remark on an extension of the condition of Mayer. 
i The methods of proof and notations are largely those used by Bliss, || 

ough some differences are necessary. The ordinary theorems on differential 
and other functional equations are inadequate for obtaining the results of 
this paper. However, the equations involved are a special case of those treated 


*“Taprange’s Equation in the Calculus of Variations, and the Extension of a 
Theorem of Erdmann”, Annals of Mathematics, Ser. 2, Vol. 2 (1901), pp. 130-6. 

t Fondamenti di calcolo delle variazioni, Vol. II, pp. 318, 557. 

$ Hahn, “Ueber die Herleitung der Differentialgleichungen der Variationsrech- 
nung”, Mathematische Annalen, Vol. 63 (1907), pp. 253-72; Tonelli, loc. cit., pp. 89, 486. 

@ Tonelli, lee. cit, pn. 83, 317, 511, 557. 

< This peibilliy wes first called te my attentien hy Dr. M, C. Boyer. 

|“ The Prohlem of Lagrange in the Calculus of Variations,” American Journal 
of Mathematics, Vol. 52 (1930), pp. 673-744. 
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in my paper on Implicit Functions and Differential Equations in General 
Analysis.* I have obtained a direct treatment of these equations without 
such a general background, but it is more complicated. In studying these 
equations it is convenient to center attention on the derivatives of the functions 
yi. Hence we shall denote these derivatives by zi. 


1. Formulation of the problem. We shall consider an integral + to be 
minimized, 


I} = f (e 9,2) dx, 


where 
(1) yi(z) =yn + f a(2)de, (i =1, n). 


This relation (1) between y(x) and z(z) is assumed to hold thruout the 
paper. For simplicity we shall assume that the integrand function f is defined 
for (x, y) in an n + 1-dimensional region R and for all values of z, and that 
f is bounded on every bounded domain. We suppose also that for each (y, 2) 
the function f is measurable in, s on every measurable subset of its range of 
definition, and that f is of class © in (y,z) uniformly on every bounded 
domain of (x,y,z) points. The last statement means that the partial deriva- 
tives f,, and fz, are bounded and continuous in (y,z) uniformly on every 
bounded domain of (a,y,z) points. We consider also m functions ¢a, 
(m <n), having the same properties as f. The functions f(x, y(x), z(z)), 
da(x,y(z), z(z)) are measurable whenever the z:(2) are bounded and 
measurable and have (x, y(x)) interior to Ht. 

We shall call two measurable functions z, and z, equivalent if they differ 
only on a set of measure zero, and use the sign z, ~ 2 in place of 2, = 2. 


Admissible functions z(x) are bounded and measurable, have (2, y(x)) 
interior to the region R, where y(x) is defined by (1), and satisfy 


(2) palz, y(x),2(%)) ~ 0, (a= 1,: +, m). 
They also satisfy the condition 


H) there exists a positive number p such that for almost all v the matrix 


* Transactions of the American Mathematical Society, Vol. 29 (1927), pp. 514-552, 
See especially Theorem XIII, p. 542. 

Ħ All integrals are to be understood in the Lebesgue sense. 

f See Caratheodory, Vorlesungen ueber reelle Funktionen, p. 665; Graves, “ Some 
Theorems Concerning Measurable Functions”, Bulletin of the American Mathematical 
Society, Vol. 32 (1926), pp. 529-533. 
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ha: (x, y(x), z(x)}) has a minor determinant whose absolute value is not less 
than p. 


2. THE MULTIPLIER RULE. If zo(x) minimizes I[z] in the class of 
admissible functions z making y(a2) Yo, then there exist constants 
(lo bu'''’, bn) and bounded measurable functions Ay,° '', Am, with 
(lo, Aap" © >, Am) not all equivalent to zero, such that 


gr 
(3) Pa~ f Fp de + bi, (i=1,: °, n), 


where F(x, y, 2, A, lo) = lof (T, y, 2) + apa (T, Y, 2). 

From the hypothesis H) it is plain that n— m additional functions 
$r(£, y, 2) can be adjoined, having the same properties as the functions ġa, 
so that the determinant 


| piz; (2, Yo(T), 20(2) ) | 
has absolute value not less than » on (#:%2). Then wa have 
$i (2, Yo(a), 20(%)) — Wio (T) = 0, (¢=1,- “"; n), 


where wWao(t) ~ 0, (a=1,:':-, m). If we apply theorem XIII of my 
paper * to the equations i 


(4) $i(2, 41 + J. 2dz,2z) = w (2), 


we find that for w near w, they have a unique solution Z[w, v] near zo(z), 
which is bounded and measurable in v, and of class @ in w uniformly.* 
Here the norm ||w]|| of a set of bounded measurable functions wi(x) is 
taken as the upper bound for all ¢ and æ of | wi(a) |. The functional 


(5) Fiw, s] =y + f. "Zw, 2] dx 


is continuous in s and of class @’ in w uniformly, and the differentials 
n = dY[w,2;0], =dZ[w,2;w] are the unique solutions of the equations 
of variation 


piumi + biz Si = wi Mi -f éide. 
gi 


* Transactions of the American Mathe matical Society, Vol. 29 (1927), p. 542. 
+See Hildebrandt and Graves, “Implicit Functions and Their Differentials in 
Comeral Analy is. Transe tions of the American Mathematiral Society, Vol, 29 11027), 


pes WOT Psd tee dpon of tae Chass C7 OL sual cela, ye onou WPA aE a oe a 
brockets to enclose the arguiaient> of funetionals Ja writing the arginnents ef ale 
qauerentials of aunctionals, we shall nevat to a u age custemary m the calenlu ef 


variations hy writing u for dor, y for dy, ¢ for dz, 
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It is readily verified that the integral I[z] is of class © on the region of 
the space of bounded measurable functions z(x) where it is defined. Hence 
the functional 


T[w] = TZ [w]} = f J(e Y, 2) ae 
is of class © near wo, and : 


(6) dw; o] = f “nas + fds) de. 


If we multiply (6) by a constant l and add 


@a 
(7) f (Aipin, AY 5 + Aihic,dZ; — diwi) dz = 0, 
ay 
where the A; are arbitrary bounded measurable functions, we obtain 
(8) haJ [w 3 o] = f (B,,dY; + Pe,dZ; — Mo) de, 
where F(a, y, 2, A, lo) = lof (x, y, 2) + Ashi (, y, 2)- 
The equations 
(9) Fa(2, ¥, Z, Ryle) = f Fn (2, YZ; dla) dx — os 
are linear in A, lo, c, for every w near wo. Hence, by the same theorem as 


before * they have a unique solution A; == Ai[w, lo, c, £] bounded and meas- 
urable in z. Using (9) to integrate by parts in (8), we find 


(10) dT [ws0] + esd Pi [w, 22; 0] = — f “ailu, lo ¢ Jor (a) dx 
J; 
for every w, lo, C, w. i ` 
If we now make use of the hypothesis that z) minimizes I[z] in the class 
of admissible functions making y(x2) = ye, we find that wọ must minimize 


J[w] in the class of bounded measurable functions whose first m components 
are equivalent to zero and which make 


(11) Y[w, Ta] = Yo. 
Ilence the matrix 


has rank less than n -+ 1 when w ranges over the bounded measurable func- 
tions whose first m components are zero, since otherwise, the equations (11) 


dJ[w.; o] 
dYi[Wwo, t2; 0] 











* Graves, Implicit Functions and Differential Equations, Theorem XIII, p. 542. 
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with J[w] =J [w] +u 

would have solutions for every u near uo, by the ordinary implicit function 
theorem. From this we see that there must exist n -+ 1 constants lọ and ci, 
not all zero, such that lodJ[wo;] + cd¥i[wo, v2; 0] == 0 for the class of 
functions » just mentioned. On comparing with equation (10) we find 
Ar[ wo, bo, c £] ~0, (r= m+1,-++, n). The functions lo, Aa cannot all 
be equivalent to zero, since then the constants c; would also be zero, by (9). 
This proves the multiplier rule. 


COROLLARY 1. If the functions f and ġa are continuous in x, then the 
functions zo and » may be redefined at the points of a set of measure zero 
so as to satisfy equations (1) and 


(2) palz, y(2),2(2)) =0 (a= 1,: +, m), 
(3’) > ee f Faiet B (iret dh 2S hy 
everywhere on (102). 

The process of redefinition is in terms of limiting values of the functions 


Zo and A. Obviously this process will not introduce any new discontinuities 
of Zo or A. d ` 


` COROLLARY 2. If the functions f, pa, feo and paz, are of class G im all 
their arguments, then the set of points where the determinant 


F. RyRy haz, 
pay 0 
ts not zero and the minimizing functions z, are continuous constitutes an open 


set O. On O the functions z, are of class © and the functions à are continuous, 
and equations (3’) may be differentiated with respect to x. 


R(x) = 








This corollary is the extension of the Hilbert theorem on the differentia- 
bility of minimizing functions and is proved as usual by means of the implicit 
function theorem.* 


3. Normal intervals for admissible functions. We shall say that an 
interval (222) is normal + for an admissible function z(7) in case the matrix 


|] dY i[w, 22; ©] || 


har tanle «what gs panmpe avou dha havwuderl onesoner hl, fas dinean erhan a Gan! 
. . K ee s welon eve . . Nose wes moaba a a} Mee i De - IF 2-8 pti . 


* So Bliss, lor. cit., p. 684, 
+ See Bliss, loc, cit., p. 687. 


552 LAWRENCE M. GRAVES. 


m components are zero. Here w is defined by equations (4), and dY is the 
differential of the functional (5). 


THEOREM. If (2:%2) is a normal interval for an admissible function 
2(x), and tf z has multipliers lo, \q with which it satisfies (8), then lo 0. 
If we require lp = 1, the multipliers àa are unique apart from sets of measure 
zero. Conversely, if (#2) is not a normal interval for z, then z has multi- 
pliers lo = 0, Aq with which it satisfies (3). 


For from (3) we obtain (9) with Ar~ 0 (r==m-+1,: > +, n), and then 
(10). Hence l, cannot be zero if the interval is normal. If there were two 
sets of multipliers with lọ = 1, their difference would be a set of multipliers 
with lo = 0, which has just been shown to be impossible. For the converse, 
we have that there exist constants c; not all zero such that c:dY;[w, 22; 0] = 0 
for every bounded and measurable w whose first m components are zero. In 
equations (7) put Ai(x) = Ailw,0,c,2], where A is the solution of (9), 


and we find 
f Aude = 0, 
Tı 


and hence Ar~ 0, (r=m +1, >, n). 


COROLLARY. If (a%2) is a normal interval for an admissible function 2, 
then every interval containing (z122) is also normal. 


For, suppose an interval (2.73) contains (2,22) and is not normal. Then 
the multipliers A, of the last part of the theorem for the interval (v.23) are 
all equivalent to zero on the interval (£z). From this we see that the 
constants ¢; of equations (9) must all be zero, and then from the uniqueness 
of the solution of these equations we find Ag ~ 0 on the larger interval (213). 


4. The analogue of the Weierstrass condition. In this section we assume 
that the functions f and ġa are continuous in x. We suppose also that zo 
minimizes I[z] in the class of admissible functions z giving y the end-values 
Yı and yz, and that zọ has multipliers lo = 1, A(z), with which it satisfies 
equations (2’) and (3°) of page 551. Then if the sub-interval (sız) of (4:22) 
is normal for Zo, the functions z and à can be modified at the points of a set 
of measure zero without disturbing the validity of equations (2’) and (3’), 
so that the Weierstrass function 


E(x, Yo(%), 20(@), A(z), 2) = 0 


everywhere on the interval (t£), for every set of numbers 2 such that , 
palT, Yo(%), Z) == 0 while the matrix dbaz,(X, Yo(%), Z) has rank m. 
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To prove this, consider the point set S where each yio(x) has a derivative 
equal to zio9(z) and 


f iule), 20(2) ae 


has a derivative equal to f(x, yo(x), zo(x)), and let z4 be a point of S between 
Ts and Lo, Yia = Yio(Ls), Zia = Zio (Ta), Aas ==Aa(%s). If Z satisfies the con- 
ditions specified in the theorem, the equations 


a 2 
palz, y; 2) = 0, Vi = Yis +f zidz, 
as 


have a continuous solution (æ) near x, with (z4) =Z. Since the interval 
(#,%,) is normal by the corollary in § 3, the matrix 
| aY j[ wo, Zs; 0] Il 
has rank n. Let w:;%,-- +, oi, give it this rank. Then the equations 
Fil w + ao, £s] = ği (£s) have a unique solution a, —ax(z5) for x; near 
x, and ay near zero, and this solution is continuous. By a direct consideration 
of the difference quotients the derivatives ax’ (z4) can readily be shown to exist 
and to satisfy the equations d¥;[wo, %4; 0x0" ] = Ži — zis, since 2(£) is 
continuous and x, is a point of the set S. 
Now set 
B(T, 2s) = Z[w + 0x(25)o™, 2], P(r, zs) = Y [Wo + ox(25)0, £], 
2(£, 2s) = B(T, 23) on % Ses as, 
= 2(2) on Ts < tS Ta 
== 25(2) On Ta L TE Ta 
Then the function z(7, zs) is admissible for zs Æ £a and satisfies the end 
conditions 


ga 
f Zi (2, Ts) dE = Yiz — Yir 


zy 


Hence K (as) == I [z (z, v5) ] 2 I[2,(x)] = K (as). By a direct consideration 
of the difference quotient and application of the theorem of mean value, we 
find that K has a left-hand derivative at za given by 


(12) K’ (x4) = — f(x; Yas ž) + f (2a Yay Za) + S nar; + fedZs) de, 


where tha arguments of fy, and fz, are w, yo(2), 20(@), and those of dY; and 
OZ, are Wy, T, ao, Now dY and dZ satisfy 


(18) Qan bY. i Da. — 9, 


where the arguments are respectively the seme as in (12). If wo muhiply 
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(18) by the multipliers rq belonging to Z, integrate from z, to x, add to 
equation (12), and use equations (3’), we find 


K’ (14) = — f (Tas Yas Z) + f (Gay Yas Z4) + (Zi — Zia) Fz, (ay Yas Zas Aa) 


Now since 
paltas Ya; 24) = 0, Palta Ya Z) = 0, 
the derivative 
` K (24) = — E (tn Yay Zo Àn 2). 


To show E = 0 for limiting values of the functions 2, A, consider an 
infinite sequence {v4} of points of the set S, such that lim zg = T*, 
lim Zo (Tg) == 2", lim A (24) = à". If Z satisfies the conditions of the theorem 
at the point #*, then there is a sequence {Z4} such that 2, satisfies the con- 
ditions of the theorem, at the point a, and lim ža = Z. Hence E (£q, yo(%a), 
%y(Xq), A (Ta), Za) = 0, and since Æ is continuous, E (x*, yo(x*), z*,rX*, Z) = 0. 


5. Remarks. An example in which the preceding proof leads to the 
condition of Weierstrass when the proofs usually given do not, may be obtained 
by considering the isoperimetric problem. Let z(%) have a single discon- 
tinuity at z, and minimize the integral I in the class of curves giving a second 
integral 


G[z] = fule Y 2) dx 


a prescribed value. In case z{#) is a mimimizing function for G on every 
interval not containing zs, then every such interval is abnormal. But if 
gz(Z, Yo(%), 20(£)) has a non-removable discontinuity at ss, every interval 
containing T is normal, and the Weierstrass condition holds on (mzz). 
Cases of this sort would be those considered by Caratheodory in the second 
part of his dissertation,” in which the extremals for the two integrals I and G 
are the same. 

I have also considered the second variation and obtained an extension 
of the necessary condition of Mayer. However, this extension is not satisfying, 
and the case when the derivatives have only a finite number of ordinary 
discontinuities | shows that a more penetrating study must be made before a 
consistent set of sufficient conditions can be given for the case when there 
are infinitely many discontinuities. 


THE UNIVERSITY OF CHICAGO, 


* Ueber die diskontinuierlichen Lösungen in der Variationsrechnung, Dissertation, 
Göttingen, 1904. 

+ See Graves, “ Discontinuous Solutions in Space Problems of the Calculus of Varia- 
tions”, American Journal of Mathematics, Vol. 52 (1930), pp. 1-28. i 


PERSPECTIVE ELLIPTIC CURVES. 
By ELIZABETH MORGAN COOPER. 


1. Introduction. Two curves in a plane are said to be perspective if 
the points of one and the tangents of the other can be put into one-to-one 
correspondence in such a way that each point of the one lies on the corre- 
sponding tangent of the other. The property is not confined to curves in 
the plane, (for a discussion of many possible cases of perspective space 
curves and surfaces, see Segre ** 14), but this paper will deal with perspective 
plane curves only. 

A curve perspective to a curve C is a birational transform of C, for 
if an envelope Æ is perspective to C a line r of E, incident with the point ¢ 
of C, will have, in general, a unique point of contact t with Æ. Therefore 
the points of contact of Æ will be in one-to-one correspondence with the points 
of C, and their locus C’, the dual form of EF, will be a birational transform 
of C. Hence two perspective curves have, necessarily, the same genus. If, 
on the other hand, C’ is a birational transform of C, the joins of corresponding 
points of C and C” envelope a curve E perspective to both C and C’. Two 
birational transforms, O” and C”, of C will, however, lead to the same envelope 
perspective to C if it happens that corresponding points of C, C’ and C” are 
collinear.* 

Some, at least, of the curves perspective to C are obtained as transforms 
of C by quadratic null systems, i. e., quadratic correlations in which corre- 
sponding point and line are incident. 

A conic generated by two perspective points, a cubic generated by a line 
and conic, a quartic by two conics, or, if it is “singular,” by a line and cubic 
(Schroters 1+) are simple examples of a curve generated by two of its per- 
spective curves. The fact that a curve can be so generated leads to a classi- 
fication of rational curves by means of their perspective curves. Cf. Haase," 
Meyer,® Stahl 15). Take, for example, the rational sextic. A rational curve 
has «2™-"+1 perspective m-ics (Brill, Coble*), hence the general rational 
sextic has cot perspective cubics and is the locus of points of intersection 
of corresponding lines of any two of these cubics. A condition on a sextic 


PRT peep eM, Doak tal tussis Gl Uin nhe à and p respecetiyoty, 


cach perspective to the h a if it happens m+2n-+9+1 times that corre- 
sponding points are collinear, such pointy are always collinear. 
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gives it a perspective conic. It can then be generated by that conic and by 
one of its œ? perspective quartics, while a sextic with a five-fold point can be 
generated by that point and a perspective quintic. There are, then, three 
types of rational sextics, the classification depending on the curve of lowest 
class perspective to the sextic. From this point of view perspective curves 
are important, and it is desirable to know the distribution of curves of given 
class (or order) perspective to a curve of given order (or class) and given 
genus. In this paper the number and arrangement of curves perspective to 
a curve of genus 1 is found. (p. 562). 

It has been proved by Meyer” ® that if two rational class curves, of 
lowest class, 

p&i—=(air)™ and péi (Bi) ™, (10, 1,2), 


are perspective to a curve C given by 


pr, —=(ait)”, {(1=0, 1, 2), 
eeu 


(dot) " (Gor) + (ast) "(or7)™ + (a2t)” (Ger) =0 when r=tŻ 
and 


(ast) (Bor) "= + (aut) (Bir) + (ast)"(Ber) "= 0 when r= 
then all curves of class m (m > | perspective to C are represented by 
2 


péi = (yir) PM (a;r) M + (8r) a(r)", (i= 0, 1,2), 


where (yir)"™-™ and (8jr)"™-"2 are arbitrary binary forms of the order in- 
‘dicated. For elliptic curves it is possible to write down perspective curves 
of a given order m in terms of two perspective curves of lower orders m, and 
Mı +1 
m +1 
needed, of course, because there is no first order elliptic function to take the 
place of the linear binary form. 

_ A great deal of work on rational perspective curves has already been 
done, particularly by Stahl 5°. Coble * has put -in simpler and more-in- 
teresting form the work of Stahl by showing its connection with apolarity, 
a property which does not, unfortunately,-carry over to the elliptic case. 
Coble * discusses also the case of a curve which is doubly perspective to a 
given curve, i.e. a curve each of whose lines cuts the given curve twice in 
the point corresponding to the line. Such a curve is tangent to the given 


m in a similar manner, if and only if m > This restriction is 
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curve at every point, and is, in fact, the line form of the curve itself. The 
condition that a curve have one or more cusps is merely the condition that it 
have a doubly perspective curve of sufficiently low class and this condition 
for rational curves Coble ** writes down in very simple form. 

It ıs proved by Haase * and Coble * that a rational n-ic and one of its 
perspective m-ics have m + n— 2 contacts. Coble‘ finds that they lie in 
an involution I2m-nsi,2n-s-m. The analogous situation for elliptic curves is dis- 
cussed hereafter. (p. 563). 

Some special applications of perspective rational curves are given by 
Coble,” * St. Jolles,° Schumacher,*? Study.” With the exception of the work 
of Segre,** 14 who gives no specific results which are applicable in the plane, 
the artieles we have located deal with the binary case only. 

The elliptic case is more difficult to handle than the rational case because 
elliptic functions do not lend themselves as conveniently to the working out 
of the perspective theory. Considerable difficulty arises from the fact that 
the parametric expression of the codrdinates of a curve Cn, given by 


ne: =Ri[p(u), p (u)], (i= 0,1,2), 
where R; is a rational function, or by 
pi = io + tiep (u) + tiap (u) +> > ++ inp? (u), (¿= 0,1, 2), 
suffers a serious alteration when the parameter change 
w= utk, 


corresponding to the general transformation of the curve into itself, is 
introduced. i 

When, in the binary case, we ask that pé;—=(air)™ be perspective to 
pz ==(a;t)”, assumed given, the determination of the coefficients of (a:7)” 
includes the proper parameter choice, for pé; =(@:r)™ merely becomes 
p & ==(a;’r")™ when the transformation 


t==(a7 + b)/(er’ + å) 


is made. in the elliptic case, on the other hand, though an appropriate choice 
of constants in p£;—R/[p(v), p’(v)] will make the curve it represents 
perspective to uri = Ri[p(u), p’(u)] in the sense that the line v of the one 
and the point u of the other are incident, we can not, by merely changing 
cneticicnis and keeping the same torm of the codrdinate expressions. us. 


at 


pa E otag ag EEAO Malls day ae? ee astad « -ahy sapa a Fo 
& - =" k to Yeplace u üa Palate? Indeed whon we sabsitute a g 


for u and use the addition formulae to cxpiess we; in terms of p(w) acd 
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p(w), we get expressions which are rational but no longer integral. By 
multiplying through by a common denominator we obtain, for each codrdinate, 
a rational integral function of p(w’) and p’(u’), but these functions have 
higher orders than n, and we can not isolate the extraneous factors which 
have been introduced and which complicate matters greatly. The use of 
sigma functions does not seem to be profitable as an alternative, as it gives 
a, still more troublesome form for the incidence relation. The most useful 
way of writing the codrdinates seems to be in terms of the p-function and 
its derivatives. 

It turns out that the elliptic parameter k appears as an independent 
parameter in the family of m-ics perspective to a given n-ic and leads to a 
distribution of these m-ics in a manner significantly different from the ar- 
rangement for rational curves. 


2. The m-ics Perspective to a Given n-ic. The general elliptic class 
m-ic Em, given by 


(1) p& = Qio + tiop (v) + aip (v) > + timp"? (v), (t= 0,1,2), 
will be perspective to a given order n-ic Cn, given by 


(2) uti = lio + tiap (— u + k) + aip (—u + k) 
+: ; ‘+ dinp®?(—u+k), (i= 0, 1,2), 


if and only if the incidence condition 


(3) (TE) vu = 0 


vanishes identically. If, instead of (— u + k), we take (u + k) for canonical 
parameter on Cyn, we get the same curves Em with canonical parameter — v 
instead of v. 

The incidence relation (3) is an elliptic function with an m-th order 
pole at u = 0 and an n-th order pole at u = k. The vanishing of the constant 
terms and of the coefficients of the principal parts of both expansions is a 
necessary and sufficient condition of perspectivity and gives m -n -+2 
equations which are linear and homogeneous in «;; and elliptic in k. Of 
these equations only m + n— 1 are needed to put on (3) the condition that 
it be a constant. We can, for example, require the vanishing of the m coeffi- 
cients of 1/uf (j = 1, 2, 8,---, m) in the expansion of (3) about u =Q 
and of the n— 1 coefficients of 1/(u—k)* (it =2, 3,---, n) in the ex- 
pansion about u = k. One further condition will require that that constant 
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be zero, hence it is clear that not more than m + n of the m + n + 2 equa- 
tions are independent, and we shall show that the rank of the matrix formed 
from the equations is always m + n. 

To investigate the rank of this matrix, which we shall call Mma, we use 
not the general n-ic but the special case 


PEo==1, pt = pe? (—u i k), UT = pr? (— u + k), 


since for special values of a; the rank will be less than or equal to the rank 
in the general case. Since the rank, we find, can never be greater than 
2m +h, we take h = m when m S n and when n is being increased, other- 
wise, for simplicity, we choose h = 2. In forming the matrix we take the 
equations in this order: 


Ay == 0, 

(— 1)44j/(j — 1) !=0, (j = 2, 3, 4,- "+, m), 

B;/(j—1)!=0, (j =h, h — 1, h—2,: + -, 8,2), 

B, = 0, 

B;/(g—1)!=0, (j=n,n—I1,n—2,:++,h+2,h-+1), 
where A; (70, 1, 2, °° , m), is the coefficient of 1/ui and B;, 


(j=0, 1, 2,: ++, n), is the coefficient of 1/(u— k)i in the expansions of 
(2é) v2, about u = 0 and u = k respectively. 

The matrix Mums: is formed from the matrix Mma by the addition of 
one row and by changing, in numerical coefficient and by differentiation with 
respect to k, certain of the élements of the original matrix. The matrices 
M,, and Mss will serve to indicate the general situation in the two cases 
when A = 2 and h = m respectively. The heavy figures, besides indicating 
a new row, show wherein the corresponding elements of M4, and Mas have 
been altered in a numerical coefficient or in the order of a derivative. 


100 2%e p p"/2 p”/3 (2 loat p™/4) p” p™/2 p’/3 (2 !e.+ p¥4/4) 
0100 0 p (2) 0’ . GR” 0 p” (2) p” Jp 
001000 p P., 0 0 P P” 
000100 0 pP.. 0 0 0 p” 
000 0 1 p p p” 0 G )p” (3 yp” GJP” 
000 0 0 p p” p” 0 (3)P” (3)pY (2) p” 
000000 9 0 ae oes oe a Goh 

| 000000 0 0 o er De e” | 
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100 g pR pB p“ p™⁄2 pY43 
01 0 0 yp O 0 pY (2)pY 
0010 0 gp o 0 pY 

ma oeo O Or oo Or Or 
OO O A E E R Ge” 
00: ee GE aye O Pa Gee 
0000 0 0 i (3)? Or 
0000 0 0 0 r Or 
0000 0 0 0 


(3)P” (3) p” ; 


Here, as elsewhere in this paper, p, p’,, < - p” refer to p(k), p(k), > < p” (k) 
when no other argument is indicated. The element standing in the (m-+1)-th 


row and (2m + 2)-th column is CZ) p°". The constant c> comes from 
the expansion 


p(k) = 1/k2 + czk? + cskt +> >> 


The lower right hand block of such a matrix has the form 


p p” p” is ops A prt 
g” p” py ce F A pm 
prt prk put me Ye prhem-3 


after the i-th row has been divided by ee p and the block composed of 


the elements just below the (m + 1)-th row and to the right of the (m + 1)-th 
column has the form 


po pP gooo pm 
p” p” pv . a œ pm 

(5) i ; ; : 

prt ph pret e.. pmm 

when the i-th row has been divided by aa *) . To investigate the rank of 


such a matrix we substitute for each element the first term of its expansion 
about k= 0 and get 
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— 2! 3! —4! -~ -> (—1)”im! 
u? ut ue untl 
- 3! 4] 5! soe oe (—1)"(m +1)! 
ue ue ue ym 
2 
(—1)mts! (H (s+1)! (1 (s+2)! < > + (Ha)? (mts—2)! 
| ysti yst2 uss ymrarl 


where s==n — h in the matrix (4) and sh in (5). A simple manipula- 


tion gives 
1/us 
0 1/ud 
0 0 t/ut 
0 0 O +++ 0 1/u* 
0 0 0 s+ + Q 0 1/ust2te 


where «== 1, s even, e= 0, s odd. s 

Therefore the matrices (4) and (5) can be put into such form as to 
have zero elements below and to the left of the diagonal line, and diagonal 
elements which are non-vanishing in general. This means that the last row 
of the matrix Mans (i. e., the row added to Mma) can be so manipulated 
as to have zero elements to the left of the diagonal line, and, as diagonal 
element, a function which is non-vanishing for an arbitrary choice of k. 
Hence the rank of Mm,n+ı is one more than the rank of Minn. 

If m, instead of n, is increased by 1, the new matrix has one new row, 
the m-th, and three new columns, the m-th, 2m-th, and 3m-th. We write 
down the matrix Mes. Deleting the elements in heavy type gives the 


matrix Mss. 
100 21. 0 Ate, p p”/2 p”/3 (2! cxt+p¥/4) pY/5 Mates 
010 i 0 0 0 p Or Cr G” (§)p7 
001 000 00 `? Or Or e” 
Mos = 000 1 0 0 0 0 0 p Hr (3)P” 

000 010 00 0 0 j Ar 
000 0 O 1 0 0 0 0 0 p 
000 40 0 0 F a p j” afl nw 

| ovo 0 00 0 pp p” a >’ 

a 000000 00 0 0 0 o 

000 000 00 0 0 0 0 

Vosso a a E > x n 
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p” p2 p73 (Rl eatpY/4) p5 4l e,+p™/6 
oo p” Ge O O Gee 
0 0 p” O Or G)” 

ġo a p (H2 GP 

oo o 0 0 p” (E) 
o o o0 0 0 p” 

0 (DP QP (DP OP (De™ 
o Ce er (DP (DP GD 
1 (r Or Coe” P” (a) PY 
° Or Or de Me Gr 

0 Or Ge” OF Or Gp" | 


The new last column always falls entirely to the right of the diagonal line 
and so can not affect the rank; the new 2m-th column is equally ineffective, 
while the new m-th row and m-th column supply a 1 as diagonal element 
and nothing but zero elements to the left of it and below it. Hence the rank 
of Mima, is one more than the rank of Mmn. It has been verified (p. 566) 
that the rank of Ms, is 3-+4+-3==6. Therefore, for arbitrary k, the rank of 
Mmnn is m+n. We have, then, m + n linear relations connecting the 3m 
homogeneous constants «;; and, for an arbitrary value of k, 0? "1 m-ics 
perspective to Cy. That k is an independent parameter can be shown as 
follows. 

Suppose that & and the 2m — n — 1 essential parameters of the family 
of m-ics corresponding to k are all functions of 8; (i = 1, 2,3,-++, 2m—n—1) 
and these only. Then k = k(8:)= 0 would imply a relation among the 8;’s 
and we should have, not 2-1 m-ics corresponding to k—0, but only 
a 2m-n-2, We have, therefore, proved the following theorem: 


THEOREM I. There are 0?"" m-ics perspective to a given n-ic. Corre- 
sponding to a given transformation of the curve into itself there are «2mm 
perspective m-ics which lie in a linear system. 


The division of the set of perspective m-ics into families corresponding 
to a given value of k, corresponding, that is, to a given birational transforma- 
tion of the curve into itself is a peculiarity of the elliptic case. It would 
not occur in the case of hyperelliptie curves which are transformed into them- 
selves by a finite number of birational transformations * and it does not occur 
in the rational case. 


* Pascal Repertorium, Chapter XV, § 6. 
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3. The contacts of two Perspective Curves. 


Tueorem IJ. An elliptic n-ic and an m-ic perspective to it have, in 
general, m + n contacts. 


The contacts of Ca, (2), and Em (1), will be the zeros of a function 
obtained by differentiating the incidence relation (vé) with respect io u 
before putting v==u. The coefficient of 1/w”, the first term of the principal 
part of the expansion of this function about u == 0, is a function of & which, 
in general, does not vanish. The coefficient of 1/(u — k)”+t, the first term 
of the. principal part of the expansion about u == k, is B, where By is one 
of the expressions (cf. p. 559) whose vanishing is a condition of perspectivity, 
and the coefficient of 1/(u— k)” is non-vanishing in general. Hence the 
function has m + n poles, and m + n zeros, and the curves have m -+n 
contacts, the sum of whose parameters is nk. For a fixed k% these contacts 
lie in an involution, Ism-n-1,2n-m+ı Since Im — n — 1 of them will determine 
Em and the rest of the m + n contacts. - 

Tf n/2 <m < 2n and if 2m—n contacts are given, these, substituted 
in [d(#é)/du]ven —=0 will give 2m—n homogeneous, linear equations in 
the 2m-~ parameters of the family of perspective m~ics. The coefficients 
are elliptic functions of k, of order M; + n +1, where M; is the highest 
order in & occurring in Ao;, Ai;, and Aoj;, where Em is written 


2m-2 
; péi = 2 aiAij, (4 == 0,1, 2), 
and where aj, (j= 1, 2, 3,- ++, 2m—vn), are the homogeneous parameters. 
When m =n = 3, (cf. p. 570),-M; 8 for each of the three values of j, 


but its value in general has not been determined. If JM is the maximum 
value of the set M;, the elimination of a; gives an elliptic function of order 


pS(2m—n)(M+n+1). 


Then p is the number of sets of 2n — m more contacts, i. e., the number of 
perspective m-ics determined by the 2m — n given contacts. 


4. The Family of Cubics Perspective to a Gwen Cubic. If in a (1,1) 
correspondence between two cubics with three self-corresponding common 
points, corresponding points are joined, the envelope is a cubic perspective 
to both. Such a correspondence exists between a cubic and its transform by 
à vouh atun wat CULE ea ponts On Lae Cube, gud aiso petweon a came 
and its transform by a quadratic transformation with the fundamental points 
and three of the fixed points on the cubic. There are, then, many perspective 
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cubics associated with a given cubic, and we ask what conditions on the 
coefficients .of the general elliptic cubic envelope Es given by 
péi = tio + aap (v) + ip (v) (i=0,1,2) 
will make it perspective to the elliptic cubic Cs, which may be written 
pty = 1 


pt, = p(— u + k) 
t= p (—u + k). 


The point u= s of C; and the line v==s of E, are incident for all values 
of s if and only if, when v = u, 
(2&)== Tofo + 1181 + Bok, = 0. 


This is a sixth order elliptic function with 3rd order poles at u==0 and at 
u=k, 
Expanded about w==0, the codrdinates of C; are 


pig==1 
yur, = p(k) — p' (kju + p” (le) u2/2t—- +, 
= p (k)— p” (kju + p” (k)u?/2!—---, 


and, for Es, the expansion about v = 0 is 

A = Qio F Qir (1/0? + cov? + evt -> >) 

+ ai (— 21/03 + eaw + 4egv8 +°--), (i= 0,1,2), 
so that the expansion for (zé)v-u about u = 0 will be 
(1/u8) {— 2[@2 + arp (k) + a220 (k) ]} 

+ (1/u?) {20 + anp(k)+ aap (b)+ 2[erep(k)+ ap (ke) ]} 

+u) {— [anp (k) + aap” (b)+ aip” (le) + azp” (k)]} 

+ {400 + irop (k) + &zop (t) 

+ (1/2) Lanp” (k) + aap” (ie) + (1/8) [anp (2) ++ 222p (k) |} 


+ a power series in u, 
or, for brevity, 

H,/u + H,/u® + Hi/u + Ho + a power series in u. 
Expanded about v = k, u = k 


ply = 1 
pti = 1/ (u — E)? + ca(u— k)? + ca(u — k)t + 
pt, = 21/(u— k) — Res (u — k)— 4c; (u — k) 3 — 
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and 
péi = aio + an [p(k) + p (k) (w—k) + p(k) (u—k)?/21 +- ] 
+ ailp (E) + p” (k) (u—k)+ p” (k) (u — k)?/2! +: °], 
(i = 0,1, 2), 
so that the expansion of (2&) vu is 
[1/ (u — k)’ ] {2 [z + arp (k) + &z2p (¥)]} 

+ [1/ (u — k)? ] {e + anp(k)+ ap (b)+ Lanp (Ie) + ap” (ie) ]} 

+ [1/(u— k) anp (t) + wp” (Te) + anp” (le) + azp” (he) }} 

+ {2o + Gop (hk) + čop (t) 

+(1/2) [anp (k) + ap” (le) | + (4/8) Laznp” (ie) + azp" (k)]} 

+ a power series in (u — k). 
or 
K:/(u— k)? + K:/(u— k)? + K:ı/(u—k) + Ko + a power series in 
(u -— k). 

Equating to zero the coefficients H; and K; (j = 1, 2, 3) of the principal 
parts of these expansions gives the condition that (sé)v-u be a constant, and, 
by requiring this constant to be zero, we shall have the condition that Fs be 
perspective to C3. i 

The eight equations 

` H; =0, K; = 0, (j= 0, 1, 2, 3), 
nie are linear and homogeneous in oi; are not independent, (cf. p. 559). 

The sum of the residues is zero. Therefore 

H, + Kı = 0 
and we find that the relation 
(Ho— Ko) + p(k) (H2— K2)— [p'(k)/2!] (Hs + Ka)==0 
holds. 
The six equations 


(6) H.=0, Ha=0, —H,/2=—0, K2—0, Kı=0, K,/2—=0 


have the matrix 





1 0 0 p PR PB # PR 3 

0 1 0 0 p 2p 0 p' 2p” 

0 0 a 0 0 p 0 0 y 

Wy 0 v 1 p p (e) 2w 2o” y 
| 0 0 0 0 p p” 0 g” p” 

o 0 0 0 0 0 1 ? p 
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Since p’(k) and p(k), in the fifth row of the matrix, have no common 
zeros, the matrix has rank six, so that the equations (6) give six independent 
homogeneous linear conditions on the nine coefficients «i; of Fs. Therefore, 
for every value of k, there are œ? class cubics perspective to C3. We have 
already shown (p. 562) that & is an independent parameter, so that there 
are œ3 cubies WV; perspective to C3. 

Solving the equations (6) we find that these perspective cubics are 


(7) phi = adı (k, v)+ bBi(k, v) + eCi(k, v), (i= 0, 1, 2), 
where 
Q == Qiz — Gai, b = oz — a20, C == Zol — Qio, 
and where . 
Ag(k, v)= 3gsp(k)+ g22/4 + [gop(k) + 39s] p(v) 
Ax(k,v)= gep(k)+ 39, + gop(v) + p(k) p(v) 
Az(k,v)= p(k) p(v) +p (v) 
Bo(k, v)= gep (k) + 39s + gep (v) — p (k)p (v) 
B (k, v) = go — 12p(k) p(v) 
B,(k, v)=— p(k) | + p’(v) 
Co(k, v= — p(k) p(v) — p(k) p (v) 
C1(k, v)== p(k) +g (v) 
C2(k, v)= p(k) —p(v). 
If a = b = 0, c = 1, E; becomes pé; = Ci(k, v), i. e., the point 
To Tı Ve 
1 p(—k) p’(—k) | =0, 
1 p(v) p (v) 


which is the point u = 2k of C3 doubly covered. 
These cubics may also be written 


(”) péi = 1; (a, b, c v) + p(k) mi(a, b,c, v) + p’(k)ni(a, b,c, v), 


(i= 0, 1,2), 
where 
lo = ag:?/4 + 3bg, + [Bags + bg2] p(v) 
lı = 3ags + bg: + agep(v) + cp (v) 
h = —cp(v) +bp (v) 
Mo = 3ags + bgo + agep(v) — cep (v) 
mı = age — 12bp(v) 


M2 = 6 —ap (v) 
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No = ep(v) + bp’(v) 
nı == — E — ap (v) 
no= b —ap(v). 


If, in (7), we expand in powers of k, multiply throughout by — %3/3 and 
then put k = 0 we get 


péi = ni (a, b,c, v), (i=0. 1.2), 
i. e., the point 
To Ti Le 
(8) 1 pi») p(—r) | =9, 
a b c 


or, as @, b and ¢ vary, the œ? points of the plane triply covered. 
These triply covered points may also be obtained as follows. Putting 
k = 0 in 0; and writing the codrdinates. 


plo = 1, pi, = p(u), pT = p (u), 
the incidence relation becomes 


Goo -+ (Zio + o1) p (U) -+ (G20 + Moz) p’ (u) 
+ aup? (u) + (G21 + O12) p(u)p (u) + azp? (u), 


which vanishes identically when and only when 


Zij = — Gji 
and a; =0 when i=], 
or when Fs is 
pio = Gorp(V) + Xop (V) = No( i2, Xoz; Xor, V) 
p, = — čo, — ap (V) = M1 (212; %o2, Mor, V) 
pb, = — Qoz + ap (v) = Ne (Ara, Xoz; Zor, V), 


i.e., when H, is one of the points (8). 
If two cubics, given respectively by 


(9)  p& == aAi(k, —v + k)+ 0Bi(k, —v + k)+ cCj(k,—v +k) 

(10) p& = Ai (k, —0 + kh’) + 0 Bi (k, — o + k) eO (b,—v t+), 
(i= 0, 1, 2), 

aro each perspective to C3: 

(11) pty = i, put, = p(u), pt, = p' (u), 


the intersection of the line v = s of the one and the line v =s of the other 


568- ELIZABETH MORGAN COOPER. 


will give the point u =s of C3. But this fact is not easy to verify alge- 
braically. 

Rewriting (9) and (10) respectively as 
(9°) péi = agı (k, v) + bBilk, v)+ cyi(k, v)= aa, + bB: + CYi 


and 
(10) pi = a'ailk', v)-+ b'Bi(k’, v) + cy (k’, v) == a + bB + cy, 


(where a:(k,v)== Ai(k,—-v-+) and is obtained from it by means of the 
addition formulae for p(—v + k) and p'(—v -+ k), and where £; and yi 
are new forms for B; and C; similarly obtained) the generated curve will be 


pry = aa’ a a | + bb’ By Bi | + ce’ Yi i 























| ae a | Be Be ye W 
Bs ys iy ey | % By 
(12) + be’ À + ca + ab 
Bie Yk ye a an Be 
z f? + 
Hupe By W ida. | Sy eat A O Bi l 
Pr Yr ye Or a Pe 











where t, J, e = 0, 1, 2, no two of the three being equal. We shall have proved 
that this is the curve C, if we can show that each of the nine curves obtained 
by putting equal to zero any four of the six constants a,b,c, a’,b’,c’ is 
identical with Cs. The work involved in each case is, however, exceedingly 
troublesome and has been carried through only in a few of the simpler cases 
when k = 0 or a proper half period. 

When k =k’, some of the determinants in (12) vanish and others dupli- 
cate each other. Moreover the work can be simplified by writing (9) and 
(10) as 


(97) phi = aA: (k, v) + bBi(k, v) + c0: (k, v) 
(10”) pi = a Ai (k, v) + 0B, (he, v) + Ci (Kl, v), 
and writing C3 
pto =], pty = p(—ut+k), pm—=—p'(—u+k). 
The generated curve will be 


(13) To : MH |: Tz = 


| Ma, Mn, Mo Ms, Mz, Me, Ms, Ms, Me, 
a b c a b c a b c ; 
d YV @¢ aga Y ¢ vg vw ¢ 
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where Ma, is the minor of Ao(k, v) in the matrix 





` Áo Bo Co 
(14) Ay B: Cı 
A, B: C2 | 





I£ 
(15) Ma, m Ma < Ma, = Mp, è Mpg, P Mn, 

== Mo, : Mo,: Moo =1: p(-—u + k) : p'(—ut+h), 
then 

Zoi Tı: G—=1: p(—u + k): p(—ut+h). 
The verification of (15) can be done by forming proportions of the types 
(16) Ma,/Ma, = p(—v + k)/1 
(17) Ma,/Ma, = p'(—v + k)/p(— v + k) 
and showing, by means of the identity 
p? (k) = 4p? (k)— gop(k)— gs 
that the coefficients of [p(v)]/, (j = 0, 1, 2, 3, 4, 5), and of p’(v) [p(v) J, 
(i == 0, 1, 2), vanish, together with the constdnt terms. This has been done 
for the proportion (16). 
When k= 0, the matrix (14) will be 





0 =P) =p) 
pv) 0 1 
p(v) — 1 0 








so that for (15) we have 
1: p(v) : —p’(v)= p(v) : p?(v) : —p(v)p (v) 
=p'(v) : p(v)p’(v) : —p?(v)=1: p(—v +0) : p (—v +0). 


For k =a proper half period we have carried through the verification 
of (15) completely with the help of the identities l 


e1 F ez + e3 = 0, go = 4(l102 + e263 + C301), Ga = 461028s 
and of 
dei — gols — Ja = P? (w1 /2) = 0, 
120,3 — guey = Igoe, + 3go = 401 (261? + ezea) 
= {¢,(63  - @,) (€i —— 03) = erp" (0/2). 
»( r-t- oy My. cy -t (r. eÀ (i e faba el 
Ge pens 2b p eea eh LEO) ere 


and similar expressions involving œ: 2 and e, or (@: + o2)/2 and es We 
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give a sample of the calculation here because it seems to show a sort of 
raison d’etre for the complicated functions of g2, gs, and k that appear in (7). 
When k = 1/2, 


g2—eep(v) —p’(v) 
p (v) e — p(v) 
= — {[p(v)— e] [ge — 12e:p(v)] + p?(v)} 
= — 4[p(v)— e1] {e:? — exes — 8e:p(v) 
+ [p(v)— e2] [p(v)— es]} 
Fe 4. p(v)— e, |, 


m= | Be Go| p (v) eı — p(v) 
i Bo Co| | g2ei + 39s + gep(v) —ep (v) 
= e [4p? (v)— gap (v)— gs] 
— 9201” — 3gse1 + Bgap (v) + gop? (v) 
= — 4¢:p9(v)+ ga[p?(v) + ep(v)— e:*] 
+ gs[3p(v)— 2e1] 
= — tep? (v)+ (ezes — 01?) [p?(0) + esp (v) — 042] 
— €,62¢3[38p(v)— 2e:]} 
== — 4{¢,[p(v)— e:]® + (2e:? + ezes) [p(v) — @:]?} 
== — 4[p(v)— e:]?{e1 + (61 — e2) (61 — @s) /[p(v)— e1]} 
—=— 4[p(v)— e]8p(— v + o,/2), 


grt: + 39s + gop(v) — ep (v) 
g2 — 12ep(v) p (v) 
= p' (v) {29261 + 3gs — (12e? — go) p (v) } 
= p (v) {4e, (22:1? + C2¢s)— 4(61? + ezes) p(v)} 
=— 4[p(v)— er ]8p’(v) (e1 — e2) (61 — ¢e)/[p(v)— 6:1]? 
= — 4[p(v)— e:]§p’(— v + 1/2). 
5. The Contacts of Perspective Cubics. Two perspective cubics have 
6 contacts, by Theorem II, p. 563. If k is known and Os; given, two contacts 
determine the ratios a: b: c in (7), and so fix E, and the other four 
contacts. g 
If three contacts are given, 


Bı Cy 
pt = Oz =a 











„|2 
pT = B, Q 








uU = Ui, (i= 1,2,8), 
then [d(xé)/du]v-u-u, gives the three equations 
[agop(k) + 392 + bg2—cp’(k) |p’ (ui — k)+ [age — 12bp(k) ]p(us) p (us — k) 
+ [ap (b)+ ¢]p’(ui)p’ (ui — k) + [bp’(e) + ep (k) |p" (ui — ke) 
+[ap’(k)— e]p (ui) p” (us — k) + [— ap(k) + b]p (u:) p” (us — k). i 
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We have underlined the terms of highest order in & occurring in the coeffi- 
cient of a of b or of c, showing that the coefficients of a and of b are 
7th order elliptic functions in k, while that of ¢ is of the 6th order. Elimina- 
tion of a,b,c gives, therefore, an elliptic function of order 20 in k. This 
means that, when three contacts are given, twenty sets of three more con- 
tacts, or twenty perspective cubics, are determined. 


6. Perspective Cubics Associated with Collineation and with Quadratic 
Transformation. We naturally wish to compare the set of cubics (7) with 
the sets obtained by joining the points of Cs with the corresponding points 
of its transforms by a quadratic transformation with fundamental points and 
three fixed points on Cs and by a collineation with fixed points on Os. An 
expression for the cubics in the latter case has been obtained in terms of 
sigma functions and it is shown that they are «3 in number. The method 
is as follows. . 

Putting on the collineation the condition that it leave fixed the lines 
joining the fixed points wo, uw, and uz of Cs, which is written 


To= l, pt, =p(u), peep’ (u), 


the desired envelope is expressed in terms of D; and certain minors of Di, 
where D; is the determinant obtained from 


1 p(t) p(w) 
D= | 1 pl) g(a) 
1 p(us) p(w) 


by substituting the row 1, p(u), p'(u) for the row 1, p(w) p (u:). 
Expressions for D; and for the minor 


1 p(w) 
1 p(us) 
in terms of sigma functions are well known. The other minors needed were 
obtained by putting first u; 1/2 and then uj = %w:/2 (jæi) in D; and 
solving simultaneously the two equations so obtained. In this way the per- 
spective envelopes can be expressed, in a rather unpromising manner, in 
terms of sigma functions. They involve, besides Uo, u, and uz three homo- 
geneous parameters, and, by setting two of the latter equal to zero it is easy 
to show that there are just three effective parameters. 


In the case of quadratic transformation he ean IA -too ate, 








a Laat 
on sly, 42, and As, the fundamental points, and on B,, Bx, and Bp, the fixed 
points on (,, that 4,8), .1:B., 4B be concurient, a proof is obtained that 
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there are œt quadratic transformations of this type. By noting that the 
points of Cs which lie on a conic through Ai, A, and As will be collinear on 
the transform of Cs, we obtain & in terms of the parameters of Ax, As, and Az. 
This makes it necessary to exclude from among the permissible values of k, 
those values for which Ai, As, and As (or By, Be, and Bs) are collinear. 
We find, in fact, that k= 0 or a proper third period cannot be associated 
with curves obtained in this manner. 
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CONJUGATE NETS AND THE LINES OF CURVATURE. 


By Ernest P. LANE. 


1. Introduction. The purpose of this paper is twofold; first, to make 
some contributions to the projective differential geometry of a general con- 
jugate net on an analytic surface in ordinary space; second, to connect this 
geometry with the metric differential geometry of the lines of curvature. 

Two sections are concerned with purely projective geometry. An analytic 
basis for the projective differential theory of a parametric conjugate net on 
a surface in ordinary space is established in Section 2, where the parts of this 
theory that are essential for what follows are summarized. In Section 3, as 
one of the principal contributions of this paper, two quadrics called conjugate 
osculating quadrics are associated with each point of a given curve on the 
surface sustaining a given conjugate net. The reader who is familiar with 
the asymptotic osculating quadrics, defined by Bompiani and Klobouéek, will 
observe that the definitions of the two kinds of quadrics are quite similar. 
An asymptotic osculating quadric at a point of a curve on a surface is 
determined by three consecutive asymptotic tangents of one family, whereas 
in defining a conjugate osculating quadric we shall use instead three consecu- 
tive tangents of the curves of one family of a-given conjugate net. The 
equations of these quadrics will be derived and their properties briefly studied. 

The last three sections are more or less metric in character. Section 
4 is taken up with a summary of the elements of the metric differential 
geometry of the lines of curvature on a surface, preparatory to what follows. 
In Section 5, as a second contribution of this paper, a transformation is 
devised, from the local projective homogeneous codrdinates based on a certain 
projectively covariant tetrahedron at a general point of a surface, which are 
used in the projective theory of a general conjugate net, to the local cartesian 
non-homogeneous coérdinates based on a certain metrically covariant trihedron 
at a general point of a surface, which are used in the metric theory of the 
lines of curvature. This transformation makes it possible to study in Section 
6 for the particular metrically defined conjugate net called the lines of cnra- 
ture various configurations that are considered in the projective theory of 


a general conjugate net. 


2, Conjugate Nets. In this section we establish an analytic basis tor 
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the projective differential geometry of a parametric conjugate net on a surface 
in ordinary space. Some portions of this geometry, which will be needed later 
on, are summarized. The union curves of the axis congruence of a conjugate 
net appear. The equations of the ray-point cubic and ray conic of a pencil 
of conjugate nets are written, as well as the equation of the quadric of Lie. 
By net we shall mean conjugate net unless otherwise indicated. 

The projective differential geometry of conjugate nets was studied by 
G. M. Green, who based his theory * on a system of differential equations 
of the form 
(1) Yuu = Yeo + byu + cye + dy, 

Yur = Viu + ey + dy. 
The obvious lack of symmetry in these equations has led Slotnick to use + 
a different system. We shall use here a system which differs only notationally 
and in the choice of proportionality factor from that of Slotnick. 

Let the projective homogeneous codrdinates ¢,-- -,a of a point Pe 
on a surface © referred to a conjugate net Ns in ordinary space be given as 
analytic functions of two independent variables u, v. The axis at the point 
P, of the net Nz is the line of intersection of the osculating planes of the 
parametric curves Cu, Cy at Pe. Let Py be the point which is the harmonic 
conjugate of Py with respect to the two foci of the axis regarded as generating 
a congruence (the axis congruence) when the point Pz varies over the surface 
S. Then z and y satisfy a system of equations of the form 


un = pe + ot, + Ly, 
(2) Cuv = cx F Alu + day, 
Bey = ge + ty + Ny (LN 0). 


We shall use this system as the basis of our projective theory. 
From the equations 


(Zev) u — (Suv) v5 (tun) » = (2uv) u 
we obtain 


(3) Yu = fe — Noy + sty+ Ay, Yo ge + tay + nay -+ By, 


where we have placed 


* Green, “ Projective Differential Geometry of One-Parameter Families of Curves, 
and Conjugate Nets on a Curved Surface,” First Memoir, American Journal of Mathe- 
matics, Vol. 37 (1915), p. 215; Second Memoir, Vol. 38 (1916), p. 287. 

+ Slotnick, “ On the Projective Differential Geometry of Conjugate Nets,” American 
Journal of Mathematics, Vol. 53 (1931), p. 143. 
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ÍN = cs + ac + bq — cò — qu, gL = cu + be + ap — ca — pr, 


(4) — nN = ay + a? — aò — q, tL = dy, + ab + c — a, 
SN = by + ab + ¢— òu, nL == by + b? — ba — p, 
A =b — (log N )u, B = a — (log L)>. 


From the equation (yu)v = (yv)u we could obtain in light of the fact that 
the four points z, Tu, tv, y are not coplanar, four integrability conditions, 
which we do not need to write here. 

The ray-points, or Laplace transformed points, p, o of the curves Cu, Cv 
respectively at the point Pz are defined by the formulas 


(5) o = ty — az, p = Tu — be. 


The Laplace-Darboux point invariants H, K, the tangential invariants H, K, 
the Weingarten invariants W, W% , the invariants W, ©’, D of Green, and 
the invariant r of Eisenhart * are expressed in terms of the coefficients of 
systems (2) by the formulas 


H = c + ab — tu, K =c + ab — bs, 
H=sN, K==iL, 
6) W®e=H—K, Vo =K—H, , 
8B — 4a — 28-+ (log r) 80’ = 4b — 2a — (log r)u, 
D = — 2nL, r= N/L. 


The invariant r is the reciprocal of Green’s invariant a. 
We shall have occasion to use the covariant tetrahedron z, p, o, y as a 
local tetrahedron of reference with a unit point chosen so that a point 


2,2 + op + aso + aay 


has local coérdinates proportional to #,---+,as. In this codrdinate system 
the equations of the osculating planes of the curves Cu, Cy at the point Pe 
are respectively zs = 0 and gə = 0. The equation of the osculating plane of 
the curve Cy of the family defined by the equation 


(7) dv — Adu = 0 


at the point Ps is found by making use of the fact that this plane is deter- 
mined by the points g, 2’, x”, where 


(8) g om Ty + Trà, z” = Tau + rard + Trà? + TA (X = Ày -+ Aàv). 


Phoa sfltica h tepa a aah 


(9) (Let NA) (aa Ara) AT E(C AW’) +H (low Ar) J] ar. = 0, 





Fi onhart Preparation of Na ps cee Pebes pe Po Yik 
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wherein 8’, ©’ are two invariants appearing in equations (6). This plane 
coincides with the tangent plane, z4 = 0, at each point of Cy if, and only if, 
Cy is an asymptotic curve; in this case A satisfies the equation 


(10) L+NX = 0. 


The union curves of the axis congruence of a net are those curves such 
that at each point of one of them its osculating plane contains the axis through 
the point. The curve Cy is a union curve of the axis congruence of the net No 
in case the coefficient of v, in equation (9) vanishes. This condition can be 
written in the form 


(11) N = — [40 + (log r) uJa +[ 48" —(log 7°) »]A2. 


If A is replaced by dv/du this equation becomes an equation of the second 
order for v as a function of u along a union curve. So we obtain the well- 
known result that there is a two-parameter family of union curves of a given 
axis congruence. The fact that equation (11) is an equation of Riccati for A 
leads to the remark that the cross ratio of four particular solutions is constant, 
and hence to the following theorem, apparently unobserved before and capable 
of generalization to any two-parameter family of hypergeodesics containing the 
parametric curves on a surface: 


Any four one-parameter families of union curves of the axis congruence 
of a conjugate net on a surface in ordinary space have the property that the 
cross ratio of the tangents of the four curves of the families at a point of the 
surface is the same at every point of the surface. 


Replacing A by dv/du in equation (10) we obtain the differential equation 
of the asymptotic curves on the surface S, namely, 


(12) Ldu? + Nd? =0. 
In order that the differential equation 
(13) (dv — Adu) (dv — pdu) = 0 


may represent a conjugate net the two directions defined by this equation 
must separate harmonically the two asymptotic directions satisfying equation 
(12). A condition necessary and sufficient therefor is the following, which 
we shall suppose satisfied whenever we employ the function » hereinafter: 


(14) p=—lfrr (r = N/L). 


The two curves of such a conjugate net, at a point of a surface, may be desig- 
neted as Ch, Cp respectively. 
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The ray-points pa, on of the curves Cy, Cy at a point Ps can be shown ” 
to be represented by the formulas 


pa =(1 + à°r) (p + wo) — [AP — Q + (log x°r)’] z, 
on =(1 + A*r) (p + do) + A(P + ArQ)ar, 


wherein P, Q are defined by placing 
(16) P = 4%’ — (log Ar*),, Q = 4 + (log Ar*) 1. 


(15) 


The equations of the ray-point cubic of the pencil of conjugate nets determined 
by the conjugate net (13) at a point Po are t 


(17) La = (L? F Tr?) (21 — C'T — Baz) 
+ Cz,3 coe 3822725 — 3r T£? + 1H T = 0, 


and the equations of the ray conic of the pencil are 
(18) ga = (82 + rE?) (2? + ret) — r (z, — C't — B'r)? = 0. 


The equation of any quadric of Darboux at a point Ps of a surface S 
referred to a conjugate net Nz is 


(19) Lz? + Nas? + 24(— 2a, + 40x. + 482; + ha.) = 0, 
where & is arbitrary. For the quadric of Lie the value of k is given { by 
(20) LNk = 2(LB? + NC”) + LY (log B’r*)y + NW (log ©/7%) a. 


The entire theory of surfaces in ordinary space can, of course, be developed 
on the basis of a parametric conjugate net, in spite of the fact that it may 
ordinarily be more convenient to take the asymptotic curves as parametric. 
For some further developments in this direction the reader may consult the 
last two references cited. 


3. The Conjugate Osculating Quadrics. In order to formulate a defini- 
tion let us consider a conjugate net N on a surface S in ordinary space, and on 
8 any curve C not belonging to N. At a point P of the curve C, and at two 
neighboring points P}, P> on C, let us construct the tangents of the curves of 
one family of the net N. These three tangents determine a quadric, and the 
limit of this quadric as the points P, P2 approach P along C is a conjugate 
osculating quadrie at the point P of the curve C on the net N. The other 


* Lane, “Bundles ond Pencils of Nets on n Surface.” Trenstctions of the An cle r 
rerthrye parcel Noaere tig, Vol, 29 (19260, p Ted, 

f Lane, loc. cil., p. 163. 

$ Miss Hagen, Chicago Master's Thesis, 1926, p. 12. 
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conjugate osculating quadric at P of C on N is defined similarly by using 
tangents of the other family of the net N. The first problem is to find the 
equations of the quadrics just defined. Then their geometrical properties can 
be investigated analytically. 

We now set out to find the equation of the conjugate osculating quadric 
Qu determined by three consecutive u-tangents at a point Ps of a curve C) of 
the family represented by equation (7) on the parametric net Ns on an inte- 
gral surface S of system (2). We should like eventually to have this equation 
referred to the covariant tetrahedron v, p, o, y. From system (2) by differ- 
entiation and substitution one obtains 


Tuuu = (Pu + ap + fla + (au + a + p—nb)&u 
+ slaty + (Lu + oD + AL)y, 

(21) tuuv = (Cu + be + apja + (au + ¢ + ab + aa) ay + (bu + 57) ay + aLy, 

Suv =( Co + ac + bq) e+ (dy + a2) ty + (by + 6 + ab +03) xy + bNy. 
Similarly any derivative of 2 can be expressed as a linear combination of 
L, Lu, Ly, Y. Any point X on the curve Cy and near the point Ps can be defined 
by a power series in the increment Au corresponding to displacement on Cy 
from P, to the point X, of the form 

X = g + a Au+ g” Au? pin 
Then we find 
X = 22 + Zlu + Tity + Lay, 


where 
n=l: T: = Au +: `t, 
(22) ga = AAu (A + RDA + 8A?) Au? -He 
z, =(L + NA?) Au?/2+---. 
These series represent the local codrdinates 21,- > -,@, of the point X, referred 


to the tetrahedron 2, tu, Sv, y with suitably chosen unit point, to terms of as 
high degree in Aw as will be needed in this paper. Similarly, expanding Xu, 
we have 
Xu = Tu + (zu) Au + (au) Au? /2 +++: 
: = Bye F Llu + Lely + TaY, 
where 

sı =(p -+ cA)Au +: tt, a= 1 + (a 4 aau t, 
(23) zs = bàAu + [sL + 2 (bu + b2)A 

+ (by + c + ab + bè)A? + bN] Au? /2 +t, 
T, = LAu + (Lu + aL + AL + aL + bNA?) Au? /2 +++ +. 
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In order to calculate power series expansions for the local coördinates 
Z * £4 of any point hX + kX, on the u-tangent YX, at the point X, 
it is sufficient to multiply the series (22) by h and the series (23) by & and 
add corresponding series. Then writing the equation of the most general 
quadric surface and demanding that it be satisfied hy the power series thus 
calculated, identically in h, & and in Aw as far as the terms of the second 
degree, we obtain the equation of the quadric Qu referred to the tetrahedron 
T, Ly, Lr, Y, namely, 


(24) Dz? + Lx3h4 + Fae aa G[ vor, — XX (a, -+ bz)/L] = 0, 
the ratios of the coefficients D, E, F, G being defined by 


2ALD = G (L — NX), 
(25) RLE = G[« + 8A — b — A — (log L) + (log A)’], 
L2F = GA[bu + b? — ba — p +(A/2) (bv — c — ab + sL/d?)]. 


For the purpose of writing the equation of the quadric Qu referred to the 
tetrahedron v, p, 7, y a simple computation shows that it is sufficient to 
replace v, in equation (24) by zı — bz: — azs. Making this substitution and 
simplifying the coefficients by means of equations (4), (6), we arrive at the 
desired equation of the conjugate osculating quadric Qu, referred to the tetra- 
hedron v, p, c, y, namely, 


(26) (L—NX)r— AlE -+ AB’) — (log Ar*)"] var 
+ A(2ndA — 2K /L + B/N) 2s? + 2A (Ate, — Lats) 0. 

The equation of the conjugate osculating quadric Q» at the point Ps of 
the curve Cy on the net Nz can be written by interchanging u and v and mak- 
ing the appropriate symmetrical interchanges of the other symbols. The 
result is 
(27) (L— NA?) ae? + [4(0 + vB’) + (log Ar) ] x20 

+(2n + H/AN —drK/L) 22 — 2 (2184 — AN T283) = 0. 

Several interesting theorems can be easily established. For example, the 
tangent plane, v, = 0, intersects the quadric Qu in the u-tangent, 7, = T3 = 0, 
of course, and also in the residual line 


(28) ta =(L—N. 2) Zg — 2A Lat = 0. 


Similarly. the tangent plane intersects O in the v-tangent, 7. == 7r, == 0. end 


in the residual line 


(29) Za = ( L — NA?) 2 + RANT, = 0. 
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The line (28) coincides with the p-tangent,—and the line (29) with the 
w-tangent,—if, and only if, the curve Cy is such that 


(30) L— Nd? = 0. 


If this happens at every point of Cy, then Cy is a curve of the associate con- 
jugale net of the parametric net No, that is, the conjugate net whose tangents 
at each point of the surface S separate the tangents of Ns harmonically. So 
we have proved the theorem: 


Euch of the two conjugate osculating quadrics at every point of a curve 
on a net intersects the tangent plane of the net in the tangents of the net if, 
and only if, the curve belongs to the associate conjugate net. 


When L— NA? =40 the two lines (28), (29) coincide at every point 
of a curve Cy if, and only if, 2+-NA?—0. But in this case the curve Cy 
is an asymptotic curve. Moreover, in this case the two lines coincide with 
the tangent, 7, = Za — Av, = 0, of the curve Cy. Hence we have the theorem: 


The two residual lines in which the tangent plane intersects the two 
conjugate osculating quadrics at every point of a curve on a net coincide if, 
and only if, the curve is an asymptotic curve on the surface sustaining the net; 
then the lines coincide with the tangent of the curve. 


When (L-— NA?) (LZ + Nd?) 0, the cross ratio of the two tangents òf 
the net and the two residual lines (28), (29), in one of the possible orders, is 


(L + Na2)2/(L — Na?)2. 


The intersections of the quadrics Qu, Q» with the other three faces of the 
covariant tetrahedron of reference are of some interest, but we shall not pro- 
long these considerations to include the details beyond mentioning the 
following facts. 


The osculating plane, t3==0, at a point Pa of a curve C touches the 
corresponding quadric Qu of a curve Cy in the ray-point p of the curve Co. 
One of the generators in the plane x, = 0 is the u-tangent, ts = £4 = 0. The 
other coincides with the line xz = 2, = 0 if, and only if, 


2nd — 2K /L + H/N =0. 


The equation of the cone projecting from the point Ps the curve of 
intersection of the two quadrics Qu, Qv is obtained by eliminating s, from 
equations (26), (27). The result is 
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(31) (L — NAX?) (£ — Ate)? — A[4 (C + AB’) — (log aré)’ asa 
+ A2[4(G + AB’) 4+ (log Ar*) aor, 
Alin — (K + K)/L + (H + H)/N]e? =0. 


This cone is clearly tangent to the tangent plane, £, = 0, along the tangent 
line, a = £; — At, = 0, of the curve Cy. Its discriminant vanishes, so that 
it is a pair of planes and the intersection is two conics, in case 


(32) (L— M?) (a2r)’ = 0. 


When the first factor vanishes one of the planes is the tangent plane, s4 = 0, 
and the conic in it is composed of the tangents of the net Nz, as we have 
already seen. The equation of the other plane can easily be read from equa- 
tion (31). When the second factor vanishes the product A?r is constant 
along the curve Cy, and à satisfies the equation 


(33) X = — A (log r% )u — A? (log 7)». 


Evidently this equation is satisfied if A°r = const. over the surface. Then 
the family (7) is the most general family such that at each point of the 
surface its tangent and either one of the associate conjugate tangents form 
with the tangents of the net Nz a cross ratio which is the same for every point 
of the surface. The equations of the two planes when the second factor of 
equation (82) vanishes are easily obtained by factoring the left member of 
equation (81), and it may be observed that these planes intersect in the 
tangent of the curve C). 

The relations of two conjugate osculating quadrics Qu for the curves of 
two conjugate families are of some interest. The equation of the quadric 
Qu for the curve Cp, with yw satisfying equation (14), can be written at 
once by replacing A by -1/rA in equation (26). The result, after some 
simplification, is 


(384) rA(L— ND?) ay2 + r[4(B’ — rrAG’) + (log Ar®) » — rÀ (log Ar) u] tas 
—(2nrA + K/N — ra? /N) 2 — 2d (e104 + Nators)= 0. 


Eliminating x, between equations (26), (34) we obtain the equation of the 
cone projecting from the point Pe the curve of intersection of the quadrics Qu 
for the curves of two conjugate families, namely, 


(385) (1+ ra?) [ (L — Na?) r, — 4a@ rata + AWM a P/N — - 2D tors | 

++ AP (1 — ra®) (log Ar), + 2A (log Art) |e, = 0. 
as is geometrically obvious, the cone (35) is indeterminate, so that the 
quadric: (26), (34) coincide, in case 1 j- 7A? = 0, that is, in case the curve 


~ 
D 
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Cy is an asymptotic curve. Otherwise, the cone (35) is a pair of planes, 
so that the quadrics intersect in two conics, in case JV == 0, that is, in case 
the u-curves of the net Nz form a WW congruence. Then one of the planes is 
the plane z, == 0, and the equation of the other is easily read from equation 
(35). If W“ s40, the cone (35) is tangent to the osculating plane, sa = 0, 
of the u-curve, touching it along its tangent line, 7; = t4 = 0. 


4. The Local Trihedron. In the metric differential geometry of a 
surface in ordinary space it is convenient for some purposes to take the 
lines of curvature for the parametric curves and to employ a local trihedron 
at a point of the surface, whose edges are the tangents of the lines of curva- 
ture and the normal at the point of the surface. This section is designed to 
introduce these conceptions and to collect some formulas which will be used 
later on in this paper. 

Let us consider in ordinary metric space a surface whose parametric 
equations in cartesian coordinates are 


(36) c= z(u, v), y = y(u, v), z = z(u, v). 


Let the lines of curvature be the parametric curves on this surface. Then 
its first and second fundamental forms, written in the customary notation, are 


(37) Edu? + Gdv? Ddu? + D’dv?. 


The differential equations satisfied by the coördinates z, y, z of a variable point 
on the surface and by the direction cosines X, Y, Z of the normal of the 
surface at the point take the form 


Zuu = (log EY) u£u —(Ey/2E4) £v + DX, 

Tuy = (log B%) otu + (log G*) ute, 

Buy == —(Gu/2E) £u + (log G*).a, + D’X, 
Xu = — 22/Ri, Xo = — t/ Rə, 


(88) 


where the principal radii of normal curvature R,, Ra at a point of the surface 
are defined by the formulas ' 


(39) R, = E/D, R, = G/D”. 


The corresponding radii of geodesic curvature pı, pz of the u-curve and of the 
v-curve respectively at the point are given * by the formulas 


(40) 1/p: == —(log EZ) »/2G%, — 1/p2 = (log @) u/2E. 


* Eisenhart, Differential Geometry, Ginn and Co., 1909, p. 134. 


CONJUGATE NETS AND THE LINES OF CURVATURE. 5383 
The three integrability conditions of equations (38) are the equation of Gauss 
(41) — 2 (EG)*K: = [Gu/(EG)*]u + (Br/(£G)*] 0, 
wherein the total curvature K, is defined by 
(42) K: = 1/R:R», 
and the two equations of Codazzi, 


(1/Rı)v =(1/R: — 1/R,) (log £%) », 


n (1/R2)u =(1/R, — 1/Rz) (log G*)u. 


As a local trihedron of reference at a point (x, y, z) of the surface, we 
shall take the origin at this point, the é-axis along the u-tangent, the y-axis 
along the v-tangent, and the -axis along the normal. If Z, 9, Z are the 
general codrdinates of a point having local codrdinates é, y, £, the equations of 
transformation between the general and local cartesian systems can be written 
in the form 

E— g = Étu/ E% + mto/G* + XE, 
(44) G —y = fya E% + ayo/G* + Yb, 
Z— 2 = zuf E 4+ ntr/G* + Zt. 


The equations of the inverse transformation are 


é=(#— T, To/ QË, X), 
(45) n =(7— 7, Xx, Tu/ EA), 
f=(f—2, 2,/E*, 2,/G*), 


parentheses indicating determinants of which only a typical row is written. 


5. Transformation of Coordinates. The lines of curvature on a surface 
in ordinary space are a metrically defined conjugate net; precisely, they are 
the only orthogonal conjugate net on the surface. Besides their special metric 
properties they, of course, also possess all the general projective properties of 
an arbitrary conjugate net. Moreover, the configurations associated with a 
point of an arbitrary conjugate net in the projective differential theory cer- 
tainly are defined for the lines of curvature and may have interesting metric 
properties. The investigation of this situation is facilitated by employing 
a transformation of codrdinates, which it is the purpose of this section to 
More in detail, the transformation with which we are concerned here 
connects the local homogeneous coordinates of the projective theory with the 
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local non-homogeneous cartesian codrdinates of the metric theory. The 
projective homogeneous coordinates are based on the tetrahedron whose 
vertices are the points z, p, o, y, in the notation of Section 3, with suitably > 
chosen unit point. The cartesian codrdinates are those described in Section 4. 
In order to prepare for the calculation of the equations of the transforma- 

tion we observe that elimination of X from the first three of equations (38) 
leads to a system of the form (1) whose coefficients are defined by the 
formulas 

a = 1/r = D/D”, b=(log E*), + F*R./Rips, 
(46) d =g =0, c= —(1/r)[ (log G#)s— G*R,/R2p:], 

y = — GZS pis d = B*/po. 





The ray-points p, o of the lines of curvature are therefore given by the 
formulas 


(47) p = u — Cx, o = ty — b's, 


while the point 7 (hitherto denoted by y) which is the harmonic conjugate of 
the point x with respect to the foci of the axis of the lines of curvature is 
given * by two equal expressions, 


(48) +==(1/D) [uz — bau + Mz] =(1/D") [ew + rea, + r(M + dz] 
in which M is defined by placing 
(49) — 2M = d + ab’? + e? + abs + cy + b’e— be’. 


In the first expression for r let us substitute the value of tu» taken from the 
first of equations (38), and then let us use the values of the coefficients of 
system (1) that are defined by the formulas (46). After a somewhat lengthy 
reduction whose details need not be recorded here, we find 


(50) T =(1/D) [—(E*R2/Rips) tu + (B/G%p,) 2y + DX + Mz], 
where M is given by 
(51) — 2M = D[(R,— R, + Repir/G*) /p12 + (Ri — Re — Ripou/E*) /p2”]. 


To continue the process of expressing quantities in terms of Ri, Re, pi, p2 
and their derivatives, we may, if we like, use the formulas 


(52) E* = po(1/R2)u/(1/Ry— 1/R2), G4 = -— pi (1/R1)o/ (1/B2— 1/R1). 


The actual calculation of the equations of the transformation proceeds 


* Green, Second Memoir, p. 292. 
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as follows. Let 21,: + -+,a« be the local projective homogeneous coordinates 
of a point P referred to the tetrahedron zg, p, o, t at a point (z, y, z) of the 
surface under consideration, with the unit point chosen so that the general 
projective codrdinates of the point P are represented by the expression 


Tt + top + 20 + Tar. 


Let us replace p, ø, r in this expression by their values from equations (47), 
(50) and then in place of (z, X) substitute in turn (1, 0), (z, X), (y, Y), 
(z, Z). Let us divide the first expression thus obtained into each of the 
remaining three expressions. The resulting ratios are the general cartesian 
codrdinates 7, 9, Z of the point P. Denoting by é, y, ¢ the local cartesian 
coérdinates of P, we arrive by way of the calculations just indicated at a 
system of equations of precisely the same form as (44), with & 7, ¢ defined 
by the formulas 

é = (L%a, — Roxs/p2)/T, 
(53) q = (Ges + Rits/pi)/T, 

f= xP, 


where the denominator T is defined by 


(54) T = Ti — Fer] po -+ G423/p1 + Ma./D. 

These are the equations of the transformation which we were seeking. Solving 
them for the ratios of a1,: + -,%, we get the equations of the inverse trans- 
formation, 


== 1 + £/p2— 7/pr + (6/2) [ (Bı + R: 
+ Repiv/G*) /p:? + (Re + Rı — Ripzu/ E”) /p:?], 
(55) te ==(& + Bof/p2) /E®, 
£s == (q — B,f/p1)/G%, 
te = É. 


6. Metric Results. The formulas and the transformation discussed in 
the preceding sections will now be applied in studying for the lines of curva- 
ture some of the configurations associated with a general conjugate net in the 
projective theory. The usual invariants that occur in the projective theory 
will bo calculated in terms of metrie quantities for the lines of curvature, and 
Goave dee GA OLS WIH BO snem, 


Since the equations of the osculating planes of the lines of curvature 
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Cy, Cy at a point P of a surface are z3==0 and z= 0 respectively in the 
homogeneous codrdinate system, it follows immediately from equations (55) 
that the equations of the same planes in the cartesian system are 


(56) py —Eal—=0, p+ Rol =0. 


The axis of the lines of curvature Cy, Cy at the point P is the line of inter- 
section of these two planes and therefore passes through the point 


(— B:/p2; Ri/p:; 1). 


The codrdinates of the point r on the axis result from multiplying each of 
these codrdinates by D/M. The direction cosines of the axis can easily be 
written. The projective homogeneous local codrdinates of the ray-points p, o 
of the lines of curvature at the point P are (0, 1, 0, 0), 0, 0, 1, 0), and hence 
the cartesian local codrdinates of the ray-points are (— p2,0,0), (0, pi, 0). 
The distance between these points and the direction cosines of the ray can 
easily be written. The cosine of the angle 6 between the ray and axis of the 
lines of curvature may thus be expressed by the formula 


(57) cos 6 =( Ry — Ra) /(p:? + po?) *(1 + B.?/p.? + Bo? /po?)*. 


The ray and axis are ordinarily not orthogonal. 
The invariants appearing in equations (6) are given for the lines of 
curvature by the following formulas: 


II = G*(1/p1) a; K == — B® (1/pe)», 
H = II + (log 21) w, K = K + (log Re) us, 
(58) Wo —H—K, Wo — K— H, 
88 = (log B,3/R2) », 86’ == (log R2?/R:1) us 
D = D[(R. — Bi + Ropir/G*) /p? + (Ro — Ri + Ripzu/ E”) p:?], 
r= D”/D. 


The projective theorem that a curve Cu is a cone curve (i. e. is the curve ` 
of contact of a cone circumscribing the surface) in case H = 0, becomes the 
metric theorem that the curve Cy is a cone curve in case it has constant 
geodesic curvature. But the dual projective theorem that the curve Cy is a 
plane curve in case HO does not seem to have so simple a metric 
formulation. 

Since necessary and sufficient conditions that a net be quadratic are 
W — CO = 0, it follows that necessary and sufficient conditions that a surface 
be a quadric are 
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(54) Ry=cU3/V, R, = eU/7°, 


where ¢ is an arbitrary constant and U, V are arbitrary functions of u alone 
and of v alone respectively. The u-curves and v-curves form W congruences 
in case W == W == 0, and then the net is called an R net; it follows that 
the lines of curvature on a surface form an R net if, and only if, 


(55) H—K + (log Rius = 0, K— H + (log Ba) uy = 0. 
In this case it follows that (log K,) uv = 0. 
Some calculation, which will be omitted, results in the formulas 


(log B/G ju» = — 2(H— K), 


(20) (log D/D”) w = (log Re/Rs) uw —2 (H — E). 


Thus we arrive at the well-known theorem that the lines of curvature are 
isothermally orthogonal in case H = K, and also at the theorem that the lines 
of curvature are isothermally conjugate if, and only if, 


(57) (log Bo/R,) uw = 2(H—K). 


Tt follows that the lines of curvature are both isothermally orthogonal and 
isothermally conjugate if, and only if, 


(58) H=K, (log R:/Rı)w = 0. 


In this case the lines of curvature are a conjugate net of the type called a net 
of Jonas, since they are isothermally conjugate and have equal point invariants 
H, K. : ; 
The equations of the ray-point cubic of the pencil of conjugate nets 
determined by the lines of curvature are easily found, by carrying out the 
transformation (55) on equations (17), to be 


(59) f= (€/R,. + 4°/Rs) [1 + (1/p2 — W/E) E —(1/p: + B/G) m) ] 
+ C'E/R E — 38’ E/R G — 3C én? / RoE + Bq? /RoG4 = 0. 
Similarly the equations of the ray conic of the pencil determined by the lines 
of curvature are found from equation (18) to be 
(60)  &=(82 + rE?) (2/R, + 7°/R2) 
— D'U + O/p — C /E*)E —(1/p + B/G) 9]? = 0. 


The canations (20) of the oradrhi: af  Davrhborx f| 


taar dads GA aK, 


esee - 
vouldadadte Syste, 


(01) E/E, + n/B + 2RE(— 1 + ké + hyn + hf) = 0, 
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where & is arbitrary and kə, ks are given by 
(62) 4Bk, =(log Kt) u, 4G% —(log Kz)». 


From these formulas we can easily prove the well-known theorem that the 
line of centers of the quadrics of Darboux coincides with the normal at every 
point of a surface if, and only if, the surface has constant total curvature. 
The value of & for the quadric of Lie is expressed * by the formula 


(63) 4b = 2 (kR, + kR) + (1/Rı + 1/Re) (k2R,2 sin? A 
+ kR? cos? A + 1) -+ (kR; sin A)u/E*% sin A 
+ (Ra cos A)»/G* cos A, 


where A is an angle such that 


$ 


64) (R, — Rz)sin? A = — Rs, R, — Ra) cos? A = Ra. 
J 


We conclude with the remark that the conjugate osculating quadrics (26), 
(27) of Section 2, when defined as on the lines of curvature, are quite 
analogous to the asymptotic osculating quadrics as to their covariantive 
properties, the projectively covariant asymptotic curves in the latter instance 
being replaced by the metrically covariant lines of curvature in the former. 
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* Demoulin, “Sur quelques propriétés des surfaces courbes,” Comptes Rendus, 
Vol. 147 (1908), p. 566. 


ON THE EXPANSION OF HARMONIC FUNCTIONS IN TERMS 
OF NORMAL-ORTHOGONAL HARMONIC POLYNOMIALS.* 


By Gaytorp M. MERRIMAN.} 


Consider a closed, rectifiable Jordan curve, C, lying in the (x, y)-plane, 
possessing continuous curvature, and of length o. Let f{z,y) be a function 
which is harmonic inside C and continuous in the closed region © consisting 
of C and its interior. The present paper is concerned with the development 
of f(x,y) in terms of a set of harmonic polynomials Pm(z, y), which are 
linear combinations of the functions 1, x, y, £? — y®, æy, ©. Let 


(1) . ia) ~ È Pilay) 


be such an expansion, the c; being constants obtained later in the Fourier 
fashion: 


a =(1/0) f fle y)Pi(e.y)de,  G=0,1,2: +). 


It is natural, of course, to desire that the n-th partial sum of the development: 


Sn (4, y) <= = oP; (2, y) 


should give among all polynomials Sa (z, y) of the same degree a “best” 
approximation to f(x,y), that is, say, that the integral 


(2) (1/0) f° fay) —Sa(a, 9) }2de 


should be minimized by the substitution Sa (z, y)= n(x, y). It is well-known, 
however, that such a result can be accomplished by normalizing and ortho- 
gonalizing the polynomials Pm(z,y): here it will be done with respect to 
the perimeter of Cf: 


* Presented to the American Mathematical Society, April, 1928. 

} This paper was begun while the author was National Research Fellow in Mathe- 
matics, Harvard University, 1926-1928. 

IRE Bergmann Vethcmotinche Anneleen, Vol. 86 (1922), pp. 238-271, has norm- 
elized and orthogonalized polynomials with respect to an area; he considers in general 
expansions which can be obtained from real parts of analytic functions. 
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0, mæn 
(3) (o) f Palen Paleyda= 12 MB |, (mamo) 
We are first interested in exhibiting such a set of polynomials. 
Next to discuss is the convergence of the set of normalized and ortho- 
gonalized polynomials; in this connection we shall prove the following 
theorem : 


THEOREM I. Let O be a closed, recttfiable Jordan curve possessing con- 
tinuous curvature, and let f(x,y) be harmonic interior to C and continuous 
in the closed region Č consisting of C and its interior. Then the series (1) 
of harmonic polynomials normalized and orthogonalized with respect to the 
contour O converges uniformly to f(x,y) in any closed region wholly in- 
terior to C. 


Finally, we prove the expansion (1) to be “ overconvergent ” in the sense 
of J. L. Walsh,* in that it converges uniformly in a larger region than that 
originally considered, thus extending the region of definition of f(x, y).f 
In this connection we shall establish 


THEOREM II. Let C be a closed, rectifiable Jordan curve in the (x, y)- 
plane, and possessing continuous curvature, and let w == (2), z= z + iy, 
map the exterior of C onto the exterior of the unit circle in the w-plane so 
that the points at infinity correspond to each other. Let Cr denote the curve 
in the z-plane corresponding tow==R,R>1. If f(x,y) is harmonic interior 
to C and continuous in the closed region C consisting of C and its interior, 
then the series (1) of normal-orthogonal polynomials converges to f(x,y) 
throughout the interior of Cr, and uniformly in any closed region wholly 
interior to Cr. 


The method of normalization and orthogonalization for harmonic poly- 
nomials has been used previously in an incomplete way by S. Bernstein, 


*Two papers of Walsh, important in what follows, will henceforth be referred to 
as Walsh (i) and (ii): Walsh (i): “On the Overconvergence of Sequences of Poly- 
nomials of Best Approximation,” Transactions of the American Mathematical Sociely, 
Vol. 32 (1930), pp. 794-815; Walsh (ii): “On the Degree of Approximation to a 
Harmonic Function,” Bulletin of the American Mathematical Society, Sept.-Oct. 1927. 
The present reference is, of course, to the first of these, p. 794. 

t Another point of view is, of course, to consider f(#,y) defined outside C by 
harmonic extension. 
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Picone, and Brillouin.” Szégé+ has used normalized and orthogonalized 
polynomials to expand analytic functions of a complex variable; in the paper 
just referred to, however, he considered only analytic Jordan curves as bound- 
aries, a restriction which can be removed to some extent by a more recent 
theorem of Walsh,{ so that some of his convergence theorems hold for the 
general rectifiable Jordan curve. In comparisun, it is of interest that the 
present treatment of a similar problem for harmonie functions is, by the 
methods of proof, limited to rectifiable Jordan curves possessing continuous 
curvature. 

It will be noted that the results of the paper furnish a solution of the 
Dirichlet problem for the region bounded by C and the boundary values 
f(x,y) on C; the theoretical and practical value of such solutions of that 
problem has been remarked at the end of Walsh (i). 


I. The Set of Polynomials. Let r(z™) be the real part, and p(z”) 
the coefficient of i, in z”, z =g -+ iy, i—(—-1)*. Let aj be defined as 
follows: 


loo = 1, 
toxi =(1/0) f” p) do, ao =(1/0) f r(%)do, 
(k=1,2,- °°), 
ee ees f  p(ð)do, AR TE Í, r(2!) do, 
(j= 1, 2,- : ‘), 
tiama =(1/0) | p(e!)p(e#) de, asja.ae—(1/0) È pr) do, 
(j,b =1), 
dasi =(1/0) Í, rpo, as =(1/0) f(s )r(2¥) do, 
(j,k 21). 


These numbers are the coefficients of symmetrie, positive-definite quadratic 
bilinear forms in n variables, n = 1, 2,3,- + +, since, for example, 


*§. Bernstein, Comptes Rendus, Vol. 148, pp. 1306-1308; Picone, Rendiconti dei 
Lincei (1922), pp. 357-359; Brillouin, Annales de Physique, Vol. 6 (1916), pp. 137- 
223. 

$G. Széod, “ber orthogonale Polynome, dic zu oiner pegchenen Kurve der kem 
pinan kiene eenoren | Hathemabeehe /etsebnft, Voa 9 (1921), pp. 2US 270, 

$ Walsh, “Über die Entwicklung einer analytischen Funktion nach Polynamen,” 
Matkenatische Annalen, Vol. 96, pp. 430-436. Í 
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S 0; xtjt, =(1/0) f [lo + tp (z) ter(z)-+ + > + + tzar (28) ]?do. 
4,%=0 C 


Also, the determinants D, of these forms are positive for all n.* 
The polynomials P»(z,y) are defined in the following manner: 


Po (z, y)= 1, 


đo,0 Q1,0 &2,0 ` 7  Agm-1,0 
Go,1 G11 Ge, > t Qom- 
Pom- (z, y) == Yom-1 g . . T i ’ 
Qo ,2m-2 Qi 2m-2 flaom-2 ° * Gem-1,2m-2 
1 piz) r(z) -> = pœ) 
Qo,0 &1,0 2,0 © o Qem-1,0 Aem,o 
Pom (z, y) = Yam j 7 z “i > 
Qojam-1 4,2m-1 Q2,2m-1 ° ^ Aam-1,2m-1 Qzm,2m-1 


1 pl) rz) oo ple) r(e) 


for m = 1, 2,-- +, the y’s being constants to be determined later. 
It is verified from the definitions that 


(4a) đo,0 a1,0 ©  * demo 


(1/0) i Pan(2, y)r(%)do = yem 


Ao 2m-1 Qim- ° | Qom, 2m-1 


Qo, 2k Qi,ok © © domk 
0, k <m 
l K ete k==m fs’ (m==1,2,:--). 
Also, 
(4b) &o,0 1,0 Ske ir he ani 


(1/0) Í. Pam (2,9) p (2#) do = yon 


Qo,2m-1 As,2m-1 ° *° © © Qem, 2m-1 
Qo,2k-1 Q1,2h-1 °° © Qamyohk-1 
=0, km, m<—1,2,:-°. 


* This is a well-known property of these forms; cf. Osgood’s Advanced Calculus, 
p. 179. 


ao) (o) f Pon-a(2,9) (2) do— { 
= 
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Again, 
0, k<m 
y2m-1Dem—a, k=m 


\ (m==1,2,° °°), 
and finally, 


(4a) (1/o) Í, Pomi(a,y)r(e)do==0, (kom, m=1,2, °°). 


Equations (4) insure the orthogonality of the polynomials as defined; the 
polynomials will now be proved normalized by a proper choice of the y’s. 
Thus, if the polynomials are to be normalized, 


1=(1/o) f° PP om (2, Y) do 


= YomDeom—1 (1/0) Í, Pom (2, y) r(a™) do = YPemDom-1D 2m, 
whence 
Yem == 1/ (Dem-1D2m) 4, 


the positive square root being in order if we assume that the leading coeffi- 
cient of Pen(z,y) is positive. Similarly, 


Yan-1 = 1/ (Dom-2D2m-1)Ż. 


With these values of yəm and yzm-ı inserted in their definitions the poly- 
nomials Pm(z, y), m = 0, 1, 2,- +- +, are both normalized and orthogonalized 
with respect to C. 


II. Convergence of the Set Interior to C. The function f(s, y), har- 
monic in the interior of C and continuous in Č, is now considered to be 
developed formally as in (1) and inquiry is made as to the convergence of 
the series. The clue is furnished by a discussion of the minimum value of 
the integral (2) with 

2n 
Sn (T, y)= Son (2, y)= x cP; (2, y). 
Here, 


(2) Mn({e)})—=(1/0) f [f (2, y)— sen (z, y)]?do = 0. 


The minimum of Mn({e;}), call it ma, is actually attained, and in obtaining 
it in the usual way it is fonnd that 


(5) ¢;==(1/o) f f(x, y)P; (2, y) do, Gng 
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in the Fourier fashion. In these circumstances the minimum value is 


(6) m =(1/0) | f2(ay)do— $ c. 


It is next to be shown that m, has the limiting value zero as n becomes 
infinite. 1n the first place, since f(z,y) is harmonic in the interior of C 
and continuous in the closed region Ọ, it follows that, for a suitably chosen 
polynomial P(«,y), it can be uniformly approximated in C*: 


(7) | f(z, y)— P (z, y) | <s, 


where e has been previously assigned. Hence, 


(8) -o o) f Uen Pay) de < e. 


But consider 


lim (1/0) {Ef (a y)— sm (2, 9) Pde. 


It is a monotonically decreasing function, and positive or zero. If, however, 
its limit is positive, say greater than «°, then P(x,y) would, according to 
(8), give a better approximation to f(s, y) than does Sen(z,y); this is im- 
possible, so that the limit is zero. Hence, making use of (5) and (6), 


(1/0) f, P(e. y)de— & oi 


and we have established 


Lemma 1. If f(x,y), expanded formally as in (1) with coefficients (5), 


is harmonic in the interior of C and continuous in the closed region C con- 
sisting of C and its interior, then 


lim (1/0) f. [f(2,9)—sen ay) ]’do = 0, 
and 


(1/0) f P(e 9)do— = 0,2. 


* This result has been proved for a general Jordan curve by Walsh: Crelle’s 
Journal, Vol. 159 (1928), pp. 197-209, Satz II. It is this result which permits the 
extension of Szégé’s work already alluded to. 
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Corottary. If f(x,y) satisfies the conditions imposed on f(x,y) in 
Lemma 1, and if the coefficients of its formal expansion in terms of the 
Pm(%,y) are ji, j==0, 1, 2,---+, then the ĉj are not all zero unless 
f(z, y)= 0. 


Lemma 2. If falx, y) is harmonic in the region bounded by C and is 
continuous in O, and if 


lim f fx2(x,y)do~=0, 
n> JC 


then 
lim falz, y)=0 


uniformly in any closed region wholly interior to C. 
Green’s integral gives, for any point (z,y) inside C, 


fn(a, yY) —=(1/27) f, fa (é, n) LOG (E, n) /ON] do, 


where (é, y) is a general boundary point of C, N is the normal at (6,7), and 
G(z,y) is the Green’s function belonging to the region. Because of the 
condition of continuous curvature of C, 0G/@N is continuous on C and less 
in absolute value than some constant M. By use of Schwarz’s inequality, 


(9) | foley) |S M (o)*/2e] [S hena] 


The lemma follows at once from (9).* ; 
Theorem I is an immediate consequence of Lemmas 1 and 2, if the 
substitution 


fale, y)—= [f (2, y)— Son (a, y) ]/o% 


is made in Lemma. 2. 


*It will be noticed that all the results up to that of Lemma 2 can be proved 
for an arbitrary, rectifiable Jordan curve; for such a curve, however, lack of informa- 
tion concerning Green’s function and its normal derivative (if it has one) preclude 
the use of Green’s integral as above. We have therefore assumed the curve Ç as one 
having continuous curvature, in which case the normal derivative of the Green’s 
function is continuous; this condition could, it is interesting to note, be lightened 
if conditions on f(#,y) were correspondingly strengthened: cf. O. D. Kellogg, “ Po- 
tential Funetions ” and * Double Distributions and the Dirichlet Problem,” Transactions 
Gy ihe almistir medicnemeteat Society, Vol, 9 BUS. pp. ôH ana al, with erass 
references to previous results, expecially those of Painlevé and Neumann. 
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III. Overconvergence of the Set. In connection with Theorem VII, 
p. 808, of Walsh (i) there‘is specific mention made of the result contained 
in Theorem II of the present paper (not then published), as being a pre- 
viously established special case of the aforesaid Theorem VII; however, the 
asymptotic formula for Pm(x, y) outside C, from which Theorem II was then 
deducéd, has since collapsed. Inasmuch as Theorem VII of Walsh (i) in- 
dicates the truth of Theorem II, we include its statement merely for the 
sake of completeness of the present paper as first conceived. Walsh does not 
display a proof of Theorem VII, stating it as an analogue of Theorem IIT 
of the same paper, dealing with polynomials of a best approximation to a 
function of a complex variable; suffice it to say here that the methods of 
proof of the last mentioned theorem, in conjunction with Theorem I of 


Walsh (ii), a mapping theorem of Carathéodory,* and the use of Green’s | 


integral, establish Theorem II. 


HARVARD UNIVERSITY, 
THE UNIVERSITY OF CINCINNATI. 


‘ * Mathematische Annalen Vol. 72 (1912), pp. 126-127. 


A 


ON SOME PROBLEMS OF TCHEBYCHEFF. 


By J. Geronimus. 


We show in this paper that some results of Tchebycheff can be generalized 
and obtained without the use of algebraic continuous fractions. We base our 
investigation on some well known properties of orthogonal polynomials the 
theory of which can be made independent of continuous fractions. 


1. On functions having the least deviation from zero. We, first, consider, 
with Tchebycheff, the following problem: 


The polynomial of the n-th degree 


(1) g(a) = oa! 


is monotonic in the interval (— 1, + 1). Find the least deviation from zero 
of this polynomial in the interval (—1, +1) its first coefficient oo being 
gwen.” 

Without loss of generality we may suppose that y(—1)—0. Then our 
polynomial may be written 


v 
(2) y(2)= f" $(2)da, 
where #(#)=0 for —1 S21. We suppose that our monotonic poly- 


nomial is increasing in the interval (— 1, +1). It is easy to show further 
that (2) is of the form 


(3) $(z)—=(1—a#)*(1 + 2) Pu? (s), 


where u(x) is a polynomial, and « = 8 =Q or « = 1, 8 = 1 if n is odd, and 
x = 0, 8 = 1 or a = 1, 8 = 0 if n is even. 


Thus we are to minimize the integral 
1 
(4) g= fda) (1 $2) Pu (2) de. 
-1 
In view of the well known minimum properties of orthogonal Tchebycheff 


“P. Tehebychelf, “Sur les fonctions qui diffèrent le moins possible de zéro,” 
Oeuvres. t. TT (1907), pp. 189-215, 
G 597 
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polynomials, we make use of the normalized Jacobi polynomials P,(«), corre- 
sponding to the interval (— 1, +1) with the characteristic function 


p(%)=(1—z)*(1 + 2)8. nN 
We find, putting ù(s)= amPm (z)= Qm (dma™ + E 


min y ( 1) = An”, 


where Nog ==(— 1) an? dn” (2m +a + B=n—1). 
since y (a) == nope) +: + + = (1 — 2) *(1 + 2) Su (z). 
Hence 


(6) y(a)= i fe (1—2)*(1 + 2) ®Pn2(2) de, 


(6) (1) as akc [oo | m! (m +a + B) I (m +a)! (m+)! , 
i ‘ {(@m + a +8)! }? 


For large values of n we find, using Stirling’s formula, 





n 
(1) ya~ hee 
This problem of Tchebycheff may be generalized as follows: 
Find the minimal deviation from zero in the interval (— 1, +1) of a 
polynomial 





y(a)—= Sait 
4=0 


which is monotonic of order h +1 in this interval, its coeficient o1 being 
given (0OS1S n). 

A polynomial is said to be monotonic of order h +1 on a given interval 
if its A -+ 1 first derivatives do not change sign in this interval.t Supposing 
that n —> œ, while 7 and h are finite we have { 


m | oon | w]e! 
yA)j~ | oer ? (l= 2k), 


(8) 
7T | Ookst | nikik! = 
O~ sre TOE DEY? (1 = 2k +1). 

* Pòlya und Szegö, Aufgaben und Lehrsätze aus der Analysis, Bd. II, Ss. 292-293. 

+8. Erste “ Sur les polynomes multiplement monotones qui s’écartent le moins 
de zéro,” Comptes Rendus, t. 185 (1927), p. 247. 

tJ. Geronimus, “Sur le polynome multiplement monotone qui s'écarte le moins 
de zéro dont un coefficient est donné,” Bulletin de VAcadémie des Sciences de VURSS, 
Classe des Sciences Physico-Mathématiques, N 4 (1929), pp. 388-389. 
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For h = 0, i.e. for ordinary monotonic polynomials, these two formulae may 
be combined into one: 


(9) (pls ot, 


Qu-l-1 . pr-1 ? 
([m] denotes the integral part of m). 
The problem of Tchebycheff may be generalized in another way: 


Find the least deviation from zero in the interval (—1, +1) of a 
polynomial 


y(z)= Ou” -j og”? + sae + orl + P E + on, 
which is monotonic of order h +-1 in this interval, its first 14 1 coefficients 
Go, 01,° ` +, 01 being given. 
The writer solved this problem for l = 1, i.e. supposing that op and o 
are given. Assuming that n —> œ, while h is finite, we have * 


x | Go | nerd 


y~ -zmag H (ox/o0— h)?}, | o:/oo —h | £1, 
(10) 
hel 
(tye lovat], | ex/ao—h | 21. 


For the particular case h == 0, S. Bernstein gives the solution of this 
problem for all finite values of J, supposing that the given coefficients 
Oo; 01," ` *,07 are of the same order of magnitude: t+ 

a | oo | n1211 
W)~ Seip)! 

a | So gi ttd)/2 
ant[(1—1)/2]! 
m | oy | n0072 
IO~ gar 


We may also modify Tchebycheff’s problem in the following manner: 


(i even), 


(11) y(1)~ {1+(o:/00)?}, Jo] S |oo] 


(l odd). 


Jor | Z |c | 


Find the minimal deviation from zero in the interval (—1, +-1) of a 
monotonic polynomial 


y(t) = $ ont 
7-0 


its coefficients on+, On-2,' °°, Cn- being given. 


thy SER UPE LER EER S MHU HO PDN iet IMHE AÍ TONE ye am corte to amir 
dc zéro, dont les deux premiers cocficients sont donnés, Comptes Rendus de VAcadéme 
dez Seis uers de VURSS (1928), pp. 189-490. 
+5 Bernstein, “ Zusatz zum vorangchenden Ariikel der Herren W. Biek und 
x ate Y P a a ` ` tn Sd 
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Supposing that n — œ while & is finite and assuming that all given 
coefficients are of the same order of magnitude, we obtain * 


Q7On-1 (v+i1)! 72 = 
W~ Lata T 


where v = k — 1, if k is odd and v= k — 2, if k is even. 





(12) 


2. On the ratio of two integrals taken between the same limits.t 


Find the extreme values of the ratio 


(13) f y(2)u(a)dz : i y(x)v(x) da, 


where y(x) is a polynomial of degree =n; this polynomial and the function 
v(x) are not negative for —1 Sa S1. 


It is easy to show that y(x) must be of the form + 
y(z)=(1 —z)*(1 + 2)2? (a), 
z(e) = Sa, («, B =0, 1; e+ B+ 2m —? =n). 
Putting, with Tchebycheff, 
(15) (1—a)*(1 + z)fu(s)= (s), (1—2)*(1 + 2)?v(c)= 6(z), 
we must find the extreme values of the integral 
f l naz ajdi 


being given the value of another integral 


(14) 


f 6(x)Z?(«) de =l, [o(2)=0 for —1<2<1). 
Applying iho claseical method of Analysis, we find the conditions of extremum 
(16) f Z(2) [0o(%)— O(a) Jakda—=0,  (k=0,1,2,: <+, m—1). 
Hence the new parameter à represents the required extremum 
f bo (£) Z? (x) dx 

4 =). 


(17) Set aaa 
f 6 (2) Z2(x) dx 
-1 


* W. Břečka und J. Geronimus, “ Ueber das monotone Polynom, welches die mini- 
male Abweichung von Null hat, wenn die Werte seiner ersten Ableitungen gegeben 
sind,” Mathematische Annalen, Bd. 102 (1929), S. 514. - 

+ Tchebycheff, Oeuvres, T. II, pp. 377-402. 
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To derive an equation for A, introduce the quantities 


1 
(18) f [0a (£)— A0 (2) Ja*da = cr, (b= 0,1,2,° °), 
-1 
and rewrite (16) in the following form : 
m-l 
(19) S divert = 0, (s—=0,1,2,:°°,m—1), 
i=0 
It is clear that the determinant 
(20) || cin || = 0, (i, k = 0, 1, © +, m— 1), Cik = Cian 
vanishes, for otherwise we would have a) == 4, =` °° = dm-1 = 0. Thus we 
see that 
1 
f bo (2) Z? (x) da 
(21) de Ssi =), 
f 6(2)Z2 (x) dx 
-1 


where A, is the largest and A, is the smallest root of the equation (20). 


Particular case: 
(22) 6)(z) = (az + by" (e), (r positive integer). 


Here we can solve our problem without using the equation (20). The con- 
ditions (16) of extremum are 


(23) SUZ +8) —A]0 laade — 0, CAER AEE —1), 


and show that 
(24) Z(2)[ (ax +d) —2] = F bidne (2), 


where the orthogonal and normal polynomials {¢:(x)} correspond to the 
interval (— 1, +1) with the characteristic function 6(7). Hence 


r-1 
S Bashan (2) ioe 
a Z0) = (ag FO a nse 
Since Z (zx) is a polynomial, we have necessarily 
r-i 
(26) Ebe.. (= 0. (t =1,2 r) 


ve = (perrit’r — b) fa, 
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Thus we get finally (since not all bs are 0) 
pele 6(a) (ax + b)"Z2(a) de 


(27) = 
— 6(a)Z? (x) dx 





Spy 


where mı and ye are resp. the largest and the smallest roots of the equation 


Pm (1) Psi (v) pry? S Pmir-1 (vı) j 
dm (v2) mst (v2) Gy S Ọm+r-1 (v2) 

(28) . . . . . . . . . > . . . —* 0. 
Pm (vr) Pma (vr) re ye Pm+r-1 (vr) 


The case 9(g)=(1 — z)”, 0o (s)=(1— x)" has been discussed by S. Bern- 
stein, who found * 
(29) pa ~ 2u/m?, (m— ©), 


where u is the smallest root of Bessel’s function 


(— iyu 
ar! (h+r)! 


In case 0(z)=(1— 2)", 6)(2)—=(1— 2)" we find + that w is the largest 
and pe is the smallest root of the equation 


(81) Pa PG + u) Pma(1— u)Pa(1 + 2) = 0, 


(30) Tn (Ru) —(w)" = 


P(x) being the normalized Jacobi polynomial corresponding to the interval 
(—1, +1) with the characteristic function p(z)=(1—2)*. It follows, 
that 

(32) pa ~ 2to/m?, (m> o), 


where 2 is the smallest positive root of the integral function 


(— 1) #22 


(33) F(@)—> ki (h +h)! (h+2h+1)! ° 


* S. Bernstein, “Sur les polynomes multiplement monotones,” Communications 
de la Société Mathématique de Kharkow, IV série, t. I (1927), p. 9. 

t W. Břečka und J. Geronimus, “ Ueber die monotone Polynome, welche die mini- 
male Abweichung von Null haben,” Mathematische Zeitschrift, Bd. 30 (1929), Ss. 
366-369. 
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3. On extreme values of sums involving a polynomial and its derivatives. 
The following problem has been solved by Tchebycheff *: 


Find the extreme values of the sum 


(34) p2 F(x,y, y, Y”, + tessi 
at certain given points 2, T2,' ` `,En, where F is a given polynomial in 
TY Ys 


We shall consider a particular case of this problem : 


Find the minimum of the sum 


(35) L= Š b(a) [yl ila), 


where 6(%i1)> 0, (i —=1,2,: --, n), f(z) is a given polynomial of degree 
r © n— 1 and 


M 

(36) y(z)= 5 Aez’, m<r, 
8=0 

the coefficients Ain Ain’ + +, Aiy being given. 


Here again we use the orthogonal and normal Tchebycheff polynomials 
determined by 


G) Somala E pas r 
{They necessarily exist as has been shown by Tchebycheff}. Putting 
y(z)= S aig (2), fa)— > bux (x), 
(38) 
y(2)— 3 brpe(2) = Š ap (3)= y: (2), 
k=0 k=0 


we see that we are to minimize the sum 


r m 
(89) L=L— > bP = de? 
k=m+1 k=0 
under conditions 


m. m 

(40) E cepu h (0)= ia! Ai, — Z bade’ (0)= an  (s=1,2,: - +, y). 
k-0 k=0 

Using the classical method we obtain the conditions of extremum 


+ P. Tehehycheff, “Des maxima et minima des sommes composées des valeurs d'une 
fonction entire ot de ses dérivés,” Oexrres, t. II, pp. 3-40; Jouraal des Mathématiques 
pures et anpliquées, II série, t. XTIT (1868), p. 9-42. 
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(41) Ck = $, Mspr” (0), (k =0, 1, 2," 7 m), 
&=i 
whence 
(42) i L, = = Ase 
$= 
Further we have 
y 
(43) Or = Èi Astr, (r= 1, 2,- B ev), 
$= 
where we have put 
m 
(44) nr = X, pj (0) pj (0), (k, r= 1, 2, ° v). 
j=0 
From (42) and (43) we see that L may be found from the equation 
L kaga $ bg ay ae , ° S ay 
k=mt+1 
(45) Ot Qj. Gn > * * On = 0. 
ay Qyv aa * * * yy 


The polynomial y(x) for which this minimum is attained may be found 
from the equation 


y(0)—3 bup(e) Bi(e) B(s) +» + Role) | 
(46) ay Air Q21 eo avı = 0, 
ay div Qov eo Te ee @vv | 
where 
(47) R,(2)— > $r(2) br (0), a eee 


In particular, if y == 1 and the coefficient A; is given then 


(i1 A; — X dade (0) }2 
k=0 





(48) tS E 

er > {x (0) }? 

k=0 

and 

2 iA; —S ded (0), 
(49) y (2) = È debe (2) + — m © 9x (0) ox (2). 

a È {gx‘? (0) }? a 

k=0 


Kuargow (UKRAINA). 


THREE NOTES ON CHARACTERISTIC EXPONENTS AND 
EQUATIONS OF VARIATION IN CELESTIAL 
MECHANICS. 


By AUREL WINTNER. 


I. Upon the Characteristic Exponents of the Celestial Mechanics. 
II. Upon the Characteristic Exponents in the Strémgrenian Groups 
of Periodic Orbits. 
III. Upon the Equation of Jacobi for Dynamical Systems with Two 
Degrees of Freedom. 
Appendix. On a Theorem in the Pfaffian Dynamics of Birkhoff. 


I. UPON tHe CHARACTERISTIC EXPONENTS OF THE CELESTIAL MECHANICS. 


In the following there is given a proof of a theorem, first enunciated by 
Poincaré,” a satisfactory proof for which is not to be found in the works of 
Poincaré nor in the later literature.t In particular, the theorems of Poincaré 
upon the position of the characteristic exponents of a dynamical system with 
two degrees of freedom, for instance in the case of the restricted problem 
of three bodies,f are proven, probably for the first time. 

Ii A (t)= | ajx (t) || is a matrix of continuous functions which are defined 
for — œ < t< + œ, then the system of differential equations 


(1) j = S ajr (t) xn ({=1,2,: ::, N) 
Kal 


possesses in the interval — oo <t<-+ oc one and only one solution 
a; = g;(t) which satisfies the N initial conditions (æ;(t))t- = g;(0). The’ 
matrix X(t)—= || zz(t)|| of N linearly independent solutions 


(2) Tı = Tm (t), Lo = Pm (t), °°, ty = Zmy (t) 3 (m= 1,2, +, N) 
* H. Poincaré, Méthodes nouvelles de la Mécanique Céleste, Vol. 1, p. 192. 


{ Poincaré proceeds (loc. cit.) on the assumption that if s; =v; (t) is a solution 
of the differential system (1) [cf. above] and the coefficients of the differential system 


possess the period T, there must exist a constant matrix j @, ı 50 that 

tt | an. 

(*) r (t+ T)= Sa. (t) 

identically int, tt r clear that ("t i net vebd Jeven if ene interprety L° rym 


bokieally and conceives of the w(t) as vectors, namely ay different solutions of (1)1. 
$ Loe. cit., Vol. 3, p. 343-344. 
605 
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is called a fundamental matris of (1). The determinant of the matrix X(t) 
which satisfies the Jacobian identity 


t N 
(3) det X(t)—= det X(0) - exp f — È m(r)dr, ¢ 


obviously either vanishes identically in ¢, or vanishes for no value of t. The 
fundamental matrices are accordingly characterized by , 


(4) det X(0) 0. 


If X(¢) is a fundamental matrix, then a matrix Y(t) is then and only 
then a fundamental matrix, if there exists a non-singular matrix K with 
constant elements, for which 


(5) Y(t) =KX(¢). 


The matrix K is obviously uniquely determined by the matrices X(t) and 
Y(t) (Principle of Superposition). 

We shall place N == 2n and shall assume the existence of a quadratic 
form H in the variables g; (the coefficients of which are given functions of t) 
of such a character that the system (1) can be written in the canonical form 


(6) Bei-1 <= 0H Itz, ta == — IH Itaia Gi = 1, 2, oR ry: n = N/2). 


In order that this be possible, it is necessary and sufficient that the 4n? 
elements a;(¢) of the coefficient matrix A(t) satisfy the following 2n?—1n 
conditions arising from the peculiar symmetry of the Hamiltonian equations: 


Gei-1 2h == Azh-1 2%, 
(7) > Aoi 2h-1 == Gen 24-13 
Qei-1 gh-1 == — Ash 2i; (h, t==1,2,°°°, n) e 


We note in particular that if the matrix A(t) satisfies the above conditions 
for Hamiltonian symmetry we have dyios = — đzi-1 2i-1, S0 that the sum under 
the integral sign in (3) vanishes identically and det X(t) is independent of t. 
In addition if s; —2™;(t), z; =«;(t) are two arbitrary solutions of (1) 
the determinant sum ; 

te eai (t) x oi (t) 
(5) o= | eaat) 5; (t) 


is, as was proven by Poincaré,* independent of t. In order to demonstrate 
this it is only necessary to calculate the time derivative ¢ of (8) which, as 
follows from (1) and (7), is identically zero. 


* Loc. cit., Vol. 1, p. 166-167. 
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It is accordingly possible to introduce, for a given fundamental matrix 
X (¢)== | v(4) ||, by means of the definition 


B8) Cx= || Cit l; (j k= 1, Ro E >, 2n — 1, 2n), 
fies 3 Vj 2i-1(t) Tj zi (t) = Md Tj 2i-1(0) vj 21 (0) 
Te fe | aoe 2i-1(t) Tr 2i(t) fi | Tr 2i-1(0) Lr 21(0) 





a constant matrix of 4n? elements. This matrix is skew-symmetric (but not 
necessarily real) and will be called the commutator matriz of the fundamental 
matrix Y(z). It follows readily from (8) that we have 


(9) det Cx = [det X(0)]2. 


The elements of the commutator matrix of the fundamental matrix KX 
in (5) may be calculated from (8) and one obtains for the general ele- 
ment of Crx 
(10) >= lintpaleg 
pi g=l 
in which we understand K == || 1jx ||. 

We shall now suppose that the matrix 'A (t) of the coefficients of (1) 
is periodic and not a constant matrix; hence it possesses a primitive period T 
such that 


(11) aje(t + T)=asx(t) ;  G,k=1,2,--+,). 


It follows from (11) that the matrix ¥ (t -+ T) is, simultaneously with X(t), 
a matrix of solutions of (1) and, from the superposition principle, that there 
exists for every fundamental matrix X(t) one and only one -constant matrix 
Tx for which Í 


(12) X(t+T)=TxX (t). 


This matrix Tx will be called the characteristic matriz of X(t). It is clear, 
from (8) and (12), that we have 


(13) Crx = Cx where L = Ty, 
and for the fundamental matrix (5) by means of (12), that 
(14) KX (t+ T)= RTxX(t)— KT yK+ KX(t). 


One can obviously combine (10) and (14) into the following pair of 
formulae: 


(15) Cry = KC xh’, trey =AVyA™. 


In these equations the accent is used to denote the transposed matrix and 
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K is any non-singular, constant matrix so that (15), as follows from the 
superposition principle (5), exhibits the connection between the various com- 
mutator and characteristic matrices of the different fundamental matricesy 
of (1). 

It follows from (4), (9) and (12) that for every fundamental matrix 
X(t) we have 


(16) det Cx FF 0, det Ty 56 0. 

From the second formula of (15) it is clear that the equation of the 2n-th 
degree 

(17) det (AE — Tx)= 0, 


together with the elementary divisors, is invariant if one introduces a new 
fundamental matrix X(t), so that one may speak simply of the invariants 
(i.e. characteristic constants and elementary divisors) of the characteristic 
group belonging to the periodic coefficient matrix A(t). From the first 
equation of (15) we obtain because of (13) 


(18) Ox=TxCxI"s. 


Since Cx and Tx are non-singular [cf. (16)] we may write this equation in 
the form 
(19) I“x = C1yT x0r. 

Consequently I’x and I-ty and therefore Py and Tx possess the same 
characteristic constants. Now the characteristic constants of the reciprocal 
matrix of a matrix M are always the reciprocals of the characteristic constants 
of the matrix M. We therefore conclude that (17) is a reciprocal equation, 
i.e., by a suitable choice of the notation for the characteristic constants of 
the characteristic group we may write 
(20) Azi-1Aei = 1, (t= 1,2,---,7). 

We may infer that if the coefficient matrix A(t) is real, the coefficients 
of the algebraic equation (17) are evidently real and therefore complex char- 
acteristic numbers A; of the characteristic group can occur only in conjugate 
pairs. 

If now we introduce in place of the “ multipliers” A; the “ characteristic 
exponents ” p; defined by the equations 


(21) pj == —(—1)*(T/2x) log dj; (j= 1,2," ++, 2n—1,2n), 
(which are only determined mod 1), equations (20) are equivalent to 


(22) poi-r F p2i = 03 (t= 1,2,+-+,n). 
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It is desirable to emphasize at this point that the characteristic group 
becomes illusory if (11) is fulfilled for every T, or in other words, if the 
@coefficient matrix A of (1) is a constant matrix (this case has previously been 
excluded). If T is arbitrary, the characteristic matrix Tx of a given funda- 
mental matrix Y(¢) is in no case determined by (12) and indeed, because T 
in (12) is arbitrary, a continuum of different determinations is possible. 
It would be accordingly useless to seek for a direct connection, by means of 
continuity considerations between the characteristic constants of a constant 
matrix A, and the characteristic constants of the characteristic group which 
are only defined for the non-constant, periodic coefficient matrices (11). Such 
attempts in the literature, for example in the case of the small periodic orbits 
about the Lagrangian libration points of the restricted problem of three 
bodies, have led to various misunderstandings. On the contrary certain con- 
tinuity considerations of Liapounoff * can readily be justified in the following 
manner: For a coefficient matrix A, independent of t, we introduce in the 
system (1) a new independent variable ¢ defined by t+ 


(21’) ` pee —_(—1)* log t. 


The Hamiltonian character of the differential equations obviously remains 
unchanged and the coefficient matrix of the new differential system, provided 
that A is not the zero matrix, is a periodic function of ¢ possessing the 
primitive period 27. One perceives quite readily that the invariants of the 
characteristic group of the new differential system coincide, up to the con- 
formal transformation (21), with the invariants of the original differential 
system from which it follows that the characteristic constants w; of a constant 
matrix A satisfying the conditions (7) are connected not by (20) but by 
the relation { 


* A, Liapounoff, Annales de Toulouse (2), 1907, p. 413. The continuity con- 
siderations of Liapounoff (in the application of the method of Liapounoff) are not 
permissible for a periodic solution of a dynamical problem since in this case there 
always occurs a multiple root in the characteristic equations. This arises from (20) 
and the well known fact that for the equations of variations belonging to a periodic 
solution (which is not independent of ¢) at least one root of the characteristic equation 
is unity. 

+The transformation (21’) is nothing more than the transformation of Euler 
employed to transform a differential system (1) with constant coefficient matrix A 
(which is therefore not of the Fuchsian type) into a differential system of the 
Techs jan tyne 

4 Phe there (297) he been proven (unam an dan ssc as o 4 P 
in a direct manner by an application of the method of Liapounof. CE G, D. Birkho'i, 
“Dynamical Systems,” American Mathematical Sucicty Colloqui tm Publications, Vol. 9, 
pp. 77-78. 
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(22’) @2t-1 + wzi = 0; (t—=1,2,---,n). 
We proceed now to the canonical equations of motion a 
(23) Yoi-a = OF /0y 21, Yai = — OF /0yria 5 (t= 1,2, ++, n) 


in which we shall assume that F is independent of ¢ and possesses continuous 
second derivatives with respect to the arguments. We consider a one-para- 
metric sheaf of curves 


(24) Ys =J; (t;e); (j=1,2,° g "2n — 1, Rn) 


possessing continuous second derivatives with respect to the variables ¢ and e, 
the member of the sheaf corresponding to «== 0 being a solution 


(25) yı = Y? (t) = J; (t; 0) 


of (23), the sheaf being otherwise perfectly arbitrary. 
If we introduce the notation 


è = (0/0) exo, ? = Yh, (87/8?) eno 
in connection with the sheaf (24), the equations 
(26) SHoia = 8(OF/Oy2i), — Bai = — 8 (OF /OYai-1) 


are called the variational equations of (23) belonging to the solution (25). 
If we now write 


(27) Ly = g; (1) == By; = (09; (t; €) /0€) eno 

and 

(28) R= FS yy (tae, 
j=l k=1 


where we understand 
(29) Fyn, (t) = Fyn (yr? (t); $ "Yan (t)), Py jy, = OF /0y Yk 


and if we identify H with (28), equation (26) can be written in the form 
of (6). The variations (27) accordingly satisfy a differential system (1), 
the coefficients of which, as follows from the second part of (29), satisfy 
the conditions (7), and are uniquely determined by (29) and the initial 
solution (25). The coefficients of (1) are independent of the arbitrary 
sheaf (24) and if (25) is a periodic solution, it follows from (29) that (11) 
is also fulfilled. 
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II. Upon tHe CHARACTERISTIC EXPONENTS IN THE STROMGRENIAN GROUPS 
OF PERIODIC ORBITS. 


In this note the theory of the characteristic exponents * is applied to 
the so-called groups ł of periodic orbits. The final purpose is the treatment 
of a question which Strémgren and Burrau called to my attention, some time 
ago. Strémgren had found, by means of mechanical quadratures and harmonic 
analysis, in the Copenhagen group n of periodie solutions of the restricted 
problem of three bodies, an orbit ł which, while it is a simple orbit (i.e. 
a curve of Jordan), is nevertheless the limiting position of double orbits 
of the group each of which possesses two circuits before re-entering into itself. 
Burrau and Strémgren inquired if it would not be possible to find an ana- 
lytical condition for such a coalescence of two circuits. This problem is 
simply the converse of the one treated by Poincaré§ in his theory of the 
second “genre.” The answer to the problem of Strémgren and Burrau 
obtained by the method of the present note has led to the conjecture that 
the results of Poincaré f] concerning the existence of his periodic solutions 
of the second “ genre ” cannot be correct without some additional restrictions. 
It has been easy to find an example, mentioned at the end of this note, 
showing that the existence statements of Poincaré || (for which no satisfactory 
proof was given) are not valid even for the periodic groups of the restricted 
problem of three bodies. 

We shall denote by 


(1) é= E(t), n= (t) 
a given solution of the differential equations 
(2) E—2y—= 0, (éa) 7 +2É= nlé, n); (2, = 39/8) 


of the restricted problem of three bodies and by 
(3) €=E(t,e), g=a(he)s E(t, 0) = H(t), F(t, 0)=7 (t) 


any sheaf of curves (fulfilling the usual differentiability conditions) which 


* H. Poincaré, Les méthodes nouvelles de la Mécanique Céleste, Vol. 3 (1899), 
Chap. XXVIII, and Chap. XXXI. 

+E. Strömgren, “Forms of Periodic Motion in the Restricted Problem ete.” 
Publikationcr og mindre Meddclelser fra Köbenhavns Observatoriunn, Ny 39 (1992), 

TCE, for im tance, P, Styne gael de ef ae OE 

§ Pomeors Te. adit p 201 cite. 

S Obineará, Jor, cit 4, p 228 ete, or p. 337 ete. 

H. Poincaré, loc. cit. 9, previous reference and also p. 351 or pp. 335-356. 
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for the value e==0 of the parameter is identical with (1), without neces- 
sarily being a solution of (2) for e540. If one places, for any given function 
G or F of é and n, 


SF (t)=— [(0/de) F (E(t, €),7(t, €)) Jeon (E) = G (E(t), 9 (t) ) 
and employs the abbreviations Qg, = FQ/0EIy,- -> and 


(4) u =u (t)= [(0/de) E(t, e) Jeo = 3E (4), 
v = v (t)= [(0/de) F(t, €) Jeo = &n° (t), 


the so-called variational equations of (2), belonging to (1), are 
(5) ü— Ri = 0%, (t)u + 2%,(t)v, U — Rù = pelt) H ,, (t)v. 


The coefficients of these linear differential equations, belonging to the given 
solution (1) of (2), are independent of the special choice of the sheaf (3) 
so that any sheaf yields by means of (4) a solution of (5). The coefficients 
of the linear differential equations (5) have obviously the period T if the 
given solution (1) of (2) has the period T, as will be supposed in the fol- 
lowing. We shall exclude the trivial case where (1) is one of the five equi- 
librium solutions of Lagrange, that is we shall suppose that (1) is not in- 
dependent of ż, so that 


(6) u=Ẹ(t), v= ®), 


which obviously * constitute a solution of (5), are not identically zero. Ac- 
cording to the classical theory of homogeneous linear differential equations 
with periodic coefficients there exists a uniquely determined real quartic 
equation 

(7) det (AF —T)= 0, where detT +40, 


the roots A of which are characterized by the fact that (5) possesses at least 
one not identically vanishing solution with the multiplicative property 


(8) ult + T)= u(t), v(t + T)= w(t). 

The condition (8) can be written in the form 

(9) u(t)== b(t)exp 2ript/T, u(t)—=w(t)exp 2ript/T, 
e(t +T)=¢(t), wt+tT)—y(t), 

where 


(10) À = exp 2rip/T. 


* If we define the sheaf (3) with the use of (1) as Elt e) =E (t +e), 
a(t, e) = 7° (t + e) the Jacobian rule (4) yields for (5) the solution (6). 
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If the fow roots A, of the quartic equation (7) are distinct or at least if the 
corresponding clementary divisors are simple, equations (X) yield four linearly 
independent solutions of (5) and therefore also the general solution of (5). 
1f not all elementary divisors are simple, there can not exist four linearly 
independent solutions with the multiplicative property (9) and the general 
solution will contain secular terms. 

Since (1) has the period T and is not independent of ¢ it follows from 
(6) and (8) that at least one of the four roots A; of the characteristic 
equation (7) must be equal to one, say 


(11) n=l. 


Furthermore it follows from (6) that not all coefficients of the linear dif- 
ferential equations (5) can be constant; otherwise the periodic solution (6) 
of (5) and therefore also the functions (1) would have the form 


a + b cos 2r (t-- - to)/T; (b 0), 
whereas the non-linear differential equations (2) of the restricted problem 
of three bodies do not possess a solution (1) of this elementary character. 
Since not all coefficients of (5) are independent of ¢ it follows from a general 
theorem * on dynamical systems that the quartie equation (7) is a reciprocal 
one, that is we have Aà: = 1, Asks = 1, or, according to (11), 


(12) 4 eS Se Se. 


A° is here a number which is not zero ¢ and which can be real or complex; 
if it is complex it must be of modulus unity inasmuch as the complex roots 
of the real quartic equation can occur only in conjugate pairs. The number 
A? which lies either on the real axis or on the boundary of the unit circle 
determines f (in the sense of the characteristic exponents) the stability 
character of the given solution (1) or (2); cf. (9), (10), (12). The two § 
possible domains »° > 0, A° < 0 of instability are joined with the domain 
| A° | = 1 of stability at the two indifferent points A° = 1, A? = —1 respec- 
tively. The indifferent case 4°—--1 is of special importance in what 
follows. The proofs are also valid for a periodic ejection solution (1) 


Cf. p. 608. 
t Otherwise (7) would yield detr- 0 whereas T is, aeeording to (7), a non- 
singular motrix. 
The stability numher A’ of (1) may be caleulated, according to the method of 
pinn s PE E E at TE DENER ES S 7 | vi y odb wee 7 Tig pasti’ ned 
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inasmuch as the above mentioned theorems hold also in the regularizing 
variables of Thiele. 


We now suppose that we have instead of one periodic solution (1) an 
analytic sheaf * 


(13) é= E (t;0), q= (t; 0) 

of solutions of (2) with the period T = T (C) so that (1) is contained in (13) 
for a special value of C. The sheaf (12) is, in the sense of Strömgren, t 
a “group ” of periodic solutions (the mass ratio u having an arbitrarily fixed 
value). The number A° (or the corresponding characteristic exponent p°) 


which defines the stability character f of the path (1) is also a function of 
the parameter C of the group: 


(13’) do = A°(C) = exp 2ni. p? (0)/T (0) [ef. (10), (12)]. 


In order to apply the stability function (13’) of the group (13) to the 
problem of multiple paths mentioned in the introduction, we consider in the 
domain of the group parameter C a point C = Ce having the property that 
the primitive (that is smallest) period of the solution (13) is for © < Ce 
equal to T(C) but for C == Cy equal to T'(C)/p where p is a positive integer 
different from 1. In other words the path is for O < Cy a “p-fold” orbit 
which shrinks for C = Co to a “simple” orbit, the primitive period being 
p-times smaller than T (O) if C = Co (the integer p is in the case mentioned 
in the introduction equal to 2). We shall call C =— Cs a shrinking orbit of 
the order p. If we write 


(14) To =T (Co), Av = X° (Co) 
the primitive period of (13) for C=C, is To/p and 
(15) é = f(t )—H(t/p; Co), n= mo(t) = 9° (t/p; Co) 


is a solution of (2) with the primitive period To. If we identify (1) with 


* For the dynamical meaning of the parameterC of the sheaf cf. G, Herglotz, 
Seeliger-Festschrift (1924), pp. 197-199. 
+ Cf., for instance, loc. cit. 
{It is necessary to refer the stability character of (13) to the characteristic 
- exponent A° alone, independent of the question whether (5) possesses a secular solution 
or not. Without this convention no group for which the period is not independent 
of the group parameter C would possess a stable domain. In order to show this it is 
only necessary to define the sheaf (3) with the use of (13) as E(t, €) = (t; O +6), 
nit, e)= n° (t; 0+). The rule (4) yields in the case, if C is not a stationary 
point of the function T =T (C), a secular solution of (5) [one need only differentiate 
the Fourier series of (13) term by term]. This secular solution, together with the 
a periodic solution (6), furnishes two solutions of (5) belonging to 4;=),=1. 
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(15) the rule (6) vields for (5) the particular solution 


(16) u==é(t), v= hli) 
where 
a3) EET ISN. pU TA = lt) 


and Ty is the primitive period of (16). If 

(18) use uj (1), t= v(i); (j = 1, 2, 3, 4) 
is any system of linear independent solutions of (5) the solution (16) may 
be represented in the form 


(19) f(t) = z cmt), (t= z cje; (i). 


It-has been pointed out that for ihe multiplicative condition (8) one can 
choose (18) in such a manner, that for a fixed value of 7 the solution 
u = u; (t), v = vj (t) either fulfills the two conditions 


(20) u(t + To/p)= w(i), vi(t + To/p)= àvi (1) 


or it contains a secular term. If u= u(t), r—v,;(/) contains a secular 
term the corresponding coefficient c; must vanish inasmuch as the super- 
position (19) of (18) is periodic. It therefore follows from (20) that 


(21) cju; (t + To/p) = cju (t), civilt + To/p) = cjàjvi (t) 


holds for all four values of j whereas (20) was valid only for such values of j 
for which u = u; (t), v ==v;(t) do not contain secular terms. From (12) 
and (13’) follows 


(22) M1, =l, à= Ào M= l/o 
ind the equations (21) yield by p-fold iteration 
(23) cjui (t + To) == cyrus (t), eyes (t+ To) = cjajPr;(t). 


Since the four solutions (18) are linearly independent we obtain from (17), 
(19) and (23) the four conditions c; (à; — 1)= 0 which can be written, 
according to (22), in the form 


(24) (Ay. 1j D, Ca An Ly-- 
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the primitive period of (16) being, according to (15), equal to Ty) > To/p. 
From the assumption that A» is not a primitive p-th root of unity one obtains 
in the same manner the same contradiction. We therefore have the following 

theorem : i 


In order that © = C, should be a shrinking point of the order p, it is 
necessary that the stability function (18°) of the group should be for O = Co 
a p-th primitive root of unity. In particular for the case p =? mentioned 
in the introduction we have the necessary condition 


(25) (Co) =—1. 


It may be pointed out that the p-fold iteration of the general solution 
of the variational equations used above is essentially the same as the topo- 
logical iteration, initiated by Poincaré and Levi-Civita, and developed by 
Birkhoff in his researches on the corresponding surface transformations asso- 
ciated with dynamical systems of two degrees of freedom. 

The question now arises whether the necessary condition just given is also 
a sufficient one; for instance, in the case p = 2, whether all paths C = Cù, 
for which the stability function (13’) fulfills the condition (25), must be 
simple limiting positions of double paths of the given group. The answer 
would be an affirmative one if the existence statements of Poincaré concerning 
his second “genre” were correct. However the conclusions of Poincaré are 
not satisfactory inasmuch as the main difficulty of the question, namely the 
explicit compatibility and reality discussion of certain finite non-linear equa- 
tions of condition (“ Verzweigungsgleichungen”) is not treated in all its 
details. It it possible to give an example which shows that also the final 
result is wrong, i.e. that the second “genre” need not exist under the con- 
dition stated by Poincaré and that the necessary condition (25) is not a 
sufficient one. 

If one treats in particular the group g of Strémgren, which originates 
with the moon orbits, in an analytical manner it is easy to show that the 
orbits are, for a sufficiently small fixed value of the mass ratio u, simple orbits 
(curves of Jordan), insofar as the orbit does not lie too close to the Hecuba 
gap. In addition, if the mass ratio is sufficiently small, the group represents, 
exclusive of the immediate neighborhood of the Hecuba gap, a regular sheaf 
(without branch points with respect to the Jacobian constant O). Never- 
theless there exist in the domain between the moon orbits and the Hecuba gap, 
namely in the vicinity of the Hestia commensurability, two values of O for 
which à°(C)=— 1. This follows readily by a combination of previous 
results of Birkhoff, von Zeipel, and of the writer—TFor details cf. a paper 
which will be published in the Mathematische Zeitschrift. 
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In ihis noie the method or reduction or tue equations of variation d: 
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vonmal displacement (which will be calculated Capliaths ) are removed. Thue 
is given a prood of the tsucnersetic cyubakn of the reduced equet er of 
the second order (equation of Jacobi) and the original equations of the 
fourth order, aud in the course of the proof it will hecome clear how such 
a paradoxical fact is possible. For the special case where the variations are 
those o1 a periodie solution, one obtains the corresponding equivalence proor 
for the characteristic exponents and it is then easy to see precisely why the 
principle of Maupertuis ¢ can be employed to determine the pair of non-trivial 
characteristic exponents (in so far as the periodie solution is not an equi- 
librium solution). 

The differential equations of the most general conservative dynamical 
system with two degrees of freedom can be reduced to the form § 


(1) #— Alyy =le y) j+ Ayi = iry) C= d/dt), 
where A =A (z, y) and Q — Q(x, y) are given functions of x and y. Let 
(2) s=(t), y= (t) 


be a given solution of (1). We shall nse the abbreviations 


G. W. HN, Collected Mathenettical Works, Vol 1 199001, p 244i CF also 
C. H. Darwin, Seieotifie Papers, Vol. 4 (1911). p. 27 1. 

TEL Poincaré, Methodis woucetles de la Mecanique Céleste, Vol, 3 (1899), Chap. 
XNXIN. Tn this respeet et) abo a note o mine ta eppear in the volume for 1939 
otha Bererdte te mation sel-nh iseten Adasse dee Kaddaisihien Akademio Ar 

` E E a 
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(8) P°()= F(a (1), (l)), Pa? (t) = Fale (t), y(t); 

Peay (t)= Fey(a (t), Y° (t)), © + ; Pa = ON dx, Pay = PF /dxdy,: > -, 
F = F (x,y) being either the function A = A(z, y) or the function Q=Q (7,4). 

A pair of functions 

(4) u—=u(i), v=v(t) 
is called a variation belonging to the solution (2) if it satisfies the homo- 
geneous differential equations 


ü — 2A°(t) id — [0% ro (t) PA (t) P(E) Ju + [ay (t) + 2% (t) 9° (t) Jo, 
Ü H 2d°(t) 4 = [Vya (t) — A (E)E (4) Ju + [py (E) — Ap (t) 2° (L) Je. 


The coefficients of this linear differential system of the fourth order are given 
functions of t, which are defined by (2) and (3). The differential system (5) 
possesses the homogeneous linear integral 


(6) a(t) it + 9° (E) t — Qu (t)u — 9,°(t) v=o, 


(5) 


the time derivative of (6) being, by means of (5), identically zero. The 
differential equations (5) are necessary and sufficient in order that 


(£) v= Hu y= +o [cf. (2)] 
should be, up to terms of second order in wu, v, a solution of (1). We have, 
therefore, p = 84, v = Sy and (6) can be derived in a formal manner from 
the vis viva integral 

(7) Va (2 + 7 )—Q(a,y)=C 

of (1), if one places c = 80. We shall call, therefore, a variation (4), i.e. 
a solution of (5) then and only then an isoenergetic or Maupertuisian varia- 


tion if the integration constant c in (6), determined by the four initial 
values of the solution (4) of (5), vanishes so that we have, for all values of £, 


(8) a(t) u(t) + 9 (1) 0(t)— 22° (t) u(t) — 2,°(t) v(t) = 0. 

If one introduces (2) in (1) and in (7) and differentiates (1) and (7) with 
respect to #, one obtains exactly the relations (5) and (8), where 

(9) u=? (t), v=} (t), 


i.e. (9) is an isoenergetic variation of (2). We shall now suppose that the 
given initial solution (2) of (1) is not an equilibrium solution, i.e. the 
solution (9) of (5) is not identically zero. It is then possible to choose the 
origin t 0 of the f-axis in such a manner that for the given solution (2) 


of (1) 
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(10) 2(0)40, y%(0)40, P)O, §(0) 0 


(it is of course possible that the solution (2) lics on a straight line of the 
(z, y)-plane, but one can rotate the codrdinate system in such a manner that 
this straight line should not be parallel to either of the two codrdinate axes). 
The solution (4) of (5), defined by the four initial values 


(11) u(0), (0), %(0), 0(0), 
is then and only then an isoenergetic variation if 
(8) (0) u(0) + 9° (0) 0(0)— 2,°(0) u(0) — 2,°(0) 0(0) = 0, 


inasmuch as (6) is an integral of (5). It follows from (10) and (8’) that 
the manifold of the isoenergetic variations depends on three of the four 
arbitrary constants (11). 

The projection of the variation u = dz, v = Sy on the orientated normal 
of the curve (2), belonging to a fixed value of ¢, is 








12 = Wiest A ee t esi) ae t). 
t w VEGY HPEY a VEG) 9 (t)? ay 
j t 

a __ | (t) x (t) 
(13) ð = v (t)= u(t) vC) 
so that 
(14) = [ (2°)? +4) 46. 


We shall call a given function of ¢ then and only then an isoenergetic normal 
displacement of (2) if there exists at least one isoenergetic variation (4) by 
means of which the given function may be represented in the form (12). 
We want to show that the isoenergetic normal displacements of (2) can be 
characterised as the solutions of a linear differential equation of the second 
order (equation of Jacobi). First of all we notice the Lagrangian relation 


[X: Vo — YoU, + X. V, — FU] [XZ + Vi.) 
— [UX + Vi¥i— UX: — Vo¥2] [XF = AY; | 
+ [Ui¥2— VX] [Xe + F] — [VX UF] [X + F] =0 
(used also hy Poincaré) which is identically fulfilled for the ten independent 
variables, In particular we have 
PLECA) PPD] 
G5) o [EPD -H rp (D -ie (O — eP (DIERO PO] 
+ Ling? (O — ve? (2) JE (D + 9 (1)7] —- OFF (1)? + T = 0 
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if we use the abbreviated notation (13). 
Let (4) be an isocnergetic- variation so that (5) and (8) are fulfilled. 
From (1), (2), (8) follows 
(16) Qa? (t)= H(t) — 2A (6) (E), y(t) —= F(t) + 2° (t) (t) 
and therefore from (8) 
E (t)i A 9° (t) o — [29 (4) — 2a°(t) 9 (E) Ju — [9 (E + A (DLE) Je = 0 
i.e. by means of (13) 
(17) — 29 (t) O = 3° (tju + ° (t)v — È (tù — 9 (t)v. 
The definition (13) of ® yields 
(18) -+ Plug t) — rë (t)] = vE (t) — wy) + 044) — HY (t) 
and from (16) and (4) follows 
EOE) = IA (E) H(t) + [ara (t) + 2A (t) H(t) JE C) 
F [0% ay (t) + 2M (4) 9° E) IV (4), 
f° (E) = — 2d°(£) 2° (t) + [0%x2(t)— 2a (E)E (t) 12° (4) 
+ [Pm (t) — 2a (E)E (t) ] P) 
} == — IA (t)i + [Pya (t) — 2A (t) È (t) Ju : 
+ [0% yy(t)— 24° (4) # (t) Jo, 
ü = IA? (t) + [Qas (t) + 2A? (t)¥ E) Ju 
+ [Va (t) + 2 (4) 9° (4) Jv- 
If one multiplies these four equations by v, — u, $° (t)— y(t) respectively 


and adds the products, one obtains 


v(t) — wf (t) + td? (8) — y(t) 
=m (t) [2° (t)u+ P(t)o— #(Hi— HP (H4] 
I Laa (E) H 2% yy (E) — 24° (EAs? (4) — (4) A? OIE e — 9" (A), 


i.e. by means of (18), (17) and (13) 
(19) È 2Lrigo(t) — ii (t)] = L (E), 


where 


(20) L (E) = — 40 (£)? + Vaa (t) + Vu (t) — {4° )A (4) — 9° (4) Ax? (E) Y- 
Introducing (16) and (19) in (15) one obtains 


DLEE) + PEP] H A [2° (HPO 9 (1)? (2) J 
+ Yl —o + LEO H — 8 (t)? + 7 (4)7] = 8, 
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i.e. 


(21) a(t) + B) + y(t)d = 0, 
where [ef. (20)] 


a(t) = — [E (t)? + 9°(t)* I, 
BOSE HELA PPE), 
(22) YES AAE (t)— 9? (E)E (t) — LE + P(t)? ] 
HAPA + 9° (4) 7] [— 40° (4)? + Voelt) + Oy (t) 
—{4°(E) Ay? (t)— 4 (t) Aw? (t) } 


If one places (14) in (21) there follows finally the self-adjoint equation 





(23) E+ r(t) = 0, 
where 
(24) v(t) 


is a given function of ¢, uniquely determined by (22), i.e. any isoenergetic 
normal dispalcement (2) is a solution of the differential equation (23). 
We shall now show that any solution of the differential equation (23) is an 
isoenergetic normal displacement of (2), in other words that there exists for 
any solution #=d(t) of (21) at least one pair (4) of functions u(t), v(t) 
so that for the three functions #(¢), w(t), v(t) the conditions (5), (8) 
and (18) are fulfilled. 

The arbitrarily given solution ®= (t) of (21) is characterized by its 
initial values 


(25) (0) and È(0). 


We .determine four initial values (11) in the following manner. One of 
these, for instance «(0), shall be chosen arbitrarily. The three other numbers, 
namely v(0), (0), »(0), shall fulfill the three conditions 


(26,1) 0 —[—9(0)—9(0)u(0)] + #(0)0(0), 
(26,2) 0 = [—9(0)— g(0)u(0)] + 2°(0)v(0)— (0) (0) + 4°(0)0(0), 
(26,3) 0 = [0 —9,°(0)u(0)] —2,°(0)v(0) + 4°(0) in(0) ++ °(0) (0), 
which always determine the three constants uniquely, the determinant being 
— 2° (0) [4° (0)? + 9°(0)?] AO [ef (10)]. Let 
(27) u == u" (t), r= r" (t) 

t Taa, d eV ate TAT Mba tate ne tae 
stari e for CG) | for the solution ($i) ms py means or (So. 9y vyw od 


zero, bet (ed ais at bonnag ver ter emd theveiore 
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a solution of (21). Furthermore it follows from (26,1), (26,2) and (28) 
(25°) 3(0)=97(0), (0) = 9*(0) 


i.c. the given solution 0(¢) of (21) has the same initial values as the 
solution (28) and therefore 0(t)=0*(¢) so that the arbitrarily given solu- 
tion (t) may be represented with the use of an isoenergetic variation (4). 
This completes the demonstration of the theorem that a function f(é) of t 
is then and only then an isoenergetie normal displacement of (2) if =f (d) 
fulfills the differential equation (23). 

The differential equation (23) is of the second order whereas there exists 
a three parametric series of isoenergetic variations (+) [ef. p. 619]. It follows 
that the isoenergetic normal representation (12) of a given solution ¢(t) 
of (23) is not uniquely determined inasmuch as it contains one arbitrary 
parameter [cf. also p. 621, where it was possible to choose one of the four 
integration constants (11) in an arbitrary manner]. The reason of this 
circumstance is obviously the following one. (9) and therefore also 


(29) u = aŭ (t), v = a(t) (a = constant + 0) 


is a solution of (5) and (8) which does not vanish identically [ef. p. 618] 
whereas the solution of (21) defined by (13) and (29) vanishes identically 
for any value of the integration constant a. We infer that the equation (21) 
or (23) is illusory if the given solution (2) of (1) is independent of t. 
It is of course allowed that both functions (9) should simultaneously vanish 
for certain isolated values of ¢ but the limit values ¿(t + 0), ¿(t — 0) of (1+) 
will exist also for these values of t. 

If the function A(s, y) introduced by the Coriolis forces is identically 
zero the three functions A°(t), Às’ (t), MP (t) will be zero for all values of t 
and (20) becomes 


(20°) L(t) = Vra (t) + Vu(t). 

However this is not the case in the restricted problem of three bodies. For 
this problem is A(z, y)==1 if « and y denote Cartesian codrdinates and ¢ 
denotes the time, so that one must add to (20’) the term 

(20”) — 4. 


Tf one uses the variables of Thiele, then às°(t) and A,°(¢) are also not 
identically zero. 
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APPENDIX. 
Ox a THEOREM IN THE PFAFFIAN DYNAMICS or BIRKHOFF. 


The conservative Hamiltonian principle 


8 fi $ pigs — IE (po `, qa) ba=o or ji = 3H /ðpi, — pi = H /ôqa, 
i-l 
(=1,; +n) 


which is rather unsymmetrical with respect to q: and p: has been generalized 
by Birkhoff * to the “ Pfaffian ” principle 


2n x 2n 
(1) sf {3 Rides — Idt } =o, ie af {3 Reis —H }dt=0 
tL t=1 


or 


to 


n 


(2) (08 ,/éc; — 0R;/0z,)¢; = 01 ðr; (i = 1,2,- + -,2n—1, 2n) 
a 


3 


where 


(3) H= H(t t >, ton); Bi = RBi(as,- - +, ten) 
are 2n + 1 given functions of the 2n codrdinates of the phase space and 
(4) det (02, /x; — OR; /0z;) Æ 0. 


The equations (2) which possess the integral H == const. are, according to (1), 
invariant for any transformation of the codrdinates. The conservative Hamil- 
tonian systems are special cases of the symmetrical Pfaffian problem (2), 
the condition (4) being for 


(5) Ti == ir Lim = Piz Ri = Tim, Rim = 0; (i = 1, 2,- <en) 


obviously fulfilled. Birkhoff has shown that the majority of the essential 
properties of the Hamiltonian systems hold also for the Pfaffian case. For 
the purposes of Birkhoff a theorem concerning the characteristic exponents 
of the variational equations belonging io a given periodic solution 


(6) tı = z(t); (i = 1,2, > +, 2n — 1, 2n) 


of (2) is of particular importance. This theorem has been demonstrated 


G. D. Birkhoff, “ Dynamical Systems,” American Mathematical Society Colloquium 
daha eiue s YUL J padde PR OO, pe Da tiis Kais Qas Le biath, Uun Buston 
Pfaffian Mechanics,” Transactions of the American Mathematical Society, Vol. 82 
(1930), p. 817 ete. 
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by Birkhoff * only under certain restrictions. In the present note a simple 
proof is given which holds without any particular assumptions, showing that 
the theorem of Birkhoff is a general property of all conservative Pfaffian 
systems. f 

The variational equations belonging to the given periodic solution (6) 
of (2), namely the 2n linear differential equations 


(7) 3 (ORs; — 0R;/ðx:) È; 


2n 2n 
+ 2 S! (#R;/dardx; — PR; /Oxrdx;) ét; = X 8H/ðr tE, 
j= j= 


(t= 1,2,-- ` 23n — 1, 2n), 
can be written in the form 


. . 2n 7 
(8) éi =È aaj(t) E35 (j= 1,2,° + -,2n—1, 2n) 
inasmuch as the “ velocities” £; and the partial derivatives occuring in (7) 
are, by virtue of (6) and (3), given functions of ¢ (the Cetermimant of the 
coefficients 
(9) OR: /0x; — OR; /0x, = sı; (t) 


ee 


is, according to (4), different from zero). If one uses instead of £ the letter 
„ and interchanges i and j equations (7) can be written in the form 


2n 
(10) > (08: /0x; — 0B ;/dx) q: 
i=l 


-+ 5 3 (PR; /dr02; — PR; /Ox0x0;) miki == > PH /dxdxyqt, 
i=l 


izi lzi 


(7 =1,2,: + +, 2n—1,2n). 
Furthermore, the expression 


ce > 


421 


SMe 


> (@R:/ðziðt; — °R;/Oxidas) (Eiki — Emit — Emm) 


is the sum six of six trilinear forms three of which are the negatives of the 
three others. Multiplying (7) by a: and (10) by é; one obtains 4n relations 
and on adding these it follows that the expression 


az) $ 2 (or Bs — ARs) (Em +) 


=1 
+5 (PWR: /dx1.02; — 0°R;/0x02;) (émit; + oy 


i=l j=l 1=1 


* Loc, cit., p. 90-91. 
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also vanishes. The sum 


(13) > 5 (04/025 — OB) (Ens + es) 
i=l jr 


-+ > (PR, /dx ðr; — 0°R;/da02i) Ener 
1 l= 


i=1 j= 


of the two vanishing expressions (11), (12) is, according to (9), simply 
the time derivative of the bilinear covariant i 


2n Qn 
(14) 2 > siu (t)é (4) ni (t), 
associated with the Pfaffian 
2n 
(1’) > Ride; — Hat. 
q=1 


Since the expression (13) is zero the value of (14) is, for two arbitrary 
solutions é, y of the equations of variations belonging to (6), independent of #. 

It obviously follows, in the same manner as above, that the characteristic 
equation associated with (7) or (8)- is always a reciprocal one. This is the 
theorem of Birkhoff in its generalized form. The skew symmetrical, non- 
singular bilinear form (14) is, according to (5) and (9), the Pfaffian gen- 
eralization of the bilinear differential invariant of Poincaré used above which 
corresponds to the integral invariant 


fS È an 
1 


of the Hamiltonian systems. For the integral invariants of the Pfaffian 
systems cf., for instance, the paper of Féraud, loc. cit. 
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THE EQUATION OF STABILITY OF PERIODIC ORBITS OF THE 
RESTRICTED PROBLEM OF THREE BODIES IN THIELE’S 
REGULARISING COORDINATES. 


By Jenny B. ROSENTHAL.” 


The harmonic analysis of periodic orbits calculated by mechanical 
quadrature at the Copenhagen Observatory is available in print in some of 
its main features; ¢ the rest has not yet been published. Since the harmonic 
analysis has been done mostly for ejection orbits the Fourier series also have 
been calculated in Thiele’s variables. A determination of the stability char- 
acter of the orbits in the Copenhagen material would make it necessary, there- 
fore, to write the Jacobi second order differential equation explicitly in terms 
of Thiele’s variables. This equation then determines the characteristic 
exponents. The preceding article by A. Wintner f includes a study of the 
Jacobi differential equation for any mechanical problem with two degrees of 
freedom. This article has also a discussion of the connection between this 
second order equation and the original fourth order variational equations. On 
the basis of formulas given there I have expressed the Jacobi second order 
differential equation of the restricted problem of three hodies for an arbitrary 
value of the mass ratio in terms of Thiele’s regularising variable. The 
regularising transformation in the general case was first given by Burrau § 
(Thiele has published his regularising transformation only in the case of 
two equal masses.) 

The regularised differential equations are as follows: 


(1) BY —dAF =00/0R; F" +20 =00/0F; (R) +(F’)?—20=0, 


* National Research Fellow. 

+E, Strömgren, Tre Aartier Celest Mekanik paa Kpbenhavns Observatorium, pp. 
46-86, Copenhagen 1923. 

{A Wintner, “Three Notes on Characteristic Exponents and Equations of Varia- 
tion in Celestial Mechanics,” American Journal of Mathematics, Vol. 53 (1931), p. 605. 

§ C. Burrau, “ Uber einige in Aussicht genommene Berechnungen betreffend einen 
Spezialfall des Dreikérper-Problems,” Vierteljahresschrift der Astronomischen Gesell- 
schaft, Vol. 41 (1906), pp. 261 ff. Cf. also J. Fischer-Petersen, “ Über unendlich kleine 
periodische Bahnen um die Massenpunkte im problème restreint,” Astronomische 
Nachrichten, Vol. 200 (1915), pp. 387-388. [Publikationer fra Köbenhavns Observa 
torium, No. 22]. 
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where 
(2) 2A = cos 217 — cos 2E, 
. (3) = (1/16) (cos 4iF — cos 4E) — (k/t) (cos 2iF — cos 2E) + 8 cos iF 


+ (1/4) (1 — 2u) (cos F cos 3iF — cos 3E cos iF — 32 cos F). 


Here & is the energy constant, » the mass ratio, # and F the cartesian coördi- 
nates in the plane of Thiele’s variables and the prime represents differentiation 
with respect to Thiele’s time variable y (and not with respect to the ordinarv 
time ¢). l 

Let 
(4) E =E (4), F =F (4) 


be a given solution of (1); and let ôE and 8/ be such functions of y that the 
equations: 


(5) B= (y) +88; F=F(y) +3F 


represent a virtual motion infinitesimally close to the given orbit (4) in such 
a manner that this variation, i. e., the transition from (4) to (5), be isoener- 
getic. This assumption, namely 6% — 0, is necessitated by the third equation 
(1). In Wintner’s article it is generally shown that the non trivial (i. e., 
the non identically vanishing) characteristic exponent (in other words, the 
stability character) is determined in any case by such an isoenergetic trans- 
formation (èk == 0). The direction cosines of the normal of orbit (4) in 
the #, F plane are: 


(6) P(E) ee Bt (P. 
The normal displacement is therefore 

(7) — P(E)? + (F) 88 + BB)? + (FP) Pr, 
di 

(8) OL (E’)? + (F’)2]-* where 6 = E's — PF'E. 
satisfies the following differential equation 

(9) aly)” + BP + yhy) = 0. 

Here 


a(u) == | (BY? (F°). 
By) =E EE", 
yy) = beak! tek E(B)? + (FY) [es H el +P, 
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where 
by = bio + bu (1 — 2p), be = boo + bai(1— 2p), 
Co = Coo + Co1(1 — 2u) + Coo (1 — 2p), 
C1 = Cio H Ca (1 — 2u), Co = C29 + Ca (1 — 2p), 
Cs = Czo + Csi (1 — 2u), C4 = Caos Cs = C50; 
and 


bio = (1/2) (— sin 4E + 2k sin 2E), 

bıı = (1/2) (sin # cos 3t# — 3 sin 3E cos iF — 32 cos E), 
Boo = (1/2) (sin 4iF — 2k sin iF -+ 32 sin iF), 

bo: = (1/2) (3 cos Ẹ sin 3iF — cos 3E sin iF), 


Coo == (1/16) [ (cos 8iF — cos 8E) — 4k (cos 6iF — cos 6E) -+ 64 cos 5iF 
-+ 4h? (cos iF — cos 4E) — 64(1 + 2k) cos iF 
+ (1024 + 4h) cos 2iF — 4k cos 2E + 128k cos iF — 1024], 


Cor = (4/8) [— 82 cos 5E + 64(1 + k) cos 3E — 64% cos E 
— 8 (cos YE cos iF — cos E cos iF) ++ 6k (cos 5E cos iF 
— cos # cos 51F') + (cos 5E cos 31 — cos 3E cos 5iFf) 
— 2k (cos 3E cos if — cos E cos 3 iF) — 32 cos 3E cos iF 
-+ 96 cos # cos 44F — 96 cos E cos 21F'], 


Cog = (1/16) [5 (cos 6iF' — cos 6H) — 64 cos 317 + 5 cos MF 
— 1029 cos 2E + 4(cos 2E cos 6iF —- cos 6E cos iF) 
— 6 (cos 2E cos 44 — cos 4E cos 212") + 192 cos 2E cost 
-+ 64 cos 2H cos 3iF — 192 cos 4K cos iF], 


Gro = (31/4) [sin 6iF — 2k sin 4iF + 32 sin F + sin iF — 32 sin iP 
— 2 cos 2H sin 4iF + 4k cos 2# sin 2iF — 64 cos 2H sin iF], 


C1, = (31/4) [cos 52 sin iF — 4 cos 37 sin F + cos 3E sin iF 
-. 3 cos F sin 5iF — 3 cos Ẹ sin 3iF + 4 cos E sin iF], 


Coo = (8/4) [— sin 6E + 2% sin 4E — sin 2E + 2 sin 4E cos mF 
— 4k sin 2E cos iF], 


Co, = (8/4) [— 32 sin 37 + 32 sin E — 3 sin 52 cos iF + 4 sin 32 cos 3iF 
~-t- 3 sin 38Ẹ cos iF — sin E cos 5iF — sin E cos 31" 
-+ 64 sin # cos iF — 4 sin E cos iF], 


Cso = (1/2) [10 + 3 (cos 4iF + cos 4H) + 2h (cos iF + cos 2E) 
— 16 cos i” — 20 cos Rif cos 2E], 
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Cyr == — 2 cos F cos 3iF — 2 cos 3E cos iF — 8 cos E, 
Cio = — 2isin VF, 
C50 Bea! 2 sin 2H, 


In these expressions for the three coefficients, E, F, E’ and F” are to be con- 
sidered as given functions of y on account of (4). The function (4) [and 
its derivatives] are given numerically by Strémgren (loc. cit.) in the form 
of Fourier series. Substitution of Strémgren’s expressions for F and F in 
the above given expressions for x, 8 and y determines the differential equa- 
tion (9) which corresponds to the given orbit. The further treatment of (9) 
is done by known methods, for example by Hils method. 

In researches at the Copenhagen Observatory Burrau * has treated such 
virtual displacements. A similar arrangement of the calculations would proba- 
bly make the seemingly complicated formulas given above applicable for 
numerical purposes. Numerical calculations are made more practicable by 
the fact that in a given stage of a given group it is often possible to predict 
what terms will make a contribution which is numerically negligible. It may 
be stressed that the above expressions for a, 8, y are valid without the neglect 
of any terms; the length of the expressions seems to be unavoidable. If the 
Fourier series of solution (4) are known analytically so that the Fourier 
coefficients and the period are given power series of Jacobi’s constant k, 
it is simple to determine in advance the preponderant terms. Such con- 
vergent analytical expressions are known, for example,t in the neighborhood 
of the masses for groups f and g and at a large distance from the masses for 
groups J and m; and it is easy to obtain corresponding developments for the 
libration groups, a, b, c, d, e in the neighborhood of the corresponding libration 
point. If we are concerned with periodic solutions (of these groups) whose 
range is neither quite in the neighborhood of the masses or the libration 
points nor in the neighborhood of the infinitely distant point, the analytical 
developments are not applicable, so that we have to use the numerical Fourier 
series given by E. Strömgren (loc. cit.). This is also the case for groups 
k, n, etc., for which there is no analytical theory available at present. For 
the rôle of differential equation (9) of the characteristic exponent in the 
theory of the Strömgren groups see Wintner (loc. cit.). From the expressions 


* C, Burrau, “ Recherches numériques concernant les solutions périodiques d’un 
cae special du prohkime des trois corps (Douxiéme mémoire),” Astronomische Neeh- 
i eee ee SE in egni r yea 
eor reterenee eL b. Stromeren, for cro, pp. Peak Ci also da Mromeioks 
Pocas of Portodie Motion in the Restricted Problem ota,” Publilutioncr of mie 
Meddcleser fra Kéberharns Obserratosium, No, 39. 
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above it is clear that the formulas are considerably simplified in the sym- 
metrical ease (a = 1/2) since then all terms with (1— 2m) and (1— 2p)? 
as factors drop out. It may be mentioned here that, of course, the character- 
istic exponents can be determined by the same method in the system of 
variables a, y, t (instead of F. F, y), and in that case the expressions for 
a, B, y are not so lengthy.” But in the system z, y, L one cannot treat for 
instance even the essential stages of the group, such as the passing of a group 
through an ejection orbit. Moreover, Strémgren’s harmonic analysis (loc. cit.) 
has always been done in the system Æ, F, y and possible sources of error 
would arise in reducing Strémgren’s Fourier series (as long as they do not 
belong to the ejection orbit) to the v. y, t system. (It would also be necessary 
then to determine each time the period referred to t which would mean con- 
siderable additional numerical work for single orbits and might give rise to 
new sources of error since the connection between / and y is given explicitly 
only by a differential equation.t) Hence there is apparently no way of 
avoiding the above expressions for a, 8, y in problems connected with char- 
acteristic exponents of the Copenhagen groups [compare also Wintner (lec. 
cit.) ]. 

In conclusion I wish to thank Dr. A. Wintner for his suggestions and 
advice. 


Tue Jouns HOPKINS UNIVERSITY. 


* A, Wintner, “Uber die Jacobische Differentialgleichung des restringicrten Drei- 
kérperproblems,” Siteungsberichte der mathemalisch-physikalischen Klasse der Siéch- 
sischen Akademie der Wissenschaften zu Leipzig, Vol. 82 (1980), pp. 345-354. 

+ Cf. A. Wintner, “ Über cine Revision der Sortentheorie des restringierten Drei- 
k6rperproblems,” ibid., p. 46. 


ALGEBRAS OF CERTAIN DOUBLY TRANSITIVE GROUPS. 


By R. D. CARMICHAEL. 


A class of finite algebras A[p”] is defined directly (§1) by means of 
doubly transitive groups of prime-power degree p” and order p”(p”— 1) and 
is shown (§ 1) to be equivalent to a class of finite algebras defined by Dickson 
in 1905 (Göttingen Nachrichten, 1905). The set of all linear transforma- 
tions on the marks of an A[p"] induces on those marks a group which is 
conjugate to that by which the algebra is defined (§ 2). Three forms are 
given (§ 3) to the (only partially solved) problem of determining all algebras 
A[p"], one of them being of fundamental importance in the investigation of 
the group of isomorphisms of an Abelian group of order p” and type 
(1,1,---+,1). This problem deserves further attention. Two algebras 
Ai[p"] and Az[p"] are simply isomorphic (§ 4) when and only when their 
multiplicative groups are simply isomorphic. The integral elements of an 
A[p*] form (§5) a Galois field GF[p]. The algebras A[p"] are capable 
(§ 6) of various analytical representations, including as a special case that 
employed by Dickson. A large class of doubly transitive groups of degree p” 
and order p”(p”— 1) is exhibited (§ 7) and these groups are employed (§ 8) 
in the rapid construction of a large class of algebras A[p*], closely related 
to those determined by Dickson by other methods. 


1. Construction of Algebras A[s]. Let G be a doubly transitive group 
of degree p and order p(p— 1). Then it is well known that p is a primé- 
power p” (n È 1), that such a doubly transitive group G@ contains a single 
subgroup H of order p”, that this Sylow subgroup H is Abelian and of type 
(1,1,---,1), that H contains all the elements of G (p*—1 in number) 
each of which displaces all the symbols permuted by G, that H is self-conjugate 
in G, and that every element in G and not in H is a regular permutation on 
just p” —1 symbols. 

Let do, Qis @z,* * +, @s-1, Where s = p”, be the p” symbols permuted by G. 
Then H permutes these symbols among themselves according to a regular 
group, as is well known and may be readily shown from the fact that M 
consists of the identity and p"- -1 elements cach of which permutes all the 
svmhals. Then there is one and just one element A, of H which replaces 
ty hy lye 

Tat us denote by M the subgroup of order p?--1 in @ each element 
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of which leaves a fixed. It is a regular group on M, d2,° **, as- Hence 
there is one and just one element m; of M which replaces a; by ai. It is 
evident that m;1hym; = hi. 

By means of these properties of G we shall define an algebra A[p”]. 
Let the p” symbols or marks of this algebra be denoted by to, Ur, U2, * * * 5 Us-1 
We introduce a law of addition for the marks u; of this algebra in the fol- 
lowing manner: The sum ui+ u; is the mark us (wi + uj = ur) where & is 
such that ih; = hx in the group G. Then, in particular, u: + uo = wi for 
every mark u;i. 

For the purpose of defining a law of multiplication for the marks wi, 
exclusive of the zero-mark uo, we employ the elements of the subgroup J of G. 
We write uiu; =u: (1 >0, 7 >0) where 7 is defined by the relation 
mri = mim! or mı = mmi. [At this point it would seem more natural 
to take uiu; = Uy where my = mim; ; but this would give (b + c)a = ba + ca 
instead of the relation a(b + c)= «b + ac, presently to be established; and 
the latter relation is slightly more natural from the point of view of the 
algebras.] We define the products uiuo and uou: by the requirement that 
each of them shall have the value uo. 

With the named laws of addition and multiplication the marks uo, ww, 

< *,us-1 constitute an algebra of the type defined by Dickson * in 1905, 
as we shall now show. Dickson subjects his algebras to nine postulates. The 
first four of these postulates require merely that all the marks of the algebra 
shall form a group wnder addition. The next four postulates require merely 
that all the marks, exclusive of the zero-mark, shall form a group under 
multiplication. The remaining postulate asserts that if a, b, c are elements 
of the algebra then a(b + c)= ab + ac. With these postulates in hand it is 
easy to show (cf. Dickson, 1. c.) that the additive group and the multiplica- 
tive group have the properties already employed. Therefore, in order to 
show that the algebras here defined are identical with those of Dickson, 
it is sufficient to prove that his last postulate is verified. 

As expressed in terms of the ws we have then to establish the following 
relation : 


(1.1) Ui (Up + Uc) = Uillp + Uitte. 


This is immediately verified if any one of the subscripts i, p, o is zero. Then 
for the further argument suppose that each of them is greater than zero. 
Since (1.1) involves two operations it is convenient to reduce the relation 
to be proved to a corresponding relation among the elements of H and M 


* Dickson, Göttinger Nachrichten, 1905. 
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since they are all subject to the single rule of combination in G. From the 
definitions of addition and multiplication we have the following propositions: 


Up+Uc=u, if  hphe = hr, Uitp = Un if Mpm; = My 
Ulo = Uy if mom; = mM, Wir = Ua if MMi = Ma, 
un -+ uv = ug if hyv = hg. 


In order to establish the required relation (1.1) it is necessary and 
sufficient to show that «== 8. Now we have 


hg = hyhy = my thim: my hymy 
==(mpmi) hi (mpmi) ` (mami) hi (momi) 
= mi hphemi = mi thmi 
= mmr himm; (mm) Ih (mrmi) 
== Ma thi Ma = ha 


Since hg = ha it follows that « = and hence that (1.1) is established. 

From the foregoing analysis it follows that every doubly transitive group 
of prime-power degree p” (n 1) and order p"(p"—-1) may be employed 
for the definition of an algebra A[p"]. In the next section we consider the 
converse problem. 


2. Linear Transformations in an A[s]. If B is any given one of the 
marks Ug, ti,‘ * `, Us. of an Als], s= p", and if z is a variable running 
over the marks of the algebra then z -+ £ is a new variable 2” running over 
the marks of the algebra. Thus we have the transformation « = g + £ 
corresponding to the addition of 8 on the right to all the marks of the 
algebra. By varying 8 we obtain the p” transformations corresponding to 
the additive group of the algebra. 

More generally the set of all transformations 


(2.1) z = agx + B, 


where « and 8 run independently over all the marks of the algebra except 
that @ remains different from the zero mark wo, constitutes a group K, as 
one may readily verify by means of the stated properties of A[s]. Its 
order is s(s— 1). Each element of K permutes the marks of A[s] among 
themselves; thus Æ gives rise to a permutation group K, of degree s on the 
marks wy. Wi.' °° °.U.a. Tf a and b are any two distinct marks of A[s] 
then the marks a uy. as values of wr, are replaced by the marks a,b respec- 


tiy, gs veluos ol ue” hy the trae starvation 
, 2 
w —(b--- )a aa, 


Therefore Ay is a doubly transitive gronp of degree s and order s(s—- 1). 
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From this it follows that the number s of marks in an algebra A[s] 
(satisfying Dickson’s postulates) is necessarily of the form s= p", a result 
proved by Dickson (i. c.) directly from his postulates. 


Those transformations (2.1) in which « = u, correspond to the additive 
group of the algebra, since they may be written in the form 2’ = g + £. 
[Thence follow readily the known essential properties of the additive group 
of the algebras A[s].] Those transformations (2.1) in which 8 = uo may 
be written in the form z’ — az. They correspond to the multiplicative group 
of the algebra, the element 2’ = az corresponding to multiplication on the 
right by a This multiplicative group induces on the non-zero marks of the 
algebra a regular permutation group of order p” — 1. 

Let M denote the permutation group on the marks uw, Ue,* * *, Uses 
induced by the multiplicative group of the algebra and denote by m: the 
element of Af induced by the transformation g == Uit, ui; FU. Let H 
denote the permutation group on the marks Uo, Us’ * *, Us-1 induced by the 
additive group of the algebra and denote by A: the element of H induced by 
the transformation 2’ = z + u;. Let @ be the group generated by H and M. 
Then hi replaces z= u, by v == u; and m; replaces t= u, by wv = ui; 
whence it follows that hi = mr Hum: Then t -+ uj == tx where k is such 
that he = hij, while uru; = ur where 7 is such that mr! = msimyt. 

From these results it follows that the group G to which the algebra leads 
by use of (2.1) may in turn be employed as in § 1 to recover the algebra itself. 
Therefore, every possible algebra A[s], satisfying Dickson’s postulates, is an 
algebra A[p"] defined as in §1 by means of a doubly transitive group of 
prime-power degree p> (n= 1) and order p"(p"—1) while conversely such 
a doubly transitive group is induced by the tolality of transformations of the 
form (2.1) on the marks of such an algebra. 


3. Three Equivalent Forms of an Unsolved Problem. From the theorem 
just stated it follows that the problem of constructing all algebras A[p"] is 
‘equivalent to the problem of constructing all doubly transitive groups of 
degree p” and order p”(p"—1). With respect to these latter groups it is 
not difficult to establish the following theorem: 


Every doubly transitive group G of degree p” and order p"(p"—1) is 
contained in the holomorph of the Abelian group H of order p” and type 
(1,1,---+,1) when that holomorph is written in the usual way as a per- 
mutation group. Moreover, the regular subgroup M of G, consisting of those 
elements which leave one symbol fixed, is contained in the group I of iso- 
morphisms of H. 
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It is easy also to establish the following theorem: 


For every regular group I, of degree and order p*— 1 contained in the 
group I of isomorphisms of an Abelian group of order p” and type (1,1,---,1) 
there exists one and just one doubly transitive group Q of degree p” and order 
p"(p"—1) containing I, as a subgroup. 


From these results follows readily the theorem (proved otherwise by 
Dickson, l. c.) that the multiplicative group of an algebra A[p"] is simply 
isomorphic with a regular subgroup I, of degree p*—1 contained in the 
group I of isomorphisms (wilh itself) of an Abelian group H of order p” 
and type (1,1,:--,1) when I is represented in the usual way as a permuta- 
tion group on the elements of H exclusive of the identity. 


These considerations lead to the formulation of the following three 
problems: 


1. To construct all the regular subgroups I, of degree p” — 1 contained 
in the group I of isomorphisms (with itself) of an Abelian group H of order 
p” and type (1,1,---,1) when J is represented in the usual way as a per- 
mutation group on the elements of H exclusive of the identity. 

2. To construct all doubly transitive groups of degree p” and order 
p'(p*—1). 

3. To construct all algebras A[p"] subject to the postulates of Diek- 
son (I. c). 


From foregoing results it follows that the solution of any one of these 
problems carries with it the solution of the other two. It appears that, up to 
the present, no one of these problems has been completely solved. The work 
of Dickson (l. c.) is the most important which has yet been done in this 
direction. His most comprehensive results, however, are based on an em- 
pirical (unproved) proposition; though this proposition is a remarkable one 
if true (and he has verified it in a wide range of cases), nevertheless no one 
else (so far as I know) has given it further consideration. It appears that 
the problem here formulated is a difficult one; its importance is indicated by 
the three-fold formulation and the variety of connections which it is thus 
shown to have. It deserves further attention. 

For every value of p”, as is well known, there exists a cyclic Iı; every 
Abelian I, is cyclic. When this J, is employed, the resulting algebra A[p”] 
is the Galois field GEP. But. so far as Taam aware. no direct proof Tas 
ben given ef the eustence or this cvehe fA; that is to say, the known proofs 
appear all to be based on the (previously proved) existence of the GL [py '] 


° 
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or on what is essentially equivalent to that, such existence being established 
by methods which are not directly group-theoretic in character. It is not 
satisfactory thus to be driven outside the domain of direct group-theoretic 
considerations to establish the existence of this cyclic I, Emphasis is here 
put upon this particular problem in the hope of directing to it the attention 
of other investigators. 


4. Simple Isomorphism of Algebras A[p"]. Two algebras A,[p”] and 
A.[p”] will be called simply isomorphic if each element of A, may be made 
to correspond uniquely to an element of A, in such a way that each element 
of A, is the correspondent of a single element of A, while moreover the sum 
[product] of any two elements in A, corresponds to the sum [product] of 
the corresponding two elements of As. It will be said that two simply 
isomorphic algebras are identical. Any two algebras A[p"] are evidently 
such that their additive groups are simply isomorphic. An obvious necessary 
condition for the algebras to be simply isomorphic is that their multiplicative 
groups of order p*—1 shall be simply isomorphic. We ‘shall show that this 
condition is also sufficient. 

If the multiplicative groups of A,[p"] and A2[p”] are simply isomorphic 
then the doubly transitive groups of degree p” and order p"(p"—1), to 
which they lead by the method of § 2, have simply isomorphic regular sub- 
groups of degree p” — 1, as is seen from the named isomorphism of the multi- 
plicative groups of the algebras. Hence these two doubly transitive groups 
are conjugate. Now, on recovering the algebras from these conjugate groups, 
by the method of § 1, we exhibit the algebras themselves as simply isomorphic. 

Thus we have the following theorem: 


Two algebras A,[p"] and A2[p"] are simply isomorphic when and only 
when their multiplicative groups are simply isomorphic. 


5. Integral Elements of an Algebra A[p"]. Denote the elements of an 
A[p”], as before, by the symbols Uo, Us,’ + *,Us-1- An element of the form 
ur + ur +: e Haun will be called an integral element; the other elements 
are said to be non-integral. From the properties of the additive group H 
of the algebra it follows that there are just p integral elements of the algebra. 
When there is no danger of confusion these may be denoted by 0,1,::-,»—1, 
where 0 and 1 denote the elements uo and u, respectively. Addition and 
multiplication of the integral elements are equivalent to ordinary addition 
and multiplication followed by a reduction modulo p. Hence the integral 
elements of A[p*] form a sub-algebra which is simply isomorphic with GF[p]. 
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In particualr, an algebra A[p] consists entirely of integral elements and is 
the GF[p]. 

It is well known that GF[p”] contains a subfield GF[p*] when and only 
when & is a factor of n. If an A[p”] contains a sub-algebra A[p*], then 
the multiplicative group of order p*— 1 of the latter must be a subgroup of 
the multiplicative group of order p*—1 of the former: hence p*—1 must 
be a factor of p” — 1, whence it follows that & is a factor of n. 


6. Analytical Representation of Algebras A[p™]. Let us write n == ky 
where i and v are positive integers (either or both of which may be unity). 
We now denote the p” elements of an algehra A[p"] by (a1, an’ +, Qn) 
where the a’s run independently over the marks of the GF[p’]. In view of 
the properties of the additive group M of the algebra it is evident that we 
may take for the rule of addition in the algebra that expressed by the formula 


(6. 1) (a1, aa,” ` +, ar) + (01, ba : -, bx) =(a1 + bi, : . Qn + dx). 


Then (0,0,:--,0) is the zero element of the algebra. The product of the 
zero element by any other element (in either order) is the zero element. 
It remains to define a suitable rule of multiplication for the non-zero elements 
of the algebra. 

The multiplication of the non-zero elements is according to a group M 
which permutes these non-zero elements according to a regular group con- 
tained in the group I of isomorphisms of H with itself. Moreover (§ 2) the 
group of linear transformations in the algebra permutes the marks of the 
algebra according to a doubly transitive group of degree p” and order 
p”(p”— 1). From these facts and from the analytical representation T of 
the group I given in an earlier memoir * it follows that if 


(6. 2) (a, üz * +, a) . (21, Tas š 5a) —=(ay', T, ` +, ax’) 


then we have 
v k 

(6.3) ty = 2 D upr, (t= 1,2,---,k), 
sl j=l 


where the coefficients aije are marks of GF [p”] which depend on (a1; a2): *, 
ax) but are independent of (21, f2,° © *, 2%). Consequently the multiplicative 
group of the algebra may he defined hy means of a transformation group 
whose elements have the foregoing form. A necessary and sufficient condition 
on these transformations is that they shall permute the non-zero marks of 


Me PG ntti yelp yyey toa Tred sae apap, 


Guapurcdhad fecrere Joniaol of eihiaeiis Vol, 52 (1930). pp. 


(see § 50. 
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When v= 1 the transformation group is linear and we have the form 
of analytical representation employed by Dickson (l. ¢.). When k=1 
we have the other extreme case of the foregoing transformations. In this case 
we have y==n and the marks of the algebra are the symbols (a) where a 
runs over the marks of GF[p"]. The rule of addition in the algebra, namely, 
(a)+(b)=(a + b), coincides with the rule of addition in GF[p"]. For the 
product (a) (x) we have (f(a,)) where f(a, 2) has the form 


(6. 4) f(a, 2)== 3 ae. 
i=l 
Therefore we may write 


(6.5) (as) (2) —(F(ai,2))—( Saar’), (i= 0,1,-- +, p*—2), 


where the @’s are the non-zero marks of GF[p"] and the a“? are marks of 
GF[p"] to be suitably determined. We take (1) to be the unit element in 
the algebra. Then we have 


ay Lag? Le ++ tay m= ay, 


We have also (0) (x) ==(f(0,2))=(0). 

It thus appears that every algebra A[p"] may be represented analytically 
by means of GF[p”]. As already indicated, the problem of determining all 
such algebras has not yet been completely solved. In §8 we shall employ 
the method just indicated to set forth the analytical representations of each 
of a large class of algebras A[p”]. 

It is convenient to close this section with the statement of three proposi- 
tions whose proofs will be omitted. If p is an odd prime the multiplicative 
group M of an algebra A[p”] contains just one element of order 2 (perhaps 
most readily proved by aid of (6.3) with v=1). In the multiplicative 
group M of an algebra A[p”] the Sylow subgroups of odd order are cyclic 
and those of even order are either cyclic or of the sole non-cyclic type con- 
taining a single element of order 2. If M contains a non-cyclic Sylow sub- 
group of order 2% then this Sylow subgroup contains at least three subgroups 
of each of the orders 2°, 28,- - -, 2%. 


7. Certuin Doubly Transit:ve Groups of Degree p”. In proceeding to 
construct algebras A[p"] it is convenient first to consider certain doubly 
transitive groups which are representable by means of transformations of 
the form 
(7.1) a’ = aa +- b, a0, 


where a and b belong to GF[p"], t belongs to the set 0,1,---,n—1 and 


ALGEBRAS OF CERTAIN DOUBLY TRANSITIVE GROUPS. G39 


az and x’ are variables running over the marks of GI[p"]. The permutation 
groups involved are those according to which the marks of GF[p"] are per- 
muted by the named transformation groups. When a, b, t range respectively 
~ over all the elements on which they may range we have a doubly transitive 
group of degree p” and order p"(p*—1)n. The transformations 


(7. 2) v’=2e+1, av = wf, a = ah", 


where is a primitive mark of the field and « is a factor n, generate a group 
of order p"(p" —-1)n/a whose elements are all the elements of the form (7%. 1) 
with the further restriction that 7 shall be a multiple of « This group 
induces on the marks of the field a doubly transitive group of degree p” 
and order p"(p"—1)n/s%. When a =n this is the sole doubly transitive 
group of degree p” and order p"(p"—1) whose regular subgroups of order 
p"—1 are cyclic. 

By way of digression it may be pointed out that if we adjoin to the 
generators (7.2) the transformation 2’ == 1/s then we are led to a group 
of order 


(p" + 1) p"(p" — 1) n/a 


which permutes œ and the marks of GF[p”] according to a triply transitive 
group of degree p” + 1. When p is odd each of these groups contains trans- 
formations whose determinants are not squares; then the elements whose 
determinants are squares constitute a subgroup of index 2 which is doubly 
transitive on the symbols involved. 

We shall now determine all the doubly transitive groups G of degree p” 
and order p"(p*—-1) contained in the group induced by the p*(p*—-1)n 
transformations (7.1). Such a group contains a regular permutation group 
M of degree and order p”— 1 on the non-zero marks of the field. There 
is one and just one group G in which the corresponding group M is cyclic; 
it is generated by the first two elements in (7.2). Henceforth let M be 
non-cyclic. It is obvious that the transformation group T, by which If is 
induced, consists of transformations of the form 


(7.3) a = 042", (i=1,2,:--,p*—1, 0S <n). 


Such a transformation replaces the mark #==1 by the mark z’ =a; Since 
M is regular on the non-zero marks of GF[p"] it follows that the coefficients 
n, are m some order the non-zero marks of the field (without repetition er 
Guilsaivu). 


Now the iotality of linear transformarious in T constitutes a suberoup 
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of T; and this subgroup is contained in the cyclic group generated by the 
transformation S, 
8: T = wf, 


where w is a primitive mark of GF[p”]. Then there exists a least positive 
integer o such that this linear subgroup is generated by 8%. It is clear 
that o is a factor of the order p"—1 of S. If o=1 we have a cyclic 
group T, a case which we have already excluded; therefore, o > 1. Then 
some of the exponents t; are positive. 

Let ¢ be the least positive value of 4; appearing in the transformations 
(7.3) of T; and let the transformation T, 


U: g =ar", 


be one of the transformations in which t; =t. By taking successive powers 
of U we obtain transformations with the exponents #, 2t, 3é,--- on p. 
Since these are to be reduced modulo n (on account of the equation 1" = u” 
for marks of G/[p"]) it follows that ¢ is a factor of n. Moreover, since 
t is the least positive value of an exponent (;, cach t; must be a multiple of t; 
whence one concludes that the exponents tł: are t, 24, 3t,---. If T, and T: 
are two transformations in T with the same value of the exponent t; then 
TT. is a linear transformation and hence is in {8%}. Therefore all the 
transformations in T having a given value of i; are products of the form 718; 
where 8; is in {87}. Therefore T is generated hy S* and U. The smallest 
positive value of A such that U> is in {6°} is A=n/t. Since T and {8°} 
are of orders p?—1 and (p*—1)/e it follows that o = n/t and hence that 
o is a factor of n. 

We have now to determine the further conditions on o, ¢ and @ such that 
the group {8%, U} shall indeed induce a permutation group of the type pre- 
scribed for M. ` If d is the greatest divisor of o such that a is a d-th power 
of a mark in GF[p*], then every coefficient in the transformations belonging 
to {S8*,U} is a d-th power. Since d is a factor of p*—-1 and every mark 
of Gi[p*] occurs among these coefficients it follows that d—1. Therefore 
if y is such that a = oY we must have y prime to o. We may now combine 
the transformation C with an appropriate power of S% so that in the resulting 
transformation Uz, of the form U (with the same value of /) we shall have 
the corresponding coefficient of the form w? where 0 < < œ and Z is prime 
too. Then we have 


Urni: g = oiz, O<l<o, l prime too, ol =n, 


Then {87, U} = {82, Urne} 
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The A-th power of Tı, may be written in the form 


U` : a = ol tote... tp A-D Dap 
lt 


The least positive value of A for which this is in {8°} is Aà = n/t =v. In 
order that the induced permutation group Jf shall be regular it is further 
necessary that the least value of A for which 


1+4 pt-pt o poat 


shall be a multiple of o is A= cø, since otherwise at least one mark of 
GF[p"] would occur as a coefficient in two transformations belonging to 
{S¢, Ura} 

When the necessary conditions now obtained are satisfied we shall easily 
show that {6°, U1} permutes the non-zero marks of GI’[p”] according to 
a regular permutation group Jf. The coefficients in the transformations be- 
longing to {S%, Ui,+} are the marks 


ene cg RRs ROSIE [k = 1,2,-°°, (p"—1)/o,A~1, 2,°°°,;¢—1], 


together with the o-th power marks appearing as coefficients in the trans- 
formations of {8°}. No two of these coefficients are equal since the second 
exponent on w in the foregoing expressions is not a multiple of o and no two 
such exponents have their difference a multiple of o. Therefore no two trans- 
- formations in {S°%, Ui,:} have the same coefficient and hence that group re- 
places the value of 1 of x by every non-zero mark of the field; whence it follows 
that {S*, Ui,:} induces a regular permutation group J on the non-zero marks 
of the field. . 

Since o > 1 it is easy to verify that the group {S°, Ut} is non-Abelian; 
for the equation S-°U1,:S° = U1, would imply that o (p'— 1)= 0 mod p*— 1, 
and this is impossible since 


o(p'—1) <(p? — 1) (p* — 1)=(p"* — 1) (p* —1) < p"—1 when o <n. 


Among the results established by the foregoing argument we have the 
following theorem (and thence the easily established corollaries) : 





THEOREM. Every non-cyclic group T which is contained in the group 
whose elements are the transformations 
a = ax” + b, (a0, t=0,1,:::,n— 1), 
et h ace marks at GF n'e shied la the condition thal T shatt 
be of order po-- l and shail permute wccurdity (oe regilur pimë Los 


groip M the wat cera marks of Gh pt] is a non-Abelian group {87 UC it} 
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where o (o >1) is a common factor of n and p*—1 such that à= is the 
least value of à for which 1+ pt+ p®#+---+p%D# is divisible by o, 
where t = n/c; and every such group {8*%, Gir} is such a group T. 


CororLarRy I. Jf the elements of (8%, Vit} are the transformations 


g = ap", (i= 1, 2,- . -,p*—1), 


i 


then the transformations 
a = up! + bi, (i = 1, 2,° . ",p*—1), 


where for each value of i the symbol b: runs over all the marks of GF[p"], 
induce a doubly transitive group of degree p” and order p"(p*—1) on the 
marks of GF[p"] in which M is the largest subgroup each element of which 
leaves zero fixed. 


COROLLARY II. If nol, o >1, and p is a prime of the form oz+1 
then there caists a doubly transitive group of degree p" and order p™(p" —1) 
whose regular subgroups of order p*— 1 are non-Abelian. 


Corontiary III. Whenever n and p*— 1 are not relatively prime there 
exist * at least two doubly transitive groups of degree p” and order p”( p” — 1). 


From the last corollary it follows that there are at least two distinct 
doubly transitive groups of degree p? and order p?(p?— 1) for every odd | 
prime p. In no case does the theorem assert the existence of more than two 
such groups when n = 2. When p” = 3? there are just two such groups. 
But when p” = 5? or p" == 7? there are three (and just three) such doubly 
transitive groups. 

By aid of the foregoing theorem one may establish the following three 
theorems which we state without proof: 

When p is an odd prime and n is an even integer there exist two triply 
transitive groups of degree p”-+-1 and order (p” + 1)p"(p"—1). In one 
of these the regular subgroups of degree and order p*— 1 are cyclic; in the 
other these subgroups are non-Abelian and contain cyclic subgroups of index 2. 

The only triply transitive groups of degree p” + 1 and order (p" + 1) p" 
X (p”— 1) contained as subgroups in the triply transitive group of order 


*This is in contradiction with a conjecture of Burnside [Messenger of Mathe- 
matics, Vol. 25 (1896), pp. 147-153; see also the footnote on p. 184 of the second 
edition of his Theory of Groups] to the effect that, with an exception in the case 
when pn = 32, there is always one and just one doubly transitive group of degree pr 
and order px(p»—1), and in particular with the cases n =2 and n=3 in which 
he offered a supposed proof of the incorrect conclusion. 


ALGEBRAS OF CERTAIN DOUBLY TRANSITIVE GROUPS. 643 


(p™ + 1)p"(p" —1)n, described earlier in this section, are (1) one (a well 
known case) in which the regular subgroup of order p” — 1 is cyclic (existent 
for every p”) and (2) the additional group described in the foregoing para- 
graph for the case when p is odd and n is even. 

For every positive integer L three exists a prime p and a positive integer 
n such that the number of doubly transitive groups of degree p” and order 
p"(p" —1) is greater than L. 


8. The Algebras Ac,[p"]. In the main theorem of the preceding sec- 
tion and its first corollary we have a means of defining an important class 
of algebras A[p"]. We denote their elements hy (a) where a runs over the 
marks of GF[p”] and where (0) and (1) are to be the zero and unit elements 
of the algebra respectively. Addition is defined by the relation (a)+ (b) 
=(a +b). For the product (a:)(z) we take the element (aiz?'t), where 
the symbols are those of the theorem cited and its first corollary. Such an 
algebra will be called an algebra Ac.i[p"], where o and 7 are defined as in 
the theorem cited. They do not include all the algebras A[p”] as is shown 
by an examination of the three algebras A[5?] or the three algebras A[7?]. 

To construct three algebras A[5?] we proceed as follows. In the first 
place we have GF[5?] as one of the algebras. A second one is A2;[5?]. 
To construct a third algebra A[5?] we observe that the transformations 


g =g+ 1, uv’ = obt, T == wl2g5 +. wz, 


where œ is a primitive mark of G/’[5?] satisfying the relation o? = o + 3, 
permute the marks of this Galois field according to a doubly transitive group 
of degree 25 and order 25:24. If an A[5?] is formed from this group by 
the method of §1 it will be different from the other two A[5?] already 
described in this paragraph. It may be shown that the three A[5?] thus 
exhibited are all the possible algebras A[5®]. 

It seems probable that the algebras Ao,:[p"] are contained among the 
algebras otherwise constructed by Dickson (J. c.) ; but I did not seek to verify 
this proposition. 

From the main theorem of the preceding section it follows that o is a 
factor of 


1 -+ pt -+ p” + e.. 4. p'e-Dt mm (p° — 1)/ (pf —1) 


and hence it is a factor of 


p l P 1 v a 


p 1l p i pe il’ 


Therefore the order of the group {S°} is a multiple of p— 1 and hence that 


o 
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group contains a cyclic subgroup of order p— 1 and therefore contains all 
the transformations of the form 2’ = az where « is an integral mark of 
GF[p"]. Therefore in Ao [p"] we have (a)(s)=(axz) where (x) is any 
element of the algebra and (a) is an integral element. But (a:)(a)=(aie) 
== («a;) since «=a. Therefore an integral element of Aoi[p"] is per- 
mutable under multiplication with every element of the algebra. 

That this property of permutability of integral elements with all elements 
is not common to all algebras A[p”} may be seen from an examination of 
the last A[5*] defined earlier in this section and in fact from a consideration 
of the elements 2’ = w!2z° + w*ta and 2’ = w%r in the underlying group. 

Let k be any factor of n, and consider the subset (7) of elements in an 
algebra Æo, ı[p”] where r runs over the marks of the subfield GF[p*] contained 
in GF[p"]. Under addition these elements (r) obviously form a group of 
order p”. Moreover, the product of two of these elements (r) is an element 
of this set. Therefore the p* elements named form a sub-algebra A[p*]. 
From this it follows readily that Ao.[p"] contains a sub-algebra A[p*] when 
and only when k is a factor of n. 

By means of the algebras Ac,:[p"] one may easily prove the following 
proposition: For every positive integer L there exists a prime p and a positive 
integer » such that the number of algebras A[p”] is greater than L. 


CAYLEY DIAGRAMS ON THE ANCHOR RING. 
By R. P. BAKER. 


1. Maschke* determined the Cayley color groups representable in the 
plane, postulating independence of generators. These are all half regular in 
Archimedes’ sense. (There are the same number of polygons of the same 
orders at each vertex). Adding this as a postulated property this paper 
extends the enumeration to connectivities two and three. 


2. On account of the importance in analysis of the ‘ groups of genus p; 
I add them to the lists. Given classically with ‘ schraffirte” diagrams there 
is a corresponding Cayley diagram the method of construction being indicated 
by the plate in Burnside’s Theory of Groups, Ch. XIX. The generators of 
these groups are not independent but connected by a relation of the form 
ABC---K—1. They do not therefore occur in Maschke’s list. Adding 
them and two ‘ general’ Cayley diagrams for the groups of order four on the 
tetrahedron it appears that all the half regular and regular bodies except 
two are the basis for Cayley diagrams. 

In the list the net is specified by the orders of the polygons at a vertex. 


Net Order Generators Group Maschke’s figure 

1. 3.3.3 4 2.2.2 Ga (general) 

4 4,2 O: (general) 
2 4.4.4 8 4.2 Get 2 
4.2 Abelian 2a 
2.2.2 Abelian 16 

3. 3.3.3.3 6 3.2.2 Gs (p=0) 

4, 8.3.3.3.3 12 3.3.2 Gigt (p=0) 

5. 5.5.5 20 None 
I 8.6.6 12 3.2 Gaat 3 
II 3.8.8 24 3. Gaat 6 
II Gai2t02 6a 
III 3.10.10 60 3.2 Geo? 9 
IV 4.6.6 24 4.2 Goat 5 
2.2.2 Gas! 17 
V 4.4.n 2n n.2 Dihedral 2 
2.2.2 Dihedral 16 
VI 5.6.6 0 5.2 Geo? 8 
VII 3.4. t.4 2-4 4.3 Tag 7 
VITE 3.4.3.1 12-343 (hint 4 
LA an rs ot} Aone 


“American Journal of Muihematics, Vol. 18 (1896), p. 156. 
2? 615 
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Net Order Generators Group Maschke’s figure 
X 3.3.3.0 2n =n. 2.2 Dihedral (p=0) 
X 3.3.3.3.4 24 2.3.4 Octahedral (p=0) 
XII 3.3.3.3.5 60 2.3.5 Icosahedral (p =0) 
XIII 4.6.8 48 2.2.2 Extended octahedral 18 
XIV 4.6.10 120 2.2.2 Extended icosahedral 
XV 8.4.3.4.5 60 3.5 Goo? 10 


3. Extending the problem to higher connectivities we are confronted 
by an embarassment of riches. 

G24* with three generators of order two has a half regular representation 
on the anchor ring and 72 other representations, mostly bizarre. 

The Abelian Gy (3,3) has representations not half regular, on the 
projective plane and on the anchor ring. 

Taking the elements as (1, «, @°, B, a8, «8, B°, a°, 278?) and number- 
ing from 1- - -9 the polygons are: 


(125697) ; (1364), (4587), (2398) ; (123), (456), (789), (147), (258), (369) 
and in the second case, 
(145693), (458936) ; (2365), (4786), (1287); (123), (147), (258), (896). 


The diagrams are not perspicuous and lack the symmetry which is the es- 
sential characteristic of a group. 

These facts together with the number of half regular diagrams discovered 
here justify the restricting hypothesis that the net is half regular. 


4. For half regular nets the extended Euler equation becomes 
&(1— 2) /21=1+(k —3)/V 


where the ls are the orders of the polygons at each vertex, Æ is the con- 
nectivity and V the number of vertices. This is a necessary but not a suffi- 
cient condition. A sufficient condition is I believe not known, but we may 
note two types of failure. 1, = 5, 1, = 5, l = 10, k = 3 satisfy the condition 
but no net can be constructed. The statement does not allow us to bound 
a single pentagon. This may be called failure ‘im kleinen.’ 

l = 3,4,4 V = 6, k = 1 belongs to the triangular prism but J = 3, 4,4 
V = 3, k= 2 also satisfies the equation and there is no such figure in the 
projective plane. This may be called a failure ‘im griéssen.’ 

If a solution (h, le,: + -dn) k, V exists and also a solution (l, lz 
-+ +l) kW, V’ which is possible if (k— 3) V’ =(k’ —3)V then if V’ is a 
multiple of V and the first solution has a net the second has, but not con- 
versely. For k=}, K =1 the construction can be carried out by Klein’s 
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double representation of the projective plane and joining up the two nets. 
In the higher cases we must combine this method with that of connecting 
overlying Riemann surfaces by branch cuts following Dyck.* 


5. The enumeration of the diagrams possible in the projective plane can 
be made speedily as we have the list for k =1 and can pick out those which 
can be bisected by a simple closed curve not passing through a vertex. One 
condition for bisection is that it must be possible to arrange the points on 
the sphere so as to exhibit central symmetry. This is met in all cases. 
A further condition is that the opposite edges must be of like color. No. 17 
fails here. Still further the arrows must not conflict with the reversal of 
the Mobius indicatrix. This means that the arrows if any must be alternately 
clock and counterclock. This cuts out Nos. 3.4.5.6.7.8.9.10. In No. 2, 
the even prisms lose the independence of generators on bisection. 

No. 6a gives Git and the three color group 18 gives G24*. The extended 
icosahedron group (not drawn-in Maschke’s paper) Geo? with three generators 
of order two. oe 

These three groups are the subjects of extension in the extended groups 
of Maschke’s list. 


CAYLEY DIAGRAMS IN THE ProJsective PLANE (Plate I). 
(Half regular). 


Net Order Generators Group 
3.8.8 12 3.2 Giat 
4.6.8 24 2.2.2 Goat 
4.6.10 60 2.2.2 Geo? 


6. For the anchor ring, by dissection and development to a parallelogram, 
_ and then by indefinite repetition in the plane, the problem is reduced to one 
of homogeneous assemblages in the plane. If we consider such a develop- 
ment colored and arrowed on one of the nets and being a Cayley diagram 
for a group, certain of the relations can be determined by inspection of any 
small region. Such are the order of the generators and the definition of the 
intermediate polygons. These we may call ‘im kleinen’ while the others 
which demand a knowledge of the ‘cut’ that is of the fundamental region 
are properly called ‘im grdéssen ’ relations. 

The latter will in general contain one or more arbitrary integers due to 


AY My 8 dha TT ee Spee tha Wala aration pn, msgmedpte Ter ay 
i ea Rati s ` vel ata - i ` ` gh oaa ` 
ba 4 C 


© Matheuiatische Annalen, Vol. 17 (1880), p. 473. 
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pressed, to the arbitrary nature of the fundamental region. The heuristic 
program is then to determine (1) all possible half regular nets (2) all con- 
sistent colorings for each net (3) all consistent arrowings. 

Then for each case we have the ‘im kleinen’ relations and can discuss 
the possible ‘im gréssen.’ 

There are some cases where the ‘im kleinen’ determine the ‘im grodssen’ 
and one or more integers disappear from the expression for the order. In 
the more general case it is possible to classify the points into sets invariant 
under a subgroup called by Burnside, in his discussion of groups of genus 
one, the group of translations. The word is hardly well chosen here for often 
some elements are moved in opposite senses a phenomenon which can be 
associated with the idea of an electrolytic vector, but more complicated cases 
exist where generalized ‘ballet’ seems needed. 

Falling back on the technical language of group theory this subgroup is 
a maximal self conjugate abelian subgroup and the order of the quotient 
group gives the number of classes of points. 


% The half regular nets on the anchor ring. The equation 


è 


u 
3 


(4; —2)/24, =1 


> 
tt 
m 


has 17 solutions. 

n==3 (6,6,6), (12,12,3), (8,8,4), (10,5,5), (42,7,3), (24,8,3), 
(18, 9,3), (15, 10,3), (20,5,4), (12, 6,4), 

n==4 (4,4,4,4), (6,3,6,3), (6,4,3,4), (12, 4, 3,3), 

n==5 (4, 4,3, 8,3), (6, 3, 3, 3,3), 

n==6 (38, 3,3, 3, 3,3). 


We note first that any solution with two odd numbers and one even fails ‘im 
kleinen’: we cannot properly bound an odd polygon. Similarly two different 
evens and one odd fails to properly bound the odd. The case (12, 4, 3,3) 
leads eventually to either two twelves or two fours at a vertex. 

This leaves ten cases: 


(6, 6,6), (12,12,3), (8,8,4), (12, 6,4), (4, 4,4, 4) 
(6, 3, 6, 3), (6, 4, 3, 4), (4, 3, 4, 3, 3), (3, 3, 3, 3, 3, 3). 
For those with 4 or 5 polygons the cyclic order given is the only possible. 
The duals of these nets give all the ‘space fillers’ for the plane. Those 
with all evens are the basis for the ‘schraffirte’ diagrams of the groups of 
genus one. 
Metric solutions can be constructed in several ways employing only the 
drafisman’s triangles and one opening of the compasses. 
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8. Before proceeding to the detailed enumeration of cases certain general 
features of the configurations may profitably be discussed, and an explanation 
given of the tabular entry of the final results. Going from the table to the 
picture, the net and the ‘im kleinen’ relations enable us to construct the 
homogeneous assemblage colored and arrowed. I use throughout the following 
symbols for the generators and colors 


a blue 
Bra ee red 

Y e. eba l‘ ‘l ‘o green 
8 — — — yellow 


In the table ‘con? means that the arrows are all of the same sense, while 
‘alt.’ implies that half of them are of each sense. In one case (41) reference 
to the picture shows the exact sense, there being two possible alternate ar- 
rangements of which only one is possible for us. In 5 and 5’ two arrange- 
ments are possible. The choice of generators X, Y for the abelian subgroup 
is necessarily arbitrary. It is always possible to arrange a fundamental region 
as a parallelogram (or rhombus if X and Y are conjugate) with the identity 
at each vertex. These cases are listed as (a). There are other possibilities 
however. If we take X for some point as leading to the right and of order k 
and F leading downwards from the same point and the ¢-th row down parallel 
to the X line as the first row with the identity, at the point r steps from the 
F line so that Y#X" = 1 there will in general be relations between k, t and r. 
Figure 1 shows a colored net with the net of X, Y, superimposed. 

To determine these we consider points not on the XY net. Under the 
operations X, Y these points in general move in different directions but since 
each aggregate of points one of cach class which neighbor or form a molecule 
must be gathered together again at the identity there are other relations of 
the type Y7X? = 1 but not always identical with the first. 

The totality of these relations, not usually independent, must be satisfied 
and restrict the arithmetic nature of the order and the structure of the group. 

One special case may be reported in full. The net 8.8.4 may be colored 
with the squares of one color « and of one sense and the other lines with a 
second color 8. This gives the ‘im kleinen’ relations a* = 8? —=(a@)* == 1 
and X, Y may be taken as (@°8) and (#8a) respectively for these operators 
ur into thanselves points of cach class and are commutative and generate 
9o sen Conyueate superoy  sboreaver thors DIdVODdI mioup OL UNS Kunt owa 
all other operations carry points of one class to points of another. 

V and Y being conjugate we have A* -= }*=s=1. The ‘molecule’ may 


a 
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be the four points of a quadrilateral and as drawn X carries (1) to the right 
(2) up, (3) left and (4) down. Y carries (1) down (2) right (3) up and 
(4) left. The relation Y'X7==1 for (1) becomes for (2) X'Y" ==1 and 
for (3) Y'X+=1 and for (4) X-*¥r==1. Of these the first two are 
independent giving X”? == Yr+# — 1 and r? + ¢? must contain k as a factor. 
Now if r and ¢ are relatively prime we may determine p and q so that 











Fie. 1 


YX: = 1 which means that the identity occurs in the first row down amend- 
ing our first statement. s = pr— qt. 

If r and ¢ have a common divisor m we obtain similarly a relation of 
the form ¥"X"r — 1, which is taken as a standard form for representations 
of type b. In this case the order of the abelian subgroup is m?(r?-+-1) and 
of the whole group 4m?(7?-+1), the quotient group being O4.. This is 
determined in the usual manner by setting up a table for the group with 
[X, Y] in the first line. 

The groups whose numbers are given with a* are groups of genus one 
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with one generator removed. The order is given in this reduced form and 
differs apparently from Burnside’s order but is arithmetically equivalent. 
The reduction is essential for the draftsman. The groups then occur in sets 
whose orders are square multiples of a primitive m = 1 and whose develop- 
ments are geometrical repetitions of this in square array. The two forms 
given by Dyck (Joc. cit.) are special forms for r = 0 and r == 1 (or 2). Since 
the form (a) cannot in every case be obtained from the form (b) by placing 
r= 0 I list them separately in all cases. 

In the case of groups of genus one of class I Burnside gives the order 
as 2(ab’ —a’b) with (ab —a’b)== 0 for my postulates this must be amended 
by saying (ab’—a’b) is not a prime for in this case a second generator loses 
its independence. 

As a final check on the correctness of the pictures Maschke’s theorem (2) 
has been used. This is equivalent to demanding that if the points be num- 
bered and the operators expressed as substitutions the group generated is 
regular. 

9. The picture of the development being established the next proceed- 
ing is to place it on the anchor ring. This is arbitrary in several ways. In 
the first place X and Y may run round either of two non-homologous circuits 
and may start at a point of any class. Secondly the whole picture is subject 
to continuous deformation. 

There is at least one way of fixing the position of the points on mathe- 
matical principles. If we accept the drawing of the net as standard and the 
proportions of the anchor ring are agreed on the fundamental parallelogram 
may be treated as belonging to an elliptic function, transferred to a two- 
sheeted Riemann surface and thence conformally to the anchor ring. The 
required calculations are obviously rather severe and the result might be 
aesthetically more satisfactory and might not. Maschke did not use the 
conformal stereographic projection and my experiments with that method 
confirm his judgment. I have only tried to attain perspicuity. 

In the drawings the left hand figure can be considered at the front of 
the anchor ring seen from the outside and the right hand one as the back 
seen from the inside so that homothetic points on the edges agree. This 
causes an apparent reversal of arrows on homothetic cycles which cut out 
‘ flachenstiicken ’ but not of cycles encircling the hole. This method seems 
psvchologicaliv preferable to the plan adopted with coins, 
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10. Proceeding to the detailed enumeration. 
The net (4.4.4.4). 


The only possible colorings for a square are I all a’s, IT alternate « and £, 
TII two adjacent @’s and two adjacent f’s. 





"ma oe amwa a o, 
ma o amo ma e omo æ 
pamo amo anto ame © g 








I aa TI ag III a 
Fie. 2 


For the discussion of the possible sets of four squares at a corner these 
types may be denoted by aa, a, «ß respectively. 

If there are four colors aa and aß are impossible and four squares at a 
corner must be of types (a8 | wy) /(88 | yë), so that the horizontal lines read 
ByByBy: `- and the vertical a8a8---. The operators necessarily of period 
two are by this coloring compelled to have a, § each permutable with 8 and y. 
(a8) and (@y) are not necessarily conjugate and for the type (a) the funda- 
mental region is a 2k X 21 rectangle with (a5)* = (By)’=1 as the ‘im 
grossen’ relations. For the type (b) the (¢4,r) technique gives Y+X? 
= YX" = 1 whence X” == Y?!==1 ahd the identity occurs at two corners 
and the midpoint of the opposite side of a 2r X t rectangle. There are four 
classes of points, a molecule may be taken as the four points on any square 
while the quotient group works out as G,. If the independence of operators 
is to be kept k, 1 must be greater than unity. In type (b) there are no 
restrictions on r. A possible amendment to the general forms in the cases 
where the integers entering take the values 1 or 2 is left to the reader. These 
two cases are listed as 1(a) and 1(b). 

If there are three colors. 

The squares of type «8 cannot he used, they demand two colors. Taking 
first the case where all the squares are «8, the four at a corner must be 
equivalent to («8 |a@)/(ay| ay). The æ color must run through. This 
gives the ‘im kleinen’ relations aë == 8? = y? = 1. 

If the arrows concur @ permutes with (8y) and these can be used as 
X and Y. The (#,7) argument yields the same result as in 1(b) and the 
two cases are listed as 2(a), 2(b). 
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If the arrows alternate the situation is different, a general r is possible, 
the cases are 3(a), 3(b). In both (2) and (8) the quotient group is Co. 

If with three colors any square is of type «a the arrangement at a corner 
is (ax | a8)/ (ay | By) which is a self perpetuating system. 

If the arrows are all counterclock an internal square reads e@af == 1 
which is also the reading of an edge. The group is of order 16, the ‘im 
kleinen’ relations determining the ‘im gréssen.’ This occurs also if the 
arrows alternate. The cases (4) and (5) exhibit Gi. III vii (Burnside’s 
enumeration) and the abelian (4, 2, 2). 

If there are two colors: 

A square of the aa type must meet a 88 square at each end of one of its 
diagonals and at each corner there is the arrangement (aa | «8)/ (aß | BB) 
which is self perpetuating. 

If each set of arrows is counterclock the ‘im kleinen’ relations are 
at == Bt (08)? —1 and (a°8) and (aß?) serve as X, Y... 

The (t,7) method gives the common order of these as m(r? -+ 1) pro- 
vided r0 and for r= 0 the (b) case includes the (a). For graphical 
distinctions however I list two cases 6(a) and G(b). These are groups of 
genus one. 

If the arrows of each set alternate there arises the abelian group of order 
16 (4,4), while if one set concur and the other alternates the group Gie 
TII viii the ‘im kleinen ° dominating (7) and (8). 

With two colors and all squares of the second type the œ and £ lines 
intersect, a self perpetuating situation. The general case has a group of 
order mtr without restriction save m, t, r > 1. In the special case the order 
is mn. Both groups are abelian the quotient group being the identity. 9(a), 
9(b). 

If the arrows of one set concur and the others alternate the groups are 
of doubled order but the rest is similar. 10(a), 10(b). 

If both sets of arrows alternate the quotient group is G4 the rest of the 
situation similar with groups of fourfold order. 11(a), 11(b). 

All the squares may be of the third type aß, the color lines being corru- 
gated. With concurrent arrows there are two cases 12(a), 12(b). 

If the arrows concur for one set and alternate for the other we have 
both a? = 6? and a? == 67. The group is the quaternion group. (13). 

lf both sets alternate we have the abelian group a 2]. ae 


yro 4 . deve pots TI 


E abe E E , 


A square of vps TII implies a whole diatoudl row of the same type il if a 
square of type IL joins it there must be a whole diagonal row of the same 
wothe pom at HEN. 
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Taking first the case of concurrent arrows in both sets and considering 
two columns the III square gives a? = 8° and the II square «8 = fa. The 
identity recurs across the diagonal of the two III squares. It is then only 
necessary to consider these two columns. The results depend on the sequence 
of the types in the columns. This is the same for each and we can assume 
that it starts with a III. 

Let this sequence be (III)* (II)* (III) (II)® (III)® (II)®: -%, 









eee 
y me me ate 





ee eaea 


ae E 


. oo oes m 
Fic. 2 Fic. 4 


The total number in the sequence must be 2% the order of « and 8. Now 
the ITI’s change the color on the right edge and the IPs continue them so 
that if the number of IIPs is odd the last segment on either the right edge 
or the mid line reads a?*19?* and the configuration is non-oriented. If the 
number of IPs is even there are two cases. 

If the number of 8’s is odd the identity does not recur till the second 
column is filled and the whole could be rearranged as a single column of 
squares. If the number of #’s is even the identity recurs at the bottom of 
the right edge and there is a two column set (15a), (15b). 

The number of f’s is odd or even with 3(ki/2)+ Ili + 3’ (kiji) 
— Y” (k:l;) where in 3’ j >i and in 3” j 21. 

If the arrows for « concur and those for 8 alternate one III square gives 
a? = 8? and the other «°g? = 1 and the II squares a8 == æ. The group is 
the quaternion group in two column form for the sequence III, II, III, II 
and in one column for IIL, TI, II, ITI. (16), (17). 

If the arrows both alternate the IIT squares read a? == 6? and the II 

squares (%78)*==1. In this case one can prove «° = 1 but not at = 1. There 
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cc aes 


Fig. 5 
No hexagon of type I can join one of type III or IV or V. 
If I joins a VI it is surrounded by VPs and there is a cycle of 18 @’s 
whereas «ê = 1. 
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is a group of order 16 with four columns or rearranged as a 4 X 4 square 
with cycles III, II, III, II in both columns and rows. (20). 

If at= 1 there are two and one column representations of the abelian 
[4,2]. (18), (19). 

The net (6.6.6). 

There are six types of hexagon available. 

Tat, Ii (aB)*, III (aBy)*, IV aByay8, V (œB), VI ofa. 

Type I may be surrounded by type II and with concurrent arrows gives 
rise to two cases (25a) and (25b), groups of genus one. 

If the arrows alternate there is a contradiction. Somewhere on the 
diagram, of the three Ps neighboring a II two must be clock and the third 
eounterclock. The II hexagon reads «BaBe%8 == 1 and starting from A with 
this operation we reach A’ with the contradiction «? = 1 for a? =1. 

If there are no Ps but a II, this may be joined by IPs of other pairs of 
colors with two kinds of fundamental region. (24a), (24b). 


XV 
` 
/ N v r `, u ‘ 
5 \ P N, } 
x = 
/ : / ~N / 
vA ‘ £ . , 
; T / ox r 
3 
N, 
e yI X KSEE CERSN 
Fre. 7 Frc. 8 


A II cannot join a III. Ifa II join a IV it is surrounded by IV’s and 
the outer cycle reads (a8)? = 1, a contradiction. 

If a If join a V on the 8 side it also joins a VI. The relations 
(aß)? = 0? Ba?B = a BaB—=1 lead to 8 = 9. 

If a II join a VI the common neighbor is a I and this has been dis- 
posed of, 

Hexagons of type III can exist alone the X, Y not being conjugate. 
The groups are of genus one and graphically fall into two classes. 21a, 21b. 
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A III cannot join any one or two colored hexagon. III’s and IV’s 
can exist together in alternate rows and as By is of order two there are only 
two rows. (23). Here the ‘im kleinen’ relations remove one of the para- 
meters from the order but not both. 

Hexagons of type IV can exist alone in two ways 22a, 22b. 

Hexagons of type IV cannot be used with V or VI. 

All the hexagons may be of type V and there are four cases with arrows 
concurrent or alternate and two kinds of fundamental region. 26a, 26b, 
27a, 27b. 

VI’s can exist alone but the ‘im kleinen’ relations again control the 
size. With concurrent arrows the step from A to B is a*@ and also Bat. The 
hexagon gives a®Ba 8B = 1 hence a° == 1. There is a Gig (28) and a Gs (29) 
with alternate arrows similarly a Gis (30) and Gs (31). If V and VI both 
occur a similar argument leads to «t == 1 for both ways of placing the arrows 
but the edge of the fundamental region shows that the figure is non-oriented. 


™“ ~ 
‘N A hoN 
` > 
NS ‘~. 
r ae a 
gee 27 
BAY 
N. 
`, 
N 
Fra. 9 


The net (8.8.4). 

With two colors. Squares of type III (see net 4.4.4.4) cannot occur as 
they demand vertices of the fourth order. The octagons cannot have an even 
succession of one color for one of the neighbors at the end of the run must 
be a square and cannot be either I or IJ. The permissible octagons are then 
reduced to the list: 

Tæ, II aga%e, III oe IV ae V a aa 
Pa Cae E T eis a te ae ee, ER ARO, Ree 
reading %BaB ; 1, IV the squares vending aß == Bz, and II, IV the cquares 
being agag. ‘he geometry prevents I and II adjoining. If I, IV join each 


o 
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type is surrounded by the other and IV must read («8a 8)? = 1 while the 
*squares give aBa’8 == 1 a contradiction in the diagram if not in the abstract 
symbols. II and IV cannot join. 

The octagons must then be all of one type. They cannot be all Ps or 
all III’s. V’s can be arranged in a pattern but the octagon reads Ba = a8 
if the squares read a8 — Bau and aëßa == if the squares are «gag. In each 
case «t = 1 contradicts V. 

If the octagons are all of type II and arrows concur we have (86) and 
if they alternate (37) with loss of a parameter in each case. 

If the octagons are all IV’s and arrows concur af = p? =(@8)*—1. 

_ The groups are of genus one of order 4m?(r? + 1), or with r = 0. (32a) 
and (32b). If the arrows alternate the order is doubled (33a) and (33b). 

With three colors. If a, y occur in one square they occur in all. There 
are two possible arrangements, homothetic and alternate. (34a), (34b), (35a), 
(35b). These may be derived from (32) and 33) by replacing the «* 
squares by ayay, a method used by Maschke. 


The net (12.12.38). 

The triangle must read «ë= 1, the twelve side either (#8)®—1 or 
(aBa?B)? = 1 according to the arrows. The concurrent case gives groups of 
genus one and the alternate case has the same r function (r? —r + 1). (38a), 
(38b), (39a), (39b). 


The net (6.3.6.3). 
The triangles must read «== 1, 8? 1. With concurrent arrows the 
groups are of genus one. (40a), (40b). With alternate arrows and the 
particular arrangement of the picture there is a single group of order 24. (41). 


The net (6.4.3.4). 
The triangle must read £= 1 and the hexagons a° = 1 for (ay)®’=1 
leads to a conflict on progressing round a triangle. Concurrent arrows give 
groups of genus one. Alternation is not possible. 


The net (12.6.4). 
No polygon can be of one color for the intermediate polygons conflict. 
With three colors there are two cases. 43a and 43b. 
To the list for completeness are added the groups of genus one and the 
non-oriented groups. 
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11. There are of course many isomorphisms of the groups though not 
of the representations. The starred numbers have been mentioned. The 
possession of the same order, the same self-conjugate abelian subgroup and 
the same quotient group is not sufficient for isomorphism. For example (2b) 
and (11b) agree in these respects but if all the integers are equal to two the 
groups of order 32 are distinct, (11b) has operators of order 8 while (2b) 
has not. 


12. I add a list of groups of low order and the classes in which they 
occur. 
Groups of order 8. 


(2) Ce.C, 6, 10, 11, 12, 14, 15, 19, 26, 27, 31, 
32, 34, 36. - 

(3) C2.02.02 2, 3, 21, 22, 34. 

(4) Get 11, 22, 29, 33, 37. 

(5) Qs 13, 16, 17. 


Groups of order 10. 


(1) 02.¢5 9. 
(2) Go 10. 
Groups of order 12. 
(1) Ciz 9. ' 
(2) C2. 9. 
(3) G4278 10, 32. 
(4) G24 ane 40. r 
(5) Gi 2, 3, 21, 27, 43. 
Groups of order 14. 
(1) Cua ; 9. 
(2) G 10. 
Groups of order 16. 
(2) 03.02 9, 15, 36. 
(3) 4.4 7, 9. 
(4) Ca.02. Ce 2, 5. 
O) CoCo Cz Ca 1. 
ie t ee WW 79 98 AQ AN 
(7) s TI vii 2, 4, 


(3) * JMi 5, 10. 
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(9) Burnside III ix 2, 8, 5, 21, 22, 23, 34, 35. 
(10) « TIT x 6, 11, 26, 32, 33. 

(11) VI absent. 

(12) se VII 1172137; 

(13) « VIII 11, 27, 28. 

(14) a IX 11. 


Groups of order 18. 


(1) Cie 9. 

(2) Ce.Cs 9, 12, 42. 

(3) Guel 2, 3, 10, 25, 26, 38, 39. 
(4) Gist? 21, 24. 

(5) œ = 8 = 1 aß = pa absent. 


Groups of order 20. 


(1) C 9. 

(2) Co.Ce2 2, 9, 10, 15, 26. 
(3) Gz" 6, 32. 

(4) Qa! 2, 11, 21, 26, 27. 


(5) a= p= 1 aß = Ba 10. 


Groups of order 24. 


(1) Ca 9. 

(2) O.C 9, 10, 15, 22, 36. 
(3) Oa.02.02.02 2. 

(4) Get.Cs 10, 26. 

(5) Qe.Cs 2, 10, 26. 

(6) Burnside I 10. 

(7) . IL 2, 26. 

(8) “ II, 10. 

(9) X III, 25, 42. 

(10) “ III, 1, 2, 3, 9, 21, 22. 
(11) " IV, 41. 

(12) re IV, absent. 

(13) i V, 3, 11, 21, 26, 27, 37. 
(14) j Ve 11, 22, 27. 


(15) s Va = Guat 24, 39. 


The plate. gee a selection oi the drawings of the groups in questiou. 


Plate I has the three groups of tne projective piane. Ladies di, fla, Ay, X 
contan groupo on the anho obw and at kest one oxmapl for every net. 
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CONCERNING CONTINUOUS IMAGES OF THE INTERVAL. 


By G. T. WEYBURN. 


1. This paper is concerned with the following celebrated theorem of 
Iahn-Mazurkiewies: * 


(A). Every compact, metric and locally connected continuum is the 
image under a continuous transformation of the unit interval. 


At the Bologna congress t in 1928, Hahn gave a new proof for this theorem 
which (to quote him exactly), “nicht nur die urspriinglichen Beweise von 
Herrn Mazurkiewicz und mir, sondern auch die zeither von verscheidenen 
Seiten mitgeteilten Beweise an Einfachheit und Durchsichtigkeit übertrifft, 
indem er die Behauptung als unmittelbar Folge bekannter, mit elementaren 
Mitteln beweisbar Sätze aufweist. Es sind dies die folgenden Sitze:” . . 
(There follows the statements of three theorems, of which the second is here 
quoted.) 


II. Every two poinis a and b of a self-compact, connected and locally 
connected set M can be joined by a subset M’ of M which is the continuous 
image of an interval. 


With the aid of the three theorems quoted, Hahn proceeds to prove (A) 
with very little difficulty. 

The author has found that by a slight modification of Hahn’s proof f for 
II alone, one ean obtain a complete proof for (A). This modification adds 
little if any to the complexity and very little to the length of the proof for IT; 
and it will be noted that, aside from the separability of the space and the 
lemma given below in § 2, use is made of no concept or property which was 
not used by Hahn in proving II. We therfore obtain a proof for (A) which is 
in every way as simple and elementary as the proof required for II alone and 
which completely avoids the other two theorems used by Hahn in his simplified 
proof. Thus our proof, which will be given in detail in § 3 below, seems to be 


* See Hahn, Wiener Berichte, Vol. 123 (1914), p. 2433; Mazurkiewicz, Fundamenta 
Mathematicae, Vol. 1 (1920), p. 166, and note reference there given to an earlier 
paper by Mazurkiewicz, 

t See the proceedings of this congress, Vol. 2, p. 217. 

$ Sce Hahn, Wiener Berichte, loc. cit., p. 2436. 
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more direct and elementary than any which has yet been given for the very 
fundamental theorem (A). 


2. Definition. If eis any positive number, then by an e-chain of points 
joining two given points a and b is meant a finite sequence of points a = Xo, 
X;, Xo,. .., Xn = b such that the distance between any two successive points 
in this sequence is < e. 

It is well known that if a set is connected, it contains, for every « > 0, 
an e-chain of points joining any two of its points. We shall make use of the 
following immediate consequence of this fact. 


Lema. If F is any finite subset of a connected set M and a and b are 
any two points of F, then for every «>0, M contains an e-chain of points 
joining a and b and containing all points of F. 


For let the points of F be a= pı, po,.- -fn—=b. Then to obtain an 
«chain of points of M from a to b we first take such a chain from a =p, to 
pe, then such a chain from pz to ps, then one from ps to ps, and so on until 
we reach pa =b. Clearly the sequence of points obtained in this order is an 
e-chain of points from a to b containing all points of F. 


co 
3. The Proof. Let P= > p; be a countable set of points which is dense 
1 
in M and, for each integer n, let Pa = X pi. Let e, €z, €s, ' * + be a sequence 


of positive numbers such that J;e; converges. Since M is uniformly locally 
1 


connected,” there exists, for each of these numbers e, a positive 6, such that 
every two points v and y of M whose distance apart is < a lie together in a 
connected subset of M of diameter < &/2. 

Now let a and b be any two points of M. There exists an integer n, such 
that every point of M is at a distance < ê, from some point of Pn, Since 
M is connected, it follows by the lemma that there exists in M a 8,-chain C! 
of points joining a and b and containing Pr, and which we may suppose con- 
sists of exactly 2" + 1 points 


(1) a=X,}, X1},° fe . An = b, 


* See Hahn, loc. cil., p. 2435. This property is proved as follows: If on the 
contrary, for some «> 0. there exists no such ð, it follows that there exist two 
anana 4 Hp aee t ose pn a T wpe e Ea Ea ai a f ows 
same point p of a and ae that for no x ean r, and Up be joined by any connedied 
subset of Af of diameter <c. But clearly this contradicts the fact that M is locally 
connected at the point p. 


o 
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There exists an integer ne = n, such that every point of M is at a dis- 
tance < ê: from some point of Pa. For each integer i, 0 S1 <S 2%, let 
F; be the set of all those points of Pa, whose distances from X;* are < ê, 


“ 


gv 
Since the chain (1) contains Pa, it follows that Pa = X F. Now for 


each i, M contains a connected set M:t of diameter < - which contains 
Xt + Fi + Xin, because each point of Fit -+ Xs is at a distance < 8, 
from the point X:+. Hence by the lemma, Jf," contains a 8,-chain of points 
C; joining X; and X*im and containing all points of F;*. We may suppose 
that all of these chains C,* contain the same number, say 2*:-+- 1, of points 
which we shall denote by 


1 72 Z BOE EM in 
it = KF 4.902, XP 4.0021, p X cianat = Xia 


Clearly the chains [C';*] taken in the order C,1, C2",- - -, C1, form a 8-chain - 
C? from a to b which contains all points for Pans 

Let us continue in this way. In general, for each k, we choose an 
integer mz = ng. such that every point of M is at a distance < 8 from some 
point of Pp, For each i, 0 SiS atvet... tra, let F> be the set of all 
points of Pn, whose distances from the point X;* 1 are < &.1.. Then M con- 
tains a connected set M;*" of diameter < e which contains Xt + WF 
+ X**; and by the lemma, M;** contains a 6,-chain of points C** joining 
X and X** and containing all points of F;**. We may suppose that all of 
these chains [C;**] contain the same number, say 2% -+ 1, of points. Clearly 
then, these chains taken in the order C5, Ot,- - - Covrtvet- ++ tora form a 
&-chain C* of points from a to b which contains Pa, and consists of exactly 
QVI +. +07 + 1 points: 


a= Xo", X5, piy Xk vitvet soe Wrk = b, 

in which notation we have always: 
(2) Krig te = Xt 
Now to the values 

t = 4/22 + e HK (ie 0 1e Bt) ~ 
of the parameter t we make correspond the points X;", respectively, and set 
T(t) = X;*, so that we thus define our transformation T for the set D all 
values of (0 S ¢1) which are dyadically representable, i. e., which can be 


written as factions having powers of 2 for denominators. It is a consequence 
of (2) that T is single valued on D. 
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We shall now show that the transformation T thus defined on D is 
uniformly continuous on D. Let e be any positive number and let us choose 
k so large that 


(3) ye < &/2 
and set 
(4) § = 1/2", where v = v, + v2+...+ Ur 


Then if ¢, and t are any two values of ¢ in D such that | tı — ta | < 8, they 
must lie between three successive values, f 


(j—-1)/2, 9/2", (J+ 1)/2 


of ¿ in D. Let us suppose t, lies between the last two of these values. We 
can write t, == m/2"", where u = tra -° +++ trw. Thus we have T(t) 
= Xn". Now the point Xn”? was arrived at in the following manner. 
We defined the chain C;* of points joining the two points X;* and X*;,, and 
lying wholly in the e«-neighborhood of the point X;*; then joining some two 
points of Cj* there was set up the chain C;,** so that it lay wholly in the 
ex,ı-neighborhood of each of these points and hence lay in the e F n- 
neighborhood of XY;*. Between some two points of C;,*** there was set up 
the chain of points 0;,**? lying wholly in the e.-neighborhood of each of 
these points and hence in the œ + em + œ- neighborhood of X;*, and so on. 
After w steps of this sort we reach the point X»**’, which therefore lies in 
the ex + wn +: + > + exe-neighborhood of X;*. By virtue of (3), we have 


pl T(t), Xi] = p| Xn, X] < ¢/2.* 
In exactly the same manner we prove that 
p[T(t2), XF] < €/2. 


These two relations give at once that p[T (t), 7(t2)] < e which proves that 
T is uniformly continuous on D. 
Now by a well known theorem, it is possible + to extend the definition of 


* We employ the usual notation p(w, y) for the distance between the points æ and y. 
ł This is done as follows. Let s be any limit point of D and let 2,, Zy @,,- + - 
be any sequence of points of D converging to z. By virtue of the uniform continuity 
of T on D it follows that the image points s'i, t'a Pye ++ under T of the points 
Py Was gre + +, Lespectively, converge to some point a” of W. We then set P(r) =a’. 
Now if ya Ma Mase ee IS any sequence of points of P converging to w, it follows that 


i vi si av . 
Biop Peat sof tPU wH in pre ou bee ee 


os Ya Have se albo converges to the point a”. Thus the eatended transtormation 
is single valued; ond since we eet the same conelusion if aj. Ha Hye ee isan 


sequence of points of D, it follows that 7 is also continuous. 
° 
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the transformation T to the limit points of D and thus to the entire interval 
(0, 1) = I in such a way that the extended transformation T is single valued 
and continuous and has the same values on D as before. Now since, 


~ nna 
T(D)=¥, 0”, and for each n, OD Pa =S, pọ it follows that 
1 1 


0 
T(D) D $, pı =P; and since P is dense in M, it follows that T(J) = M. 
1 


Thus M is the image under the extended transformation T of I, and the proof 
is complete. 


4. Conclusion. The author wishes to emphasize the small amount he 
has had to contribute in order to obtain the proof of (A) from the proof of 
II. Indeed, the essential change consists in altering the choice of a certain 
sequence of points in the proof of II in such a way as to insure that the subset 
M’ of M which joins a and b and is the continuous image of the interval shall _ 
be identical with Jf. Thus our proof is really only a translation of Hahn’s 
proof for II slightly modified in places so as to attain this more advantageous 
state of affairs and thus establish (A). 


THE JOHNS HOPKINS UNIVERSITY. 


ON QUASI-METRIC SPACES.* 
By W. A. Witsow. 


1. Let Z be a class of elements such that for each pair x and y there 
are two non-negative numbers called the distances from x to y and from 
y tox. These are designated by xy and yx and satisfy these axioms: 


I. cy=0 if and only if z =y. 
Tl. gz S gry -+ yz. 


The same relations hold for yz, zy, and zx. Such a space will be called quasi- 
metric.t 

If zy = yz, the common value is denoted by Z9; if this is true for every 
pair, Z is metric. Thus in one sense a quasi-metric space is merely the 
result of suppressing the axiom that zy==yz from the definition of metric 
space. Usually the result of such a limitation on a set of axioms is to 
diminish the number of theorems easily deducible, but in this case there is 
an embarrassing richness of material. The first half of this paper (§§ 1-5) 
contains some of the properties of quasi-metric spaces, and relations between 
quasi-metric, metric, and topological spaces are discussed in the latter half 
(§§ 6-8). 

As an example of a quasi-metric space consider any metric space M 
decomposed into mutually disjoint bounded closed sets. Let Z be the aggre- 
gate whose elements are these closed sets and for any pair let sy be the 
lower bound of the numbers {r} such that every point of y has a (metric) 
distance from the set v less than r. Then Z is quasi-meiric. 


2. Limiting points. Let A = {x} be a set in Z and a a point such 
that for every r > 0 there is at least one point z of A distinct from a which 
satisfies the relation ax < r. Then a is called a w-limiting point of A. If 
for at least one point z of A — a, za < r, a is called an I-limiting point of A. 
If for at least one point x of A — a, both ax < r and 2a <r, a is called a 
c-limiting point of A. It is sometimes convenient to call u-limiting and 
I-limiting points collectively quasi-limiting points. In the example of §1 
let A == {r} be a set of elements of Z and a some other element of Z; also 


METRE Dt ay tha Quiso Yede ade, P TOW, 
f Asymmetrie definitions of distuuce hays Tees weed by variens pwthorn hotoro 
{eea F Hausdorff, Meagentehre, pp, 145-146), hut. as far as the writer kuowa, the 
properties of quasi-metrie spaces have never been completely worked out. 
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let Jf be compact. If in M the set a contains the upper closed limiting set 
(in the Hausdorff sense) of a sequence {zi} chosen from A, then in Z the 
point a is a u-limiting point of A. If a is contained in the lower closed 
limiting set of {2:}, a is an [-limiting point of A in Z. If a is the closed 
limiting set of {2}, a is a c-limiting point of A in Z. 

It follows at once that for a to be a u-limiting, [-limiting, or c-limiting 
point of A == {x}, it is necessary and sufficient that for each r œ> 0, there is 
an infinity of points {x} of A such that az < r, sa < r, or az < r and ta < T, 
respectively. 

A sequence {2;} is said to have the point a as a u-limit, l-limit, or c-limit, 
if for each r > 0 there is an ? such that for every i > #¥, axı < r, mia <T, 
or azı <r and sia <r, respectively. If from some i on the points {z;} 
are distinct, any limit of the sequence {s:} is of course the corresponding 
kind of a limiting point of the set {z;}. 

Simple examples show that a sequence may have any number of quasi- 
limits of either kind and that the Cauchy convergence criterion is not neces- 
sary for the existence of semi-limits. To see this, let 7—A+B+0, 
where A is the set of positive real numbers, B the set of negative real numbers, 
and C is any set whatever containing no real numbers. If c+ yCA or 
a+yCB, let cy=ye=|e—y|; if c+yCe, let zy = ys = 1; if g 
lies in A and y in B, let sy =1 + |s—y]| and yr=|x—y); if a lies 
in C and y in A, let gy = | y | and yz = 1 + |y |; if x lies in O and y in B, 
let sy =1 + |y | and yz = |y]. Then Z is quasi-metric and, if {xi} is 
a sequence chosen from A + B such that |s: | — 0, every point of C is a 
u-limit of {z:} when {x:} C A and an l-limit when {v:} C B. Upper semi- 
continuous decompositions of compact continua usually furnish examples of 
the second phenomenon when the distances are defined as in § 1. However, 
we have the following theorems. 


THEOREM I. If a point a is both a u-limit and an l-limil of the sequence 
{vi}, it is the only limit of any kind and the Cauchy criterion is satisfied. 


Proof. By hypothesis, for any r > 0, there is an 7’ such that avi < 1/2 
and xa < 7/2 for every t>. If also f >, az; << 7/2; hence giz Sain 
+ ax; <r for i and j both greater than 7 and the Cauchy criterion is satis- 
fied. If b is any w-limit of the sequence, there is an 7” such that ba: < 7/2 
fort >i”. Taking i greater than both 7?’ and 7”, we have ba S ba; + tia <r, 
whence b==a. Thus the sequence has only one w-limit and in like manner 
ais the only J-limit. 


COROLLARY. No sequence has more than one c-limit. 
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Note that in general a point a may be both a u-limiting and an I-limiting 
point of a set A, although not a c-limiting point. 


Treorem IT. If a is a u-limit or an l-limit of the sequence {xi}, but 
is not the c-limit of the sequence, then {z:} has no Llimit or u-limit, 
respectively. 


Proof. Let a be a u-limit of {xi}. If there were an /-limit b, we would 
have for any r > 0 an X, such that azı < r/2 and «ib < r/2 for every i> 7’. 
But then ab < r, or b =a. 


Corotnary. If a sequence {xi} has more than one u-limit or l-limit, 
it has no I-limit or u-limit, respectively. 


Turorem II. Let a and c be fixed points and let x be a variable point. 
If cx — 0, lim sup ax Sac and lim inf sa Z ca. If re 0, lim inf ax Z ac 
and lim sup xa SS ca. If both cx — 0 and xe > 0, then ax > ac and ta —> ca. 


The proofs of these statements come directly from Axiom II. The 
theorem shows that in general the distance functions are not continuous at 
semi-limiting points, but are semi-continuous. Both, however, are continuous 
at c-limiting points. 


8. Closed sets and regions. A set is called u-closed, I-closed, or c-closed 
if it contains all of its u-limiting, /-limiting, or c-limiting points, respectively. 

A u-sphere, l-sphere, or c-sphere of center a and radius r is the set of 
boints {z} such that ax <r, za <r, or az <r and aa<r, respectively. 
These are denoted by U;(a), Lr(a), and S,(a), respectively. Note that 
Sr(a)—= U, (a) - Lr (a). 

A set A such that for each of its points {a} some U, (a), L(a), or 8» (a) 
is wholly contained in A is called a u-region, l-region, or c-region, respectively. 

For each type of closed set and region we have at once the usual theorems 
regarding divisors, unions, and complements. In particular, if A’, A”, or 
A denotes the union of the set A and its u-limiting, l-limiting, or c-limiting 
points, respectively, A’ is u-closed, A” is I-closed, and A is c-closed. In 
addition there are various other properties due to the relations between the 
three types of limiting points. 


THEOREM I. Every quasi-closed set or quasi-region is a c-closed set or 
z ropi ee tae Ju? uot pepy foe 

Proof, To fix the ideas let 1 be w-closed. Tf a is a limiting point of A, 
it is a w-limiting point hy the definitions and so belongs to 1. Hence A is 
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e-closed. The converse is not true, because a u-limiting point is not neces- 
sarily a c-limiting point. The statement regarding regions follows from the 
complementary relations between regions and closed sets. = 

Consequently the quasi-closed sets are special types of c-closed sets. 
Constant vigilance is necessary to avoid confusing this with the fact that 
c-limiting points are special types of quasi-limiting points. 

The u-spheres and -spheres have certain features not analogous to those 
of metric spheres. Although ‘a u-sphere or J-sphere of center a and radius r 
is a u-region or l-region, respectively, the set of points for which az >r 
or va >r, respectively, is an l-region or u-region, respectively. The set for 
which az = r or va =r is the divisor of a u-closed and an l-closed set, and 
so merely c-closed. Finally, if U=U;(a) and L=L,(a), U’ may contain 
points for which az > r and L” points for which za > r; in fact, a point b 
may be a u-limiting point of U,(a) for every r. Among the various relations 
between semi-closed sets and semi-regions suggested by these facts, the fol- 
lowing generalization of the well-known separation theorem for metric spaces 
may be of interest. 


THEOREM II. Let A and B lie in a sem!-metric space and A’- B + A+B” 
=0. Then there is an l-region R and a u-region S such that ACR, BCS, 
R’-SLR-8’ =0, and A’- B” = RP: 8”. 


Proof. Since A B” == 0, there is for each point z of A an r >0 and 
less than one-third the lower bound of yx as y ranges over B”. Enclose x in 
an i-sphere Ls of center x and radius r. If R denotes the union of these 
spheres, it is an J-region and contains A. 

Now B”-R=0 by construction and, for each s, B” Ls =0. For, 
if y lies in B”, ya > 3r, while if y lies in Lo’, ye Sr. Hence if B contains 
a point y of R, y is a wlimit of a sequence {zi} of points, each in an 
l-sphere L; of center a; chosen from the set forming R and no two in the 
same Li. Now ya: S ya: + aia: If the radii {71} have a lower bound, 
then ya; < 2r; for i large enough, since ya; —> 0. This is false, as ya; > 3ri. 
Hence for a partial sequence rı —> 0 and so ya; —> 0, which is another contra- 
diction, as 4’: B =0. Thus R’- B+ RB” =0. 

Now enclose each point y of B in a u-sphere Uy of center y and radius 7’ 
less than one-third the lower bound of yx as x ranges over R. If S is the 
union of these spheres, it is a w-region containing B and, as above, 
R’-S+Rh- 8” 0. 

Obviously A’: B” C R: 8”. Let z lie in R’ 8”. Then z is not in R, but 
is a u-limit of a sequence {a} of points of R, each lying in one of the J-spheres 
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forming R, say L: with center a; and radius r: Likewise z is an Llimit of a 
sequence of points {y:} of S, each lying in one of the u-spheres forming S, 
say U: with center 6; and radius rë. As zz; > 0 and yiz 0, yiti—> 0. As 
in the earlier part of the proof there is a sub-sequence for which r: —> 0 and 
r? —> 0. Then, since 2a; S zz: + tili S zzi + ri, za; > 0 and so z lies in A’. 
Likewise z lies in B”. Hence R’: 8” = A’: B”, which completes the proof. 


COROLLARY. If in the above A is u-closed, B is l-closed, and A: B=0, 
then also R: 8S” =0. 


4. The discussion of spheres in the previous section suggests the fol- 
lowing sets of axioms: 


Axiom JIT’. For cach pair of points a and b there is an r > 0 such that 
b does not lie in Ur’ (a). 


Axiom III”. For each pa‘r of points a and b there is an r > 0 such that 
b does not lie in Lr” (a). 


Axiom IV’. For each point a and each positive constant k there is an 
r > 0 such that, if ab ÈZ k, b does not lie in Ur (a). 


Axiom IV”. For each point a and each positive constant k there is an 
r > 0 such that, if ba È k, b does not lie in L,’’(a). 


Axiom IIJ’ is clearly equivalent to the statement that for each pair of 
points a and b there is an r > 0 such that there is no point æ for which both 
az <r and br <r, and hence to the statement that no sequence has more 
than one w-limit. Similar equivalences are of course valid for Axiom III”. 
Axioms IV’ and IV” are stronger forms of III’ and III”. 


5. If the quasi-metric space Z contains an enumerable set E == {ci} 
such that every point of Z is the c-limit of some sub-sequence chosen from F, 
we say that E is dense in Z and that Z is separable. We then have the usual 
theorems on the cardinal number of the set of regions and closed sets, 
including the Lindelöf covering theorem. Also, if a proper part M of Z 
is considered as a space, it is quasi-metric and separable. 

In addition to these theorems it should be noted that in a separable 
quasi-metric space Z every point z which is not a c-limiting point of Z — g 
must helong to the fundamental set Æ. Hence the set of points which are 
limiting, but not -limiting points of Z, and vice versa, is enumerable. 

4 Pte KRUC EER Hinu bin Hurpestciua ut my patay Uit ZL uns dA JAROA 


the possibility of a sequence having two or more w-limits or /-limits. As 
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an example, let Z be the sum of the plane sets C and A, where C is the set 
defined by s = 0, 0 < y S 1/2, and A the set defined by 0 < s S1, y—0, 
and let / be the set of points of Z which have both coérdinates rational. If 
a+bCC or a+bCA, let ab =ba be the ordinary Cartesian distance. 
If a lies in C and b in A, let ab be the abscissa of b and ba==ab +1. Then 
Z is quasi-metric and every point is the c-limit of some sequence chosen from 
E, but every point of C is a u-limit of the sequence of points of A whose 
abscissae are {1/7}. 

If Z is separable and also satisfies Axiom IV’, Theorem II of §3 may 
be replaced by the following: If A’: B-+-A-B’—=0, there are disjoint u- 
regions R and K containing A and B respectively. An analogous theorem 
corresponds to Axiom IV”. The method of proof is indicated in § 8. 


6. Relations between quasi-metric and metric spaces. We first note that 
there is no way of defining distance so that there is a unique correspondence 
between the u-limiting (or /-limiting) points and points which are limiting 
points by the new distance definition. For we may have two distinct points, 
both of which are u-limits of the same sequence. But in a metric space no 
sequence has more than one limit. 

If we define the distance between two points z and y as the quantity 
p(z, y)—=(ay + yx) /2, we obtain a metric space Z’ which has the same points 
as Z. For points where zy exists, p(x,y)—= zy; for other pairs of points 
p(z,y) has a value between sy and yz. It is a simple matter to show that, 
if a is the limit in Z’ of a sequence {zi}, it is the climit of {z:} in 7; 
and conversely. A point which is not a c-limiting point of Z is an isolated 
point of Z’ and, if Z is separable, the number of such points is enumerable. 


7. Relations between quasi-metric and topological spaces. In Hausdorft’s 
Mengenlehre (pp. 228-229) the topological axioms are listed in three groups: 
axioms of vicinities (A, B,C); separation axioms (4, 5,6, 7,8); and cardinal 
number axioms (9,10). This numbering will be used in the following 
theorems, which relate quasi-metric to topological spaces. 


THEOREM I. Let Z be quasi-metric and let the vicinities of each point x 
be the u-spheres or I-spheres of center x and rational radii. Then Z is a 
topological space satisfying Axioms A, B, C, 4, and 9, bul not necessarily 


satisfying Axiom 5. A u-limit, or Llimit, respectively, of a sequence is the 
topological limit of the sequence, and vice versa. 


Proof. The proof of the positive statements is immediate. That Z need 
not satisfy Axiom 5 follows from the fact that u-limits and (-limits may not 
be unique. In this and the following theorems analogous results are obtained 
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when the vicinities are ¢-spheres, but this case is not worth considering, as 


if was seen in $6 that the space can be made metric with a preservation of 
c-limiting points. 


` 


THEOREM IT. Lel Z be quasi-metre and separable, E being the enu- 
merable set dense in Z. Let the vicinilies be the u-spheres or l-spheres whose 
radii are rational and whose centers are points of E, and lel the vicinity of 
a point x be any such sphere containing x Then Z is a topological space 
satisfying Axioms A, B, C, 4, and 10, bul not necessarily satisfying Axiom 5. 
A u-limil or I-limit, respectively, of a sequence is the topological limil of the 
sequence, and conversely. 


Proof. Consider the u-case; the other is similar. If æ is any point 
of Z, there is a sub-sequence {cn} cf E such that a is the c-limit of {en}; i. e., 
for any rational r > 0, Cn < r and Cnt < r for every n greater than some n’. 

~TIence æ lies in the w-sphere of center cn and radius r. Thus Axiom A is 
satisfied; the validity of the other axioms readily follows. 

Let a be any u-limit of a sequence {za} and F be any vicinity of a. 
Now V is a u-sphere having some point ce of E as its center and a rational 
radius r, and ca <r. Taking 7 < r— ca, we have at, < 1” for every n 
larger than some n’. Hence can < ca 4-1 <r, or V contains every tp 
for n >w. 

Conversely, let a be the topological limit of the sequence {zn}. Since ` 
E is dense in Z, there is for each rational r > 0 a point c of E such that 
ac < rand ca <r. Then the u-sphere of center c and radius r is a vicinity 
of a and consequently contains every Z» for n larger than some n’. This 
gives atm Sac+ ct, < r+r—2r for n >n’, which was to be proved. 


THEOREM III. Let Z be a topological space satisfying Axioms A, B, 
C, 4, and 10. Then distances can be defined so lhal Z is quasi-metric and 
separable and, if a is any topological limit of the sequence {xi}, then a is a 
u-limit of the sequence, and conversely. 


Proof. Let the enumerable set of vicinities be {Vi}. For any two 
points x and y and for each i, set fi(z,y)== 1 if 2 lies in T; and y in Z — V4; 
~ 
otherwise fi(2,y)—= 0. Let ry = X fi(e.y)/2t. If t= y, every fi(r,y)—=0 
1 
and ry =0. If ry, there is some Vi such that æ lies in V: and y in 
Z -V:i by Aviom h Hence this f.(r.y)— 1 and consequently sy 0. 
we Ty i ; ok boa a Mee aa Wg hae 
Ifo and y are both in Vy, tey) 0, and f,(4.c) and [,(r.2) are hoth 0 


or both 1. according as z Hes in V orin Z--V dte bes im 4; and ym 
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Z—Vi, fi(z,y)—=1. Thus in every case fi(z,y)+ fi(y,z)= fi(z, 2) for 
each i, and so zy + yz = zz. Hence Z is quasi-metric. 

Now let a be a topological limit of the sequence {sn}. Take any r >0 
and & so large that 1/2*< r. If a is not in Vi, fi(a,2%n)—0 for every n.’ 
If a lies in Vi, fi (a, tm) = 0 for every n larger than some n; by the definition 
of topological limit. It we now take m as the largest of the integers ni, for 


ise) oO 
tk, we have at, = X fi (a, tn) /2'S E 1/2*—1/2* < r for every n > m. 
pi k+1 


Hence a is a u-limit of {£n}. Conversely, let azn —> 0. Let Vy be any vicinity 
containing a. Since 8n — 0, there is an integer m such that aa, < 1/2" 
for every n > m. This means that zp lies in 1’; for every n > m, as otherwise 
fu(@,%)—=1 and dv 21/2". But this is the definition of topological limit. 

To show that Z is separable, consider the sequence of vicinities {V:} 
and let W: =Z — V:. In each of the sets V, and 14, if not void, choose 
a point. In each of the sets Vi: Ve, Vi: We, Wi: Ve, and Wa: We which™ 
is not void, choose a point. Do the same for Vi: Vat Va, Vi: Foc Wa, 
Vit Wet Va, Wait Vet Va Vat We: Ws, Wait Vat Ws, Wat Wet Vs, and 
Wai: Wa: Wa; ete. At the k-th stage we add at most 2¥ new points; hence 
the set FE of these point is an enumerable set. 

Now let a be any point of Z. If a lies in V,, let z, be a point of E- Vi; 
if a lies in Wy, let v, be a point of E- Wai. Also æ lies in one of the four 
sets V1: Vo, etc.; let zz be a point of E in the same set. Let x; be a point 
of E in that one of the eight sets Vi: Va: Va, ete., which contains a; ete. 
This method of choice insures that a and all the points {z,} lie either in Vi 
or in Wa. Hence for every n, fı(a, €En) = fı (zn, a) = 0; and so for every n 
both at, and ga are less than 1. Continuing, we see that for any integer m 
and n È m, fila, tn) = fi(n a) = 0 for iS m and so both azn and gna are 
less than 1/2”-1. Therefore a is the c-limit of the sequence {sa} and Z is 
separable. 


THEOREM IV. Let Z be a topological space satisfying Axioms A, B, 
C, 4, and 10. Then distances can be defined so that Z is quasi-metric and 
separable and, if a is a topological limit of the sequence {xi}, then a is an 
I-limit of the sequence, and conversely. 


To prove this set fi(z, y)—=1 if y lies in V; and z in Z — V;; otherwise 
set fi(z,y)—=0. Then proceed much as in the proof of Theorem III. 


THEOREM V. In Theorem III or IV let Z satisfy Axiom 5 as well as 4. 
Then the same conclusions are valid and also Z as a quasi-metric apaces 
satisfies Axiom III’ or IT”, respectively. 
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Proof. The first statement is true, since Axiom 5 is stronger than 
Axiom 4. Ifa and b were both w-limits or l-limits, respectively, of the same 
sequence {z;}, they would both be the topological limits of this sequence by 
Theorem ITI or IV, respectively. This, however, is impossible by virtue of 
Axiom 5. Hence Axiom III’ or III”, respectively, is valid. 


Tarore VI. Let Z be quasi-metric and separable and satisfy Axiom 
IIU or IIT”. Let u-spheres or l-spheres, respectively, be taken for vicinities 
as in Theorem II. Then Z is a topological space satisfying Axioms A, B, 
C, 5, and 10. The u-limit or l-limit, respectively, of any sequence is the 
topological limit of the sequence, and vice versa. 


Proof. By Theorem II we need only to prove that Axiom 5 is satisfied. 
Let a and b be any two points and Axiom III’ be satisfied. Then there is 
an r>0 such that U,(a) and U-(b) have no common points. But by 
Theorem II these are topological regions and hence Axiom 5 is satisfied. 
The proof for Axiom III” is similar. 


THEOREM VII. Theorems V and VI are valid if III’ and III” are 
replaced by IV’ and IV”, respectively, and 5 by 6. 


Proof. Let us take the u-case and assume Axiom IV’. Let O be u-closed 
and a be a point not in C. Then there is a k > 0 such that as > k if z lies 
in ©. By Axiom IV’ there is an r > 0 and for each point s of C, an 7” >0 
such that U,(a): Ur (sz)=0. If R=U,(a) and S is the union of the 
sets Ur (x) as z runs over O, R and S are u-regions containing a and C, 
respectively, and R: 8 = 0. By Theorem II, R and S are topological regions, 
and hence Axiom 6 is valid. 


Conversely, let B be the set of points {x} for which az =k. Then B is 
closed and by Axiom 6 there are disjoint topological regions R and § contain- 
ing a and B, respectively. By Theorem III there are w-regions; hence some 
U,(a)C R and, for each z in R, some Ur (s)C 8. Thus Axiom IV’ is 
satisfied. 


8. It has been shown by the researches of Urysohn and Tychonoff * 
that topological spaces satisfying Axioms A, B, C, 6, and 10 are identical 
with separable metric spaces. The theorems of the previous section show that, 
if Axiom 6 is replaced by the weaker Axiom 4 or 5, the resulting topological 


PP tovsena, “Zum Viatrisationsprensitom, ` {othe aesae., Yo B? 
pp. 309-315, and A. Tychonoff, “Uver einen Metrisationssatz von P. Urysolin,” ibid., 
Yal, 95, pp. 139-142. 


o 
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spaces can be identified with separable quasi-metric spaces, which in the 
latter case satisfy Axiom III’ or II”. Theorem VII has been added for 
the sake of completeness and to show the correspondence between the topo- 
logical axioms of separation 4, 5, and 6 and the quasi-metrical axioms I, 
TV’ or ITI”, and TV’ or IV”. Whether this correspondence can be pushed 
further depends upon the possibility of a converse to Theorem I. 

In connection with the above references it should be noted that Theorem 
II of §3 as extended at the close of § 5 is Tychonoff’s separation theorem 
(loc. cit., p. 140) and can be proved in a similar manner by the aid of 
Axiom IV’. Urysohn’s method can then be applied to transform a separable 
quasi-metric space satisfying Axiom IV’ into a separable metric space. For, 
let Z = {x} be the space in question and E = {c:} be the enumerable set 
dense in Z. For each rational number & and each c; there is an r; > 0 such 
that U,,(¢.)C Ux(c:) and the w-closed sets U;,/(c:) and Z—Uz(ci) have 
no common points. We can then set up Uryschn’s continuous function f(#) 
and his distance formula just as he does (loc. cit., pp. 311-312). 

The following example indicates the possible utility of quasi-metric 
notions in the study of decompositions of spaces into disjoint sub-sets. Let 
M be a compact metric space, M = F, [X] be any decomposition of M into 
disjoint closed sets, Z be the aggregate whose elements are the sets {X}, and 
distances be defined as in the example in §1. Then Z is quasi-metric. Since 
M is separable, there is an enumerable set Æ dense in M. If F denotes any 
finite sub-set of F, the system of possible sets {F} is enumerable. For each 
F and each rational number r > 0 select, if possible, an element Y of Z 
such that FY <r and YF < r; this gives a finite or enumerable aggregate 
G—{Y:}. But by the Borel theorem we see at once that for any r >0 
and each X there is some F such that FX <r and XF <r. Hence G is 
dense in Z and Z is separable. This shows incidentally that for any decom- 
position of a compact metric space into closed sets {X} there is an enumerable 
system G of these sets such that every X is the closed limiting set of some 
sequence chosen from G. The space Z also satisfies Axiom III’. For, in 
consequence of our distance definitions, AÑ: —> 0 if and only if the upper 
closed limiting set of {X;} is a sub-set of A. As the elements of Z, con- 
sidered as sub-sets of M, are mutually disjoint, no sequence of elements of Z 
has more than one u-limit. As a topological space Z satisfies Axioms A, B, 
C, 5, and 10. 


YALE UNIVERSITY, 
New Haven, Conn. 


DOUBLE IMPLICATION AND BEYOND. 
By H. B. SMITH. 


The general problem which we have here in mind and which will only 
be begun in the present paper but continued in a later one, is to determine 
(to construct) all the true and all the untrue propositions into which auy 
number of symbols of implication may enter in any way whatsoever. The 
word “true” is to be understood as “true in all senses of the word true,” 
whereas the word “untrue” is to be taken to mean “untrue in at least one 
sense of the word,” that is to say, not generally true. The construction of 
an infinite series of meanings of the true and the untrue and their definitions 
as well as a statement of the elementary properties of the existential function 

. is contained in an article in the Bulletin of the American Mathematicol Society, 
Jan.-Feb. 1929. This function is defined by 


| ZY [=X Z Y’ 


which may be read: If X (is true) then Y (is untrue). Our fundamental 
assumption is, 


XL([X| 


that is: If X (is true) then X (is true for some meanings of the terms that 
enter into X). The converse is in general untrue. The degree of the 
function is the number of its elements or variables. Its order is the largest 
number of operations that occur among its terms when the function is ex- 
panded. Thus | QR | is first order, | P] QR | | is second order and so on. 

Since every proposition into which any number of symbols of implication 
enters in any way undetermined, may be expressed as a function of existentials 
of varying orders and degrees and of the free variables, the problem may be 
otherwise stated: To determine all the cases in which ¢ becomes unity, 
where œ is a function of any form whatever of existentials of undetermined 
order and degree and of the free variables. 

Without loss of generality we may suppose the symbol of implication 
to appear nowhere explicitly in ¢, being implicit in the existentials, and that 
the variables in turn, unless otherwise stated, are free variables, that is free 
of the symbol of implication. If we say that @ and the variables entering 
into & are general, we mean that they may represent either sums of products 


1 Mae tags a 


or products G2 tins, {pis Jafter poovisian may ia eae oe 


2 product of sams may always he represented as a sum of products by direct 
bon 
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multiplication. It may be supposed, then, that œ is of the form of a sum 
of products and the question then is, under what conditions does ¢ become 
unity. 

The problem can again be stated otherwise and in a way that will lead ` 
more directly to a solution, for if @ is primarily a sum of products, ¢’ is in 
turn reducible to a sum of products. The condition for ¢ becoming unity 
will be the same as for the vanishing of ¢’, and since for a sum to vanish 
each term must vanish separately, our problem may now be stated in its 
simplest and most general form: To determine all the cases in which ¢ 
vanishes (replacing ¢’ by $) where œ is a product of existentials of any order 
and degree and the free variables, the latter being in general sums of pro- 
ducts of the categorical forms. 

Let us begin with the consideration of some simple cases. The double 
implication, 

PL(QLR)=|P|QR| I’ 


is true when and only when P | QR | vanishes. This will happen if P or Q 
or R or QR implies zero but we shall find cases in which 


P|QR| Zo 


holds without any of these conditions being satisfied. Again the triple 
implication, 


PL[QLZ(BL8)]—|P|Q|Rs||/ 


will only be true when P | Q | RS | | vanishes, which will occur if any of the 
variables imply zero or again if 


Q|RS| Zo. 


These last cases having been determined we should still have to consider if 
there are instances in which 


P|Q|BS|| Zo 


without the aforementioned conditions being fulfilled. Here our task is 
somewhat simplified by the fact that 


Q|RS| Zo 
is not. true unless 
QRS Zo 
that the second order expression 


P|Q|RS|| Zo 
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does not hold except for the cases in which 
PQ|RS| Zo 


holds true, and so on. This is because QRS is a term in the expansion of 
Q | ES |; PQ | RS | is a term in the expansion of P| Q | RS | | ete. 
The other double implication, 


(PLO)LR—||PQR\’ 


requires the vanishing of | PQ |' R and this will come about if R=o or if 
P’ = Q’ = 0, or if R = PQ, but we shall find cases in which 


[PQR Lo 
holds independently of these conditions. Again the triple implication, 
. [PL Q)LR] LF |[PQVR|’ s|’ 
is satisfied if S = | PQ | R or if 
(1) S=o or (2) =o and PQ=0 
and, in the general case if, 
(1) T=o or (2) =o and ---R’=—o and PQR =o. 


The other possibilities, however, remain and the solution of the general case 
will have to be built up inductively from the simple to the more complex. 
The traditional categorical forms we shall represent by the notation: 


A(ab)= All a is b 
E(ab)= No a is b 
I(ab)= Some a is b 
O(ab)= Not all a is b 


the term-order being the order subject-predicate. Whenever it is desired 
to indicate that the term-order is unsettled, a comma will appear between 
the terms. The set of propositions of a given type will be called the array 
of propositions of that type. Let us consider at the outset the array, 


| X(a,b) V| F(b) Lo 


wherein Y and ¥ are conceived as capable of taking on any of the values 


4 OT PL Se NE ce te Vy 
Nil, PEE A eet sae he Nhisagns 


1X (ab) Y -=X (u,b) Z 0. 
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There will evidently be sixteen propositions in the array obtained by 
taking the permutations of the four letters two at a time and by taking each 
letter once with itself. We shall refer to the case in which the term-order 
is the same in X and Y as the first figure of the array, to the case in which the 
term-order in X is the reverse of the term-order in Y as the second figure. 
There will then be thirty-two instances to consider. The true members of 
the set will be called valid moods, the others invalid. The valid moods, 
AO, EI, IE, IO, OA, OI in the first figure follow at once from A’O’ Z o, 
ET Z o, FO’ Z o, results of single implication (see the writer’s Symbolic 
Logic, Chap. III, Crofts, N. Y.) by “ strengthening,” that is, by the principle,” 


(XY 2 Z)(W ZL X) Z (WY Z Z) 
for since X (ab) Z | X (ab) | and therefore | X (ab) |’ Z X’(ab), we have 


{4 (a0) O' (ab) Z 0}{ | Alab) Z A’(ab)} Z {| A(ab)|’ O (ab) Z 0} 
{| A(ab)|’ O’(ab) Z 0}{ | O(ab) |’ Z O'(ab)} Z {| A(ad)|’ | Olby Z oF 


and the valid moods of the second figure, ZI, IE, IO, OL, follow from those 
of-the first by converting simply, that is by interchanging terms in an Æ or 
I form. This process could of course be represented symbolically. The 
invalid moods composed of two affirmative forms, A and J, can be shown to 
be invalid by the substitution a = b’, those composed of two negative forms, 
E and O, by the substitution a = b.} The rest are theorems from the 
Postulate: | A(ab) |’ | O(ba) |’ Z o is untrue. 
We have 


Cea ae acr ava ap: 
pag Sle Se ial ele 
ZALES 
(LEVINE PZ old IE Lo) 


and accordingly, 
{ | A(ab) |’ l O(ba) | Z o}’ Z {| A(ab) | | E(ba) |’ Z oy. 
The rest follow by converting simply in the #-form. We may note in passing 


* The principles which we take from the calculus of propositions, may, however, 
be derived by assuming certain very simple properties of the existential function 
together with the formulas for its expansion. 

7 For a proof that the affirmative forms become true, the negative forms false, 
when subject and predicate are identified, that the negative forms become true, the 
affirmative forms false, when the terms are made contradictory, sce Symbolic Logie, 
p. 77. 
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that this assumption enables us to save the postulate we were forced to intro- 
duce in Symbolic Logic, page 80. 
There are no valid moods in the array, 


| X(a,b)¥(b,c) | Z(c,a) |’ Zo 


for if X or Y is negative we have only to identify terms in the negative, 
if X and F are affirmative and Z negative to identify terms in Z, if Y, Y 
and Z are affirmative to identify terms in X or Y, in order to make the in- 
validity of the mood depend on the invalidity of a simpler case. 


The array X(a,b) | Y(a,b) |’ Z 0. 


The valid moods follow at once from the valid moods of immediate in- 
ference by “strengthening,” thus, 


{O(ab)0O’(ab) Z o}{ | O(ab) |’ Z O’(ab)} Z {O(ab) | O(ab) |’ Z o} 
{A (ab) I’(ba) Z o}{ | I(ba) |’ Z I’(ba)} Z {A(ab) | I (ba) |’ Z 0} * 


The invalid moods are deduced by the methods illustrated below. 


{| A(ab)|’ Z A’(ab)}{ | A(ab)|’ | Oa) Z oY Z {4 (ab)] O(ba) |’ Z of” 
by (XY Z 2)'(X ZW) ZLZ(WY ZZY 

{A’(ab) Z O(ab)}{A’(ab) | O(ba) |’ Z oF Z {O(ab) | O(ba) | Z ey 
by the same principle. 

(E (ab) £ 0(ba)} Z {[O(ad) | O(a) | £ oY £ [O(ad) | Elab) P Z oY) 
by (KLY} L(Y Zool 2 (UI XI’ 2 0). 


If A(ab) | F(ab) |’ Z o were valid it would have to remain valid for all 
special meanings of the terms. Substitute a =b. The antecedent then be- 
comes true and the consequent false. 

It might be well to indicate at this point a method alternative to the 
one we have employed so far for the determination of the invalid moods. 

Postulate: There exists a meaning of a and b, viz. æ and b, such that 
A(ab) Z o and O(ba) Z o. 

These meanings might be regarded as empirical or definitional (from 
some other science), for example plune figures and lriangles. Our derivations 
would then proceed as follows: 


THEOREM. | A(ab) |’| O(ba) |’ Zo is untrue, 
or dhee re pon pena onf eea h? 
“Ror a p ee? Chat the current view that oubalte patio fails re t- on a int-unds 


standing sce Sumbolic Logic, Chap. TII. 
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THEOREM. |A(ab) |’ | O(ba) |’ Z o is untrue, 
since it is true for not all meanings of the terms, and accordingly, 
{| A(ab) |’ | O(ba) | Z oF Z {| A(ab) |’ | E(ba) |’ Z oY. 
The antecedent being true may be suppressed and we have, 
THEOREM. | A(ab) || E(ba) |’ Z o is untrue, 
THEOREM. | A(ab) |’| E(ba) |’ Z o is untrue, 


since it is true for not all meanings of the terms. 
Similarly, in the case of the assumption we introduce below, we might 
write 


Postulate: There exists a meaning of a, b and c, viz. a, b and e, such 
that O(ab) Z o, O(eb) Z o and I(ea) Z o. = 
THEOREM. | O(ab) |’ | O(cb) |’ |I(ca) |’ Z o is untrue, 
THEOREM. | O(ab) |’ | O(eb) |’ | I(ca) |’ Zo is untrue, 
{| O(ab) |’ | O(eb) |’ | 1(ca) |” Z oF £ {| E(ab) |" | O(eb) |’ | I(ca) |" £ of 
by (KLY} LT Lo} 2 (UIP Zo}. 
THEOREM. | E(ab) |’ | O(eb) |’ | I(ea) |’ Z o is untrue, 
THEOREM. | E(ab) |’ | O(c) || I(ca) |’ Z o is untrue 


and so on. This method does not apply, however, to the later postulates 
we shall set down. 


The array | X(a, b) |’| Y(b,c) [| Z(¢,a) |’ Zo. 


We should have here sixty-four cases to consider, each one in each one of 
the ordinary four figures, though because logical multiplication is commuta- 
tive not all of these will be distinct. The valid moods are obtained by 
“ strengthening ” the premises in X’(a,b) ¥’(b,c) Z’(c,a) Z o. Thus from 
Barsara by three steps: 


{0 (ba) O’ (cb) A’ (ca) £0} {| O(ba)|’ ZO’ (ba)} Z {| O(ba) |’ O"(cb) A’(ca) Lo} 
{| O(ba) |’ O’(cb) A’ (ca) £0}{| O(cb) |’ 2 O’(cb)} Z {| O(ba) |’ | O(cb) |’ A’ (ca) Z 0} 
{| O (ba)! | O(ed) |’ A’ (ca) £0} {| A(ca)|’ L A’ (ca)} Z {| O(ba)|’ | O(c) |” | A (ca) |’ Ze 


For the deduction of the invalid moods we shall introduce a 


Postulate: | O(ab)|’| O(cb)|’|I(ca)|’ Zo is untrue, 


"+ 
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From this assumption and by the methods exemplified below all the 
invalid moods can be established. We may note in passing that we are now 
able to dispense with the postulate introduced in Symbolic Logic, page 98. 
(1) Suppose | A(ba)|’ | A(cb)|’ | A(ea)’ Z o were valid and make b =a’. 

The mood then reduces to | Æ (ca) |" | A(ca)|’ Z o a form already estab- 

lished as invalid.* 


(2) Suppose | A(ab)|’ | O(bc)|’ | O(ca)| Z o were valid and make c =a. 
The mood then reduces to | A(ab)|’| O(ba)|’ Z o. 
(3) {| O(ab)|’ | O(cb)|’ | T(ca)|’ Lo} Z { | E(ab)|’ | O(c) |’ | (ca) |” 2 of” 
by (LLY LUX Lo] Z UV Z0}}. 
There are no valid moods in the array, 
| X(a,b) Y(b,c)|’ | Z(e, d] W(da)|’ L o. 
In order to show this identify terms in a negative form if a negative form 


occurs. If all the forms are affirmative, we have only to identify terms in one 
of the forms of the first bracket. 


The array X(a,b) Y (b, c) | Z(¢,a)|’ Z o. 


The valid moods are derivable from and correspond exactly to the valid 
moods of the syllogism. The invalid moods are gotten from the invalid 
moods of the last array. The following examples will be enough to illustrate 
the method. 


(1) {A(ba)A(cb) A’ (ca) Z o}{ | A(ca)|’ Z A’(ca)} 
Z {A(ba)A(cb) | A(ca)|’ Z 0} 


(2)  {E(ca) | O(ca)|’ Z o}{A(ab)E (cb) Z E(ca)} 
Z {A(ab)E(cb) | O(ca)|’ Z 0} 
by (XY 2 2Z)(W ZX) Z(WY 22) 


(8) {| O(ab) |’ | O(cb) |’ | T(ca) |’ Z oF {| O(ad) |” Z O (ab)} 

Z {O’(ab)| O(c) | T(ca) |’ Z of 
{O’(ab) | O(cb)|’ | T(ca)|’ Z o}’ { | O(eb) |’ Z O’(cb)} 

Z {O’(ab)O’(eb) | I(ca)|’ Z oF 
{0 (ab) O’(cb) | (ca) |’ Z o¥ {0’(ab) Z A(ab)} 

Z {1(ab)O’(eb) | T(ca)|’ Z oY 
{A (ab) O’(eb) | I(ca)\’ Z o} {0’(cb) Z A(eb)} 

2 PILANA BN | Meu)!’ 7 oF 

by (YY ZZ)" (X ZU) ZY Z 4)! 


* For a proof of obversion see Symbolic Logic, page 76. 
a 
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The array X(a,b) | ¥(b,c)|’|Z(c,a)|’ Z o. 


There is no novel principle involved in this case. The valid moods come 
from the array of the syllogism X (a,b) Y’ (b, c) Z’(c,a) Z o by “ strengthen- 
ing,” the invalid moods from the array | X(a,b)|’ | Y)b,c)|’|Z(c,a)|’ Zo 
by “ weakening ” as before. 


The array | (1, 2)|’| ¥(2,8)|’-- -|Z(n,1)|’ Zo 


wherein the n terms are arranged in a cycle and the number of premises is 
the same as the number of terms. All valid moods of this type are evidently 
gotten from valid moods of the sorites as those of the cycle of three terms 
are gotten from valid moods of the cycle of three terms or the syllogism. 
These types already established (Symbolic Logic, Chap. V) are: 


O’(21) 0°(32)- + -O’(nn—1) Z O’(m1) 

O’ (21) O (82) ++ -O'(rr—1) O'(rr+i):-- 
O’(n—2n--1) O (n—i1n)Z E (n1) 

O'(21) 0'(32) ++ -O (tt—1) B’(t,t +1) OE 1i42) 
O'(n— 2n—1) O'(n—1n) 2 E’(n1). 


The invalidity of all other moods can be established by the same methods 
(Symbolic Logic, Chap. V) as before and it will be easy to show that no 
bracket can contain more than one form of the cycle. More generally, valid 
moods in which only some existentials occur correspond exactly to valid moods 
of the sorites wherein any Y’(r,r—1) is strengthened to | F (r, r—1)f’. 

It may be useful to point out one method of establishing invalidity by 
reduction to a special case, a method not needed and therefore not employed 
in Symbolic Logic, Chap. V. Suppose we are dealing with an implication 
of the form, 


X (1,2) ¥(2,8)+ ++ Z(n—1,n) |U(nn+1)+--V(rt) |’ Zo. 


If there is more than one negative form in the second part, eliminate the 
affirmative forms through the identification of terms. If Z and U be adjacent, 
` that is, if they have a term in common, make n -+ 1 n’ and get rid of the 
(nx -+-1)’ in Z hy obversion, and continue thus to eliminate the forms in the 
second bracket. 


ZERO CONJUNCTION oF CYCLES, CHAINS AND ZERO CONJUNCTION oF CHAINS. 


Two categorical forms which have a common term are called adjacent. 
A product of categorical forms and of existentials of these products wherein 


i 
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each form is adjacent to at least one other form is called a chain. Thus a 
cycle, a conjunction of cycles or a series of cycles one-directionally joined 


_is a special case of a chain closed at some of its terms. The terms common 


to two chains are called their intersections. The cycles formed at the inter- 
sections in a product of two or more chains are called their cross-products. 
A. chain of forms represented as implying zero is called a zero chain. A pro- 
duct of chains represented as implying zero is called a zero conjunction of 
chains, 

If P| Q|’ Z o be of such a form that PQ represents a zero conjunction 
of cycles, it being understood that existentials may appear as factors, then 
Q contains among its factors no zero cycle and no cross-product that vanishes 
unless P also vanishes, for in that case |Q |’ reduces to unity. We may 
suppose, then, that if PQ contains any vanishing cycle, that its factors lie 
partly in P and partly in Q. Moreover there are no terms among the cate- 
gorical forms that appear in Q that do not also appear in P. For if any 
term in Q did not appear in P we could identify it with an adjacent term 
in the case of a negative, make it contradictory with its adjacent term in 
the case of an affirmative, and so cause Q to vanish. The invalidity of the 
mood would then be establshed since P is assumed not to vanish independently. 

Consider now the implication, 


C, 0203+ -Cn Zo 


in which each C is in the form of a cycle of any number of terms. The 
ordinary zero conjunction of cycles of single implication if valid contains 
a zero factor, either one of the C’s or some cross product. Let this factor 
be C and its form, 

X’(1,2) ¥°(8,8)- + Z (n1)Z o. 


By strengthening each W’(r,r—) to | W(r,r—41)|’ in succession there 
would arise corresponding valid moods of 


Cı C2 Qs: P -On Z 0 


Principle: If none of the cycles of a valid mood of the zero conjunction 
of cycles vanishes, then one of the cross-products vanishes. 

From this principle all valid moods are evidently constructible, for if 
K be the cross-product in question, 


(K L 0) Z (C CaCa Ca Z 0) 


Principle: A valid mood of the zero chain contains at least one vanishing 
cycle. 


ele 
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Principle: A valid mood of the zero conjunction of chains contains at 
least one vanishing cycle. 

These principles, of which the first two are special cases of the last, 
evidently contain the general solution of P| Q |’ Z o for we have now con- 
structed all valid implications of this type, P and Q being in general sums 
of products of the categorical forms. If 


Palm: +++ pq: stu fee 
el ee HS ed Sy 


the valid moods would be generally those in which each one of the factors, say, 


ifn’, piri, u|w|’; 
vanishes. 
The array X(a,b)|¥(a,b)| Zo. 


The valid‘moods are gotten from a postulate we shall introduce later on, 
viz. | A(ab)| | E(ab)| Z o, as follows: 


{| A(ab)| | B(ab)| L o}{A(ab) Z | A(ab)|} Z {A(ab) | B(ad)| Z 0} 
{| £(ab)| |'A(ab)| Z 0}{E (ab) Z | B(ab)|} Z {E (ab) | A(ad)| Z o} 
by (XY 2Z)(W Z X)Z(WY £2). 
We derive the invalid moods in part from two later postulates, viz. 
| E(ba) A(bc)| A(ca) Zo and E(ba) A(be) | A(ca)| Zo 
and a postulate already introduced, 
| A(ab) |’ | O(ba) |’ Lo 
all of these being assumptions of invalidity, as follows: 
{ | B(ba) A (be)| A(ca) Z o}'{ | H(ba)A(be)| Z | O(ca)| } Z{ | O(ca)| A (ea) LY 
{E (ba) A(be)| A (ca)| Z oy {E (ba) A (be) Z O(ca)} Z{O(ca)| A(ca)| Z oF 
by (XY Z ZY (X LW) ZL(WY ZZ)’ 
{| A(ab)|’| O(ba)|’ Z of {| A(ab)|’ Z | O(ab)| } 2 { | O(ad)| | O(ba)|’Z oF 
{| O(ab)| | O(ba)|’ Z of {| O(ba)|’ L O’(ba)} Z{ | O(ab)| O (ba) Z oy. 
This is A(ba) | O(ab) | Z o is untrue, and in the same way we obtain 
O(ba) | A(ab) | Z o is untrue, while F(ab) | I(ab)} Zo is untrue and 
| F(ab) |I(ab) Zo is untrue follow from these by obversion. Again the 
invalidity of I(ab) | O(ab) | Z o and | I(ab) | O(ab) Z o are derived from 
the same theorems by weakening and the remainder can be established by one 
the substitutions a=b or a0’. 
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The array | X(a,b)| | Y(a,b)| Z 0. 
There is only one valid mood in this set and this we shall introduce 
‘provisionally as a 


Postulate: | A(ab)| | E(ab)| Z o. 


It is a matter of indifference whether we assume this or the two that 
follow from it in the array that has just gone before, for these give together 


| A(ab)| | E(ab)| Z A’ (ab) E’ (ab) 
or | A(ab)| | E(ab)| Z A’ (ab) E’ (ab) | A(ab)| | E(ab)| 
and this last vanishes, since it is a term in the expansion of 
| A(ab)E(ab)| Zo 
by the fundamental formula introduced elsewhere (Symbolic Logic, p. 127) 
(XY |=XY + XY |X| [Y| +Z ZY +IYI1Z V. 


All the invalid moods follow from those that have been established in 
the array that has ‘gone before by weakening. 

It might be well before we leave these arrays of two-term cycles to give 
at least one illustration of the fallacy of assuming 


PG VST Ly, 
Thu, X/Z(Y LZ)—X L(Y LZR LV LZHaXY LZ 
{A(ba)A(cb) Z A(ca)} Z {A(ba) Z [A(cb) Z A(ea)]} 


gives for b =c, 

A(ba) Z | A’(ba) |’ = A (ba) Z | O(ba) |’ = | O(ba)| Z Oba) 
_ which is fallacious. l 
The array |X (a, b)Y (b, c)| Z(c a) Z o. 


The valid moods, six in number, are derived from those of the last array 
but one by strengthening as follows: 


{| A(ca)| E (ca) Z0}{ | A(ba)A(cb)| Z| A(ca)| } Z{ | A(ba)A(cb)| E(ca) Zo} 
{ | E(ca)| A(ca) Z0}{ | F(ab) A(cb)| Z| B(ca)|} Z{ | E(ab)A(cb)| A(ca) Z 0}. 


For the derivation of the invalid moods we shall introduce 
Pesnteins "thay Whe)! Blea) l on is vntear 


THORT VW: 





A (be) | A(er) Z a is untrue, 


by making a =g. 
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One illustration will serve to indicate the method by which many theorems 
can be derived: 


{A (ab) A (cb) E (ca) Z oF {A(ab) A (ob) Z | A(ab)A(cb)| } 
Z {| A(ab)A(cb)| E(ca) Z oY. 


When this method is not applicable the invalidity of the mood can be estab- 
lished by one of the substitutions, a= b, b’, c =b, V. 


The array X (a,b) Y (b,c) | Z(c,a)| Z o. 
Here the derivations are entirely analogous to the last case. We have: 
Postulate: A(ba)A (bc) | E(ca)| Z o is untrue, 
THEOREM: E(ba)A(be) | A(ca)| Z o is untrue, 


and the procedure is the same as before. In passing, however, we may note, _ . 


again one case of independent interest: 


{ | A(ba) A (be)| E(oa) Z 0)’ {| A(ba)A(Be)| Z | £(ca)| } 
Z {I(ca) | E(ca)| Z 0} 
{A(ba)'A (be) | E(ca)| Z oY {A(ba) A (be) Z I(ca)} 
Z {E(ca) |I(ca)| Z of 


by the principle that we have repeatedly used before. 
The valid moods of the zero cycle are gotten at once by strengthening the 


factors in 
A(n1)|E(m1)| Zo, E(n1)|A(ni1)| Zo, 


by means of the implications, 


A(18)---A(E—1O) EEL DAE Ot+1)---A(nn—1)Z Elni) 
A(@21)A(82) +> -A(n—1In—2)A(nn—1) Z A(n1) z 


giving rise to four types. All the others can be shown to be invalid by the 
methods developed already (Symbolic Logie, Chap. V). If now we introduce 
again the principles laid down before, the valid moods of the zero chain, the 
zero conjunction of cycles and the zero conjunction of chains will be deter- 
mined. We have then arrived at the general solution of P | Q | Z 0, P and Q 
being perfectly general, that is, variables of any form free of the symbol of 
implication. 
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REGULAR BILINEAR TRANSFORMATIONS OF SEQUENCES. 


By P. A. FRALEIGEH. 


Introduction. Linear transformations of sequences of the form 
n 
8: Yn mE 5 Ankk 
ual 


where (zx) is a given sequence and aax is constant, have been used * to 
evaluate divergent series. Such a transformation is said to be regular if 


lim Yn» exists and equals lim an, whenever the latter exists. The following 
n00 n00 


theorem is due to Silverman and Toeplitz. 


THEOREM A. A necessary and sufficient condition that transformation 


S be regular is that lim an =O, for each k; lim $ au=1; X | am| < O, 
k=1 


NHK n00 k=1 
for all n, where C is a constant. 


Another theorem due to Kojima ł is as follows: 


THEOREM B. A necessary and sufficient condition that lim yn exist, 
n->00 


h 
whenever lim £n exists, is that lim any, exist for each k; lim 3) any exist; 
n->00 n>% n> k=l 


D | enc | < O, for all n. If these conditions hold then 
kel 


co 
lim yn = al + X o¢(ax — 1), 
n> k=1 

where 


n 
a= lim Jan, w= lim ax, and lim ztn =l. 
n0 kzl n> n->00 


In this paper we shall be concerned with bilinear transformations of 


sequences of the form 
n n 


I: Ya = Z D an, 


k=1 l=1 
where (ux) and (t1) are sequences and axı is constant. Such a transforma- 
tion is regular if yn —> uv whenever un u and va. 


~ frst studied by L. L. Silverman, Missouri Dissertation (2910), ana Luryptics, 
Prace matematyzno-ficyesne, Vol. 28 (1911), p. 113. 
7 Tetsuzé Kojima, Téhoku Mathematical Journal, Vol. 12 (1917). 


o 697 


698 P. A. FRALEIGH. 


In § 1 we shall give a set of necessary and sufficient conditions for regu- 
larity of T. A further necessary condition will be found in § 2. An applica- 
tion will be made, in § 3, to the Cauchy product of two series each of which 
is Césaro summable. A set of necessary and sufficient conditions will be 
given under which the Cauchy product of two Césaro summable series is 
evaluated correctly by the transformation S. Finally in § 4 there are some 
remarks concerning the possibility of further simplifying the conditions for 
regularity. 

1. Necessary and sufficient conditions for regularity. Given two se- 
quences (un) and (vn), consider the bilinear transformation defined by 

T: Yn = > > AnktUEv1, dnkı constant. 
k=l 1=1 


If yn —> uv, whenever Un —> u and vn —>v, we say that T is regular. 


n 

Let Vx = = Onki Vi 
n 

Then Yn = Z, Varir, 
i=l 


and, by Theorem B, a necessary and sufficient condition that yn —> uv when- 


evel Un — u is that lim Va; = 0, for each k; lim S Var =v; > | Varl <0, 


NPD no k=1 


for all n, where C is a constant. 


A necessary and sufficient condition that lim Vn,—0 for each k, when- 
n00 


ever Va — v, is that lim arxı = 0, for each & and l; lim > anny == 0 for each 
POO n>% 1=1 


k; > | Qnxt | < E(k) for each k and all n, where K(k) is a constant de-_ . 
l=1 


pending on k. 
We may write 


n n n 
DX Va = È (X anxr) v1, 
k=1 t=1 k=1 
. wpe n 
so that a necessary and sufficient condition that $ Var > v, whenever vn — v, 
=1 


is that lim $ Qni = 0, for each 1; lim X X anı =l1; $ | > anki | < O, 
=1 


n>% k=1 nw l=1 k=l l k=1 
for all n, where C is a constant. 


We may write $ | Vax | < C in the form 
k=1 
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n ae 
> OnktV1 l < Bim, tath 


k-11 li 


where B(t,, vo,* +) is a constant for each convergent sequence (vn). We 
have, therefore, the following theorem: 


THEOREM I. A necessary and sufficient condition that the transformation 


n 
T be regular is that lim auxi—=0, for each k and l; lim € an= 0, for 
NWN no k-l 


each l; lim 3 dni = 0, for each k; lim S 3 nxt = 1; 2 | > anni | < O, 


non LL n0O k=1 l=1 
for al n; ï | anı | < K(k) for each k and all n; > | > anniv | < (B (v, 
l=] k=1 1=1 


va + +) for all n; where C is a constant, K(k) is a constant for each k, and 
B(, vz, + +) is a constant for each convergent sequence (vn). 


By interchanging the rôles of k and l, we obtain the following theorem. 
THEOREM F. A necessary and sufficient condition that the transforma- 


tion T be regular is that lim amı=0 for each k and L, lim 3 amı =0 
n->00 n00 k=1 
n 


KA n n n 
for each l, lim 3S amı =Q for each k, lim £ £ amı=1, X| X anı] <C 
k i=1 kel 1-1 


->00 1=1 n>% k=1 
for alln, 5 | anı | < D(1) for each land all n, Š | S anna | < A (u, uz) 
: ket ist k=l 


for all n, where C is a constant, L(1) is a constant for each l, and A (ur, uz) 
is a constant for each convergent sequence (un). 


We now prove certain lemmas which simplify the conditions of these 
theorems. 


LEMMA 1. Prom $ > Onkur | < A(t, Ue,‘ * *) and 3; | anzi | < K(k), 
l follows Zi Anni | < K for all k and n, where K is a constant. 
We will assume that 

Š |om| =K 


is true for a sequence of pairs of values of n and & and obtain a contradiction. 
Let If, be the greatest of K(1), K(2),--+,K(k%). Choose n, and ky 
such that 


4 
Define Uz, —= 0, loka, E s£ ka 


‘ Un, = L. 
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; i ay ny ny 
Then = |= aneis | = X | anor | ZÈ 1. 
= cai t=1 
In general, choose mp > np-ı and kp > mp-1 such that 


> | anp | = 27-1 (p Ez 1) Mapa F 220, 


Define Uz, = 0, Nr L k Sm, k & kp, 
1 
Uk, = JP- ° 
np 1 
Then p> anite | = | angat + Yoana ++ + + 5 Jp Mvt £ 
and 

np np 1 Rp np 
2 | 2 Gash = ee 2 | anst d| — soe D | Ongkeatl | — + + > — X | anku | 

2p-1 2-2 i=l 

K (kp 
= a Be (p—1)Mna + vet] — Ead.. E) 
= 22, 


For this particular sequence u,—>0, while the expression 


Š | S ame | 


i1 
is not bounded. The condition of lemma 1 is therefore necessary. 


Lemma 2. When the first sia conditions of Theorem I are satisfied, 
a necessary and sufficient condition for 


> | T Gnxitx | < A(t, Ua, * ) 
W=1 k=l 


n n 
is 5 | 5 Ankl OK | < C, a 
t=1 k1 
for all n, and in the case of each n, for every possible choice of ox, where ox 
is any number such that | ox |==1, and O is a constant. 
We will assume 
n n : 
5 | D Anker | <C 
i=] k-l 


violated and show that a convergent sequence (un) exists such that 


m=> | S dante | <A 


Wel 4-1 


is not true for any value of A. 5 


REGULAR BILINEAR TRANSFORMATIONS OF SEQUENCES. 701 


Choose n, and ost, 1&4 Sm, such that | or |—1 and 


ny Ra 
> |E annor | > 1. 
l=1 k-1 
Define Un = ox, IskSnu 
my M 
Then any, kaain 5 | > Ankk | > 1. 
t=1 kel 


By lemma 1 


> | anı | < K. 
In general, choose 


Np >Np-» and oP, 1S kS np 


such that | ox® | = 1 and 


np np 
pà | E angio? | > p? + 2pn, K. 
=] 


k=1 
Define 
Un == oP /p, Mp1 < k Sp. 
Then 
nn np- 


an = È | È dnget (te — or P / p) X angi (ox /p) | 
(=l k=l k=1 
np np np-ı Np 
2(1/p) È | E aneor? |— Z X | daga | 2 
t=] k=1 k=1 =i 
> (1/p) [p? + 2pnoa E] — 2ng- K 
>p. 
Since zn, can be made as great as we please while un — 0, the condition 


is necessary. 
To prove the sufficiency of the condition assume * 


> | E ammor | < C. 
1 kL 
Let (un) be a convergent sequence; then | un | < U. Define 


n n 
Ti = 88N X anite, When X angi; 54 0, 
kL ket 


* The assumption insures that 


n n 
> | > (lokisi | < C, 
a 1 


veompy bye coon Bp omtorcbanging the rales ot p ond ø m the hatter part ot the wron 
of lemma 3. 
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n 
ci =], e when X anur = Q. 
k=1 
Then 


n 


a n n r n 
> | D Gnkitlr | => (X imta) SS | Ur | | D ankio: | 
k=1 W=1 k=l k=1 izi 


ł=1 


< US| Danii | < UC. 
k=1 U=1 
Lemma 3. Condition 5 | Š anxios | < O of lemma 2 may be replaced by 
t=1 k=l 


5 2 Anxoxpr < O, 


=1 


for all n, and in the case of each n, for every possible, choice of ox and pr, 


where | os | = 1, | pı | =1, and C is a constant. 
Assuming 
n n 
> | X, @nnior | <C, 
121 kei 
we have 
= È Aunioupr S 5 | p: z Anziox | SS > | > anion | < C. 
A n kia 
Assuming E È Gizioxpi < O, 
1 kel 
n n 
define pi = Sgn 5; anior, when S aaron s£ 0, 
il k=l 
n 
pi = 1, when = ankle, == 0. 
n n 
Then = (Xe amio) = È; | È Annion | < O. 


i=l k=l 

The fifth condition in Theorem I’ follows from the seventh condition in 

Theorem I, and conversely. We may therefore omit the fifth condition in 

both theorems. Referring then to the results in the preceding- lemmas, we 
may state Theorems I and I’ together in the following form. 


THEOREM II. A necessary and sufficient condition that the transforma- 


tion T be regular is that lim anx:==0 for each k and l, lim S an = 0 for 


n0 n0 


each l, lim Š amı = 0 for each k, lim $ ŞS anri = 1, = = Onitoxpt < C, 
N-#CO l=1 


N00 k=1 
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for all n, and in the case of cach n, for every possible choice of or and pu, 
where | or | =1, | px |==1, and C is a constant; and one or the other of 


S| anr|<L for all l andn, 
heel 


n 


S| aul <E for all k and n, 


i=1 


where K and L are constants. 


2. A necessary condition for regularity. We notice that the last three 
conditions of Theorems I and I’ will follow from 5 > | danı | < C for all n, 
k=1 l=1 


where C is a constant. We can therefore state the following theorem. 


THEOREM. III. A sufficient condition that the transformation T be 


n 
regular is that lim anı =Q for each k and l, lim anı = 0 for each L 
n0 n0 kzl 


lim Š anı = 0 for each k, lim $ SmaiL = S| an | < C for all n, 
1 k=1 1-1 


n00 i=l ROO ki i= 


where C is a constant. 


We have not been able to show that the last condition of this theorem 
is necessary for regularity of T. The following theorem indicates to what 
extent we have been able to state a necessary condition in terms of | anz: |. 


Turorem IV. A necessary condition that the transformation T be 
n N 
regular is that X, > | anni | < O(n)* for all n, where C is a constant. 
k=l ł=1 
The proof of this theorem will be given at the end of this section after 


we have first stated certain lemmas. It is to be noted here that the last 
condition of Theorem II shows that 


Mz 


> 


=1 


| anı | < Cn, 


Eog 
~ 
i 


1 


where Ọ is a constant, is certainly necessary. 


Lemma 4. Let G(a,°++,%n) denote the greatest of x1, v2," * ', En, 
Tis To * *,%n being real and non-negative. Then G(£ı,* **, 2n) is con- 
Boar arrays 
tinuous. 

A saniar statement holds ior Là, ©. 2a), the least of the numbers 


w pm’ P 
Cay Es aie 
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In the following lemmas we shall introduce the notation 
oe ep ys a] 


to denote the sum of absolute values for every possible combination of signs. 
For example 


E? | år + a | = | a + ae | + | aa — aa | + | — a + a | + | — a — ae | 


Lemma 5. If any two œs in X* | +a, +--> `+ ana] are unequal, the 
new summation in which each of these œs is replaced by their arithmetic mean, 
has a value not greater than the original sum. 

Lemma 6. The function, 

| dase te 
n 
> | ak | 
k=1 
of n real variables, a1, dz, ` `, an, not all zero, takes on its minimum value 
when all of the a’s are equal. 
Let us investigate this minimum value by putting 
a=], . (k=1,2,; n). 


Call 
Bye Spee Deed sero ed | 


See drt pee Sec [a 
Qn = An/Sn. 
Then by lemma 6 
S* ELTERE > 0, 


S | a | 
k=1 


whatever the values of the a’s may be. It is not difficult to show that 


‘ n! 
AO n even; 
27 N27 








_ 2(n— 1)! i 
2 2 
and as a result + 
Qntl 
On (2mm) # s 


t a,~ Ê, means lim (a,/f,)=1. 
NIX 


ie 
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t. When the transformation T is regular and dui is complex, 


LEMMA 7. 
Cnet = Anni + tBont, then it is necessary that 


n n 
D | X dnte |< C, 


tel ksi 


nm K 
and S| S Paw | < 0, 
ti kel 


for all n, and in the case of each n, for every possible choice of t= + 1 


where C is a constant. 


We are now ready to prove Theorem IV. 
(a) Let daar be real. By lemma 2, calling or = + 1, we have 


n n 
| > Gunite | < C, 
=1 kel 


l 
for all n, and in the case of each n, for every possible choice of signs, t == Æ 1, 


where C is a constant. It follows immediately that 
© © E Gann | ] < anc, 


SPC | = dma ed | EE | E nn E ° 


for there are evidently 2" choices of signs. 


n 
But 2 | Gnkl | E (1/Qn) =" | E än EH ` E ami 
kzi 


for each 1; therefore 


SS] aus | S(1/Qn) 2 Sh | £ ami E- + E lnt | < 2°C/Qn- 


1 ket 
Referring to the formula for Qn, we have immediately 
n n RO j % 
È È one | ~ ganre OO) 


where O” is a constant independent of n. 
(b) By lemma 7, and as a result of part (a) just proved, it follows 
immediately that when anki == Anm + iBrt, then 


a a 
Sianal A (nyh. 
U1 E r 1 


Tris Soon 
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n 
S: Yn = D Anlk, any constant, 
k=1 


will correctly evaluate the Cauchy product of two series each of which is ~ 
Césaro summable. It will at times be convenient to write 


ane = 0, (k>n). 


Let Sun and Siva be two series, and let us call 


Un = 3 Uk => Vite 


k=1 


We shall write U= 0, Vo = 0. 


oo 
The Cauchy product of the two series is $, wz, where 
k=1 


k 
Wr = X, Uk- 
t=1 


Let us write 
n a 
Wa = > Wir = 5 Ut V n-tais 
ł=1 l=1 


The transformation S applied to Wa gives 
Yn =D, D (an, kl-1 — Onert) 01 Va 
I1 ket 


This is of the form F where daz: = an,kst-1 — Gneet- 
In defining Césaro summability of non-integral orders for the series Dun, 
Chapman * considers 


Cr: on = OEP Ak”, 


where Ur? = > 4 <a 1) U1, 

è r\  (r+k—1 
ana Aae Shi) pi ). 
Whenever lim ġr =À 

k>% 


the series Sun is said to be summable C, to the value A. 
It is easy to obtain the inverse transformation 


Or: m=$ (—1) G Ce) pr~ist 


* Proceedings of the London Mathematical Society, Ser. 2, Vol. 9 (1910), p. 369. 
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Lemma 8. If transformation S evaluates io uv ihe Cauchy product of 
every two series summable lo values u and v by C'r and Ca respectively, where 
__t>0,s> 0, then K is regular. 


Let Fun be any convergent series; it is summable Cr, r > 0. Let 
Zrnr=1 +040, 


which is summable Cs. The Cauchy product of these series is Sun. Hence 
S must be regular since it evaluates Siu, correctly. 

Let Sun be summable Cr, r > 0, to the value u, and let Sv, be summable 
Ca, s > 0, to the value v. In the notation previously explained write 


Cr: pr = Ur /Ay™, 
Ci : Yr <_< Vi /Ax®, 


Crt: Ur = Sq 1) tal P 1) Ez + tie r) Pr-l+1» 
I=1 


x ti 
Oi Ved (h E ) vera 


Applying transformation S to the Cauchy product we have * 


nm R 
n=), D (anks-1— änt) UV 
kel il 
nH ee a 
Arts+1 TE A 
—2 $ ( l—1 k—i Antri p iby 


This latter form of yn is obtained by substituting the values of UJ; and 
Vr as above and carrying out the necessary reductions. We have now a case 
of transformation T wherein 


` i—1 k—1 
Anki == ( a 1 ) (: as 1 ) ArH An tata 


The necessary and sufficient conditions that the transformation S evaluate 
correctly the Cauchy product of Sun and Swn are obtained by using this 
value of anı in the conditions of Theorem II. The results thus obtained 
may he simplified ¢ to the form given in the following theorem. 





(AS) í 

G Ale == ` (—1)? ( ’) vp Where wp- 0 for sufficiently great values of k. 
19 

PEOP Cutie 


X “+ ]—-] sak 1 r-l- 1y 
Vv t i: rad, _ T ry 
zi i -1 )( bo lg )s a4 ( za jò 
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THEorEM V. A necessary and sufficient condition that the transforma- 
tion S evaluate to uv, the Cauchy product of every two series summable Cr, 
r> 0, and Cs, s > 0, to values u and v respectively, is that S be regular, 


$ 5 S( +I— D) ( +k— ») ATS An pit sonpt < C, 


fel iel l—1 k—i 


for all n, and in the case of each n, for cvery possible choice of or and pi, 


where | or | = 1, | pı | = 1, and C is a constant; and one or the other of 
| Ce = +) C2) A+ An hta | < O, for all n and I, 
ied = — 
| ( A oC ae *) Arslan pir | < O, for all n and k. 


By Theorem III we may evidently state a sufficient condition thus: 


THEOREM VI. A sufficient condition that the transformation S evaluate 
to uv, the Cauchy product of every two series summable Or, r > 0, and Ce, 
s > 0, to values u and v respectively, is that S be regular, 

n 3 pes — 
sei es l; 7”) ‘ou +h Aan mia | < C, 
tel 2 


for all n, where C is a constant. 


Also, by Theorem IV, we may state a further necessary condition as 
follows: 


THEOREM VII. A necessary condition, (in addition to those of Theorem 
V), that the transformation § evaluate to ww, the Cauchy product of every 
two series summable C, and Cs to values u and v respectively is that 


n n bai poi 
pal p> | ( a ) eae Jaren |< O(n)%, 


for all values of n, where C is a constant. 


4. Conclusion. There is still the possibility that the last condifion of 
Theorem III may be necessary for regularity of T. If this is not the case 
it may happen that when this condition is replaced by that of Theorem IV 


whence 


3 r+l—l\ fstk—l g 
A 1 ) ( k—1 ) A An tyli Kag 5 Ank- 
& 1 2 1 kak 


Also lim Afa,,==0, r>0, for each L Lemma 8 reduces the first four conditions 


n-200 
obtained to the condition of regularity of 8. 
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the set of conditions will then be necessary and sufficient. Both of these 
questions remain open. 

In this connection it is interesting to note that regularity of S together 
with 


t= E i—1 k—1 


is a necessary and sufficient condition that S include Cr+s+1, when r > 0, s > 0. 

If it should happen that the last condition of Theorem III be necessary, 
it would follow that a transformation S, evaluating correctly the Cauchy 
product of every two series summable C, and Os respectively, must include 
Crasse This would show the connection between our theory and Chapman’s 
result that the Cauchy product of two series summable O, and Os respectively, 
is always summable Criss. 


$ | ( -4 T) s + BT ar tage | < C 
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ON SOME GENERAL COMMUTATION FORMULAS.* 
By Neat H. McCoy.t 


Let z; (t==1,2,--+,m) be a class of elements satisfying the ordinary 
laws of algebra with the exception that multiplication is not necessarily 
- commutative.[ In the first part of this paper we give two identities for the 
commutator, fg — gf, where f is an arbitrary polynomial in the a’s and g is 
a polynomial of the form $ amm... m, 81T- + + on™, each with real or 
complex coefficients. These identities are obtained in terms of expressions 
of the form ox; — x: where ¢ is a function of the 2’s, and are generalizations 
of some formulas given by Wentzel.§ 

As the first application of these identities we consider a special non-- 
commutative algebra which arises in quantum mechanics. For a single pair 
of quantum “ variables,” p and q, the properties of the algebra are determined 
by the fundamental rule, 


(1) pqg — qp = cl, 


where ¢ is a real or complex number. As is well known these variables may 
be interpreted either as infinite matrices, in which case J in relation (1) 
indicates the unit matrix, or they may be certain operators and in this case 
I represents the unit operator. The results which we obtain are independent 
of the particular interpretation to be placed on the variables. We shall omit 
the symbol “I” in what follows as there can be no confusion. 

If ¢ is a polynomial in p and g we define, 


(2) pp — pp = — cã/ðq, pq — qp = cdd/dp, 


from which it follows that the usual formulas for differentiating polynomials 
hold.|| By means of the general identities discussed above we can obtain two 


* Presented to the American Mathematical Society, September 11, 1930. 

+ National Research Fellow. 

t By this statement we shall understand that the class of polynomials in the œs 
with real or complex coefficients constitute a non-commutative domain of integrity. 

§ Zeitschrift fiir Physik, Vol. 37 (1926), p. 85. 

{ For references to this algebra see a previous paper, “On Commutation Formulas 
in the Algebra of Quantum Mechanics,” Transactions of the American Mathematical 
Society, Vol. 31 (1929), pp. 793-806. 

|| Care must be taken to preserve the order of factors. That is, 


afo/ap = fae/op + (0f/ðp) $. 
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formulas for the commutator of any two polynomials in p and q in terms 
of the various derivatives of these polynomials. These formulas are in a 
different form from those given previously. Corresponding results are ob- 
tained for the case of polynomials in n pairs of quantum variables, these being 
subject to the set of relations 


(3)  Drqs — Jspr = Còrs,  PrPs— PsPr = 0, rs — QsGr = 0. 


We shall also give some commutation relations for functions of three 
variables, æ, 8, y, which satisfy the conditions, 


(4) aß — Ba = cy, ya — ay = cB, By — yB = ca. 


These are the relations which hold for the components of angular momentum 
in quanturh mechanics. As a special case it may be verified that the relations 
_ (4) are satisfied if we take 


a = 2Ps — qs P2; P = pps — QP Y = GPa — GaP, 


where Pu, Pa, Ps, Qiu q2; qa are subject to the relations (3). As before, the 
results obtained depend only upon the fact that the variables satisfy relation 
(4) and not upon any special interpretation of the variables. 


1. Two general identities. Let vı (t= 1,2, --,n) be the elements 
considered. These elements are assumed to satisfy the ordinary laws of algebra 
with the exception that multiplication is non-commutative. As a special case 
we may at any time let certain of these 2’s be identical. ; 

Let f be any polynomial in the 2’s with real or complex coefficients. 
We define operators Dz, as follows: 


(5) fu, — zif —cDz,f, (i=1,2,-°-,2) 


where c is a fixed real or complex number. As a consequence of the definition 
the following properties of the operators Dz, may he deduced: 


(6) Dep == 0 if ġ is a function of æ; only, 
(7) Da (f = 9)= Daf = Deg, 
(8) Dafg = fDr.g + (Psd) 9.- 
Ut is clear from these properties that if Dez; (t,7==1,2,°°°+,2) are given 
then D f is uniquely determined, where f is any polynomial in the «^. 
We shall understand by J) DP f the expression obtained hy first operating 


tote ae t ae Fe E oe 
an i 
Prat ors 


CD Daf =r- tip )r = il fri e) 
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In like manner we define Dz,?, Dz,3, Dz,D2,Dz, and so on. For convenience 
we let Dz,°f denote f itself, that is De,? is the unit operator. 

In what follows we let f represent an arbitrary polynomial in the z’s. - 
We now prove that * 


(9) fai a xi"f a, > ce (") xi" Dg, f. 
8=1 


This relation is seen to reduce to (5) if n=1 and hence is true. for this 
case by definition. We accọrdingly assume it to be valid for a given n and 
show that it holds also for n+ 1. We have 


far T zif =e ( fas” ae xi"f) zi + z” (fas — aif) 
z= $ cs (p) Daer] zı + cai"Dz,f. 
8=1 s 
But (Dz,3f)a; — vi (Daf) = cD, *f, by (5) and we get 


fai Mtl zif = > c (; ') rs Dy of + Š esti (") zi Dz sf + cai" Def. 


8=1 


By making use of the fact that 


a 0) a (et 


it is easily verified that this is relation (9) with n replaced by n + 1 which 
completes the proof of this formula. As a generalization of this result we 
have the theorem: 


THEOREM I. Let zı (i==1,2,--+,n) be any class of distinct elements 
satisfying the usual laws of algebra except that multiplication is not neces- 
sarily commutative. Let f be any polynomial in these x's and g a polynomial 
of the form SX ammo.. my 12": ` + tn, each with real or complex coeffi- 
cients. If the operators Dz, (i= 1,2,; -> n) are defined by relation (5) 
then (a) 


1 a°9 
OD foie em da al Dareda Bag 
` X Da, + © DaDa f, 
and (b), 
(12) fo—af=—-B(— d T i PaPa + Dan) 
3sg 
Br pE > + Lat? 


the sum in cach case being taken over all non-vanishing terms. 


* See Wentzel, loc. cit. The proof given here is essentially that given by Wentzel, 
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The derivatives used in these formulas are to be taken according to the 
usual rules for differentiating polynomials. We consider first the proof of 
. part (a) of the theorem. Clearly if formula (11) is true for two functions 
gı and gz of the type there considered it will also be true for their sum. 


It is then sufficient to establish it for the case of a single term. We shall 
show that, 


(13) foram eo ye — ay Maggie + + aya 


Ee 5 c 5 (2) (e) (y) m-ig, Me -ias ea Kpn in 
s>1 iytig = +. tines 
in oe 


> Da? Daf. 
When written in this form the result remains true if the gs are not all 
distinct. For example we may have tı = T3 = £4, Za = %5 and so on. The 
proof of relation (13) is by induction. It is true by equation (9) for the 
special case where all the m; but one are zero and f is any polynomial. We 
assume then that the relation gives a true expression for fas"xj™ — ai"aj™f, 
and show that it remains true if n is replaced by n + 1. 

For convenience let g == a;"x,;" and let 


3 n m nA , ; 
H® (F, g) = E a (2 yee bay Ds ,2De,%f. 
Then equation (13) with g’ in place of g can be written in the form, 
(13°) ff —g f= DeHO UES); 


and we wish to show that this remains valid if g’ is replaced by zig’. Now 
H® (f, zig’) = 3 E + a “D, af 
dir t2=8 
== g; HO (f; g ”) -+ 5 F N Ja nti- “ig; m-i y Dz, tf 
s N 


4ytige 


by formula (10). From this we find that 
HO (f, mg )= cH (f, g) + He (Daf, 9’). 


Hence we wish to verify that 
fog’ —~ag'f= n Ll (f, g) + eH? (Daf, g’). 
Rut wo hoye j i 
feg — rgf = rly -gt + (fee — aif) 9’ 
— ei DOH (fy) + eDaily’: 


a=1 
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Hence we only need to show that 
(Daf) g = X cH? (Daf, 9’) 
s=1 
or (Daf) 9 — 9 (Def)= BCH (Daf, 9’) 


which is true as we have made no restrictions on the polynomial f and relation 
(13’) thus remains true if f is replaced by Dz,f. By going through the 
argument just given for the case n = 0 it is seen to be valid for that case also. 
Hence we have by induction that relation (13) is true if two of the m: are 
different from zero and the others vanish. A repetition of this argument 
proves the general case. 

In order to prove relation (12) we need to show that 


( 1 4) fav™am ss Epa __ gy Mag Mes. + « Inf 


ET one = 8 Mı Me E. Mn uD igo ee in 
BE AEE) Ge OaD Dath) 


agttot es 
x gy hg m igs e’ Epin, 


We shall derive this identity from relation (13) which has been established. 
The identity (13) is a formal identity, that is if the D’s are replaced 
by their expressions from (5) everything will cancel out. Hence if we apply 
any kind of transformation to every term the result will still be an identity. 
Suppose then in (13) we reverse the order of all factors and change the sign 
of c. If ẹ is any function of the z’s denote by œ the function obtained from 
¢ by this transformation. For example if 
b= 18? L1 + CL 102% 3°23, 
then Q = 08 123° L1 — 6134574271. 
From (5) it is seen that Daf = Daf, for 
aif — fas == — 6D, f =— Daf. 


Hence the result of applying this transformation to the identity (13) is to 
obtain the identity, 


Enr” PORES taza af os fini one Waliteg, Ha 
Mb, Me Min a 
= > (— c)? > i )( i ). A ( 7 ) Dat A * DaDa Ef) 
8-1 igtipr... tines \ ti t2 în 


mMmna-in. « - Mgr t m-i 
xe, LaPa tay MITA, 


This becomes relation (14) if we replace the general polynomial f by f and 
in the subscripts replace n by 1, n— 1 by 2 and so on, which obviously does 
not affect the truth of the relation. This completes the proof of Theorem I. - 
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It is interesting to note that relation (11), for example, may be written 
symbolically as 


| fg — gf = Z (6/81) [ (09/021) Daf + (09/82) Desf +- ` ` + (09/080) Def], 
and similarly for relation (12). 


2 The algebra of quantum mechanics. We now take up an application 
of the identities obtained above to a special algebra arising in quantum me- 
chanics. Consider first a single pair of variables, p and gq, satisfying the 
relation, 


(15) pg — 9p =c 
where ¢ is a real or complex number and thus commutes with any function 


of p and q. 
It is found that in this case 


Df = — ôf ôq, Daf = ôf /ôp, 
by equations (2). We have further that 
(16) DpDaf = DaDof, 


a result which will greatly simplify the formulas obtained. The result (16) 
may be verified by substituting for D, and Dg from (2). We have by making 
this substitution, 


(fa — af) p — ofa — of) = (fe — wf)a — a (fe — of), 


which may be easily verified by use of relation (15). 
Let f be an arbitrary polynomial in p and q and let g take, for example, 
the special form, p™q”2p™sq". We have then from formula (18), 


A My, Me Mz Ma 
— of = 8 — Lite, x a A 
fg gf = % Pal ) C ) t2 ) t3 )( V4 ) 


x pre gyms tenms-togm sta 








asf 
Opistti9g tat is . 
But by Leibnitz? formula for the 4,-th derivative of a product it is easily 


seen that, 
x my \ ) sie Rey one ETA 1 dag 
> ( . ) ( $ p Q'-p Tan rad ath, 


aa) 
tart hy» Ut l3 hy! op 
Jon N É maN fine wa x : l ' 
> > 4 eat aes | i ( hi : HOT ee ay te Et i : i l . 
ae: rae | iN PAN tr) Ntas seas g past fet hes tape 


fv tre phere 
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THerorEM II. If f and g are arbitrary polynomials in p and q, then (a)* 


(14 og af 








C) 19 BOS Iel Ipa a 
and (b), 
(1e af ag 
{1 an = — s eean SE E 
( 8) fg gf ze wo kı ! ka! dghdpke aphdg*s 2 


the sum in each case being taken over all non-null derivatives of f and g. 


The first part of this theorem is seen by the argument just given to be 
valid if g == p™gp™sg™, The argument is however quite general and will 
apply to any term of a polynomial by simply using the formula for the n-th 
derivative of a product of any number of functions. Further if it is true 
for any two polynomials it is true for their sum which completes the proof 
of formula (17). Formula (18) is obtained in like manner from relation 
(14). 

Let us consider polynomials in the 2n variables pi, g1,° * * s Pns Qn Satis- 
fying the relations (3). In this case we have 


Prf — fpr = cOf/0qr = — cDo,f 
and 





ee 
fqe — ef = 0G Da 


It is again easily verified that Dp, Daf =D ,Dp,f (7,s—=1,2,-°+,n). The 
following theorcm may therefore be proved in a way similar to the proof of 
Theorem IT. 


THEOREM III. Jf f and g are arbitrary polynomials in the 2n variables, 
Diy qis Pos (22° ` `> Pns In Satisfying the relations (3), then (a) 
(19) fg—gf 





(— 1) katkat . ©. +hen-y 4°49 
eke s S feta ey paa 
= ae 2 stmca kil hele kon Opið": +++ Opaheradqn' 
ge 
t f 


Igp gnp? 
and (b) 


* In the previous paper referred to above the following expressions were obtained- 


yé [ag f _ f ôg 
fg — f= Èz Lög ap age Ope 
and 


F f SOLOER o et 

I~ 91 SA s Lape g pe aged 
We thus have four different forms for the commutator of any two polynomials in p 7 
and q 
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(20) fg—gf 
CLER 5 z (— 1) father oe thon ef 
8=1 kytkyt. .. +kon=8 ky ! he te’ kon! ĝq "9p" sere Ognk ppr 
Eg 
x ipg Opnk™-Oqnkem > 





the sum in each case being taken over all non-null derivatives of f and g. 


3. Another special non-cummutative algebra. Jet us consider functions 
of three elements or variables, œ, 8, y which are subject to the conditions, 


(21) aB—Ba=cy, ya—ay=cB,  By— y= ca, 


We prove first the following theorem: 


Trorem IV. Any identity in a, B, y remains an identity if the order 
of all factors is reversed and c is replaced by — c. 


An identity of the form ¢(«, 8, y)—¢ẹ(a, 8, y)=0, will be called a 
formal identity. We here consider identities which may be obtained from 
formal identities by a finite number of substitutions from (21), which is true 
for all polynomial identities. The theorem is clearly true for formal identities. 
Hence we need only to show that if it is true for a given identity it remains 
true after making any one of the substitutions of (21). If ¢ is any function 
of a, B, y, c let $ dencte the function obtained from ¢ by reversing the order 
of all factors and changing the sign of c. Let f==0 be an identity such 
that f—0 is also true. In any term of f replace, for example, af by 
Bo + cy from the first of relations (21) and denote by F == 0 the resulting 
identity. Now f differs from f only in that we have replaced in one term Ba 
by aß — cy and these are equivalent. Hence we have also f= 0. A similar 
argument holds for any of the substitutions obtainable from (21). In thus 
building up a given identity from a formal identity the theorem is true at 
each step and hence for the final identity. 


Turorem V. In any identity replace a, B, y, c by a, B’, y’, ke respec- 
tively, where a, B', y are obtained from a, B, y by the non-singular trans- 
formation with real or complex coefficients 


X == a ae + diay, B == aat + lab H aay, Y = ast + aa + Assy 


cf determinant A, and k is o real or complex number. The result will be 
Unat CE t oann umiy I aA i. Peer 4 denotes the co-fuctur 
ata: In A, 

We have 


o 
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a! B’ — Bla! == (trita — dorto) (a8 — Ba) 
— (Gr1023 = ünl) (ya = ay) + (Gyles aoe Aeris) (By TF y8) 
= ¢ [ (i122 — darts) Y + (@21413 — 11423) B + (Ar2023 — Q22đ18) a]l 
= ch (assy + a328 + asia) = chy’, 
if the conditions of the theorem are satisfied. In like manner we find that 
ya’ — ay = ckB’ and By — yR = cke. 
-Thus a’, 8’, y’ satisfy the same identities as «, 8, y with c replaced by ke 
which proves that the condition of the theorem is sufficient. If the matrix 
of the transformation is not of the prescribed form the theorem will fail when 
applied to the fundamental identities (21). It is easily seen that if aij = kAij, 
then & must be a cube root of 1/A. 

As special cases of this theorem we find that from any identity we may 
obtain another (a) by cyclic permutation of the letters œ, 8, y or (b) by 
interchanging any two letters and changing the sign of c. These may be seen 
by considering the identities (21) directly. 

It may be shown by induction that 


n=l n-1 
(22) Dya” eae > ar-s-1 Bas, and Dy, SSN > Br-s-1gB8, 
3=0 s=0 


The other operators are obtained from these by cyclic permutation. Let us 
prove the second of equations (22). Assuming it holds for n we find: 


cD, Bs = Brtly yg -_ B(B"y aa yB") ae (By = yp) e” 
=ç { E grapi -+ ap} =g È ertag". 





But the relation is easily seen to be true for n == 1 which completes the proof. 
The formulas (22) together with (6), (7) and (8) may be taken as the . 
definition of D,f where f is any polynomial in «, £, y. Other expressions 
for these operators will be given later. 

We find that DaDgf 54 DgDaf but that 


c?(DzDef — DpDaf )—=(T8 — Bf) % — «(fB — Bf) 
—(fa— af) + B(fa— af) 
= f (Ba ~- aß) +(a8 — Ba)f 
=— o(fy —yf)=— Daf. 


In like manner each of the following relations may be verified: 


(DaDg— DpD.)f = — Daf, (D Da — DaDy) f == — Def, 
(DpDy — DD) f = — Daf. 
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Thus the operators Dz, Dg, Dy satisfy relations of the type (21) with e 
replaced by —1. It follows that corresponding to any identity expressed 
in terms of a, B, y, c, there corresponds another in Dz, Dg, Dy, — 1, which 
may be interpreted as operating on an arbitrary function of a, 8, y 

Two general commutation formulas for polynomials in these variables 
are given in the following theorem which is an immediate consequence of 
Theorem J. Other formulas may be obtained by applying the transforma- 
tions of Theorems IV and V to those given here. 


Turorem VI. If f is an arbitrary polynomial in a, B, y; g is a poly- 
nomial of the form © dimnx'B™y", and the operators D are defined by (22), 
(6), (7) and (8), then (a) 

1 _ 8g 


(28) fg — gf = = e na GLE ilj! k! datopiay Dy De Da'f, 
and (b) 

1 
9) fof — SE T DADDAN azarae 


As an interesting special case of formula (24) let f==y. Then Dy =0 
(k> 0) and hence we only need to calculate DatDgiy. The following table 


gives the values of this expression for t, j == 0, 1, 2,' © +, 5. 
N 0 1 2 3 4 5 
0 y —a —y a y —4& 
i fp Oe 0 8 0 
2 —y 0 Y 0 —y 0 
SB 0 8 Gp © 
4 Y 0 —y 0 y 0 
5 B 0 —B 0 B 0 
Dai Daly 


It is also seen that DatDaly = Dat! Daly = DatDgi**y for i,j > 0. We thus 
find from (24), 
(25) yy — gy = ¢( Bdg/da — aðg/IB) + (07/21) (y0?g/da? + y0?g/0p*) 

+ (68/3 !) (— Bd8g/da8 — 380°9/da0B? + «0° g/0B*) 

+ (64/4!) (—- yd4+g/dat — by0*9/0a°0B° — y0*7/0B*) 

+ (0/5!) (80g/0a® + 10B0%9/2°0B? + 1080%4/Ba0B* — a059 /9B) +>» - 


If 6 isa polynomial ii z alene we set as a special case from (25), 


(26) ye- by = Blide, Ux (> dite n DA got (. MARV ey aye aaa S| 
PL IC de Ce NR al CO ARG MB e, 
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From this it follows that 
eri cD ya" = > (— 1) stigtet ( n Jarun + pY (— 1) cs ( n )yar2s, 
s=1 ‘ 2s—1 8-1 \28 
Now as in the ordinary case we have 


(a +a)= h(a) +00 (2) /da + (a?/2 1) Pp (a) /Oa? +: - 
where @ is a real or complex number. By making use of this fact it may be 
verified from (26) that if i =(— 1)%, then 
yb (%)— (a)y = (8/21) [o(a + ct)—$(a— ci) ] 
— (7/2) [p (2 + ot) + (a — ci) — 2¢(a)]. 


From each of the relations here deduced one may obtain others by cyclic 
permutation of the letters or by interchanging two letters and changing the 
sign of c. 
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NEW FOUNDATION OF EUCLIDEAN GEOMETRY. 


By Karn MENcEn. 


My second paper on metrical geometry * contains a characterisation of 
the n-dimensional euclidean space among general semi-metrical spaces in 
terms of relations between the distances of its points. In courses on metrical 
geometry at American universities I have considerably shortened and revised 
my original proofs and generalized the formulations by introducing the 
concept of congruence order. The following paper contains these new proofs. 
In the first part we prove that every semi-metrical space, each n -+ 3 points 
of which are congruent with n+ 3 points of the n-dimensional euclidean 
space, is congruent with a subset of the n-dimensional euclidean space. This 
is expressed by saying that the n-dimensional euclidean space has the con- 
grucnce order n -+ 3. In the second part we prove that each semi-metrical 
space containing more than n -+3 points each n + 2 points of which are 
congruent with n + 2 points of the n-dimensional euclidean space, is congruent 
with a subset of the n-dimensional euclidean space. This fact is expressed. 
by, saying that the Rn» has the quasi-congruence order n+ 2. It is proved 
by a systematic study of those sets which contain exactly n -+ 3 points and 
are not congruent with n + 3 points of the n-dimensional euclidean space 
whereas each n + 2 of them are congruent with n + 2 points of the n-dimen- 
sional euclidean space. These sets are called pseudo-euclidean sets. By means 
of these results the problem is reduced to the question: under what conditions 
ate n ~- 2 points congruent with n -+ 2 points of the Ena and by what distance 
relations are the pseudo-euclidean (7 -+ 3)-tuples characterized. These purely 
algebraic problems are solved in the third part.t 


J. CONGRUENCE Systems AND CoNGRUENCE ORDER oF THE Ry. By a 
congruence system is meant a system © of sets and a relation ~ (called the 
congruence relation) that satisfy the following five postulates: 


Postulate 1. Tf p, q are two points of a set M of S, and p. qg are two 
points of a set W of S CU not necessarily distinct from M) then, either 


, , ad 


eoa pe owa a Bog where the relation Æ is tho pevative of the 


ON eae Sy Tita we a Re SUNN E nit 


Diy Seabra res. E. Tape Nan ca. 
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Postulate 2. For each two points p,q of a set of Š, p,q = P- 


Poslulate 3. For each point p of a set of © and each two points g and r 
of a set of ©, p, p = q, r if and only if q =r. 


Postulate 4. If for two pairs of points p, q; p’, q’ of two sets of ©, 
pg = Pg then p, g = pq. 


Postulate 5. If for three pairs of points p, q; p’, gs p”, q” of three 
sets of ©, p, q Z P’, g and p, q Z p”, g”, then p’, g = p”, q” 


A set S is called a semi-metrical space provided that to each two ele- 
ments p, q of S there corresponds a not negative real number, called the 
distance between the points p and q, such that, if we denote this number by 
pq, we have pq = qp, and pg==0 if and only if the points p and g are 
identical. 

In particular, for each integer n the Ea (i. e, the n-dimensional 
Euclidean space) is a semi-metrical space. The system of all semi-metrical 
spaces is a congruence system if the relation p, q = p’, g is valid if and only 
if for the distances pq, p’q’ the equality pg = p’q’ subsists. 

A mapping of the set S of the congruence system © upon the set 8’ of S 
is called a congruent mapping if to cach pair of points of 8 there corresponds 
a congruent pair of points of S’. (A congruent mapping is, co ipso, one-to- 
one). Two sets of a congruence system are called congruené if there exists 
a congruent mapping of one upon the other. 

A set M of a congruence system © has the congruence order n provided 
that each sel of S, each n points of which are congruent to n points of M, is 
congruent to a subset of M. Evidently, each set of the congruence order n 
has also congruence order m, if m is an integer greater than n. For example, 
the Ry (i. e., the space consisting of a single point) has the congruence order 
2. In general, each set Æ of a congruence system ©, consisting of n points has 
the congruence order n + 1, for if S is a set of ©, each n + 1 points of which 
are congruent to n + 1 points of R, then S cannot contain more than n points. 

Let S and R be two sets of a congruence system. If R has the congruence 
order n, the set S is said to be super-ordered with respect to R if the following 
conditions are satisfied: 


(a) S contains a subset congruent to R. 

(b) Each set of n points of S, every (n— 1) of which are congruent 
to (n— 1) points of R, is congruent to n points of R. 

(ce) If pi, Pzt + +, pn-+ are (n— 1) points of 8, and Pi, fies: © +, fines 





eS eee Jarne 1930 
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are (n- -1) points of S congruent to the first set of (n—-1) points, then to 
each point s of X there exists at least one point 5 of S such that 


Po Par? °° Pn- 8 X Pry Pas’ ©, Pana, S. 


(d) If Pi, Po’ * +> Pn-1 and Pr, Pe,* ` *, Pn-1 are congruent sets of points 
of S, the first set not congruent to (n —1) points of R, and if s, ¢ and 5, $ are 
two pairs of points of S such that 


S, Pis Poy" * °, Pn-1 X5, Py Pat t's Dn-1 
É, Po Po’ * "5 Pn-1 xi, Pu Pay * * > Pn 
then st = 5E 


It is to be observed that applying condition (d) to the case in which the 
points s and ¢ are identical we see that the point s of condition (c) is uniquely 
determined. This remark we shall denote by (c’). It is of great use in what 
follows. 


Remark 1. If R is the (n — 3)-dimensional Euclidean space, and S 
is the (n — 2)-dimensional Euclidean space, then R and S satisfy the condi- 
tions (a) — (d).* 

(a) Hach (n-—~3)-dimensional plane of the Rn-2 is congruent to Rr- 

(b) Each set of n points of the Ry2, every (n—1) of which are con- 
gruent to (n — 1) points of the Ru, is congruent to n points of Rn-s. 

(c) In applying a congruent self-transformation to the Ry, which 
transforms Pı, Pas’ °°, Pn-1 into Di 2° * ~., fn» respectively, the point s is 
transformed into a point S satisfying the condition. 

(d) If pi, pos’ + +5 Pn- are (n— 1) points of the Ra» not lying in 
an (n— 38)-dimensional plane, then if pı, Pz' *',Pnı are congruent to 
Pis Po’ * `, Pui there exists only one congruent self-transformation of the 
Ry. transforming pı, Pz’ ` *, Pn-ı into Pr, fie,’ ` *, Pn- Applying this self- 
transformation to the Ru-2 the points s and ¢ are necessarily transformed into 
§ and é respectively; for the points into which s and ¢ are transformed have 
the same distances from fa, f2,- ` `, Pn-ı as S and ê have, and the Rn-z con- 
tains at most one point with (n— 1) given distances from (n— 1) points 
not lying in an (n — 3)-dimensional plane. 

Let us denote by Sn the n-dimensional sphere; for example, Sy is a pair 
of points, S; is the circumference of a circle, Sy is the surface of the sphere in 
three-space, ete. The section of an S, by an m-dimensional plane (m =n) 


“As soon as wo shall have proved that the R, , has the congruence order n, it will 
Follas frem this remork thot the #@ as super-ordered with respect to the R... 


Q 
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through the center of the (n + 1)-dimensional sphere whose surface is Sn is 
called an (m — 1)-dimensional great sphere of Sy. 


Remark 2. If R is the Sys, and § the Sn», then the conditions (a)— (d) 
are satisfied. 

(a) Each (mn — 3)-dimensional great sphere of Sy-2 is congruent to Sy-s. 

(b) Each set of n points of Sr-2, every (n — 1) of which are congruent 
to (n — 1) points of Sn-s, is congruent to n points of Sn-s. 

(c) We may transform the sphere S,-2 congruently so that the points 
Pis Pos’ * +, Pn» are transformed into the congruent set pi, fio * *, Pra (If 
the two sets of points form two symmetric polygons, this transformation may 
be accomplished by means of a perspectivity with the center of the sphere as 
center of perspectivity). Then the point s is transformed into a point § 
satisfying the condition. 

(d) If pi, pos: + +, par are (n— 1) points of the Sy. not lying in a 
(n — 3)-dimensional great sphere, there exists only one congruent self- 
transformation of the S»-2 transforming the points Pı, Pa,’ * *, Pn. into the 
congruent set 71, ji2,- * +, fn-1- The points s and ¢ are transformed by this 
transformation into points 5 and # respectively, with s,¢ = 5,2. 

We now prove the 


THEOREM. If R has the congruence order n and S is super-ordered with 
- respect to R, then 8 has the congruence order n + 1. 


Given a set 8’, each n+ 1 points of which are congruent to n + 1 
points of 8, we must show that S’ is congruent to a subset of S. Now, since 
each n -+ 1 points of S’ are congruent to n + 1 points of S, a fortiori, each 
n points of S’ are congruent to n points of S. 


á 


Suppose, first, that each n points of 8’ are congruent with n points of | 


R. Then since R has the congruence order n, S’ is congruent with a subset 
of R. But S contains a subset congruent to R (condition (a)). Hence, 8’ 
is congruent to a subset of S, and the theorem is proved for this case. 

Suppose, now, that there exist n points of S’ that are not congruent to n 
points of R. There exist, however, n points of § congruent to these n points 
of 8’. Among these n points of S there are (n — 1) points that are not con- 
gruent to (n— 1) points of R (since otherwise, by condition (b), the n 
points of S would be congruent to n points of R, and the n points of 8’ would 
be congruent to n points of R). 

We may label the n points of S congruent to these n points of 9’ so that 


(*) Sis S23° * * 5 Sn-1 
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are not congruent to (a— 1) points of R. Let Si, s’2,: *',Sn- be the 
(w~—1) points of 8’ congruent to the points (*) of S. 

We construct, now, a mapping of S’ upon a subset of S. Let s’ be an 
arbitrarily chosen point of 8’. Consider the set s’, S2,* © *, S'n- S. These 

points are congruent to some n points of S, say, 51, 52,° °°, 5n-1,5. Now 

the set s^, 8’s,* + *, 8n-1 is congruent also to the set (*). Hence 


Sty S° ` * y Sner ZO Sty So + Sn 


where the first (n — 1)- tuple is not congruent to (n — 1) points of R. 
Now, according to the remark (c’), there is exactly one point s of S 
such that 
S1y 82° * * Sn- S SO Si S20 * +5 Sn, S 
and hence 


4 + - r 
$1, S2,° 7 ta Sn- 8 I Sus ° 15 Sn-1,8- 


The point s determined in this way we take as the image in 9 of the point s’ 
for each point s’ of 8’. 

We propose that this mapping of S’ on a subset of § is a congruent one. 
To show this, let s’ and ¢’ be two points of 8’, and let s and ¢ be their images 
in 8S. We prove that s, t © s’, 7’. Since each n + 1 points of O are congruent 
to n -+ 1 points of S’, there exist some n + 1 points of S, say, 5:,52,° °°, 
Ša- 5, congruent with the n -+ 1 points, S'a Sa > -,%n1,8, of 8S’. Now, 
51, 525° * *y Sea Z Si, Sa °°, Sae Furthermore, since Si, Sa, ° + +, Snas 
= Se Sa °° *, Sna, S, there subsists the relation Sı, Se ' +‘, Saus 
Z 51, 5° ++, Sna 5, where the’ first (n—1)-tuple is not congruent to 
(n— 1) points of R. 

In entirely analogous fashion, we show that si, 2, °°, Sia tZ 
Si 52: °°, Sn- = Hence, we conclude from condition (d) that s,t~ 5? 
and as $ ~ S, V, it follows that s, t x S, Vv. 

Thus we have shown that the mapping of 8’ upon a subset of S is a 
congruent one, and the theorem is proved. 

We shall prove now: 


FIRST FUNDAMENTAL THEOREM. The Rn and the Sn have the congruence 
order n +- 3 but, except in the case of the Ro, nol the congruence order n + 2. 


as previously remarked, the Ry has the congruence order 2 and, therefore, 
the congruence order 3. In order to prove that the R, has the congruence 


1 yoy i E aa nn Weak Las ye i ee ee ats aan Fo 
re Oe OO ki, „p tetas t U act ts a > n ri 


has the congruence order n-+ 1. But if we assume that the Ra- has the 
congruence order n it follows trom Remark 1 that the a-e is superordered 
o 
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with respect to the Ry-3. Hence according to the Theorem we have proved, 
the Rn. has the congruence order »-+ 1. In the same way utilizing Remark 
2 we conclude that the S».. has the congruence order n+ 1 if the Sn-3 has 
the congruence order n. As the Sy which consists of two points has the 
congruence order 3 it follows that the S, has the congruence order n -+ 3. 

Let us now prove that the Sn» has not a congruence order less than n + 3. 
It is easy to prove that S, contains n + 2 points each two of which have the 
same distance, let us say, d, whereas S» does not contain n -+ 3 points, each 
two of which have the same distance. If, now, T is a set consisting of k points 
each two of which have the same distance d, then each n + 2 points of T are 
congruent with n + 2 points of Sy, whereas T, if k =n -+3 is not con- 
gruent to a subset of Sn. Hence S» has not the congruence order n -+ 2. 

Let us denote by Pı, Pz’ * +, Par m--+- 1 points of the Ra, each two of 
which have the same distance, say, d. We denote by g the distance of the 
point prse which is the center of the (n —1)-dimensional sphere that cir- 
cumscribes the points Pı, Pa’ ``, Pas, and by d” the distance of pase from 
the plane through Pı, po,: * `> pn. Then, let P be a metrical space consisting 
of n 4-3 points, Pı, Pa °°, Pns finsa, Pass Such that 


Pipi =d, (iS nt i) 
Basepi == Pass pi = d (i = 1,2, n+ 1) i 
Pins2Pnsa = 20”. 


It is easy to prove that each n + 2 points of P are congruent with n -+ 2 
points of the En, whereas P is not congruent with a subset of the Ra. Hence 
the R, has not the congruence order n + 2. 


2. PSEUDO-EUCLIDEAN SETS AND QUASI-CONGRUENCE ORDER. We have 
seen that there exists a set P which is not congruent to a subset of R, whereas 
each n -++ 2 points of P are congruent to n +2 points of the Ra. This set 
consisted of exactly  -- 3 points. We shall prove now in general: 

Each set containing more than n+ 3 points, each n-+2 of which are 
congruent to n-+-2 pots of the Rn, is congruent to a subset of the Rn. 
We could say that a set S of a congruence system has the quasi-congruence 
order k if each set containing more than k +-1 points, each k points of which 
are congruent to k points of D, is congruent to a subset of S. Then evidently, 
each set of quasi-congruence order k has the congruence order k +1. Con- 
versely, however, the Sn is a space of congruence order n + 3 which has not 
the quasi-congruence order n -+ 2, for we have seen that for each integer 


k there exists a set T containing & points which is not congruent with a ~ 


+ 
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subset of S,, whereas each n + 2 points of T are congruent with n + 2 points 
of Sy. Utilizing the concept of quasi-congruence order, we shall prove the 


SECOND FUNDAMENTAL THEOREM. The Ry bul not the Sn has ihe quasi- 
congruence order n + 2. 

The Ro has the congruence order 2 and hence, a fortiori, the quasi- 
congruence order 2. We shall prove the theorem by complete induction, i. e. 
under the assumption of its truth for the Rat. 

The following terminology will be useful: We call n -+ 1 points of the 
R, independent if and only if they do not lie in a (n — 1)-dimensional plane. 
We say in this case also that each of these n + 1 points is independent of the 
n others. More generally we shall call a set of a congruence system which 
is congruent with n+ 1 independent points of the R, an independent 
(n+ 1)-tuple. A set of a congruence system that consists of n + 1 points 
which are congruent with n + 1 points of a Rn. will be called a dependent 
(n -+ 1)-tuple. We say, furthermore, that n points p,,° ° *, Pn of the Rn are 
independent if and only if there exists a point pa. of the Ra such that the 
points pi,‘ °°, Pn, Pana are independent. In this notation the properties 
(a) — (d) of the Ra which guaranteed its congruence order n-+ 3 can be 
formulated in the following way: 


(a) The (n—1)-dimensional planes of the En are congruent with 
the Bi. 

(b) n+ 2 points of the R, each n + 1 of which are dependent lie in a 
(n — 1)-dimensional plane. 

(c) Ifin the Ry the two (n + 1)-tuples pi,+ ++, Pn and Pi’ è +, Pas 
are congruent then there exists for each point p of the Ra at least one point ji 
of the Rn such that pi,- © +, Pno P Z Pry © <, Pars P- 

(c) If the points p.,°--, ns. are independent than the point pg in 
condition (c) is uniquely determined. 

(d) If the points 7i,---,fnau of the Rna are independent and 
Pnsay fines ANd Pis’ * *, Pnsiy Pns; Prag are points of the Ra such that 


Diy" * to Pmi Pn Z Pis’ * * s Prary Pua 
Da; tot, Öms Pn TO Pot t, Pnsis Pnss 
then DnsePnas X PnisPnis- 


An immediate consequence of (c) is besides 


(ey doin tne a. ane ivo sAupes pata aNd me tot ps ae 
congruent then there exists for each two pointe p and q of the Ra at least, 
one point p and at least one point ĝ such that 

o 
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Putt > Pu Pd Z Py "Pn; Py g. 
Besides these properties of the Ry we shall make use in what follows of 


some other properties viz: 


(e) Two congruent (n + 1)-tuples of the Rẹ are either both independent 
or both dependent. 

(f) If the points p:,---, pn of the Rn are independent (i. e. do not lie 
in a (n—2)-dimensional plane) then there exists for each point p which is 
independent of them at least one point p° = p such that 


Po’ 7 Puy P ZS Po’ * * > Pay p° 
(g) If p,: + +, pn are independent points of the Rn and 
Pry "> Pay P © Po’? > Pu p 
Pott Pol Z Dat `, Png? 
where p° is either dependent on pu’ - *, pn or distinct from p, and where q° 
is either dependent on pı,’ ` -; px or distinct from q, then 
Po’? to Dn: Ps] Z Pu’ © +5 Pay P’, g. 


If in condition (g) p and q are identical it follows that condition (f) 
can be sharpened to 

(F) The point p° in condition (f) is uniquely determined. 

(h) If in the Ra the points p.,---,pn are independent and p is 
dependent on them, then from 


Po i Pus P Z Po’ * ta Pa P? 

it follows that p = p°. 

(i) * Ifin the Ra the points pi,- * *, Pan are independent and p is some 
other point and if we denote for k = 1, 2,- - -n + 1 by p* a point such that 

Pis’? t, Pk-is Pasig’ °° > Prsi pe SD Pio’ * * > Pk- Pki’ © "> Pasi P 
and such that p* = p if p is independent of p.,° ` *, Pasi then there exists at 
most one point c of the Ra such that 

CP SOP Ze ep. 


Proof: The (n-+.1) independent points pi, p2,° * *, Pasi in Ry determine 
a simplex. The (n + 1) points p', p*,: - >, p" obtained as the mirror images 
of an (n +- 2) nd point, p, in the (n + 1) planes of the simplex lie, in general, 


* Property (i) has been found and proved by Leonard M. Blumenthal. 
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in Ra, and not in a space of lower dimensions. There is then but one point, 
c, ot the R, satisfying the relation 


ts 2 Euri Aw, 1 
(*) propa = c, pe. 


It may happen, however, that the points p', p®,---,p**? lie in an 
(n —1)-dimensional plane (the generalization of the Simpson Line that 
occurs in the Rz). If the points do not lie in an (n — 2)-dimensional plane, 
then there is no point, c, satisfying (*), in the (~— 1)-dimensional plane 
bearing the points; for if such a point did exist, it is clear that the planes 
in which p is reflected would all pass through a point (the center of the 
n-dimensional sphere determined by the points p*, p?,- - -, p"** and the point 
p). It follows in this case that no point in R, has the property (*) since the 
orthogonal projection of such a point upon the plane containing 9’, 


p’ °°, p"" would be a point in this plane satisfying (*). 
If now, we let k = n— 1 be the smallest dimension of the plane con- 
taining p, p?,---,p", then for k <n— 1, the mirror planes are all 


orthogonal to this plane and hence do not form a simplex. 


(j) If in the Ra the points p,,- © +, Pus Pns are independent and p is a 
point such that for each integer k = 1, 2,---n the points pi," * *, Pr-i 
Pr’ © +5 Dus Pasi, p are dependent, then p = Pai. 

(k) If q, 7, sare three points of the Ra such that 


Gt Vrs DS 


yj An analytic proof may be given as follows: Let (s.t, Z,h + +, Bigg) be the 
eoérdinates of the points pi, (i —=1,2,---,n-+1), assumed to lie in an at most 
(n — 1)-dimensional plane whose equation we may write as X,—=0. We suppose, 
further, that the points lie on an at most (n —1)-dimensional sphere with equation 
n-i 
D =. 
k=1 

We show that the mirror planes do not, then, form a simplex. If (#,,#,,- - -,#,) 


n 
are the coördinates of the point p, the equations of the planes are 


(æ, — 2,4) X, — (e, + 2,4)] 
+ (2, — @,t) [X,— Y (a, H etl HH O H aln Mm al =0 
(i= 1,2,. -n+ 1) 
ti-l 
and since the points pi, (i= 1, 2,- +--+, +1) lie on the sphere S 72 =@ the 
equations may be written 2 hed 
1k te VA et aie: $ c2- a2], 
: s P 2 5, 
To prove that these plancey do not form an # dimensional simplex it is sufficient 


to note that the determinant of these equations is zero. 
kad 
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and if pı,’ * *, Pn are n points of the Ra such that 
Pi ID Pi? Z Paus (t= 1, 2,:- +n) 


then the n points pı,’ * *, Px are dependent, i. e. lie in a (n — 2) dimensional 
plane. 

To prove this property we remark that the n points p: lie on the surfaces 
of three spheres. If they would not lie in a (n — 2)-dimensional plane the 
centres of these three spheres would lie on a straight line. The centres Q, r, s 
of the three spheres form, however, according to the hypothesis an equilateral 
triangle and hence do not lie on a straight line. 

We shall call a set S of a congruence system equilateral if each two 
couples of points p, q and r, s of S are congruent. Then we see 


(1) The Rn does not contain any equilateral (n + 2)-tuple. 


An important rôle in the metrical theory of the euclidean space is played 
by the concept of pseudo-euclidean seis. A set S of a congruence system con- 
sisting of n + 8 points is called a pseudo-euclidean (n + 3)-tuple if S is not 
congruent with a subset of the Ry whereas each n +2 points of 8 are con- 
gruent with n+ 2 points of the Ra. We prove first of all the following: 


LEMMA 1. If the pseudo-euclidean (n + 3)-tuple P’ contains n+ 2 
points, »-+1 points of which are independent (i. e. congruent with n + 1 
points of the Ra but not with n -+ 1 points of the Ra.) and such that the 
n+ 2 points are congruent wilh n+ 2 points of the pseudo-euclidean 
(n + 3)-tuple Q’ then P’ and Q’ are congruent. 


Let p'a’ + +, p’nss be the n+ 3 points of P’ and q’x,° + +, q’n+a the points 
of Q’. Let us suppose that p^’ °°, Pm Z got °°, nse and that Pottors 
P’n are independent. We have then to prove that p’i, Pns Z Cis Yms 
(t=1,:--+,n-+2). We study first some properties of P’. 

As the set P’ is pseudo-euclidean there exist n + 2 points p.,° © +, Pus 
Png of the Rn such that 


(1) P'o TOT P' nats Pp’ nse ZS Pis’ ` +s Puris Prize 


According to the hypothesis the points pı,’ °°, Pn are independent, i.e. 
do not lie in an (n— 1)-dimensional plane. As the points p^r, © +, Pnr» 
P'nea are congruent with n -+2 points of the Ra» there exists according to 
property (c’) of the Ra exactly one point paz of the Rn such that 


(2) i Pi se g P'nsis Pns Z Pou'l ta Purns Pus- 
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If p’nsz, p’nsg Would be congruent with pass, Pars the n + 3 points of P’ 
would be congruent with the points p;,° > +, Drs2,Pnis- As P’ is a pseudo- 
«euclidean set this is impossible. Hence we have 
(3) D'ni P'un Æ Priz Prsa: 
Let k be one of the integers 1, 2,- n,n + 1. There exist n+ 2 
points Pis oeng Dei) Preis ena Puris Pnz; Pris of the Ra such that 
(4x) Pr ene | P15 Plev15 rtg Pns Pns Pns 
= Po ae as Dt-ry Pins pak ae D'nsiy D' ns29 D' n+3- 
We have fu: > t, Pn Z Pi," * *> Pann as either of these (n + 1)-tuples is 
congruent with P's’ °°, p’nu, and these (n +- 1)-tuples are independent. 
We state now the following preliminary proposition: If p is any point 
such that 
Pir’ © t > Pity Piris’ °°) Pasis Prez S Pr" °° y Pi-1) Ph+is” © * > Pasis P, 


then p is independent of the points pi,° - `, Pr-is Prr °° * > Pnr 

In order to prove this proposition we assume that the point p satisfying 
the above mentioned condition is dependent on pi,° © *, Pr-i Dusty” © o Pra 
and we deduce a contradiction from this assumption. According to (c”) 
there exists at least one point z and at least one point y such that 

Po’ t t, Pry Prans’ ° 5 Priis nse, Poss MS Pos’ * * 5 Pr- Prais’ © * 5 Prans D, Y- 

As p is dependent on pi,° * *, Pk-1s Pasi,’ ° *, Pası it follows from property (h) 
of the Rn that z = p. As 

Pw "5 Pris Prat °° 5 Dna Pnr TZ Pis’ © * y Ph-ty Devry” © © y Pnsis Paseo 
it follows from property (h), furthermore, that p = Pn+2 We have thus 
(5) Pi ty Uns Phris mots Dn+is Pn; Pnss 

=~ Pis aiia > Pk-w> Pk rie Faj Paniis Pn+25 y. 


On the other hand, we have 


Pis’ °° > Pl-i; Piris’ °° > Pnr Y oS Diy eer Pr-1s Pki cane | Pns Pns 
and hence according to (4x) and (2) 


Pi’ © ty Ponty Piris” °° > Paste Y Z P'o? toa Dr-o Ptas’ © > Pns Prsa 


As o Jae den adent on the points ptc otam a Mae t ta Pan it follows from 
property (g) of the R, that 


Pio’ "> Prais Piris? °°) Paris Pors Y Z Pis? © * > Ph-t> Piris’ © *  Pnsiy Pasa, Pros 


o 
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thus 
(6) Pree. Y P Pnr; Pass- i 
On the other hand it follows from (5) that paso, Y X nse, Poss and thus, im 
consequence of (4) 
(7) 7 Pars Y Z= P’nety PD’ nasa 
(6) and (7) contradict (3). We have thus proved our preliminary 
proposition. 
Exactly in the same fashion we can prove: If q is a point such that 


Pru sry px~1) Piris mgs Pasis pass X Pay’ © ty Pier Phs” © © 3 Psi | 
then q is independent of pi,- > +, Pr-is Prats” © © p Prae 


In consequence of (1) and (2) we have 


Pis n Sta fpeis Pers e Pusey Pnsz ZZ Pis’ °° 5 Pi-is Prans’ © * s Pasty Pree 
Po 7 n "3 Der Phris n Tg Pasis Pns pate Pu AO Pk-13 Dk+iz Man Tg Prsiy Pres 
The points Pn+2 and Pns are thus independent of pi,° © *, Pr-is Dest)’ °°» Davie 


According to (f’) there exists exactly one point which may be called p*ni2 and 
exactly one point which may be called p*,,, satisfying the conditions 


Pio’ © lo Ph-is Pk+to” T | s Pasty Pnie 
ZX Pr’ * * > Pk-is Pki’ © t s Pansy D ns25 Pine x= Pn+2 
Pis Fae ae Pir-i Pki eeg Pav Pnss 


So pias’ | ta Pk-1, Phi” © C 5 Pansy Ponsa, Ponsa Æ Pms 


According to property (c”) there exists at least one point p and at least one 
point q such that 


Pu" | "> Pk- Piris 745 Pasay Danses Dass po Po’? * * 5 Pk-15 Pias’ ' "5 Pasis Py Q 


According to (g) the point p is identical with either fas. or p*niz, and q is 
identical with either pais or p"nis. As 


Pns2y Puss DP’ ni2, PPnss £ Pnn P'nss ANd Pno; fines Z Puros Pnss 


it follows that either p == pase and g = pais Or p = Pn: ANd q = Pris- 
According to (g) 
Pry? °°» Pk-is Plis’ * © 9 Pn+is Pns2s Pns 
7 Prs’ * * > Pk-is Pests” © T a Preis Pno Pnis- 
We have thus 


, , 
Pms Pria Parse. Pensa SS P ni2 P n3 
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Hence it is proved for each k (k = 1, 2,- > -n + 1) that 
P n429 Pr naa pret Pi nses Pn. 


We consider now the pseudo-euclidean (n -+ 3)-tuple Q’. According to 
the hypothesis we have l 


eas oH, ass ~ Po ee, Pns Z Pu’ °°) Pra 


Also the n + 2 points q’1,° © >, Q'nm2 of Q’ are congruent with n -+ 2 points 
of the R, and there exists exactly one point gnis of the R, such that 


Gist ts Omar msa Z Pi + +» P’nsts Pms: 
The same arguments which proved that 
Pnr P'nss Z Daves Pass (k= 1,2, n +1) 
prove that also 
nse, Y'nsa Z Pno Qusa (n=1,2, n41). 
From property (i) of the R, it follows that qn+3 = Pns- Therefore we have 
is Qnia Z Pis Dass Z Pis P'nas (i=1,2,; > n+ 1) 
Qnin Qnis T Pn Pms Z Pma Pns 


This is the proposition of the Lemma 1. 
We shall prove now the following: 


THEOREM I ON PSEUDO-EUCLIDEAN SETS. Hach n +- 1 points of a pseudo- 
euċlidean (n + 8)-tuple are independent, i. e. congruent with n + 1 points 
of the En but not congruent with n + 1 points of the Rn. 

We prove first of all: If P’ is a pseudo-euclidean (n -+ 3)-tuple then 
P’ contains at least one independent (n + 1)-tuple. If all (n + 1)-tuples 
of points of P’ would be dependent then P’ would be congruent with a subset 
of the Ra. as the Rn-ı by our inductive hypothesis has the quasi-congruence 
order n+ 1. Then P’ would bè a fortiori congruent with a subset of the Ra 
and this is not the case. 

We label the points of P’ so that p’, © +, P'un are independent. Let 
Pu'' *; Pn m+ 1 be congruent points of the Ra. They do not lie in a 
(n—1)-dimensional plane. We form the points plas (k ==1, °, ,n-1) 
which were considered in the proof of Lemma 1. for which 

Pot pts Paste Pate a ae 


, 


f 
Z pr spe apoa VN eR eap a 
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Let us now suppose that the points Pi, > °°, Pr-is Pkns °°, Pns Pn are 
dependent. Then the points pi, © *, Pe 1, Pu,’ °°» Paris PËniz ave dependent, 
also. As the points pi,° °°, Pr-is Pee, °° *, Pan are independent it follows _ 


in consequence of property (A) from © 


Pis’ © * 5 Pk-is Pesta” ° * y Pnery P nse 
X Pr’ ? `y Ph- Pki’ ` * > Pnais Pnse 


that pase == Pno Then Priz; Pris Z Pns Pass Z P' nse) Png and this contra- 


dicts (8). The assumption has led to a contradiction and we have thus proved: 
If the points px, -+-, Pns of the pseudo-euclidean (n + 3)-tuple 
Pis’ * *, Pns are independent then each of the (n + 1)-tuples pi, °°, Diis 
Prs © ts Pn, Pns (k = 1, 2,-°+, n41) is independent. For reasons 
of symmetry it follows that also each of the (n-+1)-tuples p's © °°, pea; 
Pr’ ° ‘5 Panas Pass (k = 1, 2,-- n+ 1) is independent. 
The independence of the (n +-1)-tuple Pi + +, Pi- Dist (> Pi- 


Pests © * s Pnn Pn Pas Follows from the independence of the points 
Diy +s Pi- Vist, s Pass Pns in the same way as the independence 
of ps1, + +, Dea, Prs °° *, Pnn Pm follows from the independence of 
Pis’ °°, Pnn- Theorem I is thus proved. 


Based on Theorem I we may formulate Lemma 1 as the following 


THEOREM IJ ON PSEUDO-EUCLIDEAN SETS. Two pseudo-euclidean (n + 3)- 
tuples such that one contains a (n + 2)-tuple congruent with a (m+ 2)- 
tuple of the other are congruent. 


We prove now the following: 


Lemma 2. If a set consisting of n-+-4 distinct points each n +2 of 
which are congruent with n + 2 points of the Rx, contains one pseudo-euclidean 
(n + 3)-tuple it contains at least three pseudo-euclidean (n + 8)-tuples 
(nzi). 

Let us call p'r,’ ++, Pny the n+ 4 distinct points of the set P’ and 
assume that the points p'^1,* * +, p’n13 form a pseudo-euclidean set. P’ con- 
tains n -+ 4 sets each consisting of n + 3 points. If n-+ 2 of these sets are 
pseudo-euclidean then, as n Æ 1, the lemma is true. Otherwise there are at 
least two (n + 3)-tuples each of which is congruent with n +3 points of 
the Rn. We may label the points of P’ so that p’1,°- +, Pnn, Pns Pris and 
P'a © 5 P'nsis P'nsss D'nsa are congruent to euclidean (n + 3)-tuples. In 
this case we shall prove that there exist besides p's’ ` -., Pn at least two 
pseudo-euclidean (72 + 3)-tuples in P’. 


NEW FOUNDATION OF EUCLIDEAN GEOMETRY. T35 


First of all, there correspond to the pseudo-euclidean set p’1,° t, Pns 
n -+ 3 points ~1,° * *, Pass of the Ry such that 


(1) Pis? °° > Pastis Pree X Pis eee P'nsis P'ni2 

(2) Pis’ °°) Pansy Pns XI Po ONS DP nary Pns 

(3) Pn+2e. Pass + Pmi P'n+s- 

The points pı,* * ', Pnn are congruent to n + 1 points of a pseudo-euclidean 


(n + 3)-tuple. According to theorem I on pseudo-euclidean sets they do 
not lie in an (n — 1)-dimensional plane. There exists therefore according 
to (c) exactly one point pass in the En such that 


+ ra , 
(4) Pis` °° > Prats Pasay Past Z Piotta D nets P nso P nsa 

Pa 7 r 7 
(5) Pis’ * * s Pnsiy Pns3; Pass X P 19° * * o P nsis P n3; P ntse 


From (4) and (5) it follows that 


Paras wim Presa, Pi (t= 1,:--,2+ 8). 


As the point pn. is distinct from the n + 3 points p’; it follows thus that 
Puss is distinct from the n + 3 points p; (t=1,---, +3). According 
to property (j) of the E» there exist therefore at least two integers i and 7 
between 1 and n -+ 1 such that neither pi,- * >, Pi-t, Pitty’ * "s Pasty Pnie DOT 
Pis' °° Pi- Piho’ © `s Pmi Pare lie in a (m—1)-dimensional plane. We 
propose now that 


Pe a ee Pes, teak ee , , 

(6) Pis s P i-is P is > P ntis P ni2; Pms P nra 
Doaa a E a ii to r , 

(7) Pw sP i-o P juts > P nsis P n+23 P'nras P na 


are the two desired pseudo-euclidean (n + 3)-tuples. 

Let us show this for the system (6). As each (n + 2)-tuple of (6) is 
congruent with n + 2 points of the Ra we have merely to show that (6) is 
not congruent with n + 8 points of the Ra. If we map p'y,-- +, Piai Pin 
16, DW nats Pma OD Pty" ©, Pints Pis’ °°» Pars Pres then, as these points do 
not lie in an (n——1)-dimensional plane the points p’n.2 and Pn, in conse- 
quence of (c’) must be necessarily mapped on Pno and pass respectively. 
Tence it is according to (3) impossible to map the n + 3 considered points 
on n -+ 3 points of the Ra. In the same way it can be shown that (7) is a 
pseudo-euclidean (n + 3)-tuple. This completes the proof of lemma 2. 

Lemma 3. If P’ is a set consisting of n + 4 distinct points each n + 2 

oT a tanagruend with p- points of the Ra and which cortuins at 
feast three pseudo-cuctidean (a, S)iup'es tep eaeh (a +} òjanme tn 


puero of P © scully euclidean, 


C] 
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Let us denote by p’1,- © +, p’n+q the n + 4 distinct points of P’ and let us 
label them so that 


(1) Pis t: DP nsry D' nsey Pns 
(2) P'o SNUR P'an Pnz Ons 
(3) Pi sty D ns19 Pns; D'ari 
are pseudo-euclidean sets. As the (n + 3)-tuples (1) and (2) both contain 
the n + 2 points p’1,° * +, Pn: it follows from theorem I on pseudo-euclidean 


sets that the (n + 3)-tuples (1) and (2) are congruent. In the same way 
one sees that (1) and (3) are congruent. Hence we have 


(4) D'ns2 D' nse = Pno; Pnr = D naa Pns 
(5) Pp nas pi pred Pns pi pa Teu pi (4 = 1, re 1) + 1) ‘ 
We prove now that the n + 3 points p’2,: + °, p’n.s form a pseudo-euclidean 


set. We assume that they are not pseudo-euclidean and deduce a contradiction 
from this assumption. As each n -+ 2 of the points are congruent with n + 2 
points of the Ry» it follows from the assumption that there exist n + 3 
points ~2,° * *, Pass Of the En which are congruent with the points p’2,: °°, 
p'nai. In consequence of (4) and (5) the n points po,- ` *, pas: according to 
property (Æ) of the Rn are dependent. This, however, is impossible as they 
are congruent with the n points of the pseudo-euclidean (n -+ 3)-tuple (1) 
and, as no n + 1 points of a pseudo-euclidean (n + 3)-tuple are independent, 
also each n-tuple of points of (1) is independent. 

Exactly in the same way we could deduce a contradiction from the 
assumption that any other (n + 3)-tuple of P’ is not pseudo-euclidean. 
Lemma 3 is thus proved. 

We are now in the position to prove the third fundamental theorem. 
We have to prove that a set S containing more then n + 3 points each n + 2 
of which are congruent with n -+ 2 points of the R, is congruent with a 
subset of the Ra. We shall assume that S is a set containing at least n + 4 
distinct points each n + 2 of which are congruent with n + 2 points of the 
Rn and deduce a contradiction from the hypothesis that S is not congruent 
with a subset of the Ra. As the En has the congruence order n + 8 it follows 
from the hypothesis that 8 contains a (n + 3)-tuple of points p’1,° © +, p’nss 
which are not congruent with (n + 3) points of the Ra. Since each n + 2 
points of this (n + 3)-tuple are congruent with n + 2 points of the Ra it 
follows that they form a pseudo-euclidean (n + 3)-tuple. As S contains at 
least n + 4 distinct points there exists a point p’niq of S distinct from the 
points p,’ +, Pn. The set P’ of the n+ 4 points pist * +, pasa, D’nes 
contains at least one pseudo-euclidean (n + 3)-tuple. According to lemma 
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2 the set P” contains at least three pseudo-euclidean (n + 3)-tuples. Accord- 
ing to lemma 3 each (n + 3)-tuple of points of P’ is pseudo-euclidean. 

We prove now that the set P’ is equilateral, i. e. each two pairs of points 
of P’ are congruent. In order to prove that two pairs of points which have 
one point in common are congruent, e.g. that D'ni, P’nvs Z P’nisy Pnr WE 
remark that the two pseudo-euclidean (n + 3)-tuples 


t + 
P'a? * 5 P'nss P'nss and Px," * * a P'nsos Pns 


have the n -4-2 points pis’ °°, Pn in common and hence, according to 
theorem II on pseudo-euclidean sets, are congruent. This shows that in 
particular Pno p’nss X P'nsss Pns In the same fashion it can be proved 
e. g. that D'ass Pnr = P'ns29 Pns- We have thus Pm P' nse poms Pns D' nese 
In the same way each two pairs of points of P” whether or not they have a 
point in common can be proved to be congruent. The set P’ is thus equilateral. 
In particular each subset of P’ consisting of n -+2 points is equilateral. 
According to property (1) of the Ra this contradicts the assumption that each 
n -+2 points of S’ are congruent with n + 2 points of the Ra. The hypothesis 
leads thus to a contradiction and this completes the proof of the second funda- 
mental theorem. 


3. METRICAL CHARACTERIZATION OF THE EUCLIDEAN spaces. In this 
last part we deal with subsets of semi-metrical spaces. To each two points 
p,q there corresponds a real number pg = qp > 0 if p Æq whereas pp = 0. 


For each & points pı, Pz’ °°, pe of a semi-metrical space we denote by 
D (pP pa’ * *, De) the symmetric determinant 

0 1 R eo a k 1 

1 0 (pipe)? + > + (Ppr)? 
. 1 (pep)? 0O > + (pepe)? 


1 (pp)? (Pep)? + > 0 
which we also shall denote symbolically by 








0 1 xs 
(1,7 =1,2,-°-+,%). 
1 (Pp) ia 
The importance of this determinant Hes in the fact that if pi. pat ++. pr 
, ENA me ees athe yohiwe me yare of the (= FY. 


dimersional simplex determmed by these # points is given by the rorum. 


[orm uid 


o9 
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(—1)* 


v? (Pis Pz’ d o Be) = Ty ea s D (ry Po “+5 Dx). 


Evidently the determinant of k points is congruence invariant, i.e. if 
Pi P'o * +> pe are congruent with pi, po + +, px then 
D(pr, ae = *, Dn) = D(p'1, fos? è Dr). 


We denote by D(pi, Po’ * +» Pr-2 Pr- peze) the function of x which 
we obtain by substituting z in place of the terms (px-.px)? and (pxpe-+)* in 
the determinant D (P1, po,' °°, Px). We may symbolize this function also by 


0 1 1 1 
rae 1 ips)? Di Š ipe)” 
D(Pu' * `, Pr-2s Dkr, Pus T) = 1 ee (z ri Pi 
1 (pups)? z 0 


(ij = 1,2, > +, k— 2). 


Remark a. The coefficient of «* in the quadratic polynomial 
D(p, ++ +, pe; z) is —D(pr, po, +++, Pur). This follows immediately 
if we develop D according to Laplace. 


Remark b. Tf pa'o +5 Dees Ps Bene 
Pipe- = Pit- Pipe = pip’ (i1=1,2,: >, k —2) 
then = D(pu' * `, Pre- Pr- Pri ©) = D (Pu * +, P'r-2s Pr- P'r3 T) 
The main result of this third part will be the 


THIRD FUNDAMENTAL THEOREM. In order that n-+2 points Pi 
Pz * +, Pun Of a semi-metrical space cach n 4-1 of which are congruent 
wilh n+ 1 points of the Rn be congruent with n + 2 independent points of 
the Rus or with n + 2 points of the Ra tt is necessary and sufficient that 


sign D (p'r, P'o A P'nmo) TA (— rye or D( ps; P'a Be hag Dns) = () 


respectively. 

If Pi, p’2,° °°, P’nse are congruent with n +2 points Pis 92° © *, Danse 
of the Raw then D(p' P'o + +, Pn) = D (Pi Po’ + +, Pass). According 
to the volume formula (—1)". D(p1, po* * *», Paz) is identical with the 
square of the volume of the (n + 1)-dimensional simplex determined by the 
points 1, Pes ` *, Pn (if we neglect a positive factor). As the square of 
this volume is not negative, and is zero if and only if the n + 2 points lie in 
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a n-dimensional plane of the Raw., it follows that the condition of the theorem 
is necessary. 

In order to prove that the condition is sufficient let us assume that 
Dr, P'o’ © +5 Pn are n+ 2 points each n+ 1 of which are congruent with 
n -+ 1 points of the R» and whose determinant has the sign (— 1)” or is zero. 
We have to prove the existence of n + 2 congruent points of the Ras, which 
are independent or dependent respectively. 

This proposition is trivial in the case n = 0. For D(p’1, Pe) = (P:P) 
Hence pı and p's are identical if and only if D(p’1, p’2)—0. In this case 
they are congruent with two points of the Ro (consisting of one point). If 
sign D(p’s, p’2) = (—1)°, i. e. is positive, then p’:p’s is a real positive number 
and p’, and pz are congruent with two points of the R, which are independent 
(i.e. not identical). 

We prove our proposition therefore under the inductive hypothesis of 
its truth for n + 1 points, i. e. we make the assumption: If n + 1 points, each 
n of which are congruent with n points of the Rp_,, have a determinant of the 
sign (— 1)” or 0 then they are congruent with n -+ 2 independent points 
of an n-dimensional plane of the Rui: or with n + 2 points of a (n—2)- 
dimensional plane of the Rn respectively. We deduce first of all some con- 
clusions from this assumption. 


Lemma 4. If Pı, pos* * `, Pny Pasir Puio Vie in an n-dimensional plane of 
the Ras and Pı, Po’ + `, Pn do not lie in an (n—2)-dimensional plane then 
the equation 

D(pry Po.’ * ` > Bay Pnsis Paras z) = 0 
has the double root z = (Pais Pnie)*- 


Let us denote the polynomial D(p:,° ` `, Pniz; ©) by D(x). If we sub- 
stitute the value  =(Pnsipniz)? in D(a) it becomes D(pi,° + *, Pny Pns Pria). 
As the n-+ 2 points pı, °° -, Pme lie in an n-dimensional plane I their 
determinant equals 0, according to the necessity of the condition of the 
third fundamental theorem which already has been proved. Hence 
T = (PnsiMnse)? is a root of the equation D(x) 0. In order to prove the 
lemma we have thus merely to prove that the equation D(x) —0 has a 
double root. In order to prove this we remark first of all that the Raa 
is divided by the n-dimensional plane II into two open parts which may he 
distinguished as the left part and the right part. We determine a sequence of 
pente Or (Ne atu pare Courage, Cael othe paint a... SAV Ppa 
(o - 1,20: ++ ad inf). and a sequence of points of the right part covers lis 
towards Pris, SAV Pas (k = 1, 2, c ead int). We consider for cach integer 
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k the polynomial D(pi,- + +, Pn, Pns DYnsz; ©) which may be denoted by 
D*(x). For each k one root of the equation D*(2)=0 is €e =(p*aup*nse)*. 
If we denote by p*n.2 the mirror image of the point pn.» in II, then, in conse- 
quence of remark b, we have 


D(p, “ty Ph Y i Pno) = D (p, "ty Pwa DP nats D nse). 


Hence each zero of the second polynomial is also a root of the equation 
D*(x) =0. A zero of the second polynomial is k = (Pnn). As 
Pens Dinse F Penang We know then, two roots of the equation D'(x) =0. 
This equation does not vanish identically as z? has, according to remark a, the 
coefficient D(pi,- * `, pn) which, is s40 as pı,’ + `, pn are supposed not to 
be in a (m—2)-dimensional plane. The values gr = (p*nip avo)? and 
Fx = (pn P*ni2)? are thus the two roots of the equation D*(x) =0. As the 
points p*,,.2 tend towards the point pare of I their images in II, i.e. the points 
D*asg tend toward the same point. It follows that lim (a,—%) =0. If we 
denote by D; the discriminant of the equation D*(*)—0 it follows that 
lim Dy=0. As the points p*a. and p*n. tend toward pay and Priz 


k=00 

respectively it follows that the polynomials D* (x) tend toward the polynomial 
D(a). As the coefficient of z? in D(x) equals D (p1, p2,° * *, Pa) and hence 
is not zero it follows that the discriminant of D(z) —0 is the limit of the 
discriminants Dx. This limit, as we saw, is 0. Hence D(x).—0 is a not 
identically vanishing quadratic equation whose discriminant equals zero and, 
therefore, has a double root. Lemma 4 is thus proved. 


LEMMA 5. If p'1,° + +, Pan is a pseudo-euclidean (n + 2)-tuple then 
sign Dp, ee D'ns2) = (— 1a, 
There exist, as we know, n + 2 points Pı,' * *, Pn, Pns Pani2 in the Ry 
such that 
Po’ ` y Pos Pon Z Po STA Pns Dnt 
Pis °° 5 Pay Pass Z Po my Pn DP nse 
Past Pris F D nr P nz 


According to remark b it follows from these relations that 


Dw, P'a RRT. Pns Pnr Pu y= Din; Pas’ °° 5 Pn, Pn+is Pree 3 a) i 
These polynomials will be denoted by D(z) and D(x) respectively. The 
points pı, ` ` *, Pa are congruent with n points of a pseudo-euclidean (n + 2)- 
tuple and hence, according to theorem II on pseudo-euclidean sets, do not lie 
in a (n—2)-dimensional plane. According to lemma 4 the equation 
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D(r)= 0 has thus the double root (paiipuez)®. This value is thus a double 
root of the equation D’(z)—0, also. For each other value the quadratic 
polynomial D’(z)== D(x) has the same sign. For large values of æ the sign 
of D(x) is identical with the sign of the coefficient of 22 in D(x). This 
coefficient according to remark a equals — D (pu, ' **,pa). As the points 
Piz’ °°, pn do not lie in a (n—2)-dimensional plane it follows from the 
necessity of the condition of the third fundamental theorem which already 
has heen proved that sign D(pi.: + *,~n)==(—1)”. The sign of D(x) and 
D’(x) for each value of x that is different from (pnsiPnse)? is thus (—1)™*1. 
AS pas P’nse FE Pnvipnse the lemma 5 is proved. 
We are now in the position to prove the sufficiency of the conditions of 
the third fundamental theorem. Let us assume that pi,’ © -, D'n are m+ 2 
points each n -+ 1 of which are congruent to n+ 1 points of the Ra and 
such that i 
sign D(p’1,° * +, p’ns2) = (— 1)” or 0. 


We have to prove that there exist n+ 2 congruent points in the Ruy in- 
dependent or lying in a n-dimensional plane respectively. 

According to the hypothesis on D(p’1,- * +, p’nsz) it is impossible by the 
lemma that the n -+2 given points form a pseudo-euclidean (7. -+ 2)-tuple. 
If each n+ 1 of our n+ 2 points are congruent with n -+ 1 points of the 
Ry+ then the n -+ 2 points are thus congruent with n + 2 points of the Ra. 
and a fortiori with n + 2 points of the Ru. (This case evidently can only 
happen if D(pi,* + +, Pasz)== 0.) 

We may thus asssume that n + 1 of the n -+2 points are not congruent 
with n -+ 1 points of the Ry4, let us say pi, © +, nu. There exist n + 1 
congruent points p:,° °°, Pau. in an n-dimensional plane II of the Ras» The 
points pı, **', pr lie in a (n —1)-dimensional plane T* but not in a (n— 2)- 
dimensional plane. As each n-+ 1 of our n+ 2 points are congruent with 
n + 1 points of the Ra» there exists at least one point p in H such that 


la 2 7, a 
Pw 23° 5 Pm Pp X Pir Pay" i "5D n P nis 


Tf we rotate p in the Ra, around the (n — 1)-dimensional plane II* the path 
of p is a circle perpendicular to U*. The circle has the radius O, i.e. 
degenerates in a single point, if and only if the point lies in N”, and hence 


if and only if the points pist + +. p>, Pre are congruent with n + 1 points 
a Teoaht. js net the esse then the circle has exactly iwo points peaz 
and poo on common with EAs jami dues not Tae tlie E GIN 


Paape FS Paape and we astune the notation such that 


a 
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PnsiPnis < DnstPnas- 
Let us now assume that D(p’1,: + +, p’nse)==0 and prove that there 
exist n + 2 points congruent with 9’,,- © -, p’ns2 in the n-dimensional plane II. 


We distinguish two cases. First it may be that the points p's’ + +» Pm Pme 
are congruent with n + 1 points of the Rex... We form then the above men- 
tioned points pi,* * *, Puy Pasi, p and know that p lies-in D*. Thus pi,---, 
Pns Pnsiy P lie in the n-dimensional plane IT whereas pı,* - -, pn do not lie in 
a (n— 2)-dimensional plane. According to lemma 4 the equation 
D( pir," + `, Pn, Pan Pp; ©)—= 0 has the double root æ = (prp). According to 
remark b the polynomials D(p'1,- + +, Pns P’nar, P’'nse3 ©) and D(pi,* + ts Da; 
Pasis Pug} V) are identical. Hence s==(pa p)? is also the double root of 
the first of these polynomials which may be denoted by D’(x). From the 
hypothesis that D(p’1,° © +, p’nu)==0 it follows that s = (p'anpan)? is a root 
of the equation D’ (x)= 0. The equation D(x) 0 does not vanish indenti- 
cally as the coefficient of 2? is —D(p’1,:- +, Pn) =— D (p > +, pn) and 
this is not zero as the points p,,- - -, pa do not lie in a {n — 2)-dimensional 
plane. It follows that Pnp ni = Prop and hence the n+2 points 
Dts °° +> Pns Pn are congruent with the n +2 points p` `, Pau, p of 
the n-dimensional plane TI. 

The second case is that the points p’/1,- > -, P'a: are not congruent with 
n-+1 points of the Rri. In this case s == (Prani)? and —=(PnerPne)? 
are two solutions of the equation D(p:, + °°, Pny Pau, p; £) =0. For 
if we substitute these two values we get the determinant of 2+ 2 
points of the n-dimensional plane TI, viz. D(p,, °° +, Pn, Pre Pres) and 
D(p1, °° *, Pns Pass Puss) respectively, which are both equal to zero. Ac- 
cording to remark b the above mentioned equation is identical with the equa- 
tion D(ps, - +7, Pn Pnn, Par; ©) =0. A root of this equation is 
#==(p'nip'ns2)*, for if we substitute this value we get D(ps,° °°, Pn) 
which is zero, according to the hypothesis. It follows that p’nup/nie equals 
either Pus:Pni2 OF Prapa Hence the n+ 2 points p'o °° -, Pas P'a are 


congruent with either pı, © © `, Pas, fim or with Pi, © +, Pasi Pnse and thus 
in either case, congruent with n +- 2 points of the n-dimensional plane I. 
Let us assume now that sign D(p’s,° + +, p’ns2) = (— 1)” and prove that 


there exist n + 2 independent points of the Rai. which are congruent with 


P'o’ ts Pns We form again the points p1,° + +, Pasi, Pni2s nse and consider 
the polynomial D(p’,,- + +, p’nst1, P’nse3 ©) Which may be denoted by D’ (e). 
According to remark b the three polynomials 


D(x), D(pp > ` s Pnr Pns23 z); D(p,-- “Preis Pns; z) 
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are identical. A zero of the second is # = (Pan Pnz)”, a zero of the third is 
£ = (PnnPn:2)*. These two numbers, the first of which has been assumed 
to be smaller than the second, are thus roots of the equation D’ (s) = 0, also. 
The coefficient of 2? in D’(z) is —D(p1,:--+,p'n) and thus equals 
—D(pi,-**+,pn). As the n points pı,’ +, pn do not le in a (n— 2)- 
dimensional plane their determinant is not zero and has the sign (— 1)”. The 
coefficient of z? in D’(x) has, therefore, the sign (—-1)™ and this is the 
sign of D’(x) for large values of æ. As D’(x) is a quadratic polynomial 


with the two different zeros (Pnsifinsz)® and (PnaiPnee)® we conclude: 


For © SS (Puhan), sign D(t) = (—1)"* or 0. 
For (Pnn) <t< (PasrDnsz)?, sign D(a) = (— 1)”, 
For 2 = (pasifinee)?, sign D’(x) = (—1)™ or 0. 


It follows thus from sign D’(x) = (—1)* that (pasupnis)? < E < (PassPuse)- 
We have supposed that sign D(p’x,- © *, P'nss P'ne) = (— 1)”. That means 
that D’(2) for z = (p’niip’ni2)” has the sign (— 1)”. We have thus proved: 


(*) (Ponpa) < (Pnp na)? < (PasiPase)? 
and hence 


PnviPase < PnP’ nie < Pas Pnse 
? Ñ 


Let us now consider the above mentioned circle obtained by the rotation 
of p around the (n — 1)-dimensional plane II* and perpendicular to M. The 
nearest point to pas: on this circle is the point a+» If we move on the circle 
from this point toward the point fn. then the distance from Pah increases 


continuously till it attains its maximum in the point B,.2 which is the remotest 
point from pas: on the circle. In consequence of the inequality (*) there 
exists a point on the circle which we shall call Pns, such that passDnie 
= P'nuip'nia. This point is identical neither with n+ not Prso and hence 
does not lie in the n-dimensional plane H. The n -+2 points pi, po, ° °° 
Pnsiy Pare are thus n + 2 independent points of the Rn, congruent with the 
n+ 2 given points p’1,° + +, Pns Pns The proof of the third fundamental 
theorem is thus completed. 

It follows from the proof that under the hypothesis, sign D (pis +++, Pns) 
—=( 1)" there exist n + 2 independent points of the Ray congruent with the 
Domt oo 4 if we merely suppose that fro of the (n -+ 1)-tuples 
Wiad have su sailed o powt not cone rueit with a pote vi Uas o l 
coneruent with (a 4 1)-tuples of the R.. 

We have proved lemma 5 for pseudo-euclidean (n + 2)-tuples under the 
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hypothesis that the third fundamental theorem is true for (n + 1)-tuples. 
From the third fundamental theorem we may conclude, therefore, the following 


THEOREM 3 ON PSEUDO-EUCLIDEAN SETS. The sign of the determinant 
of a pseudo-euclidean (n + 3)-tuple is (—1)”. 


A set consisting of n + 3 points each n + 2 of which are congruent with 
n + 2 points of the Rẹ has been called pseudo-euclidean if it is not congruent 
with a subset of the Ry. From theorem 3 it follows immediately that such 
a pseudo-euclidean set is not congruent with a subset of the Russ or the Buse 
either. We see thus, that a pscudo-euclidean set is not congruent with a sub- 
set of any. euclidean space or even of Hilbert space. Another corollary of 
theorem 3 is that no proper subset of a pseudo-euclidean set is pseudo- 
euclidean. 

An immediate consequence of the second and third fundamental theorem 
is the following 


METRICAL CHARACTERISATION OF EUCLIDEAN SETS. In order that a semi- 
metrical space S be congruent with a subset of the Rn it is necessary and 
sufficient that, if 8S contains more than n-+3 points, for each integer 
k&n +1 and for cach k-tuple of points pi,’ + +, px of 8 


sign D (Pu: > t, px)=(—1)* or 0 


and that the delerminant of each n+ 2 points of 8 vanishes. If 8 contains 
exactly n-+-3 points Pı, °° >, Puss tl ts necessary and sufficient for the 
congruence of S with a subset of the Ra that besides these conditions 
D( pi, + + +s Pms) = 0. 


Some further details whose proofs have been given in other papers may 
be mentioned in terminating this article. As to the pseudo-euclidean qua- 
druples it has been proved * that they are characterized among the semi- 
metrical spaces consisting of four distinct points pı, pe, ps, pa by the relations 


Pipe == PaPa Dips = Pops, Pips = pops = Pı Pe + Pipa 


It has been shown,{ furthermore, that the facts concerning pseudo-euclidean 
quadruples as well as concerning the congruence order 4 and the quasi con- 
grnence order 3 of the R, are merely special cases of theorems of abstract 
groups. 


* Cp. Menger, Mathematische Annalen, Vol. 100, p. 126. 
t Cp. Menger, Mathematische Zeitschrift, Vol. 33, p. 126. 
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The theory of pseudo-euclidean (n + 3)-tuples in general is connected * 
with the theory of certain Cremona transformations of the Rx. In the case 
n == 2 the theory of the isogonal transformations of the plane is applied. It 
follows from facts concerning isogonal transformations in particular ¢ that 
in a pseudo-euclidean quintupel not only no three points are congruent with 
three points of the straight line but, furthermore, that no four points are con- 
gruent with four points of a circle. 

In order that a metrical space S be congruent with a subset of the 
Tlilbert space it is necessary and sufficient f that S be separable (i. e. contains 
a dense subset which is denumerable) and that for each integer k and for 
each & points p1,: °°, p, of 8 


sen D(pi,- + +, p) = (—1)* or 0. 


It is remarkable that the condition of separability cannot be omitted whereas 
it was not necessary to postulate it in the euclidean case. 

The condition sign D(p1, Pze, pa) —=—-1 or 0 is equivalent to the so 
called triangle-inequality. Its being valid for each three points of a semi- 
metrical space is thus characteristic for the metrical spaces. It has been 
proved § that in a complete metrical space which is convex { and exteriorly 
convex there exists for each two distinct points p and g a subset containing 
p and g which is congruent with the straight line. It follows || that among 
the semi-metrical spaces satisfying the conditions which are characteristic for 
the subsets of the R, the Ry» itself is characterized by the properties of being 
complete, convex, exteriorly convex and containing n + 1 points which are not 
congruent with n + 1 points of the Rus. 

The R, has been proved ** to be the only metrical space which is convex, 
exteriorly convex, complete, and has the quasi-congruence order 3. 


THE Rice INSTITUTE, 
Houston, TEXAS. 


* Cp. loc. cit. *, p. 126. 

+ Cp. loe. cit. *, p. 127. 

£Cp. Menger, Wien. akad. Anzeiger, 1928. 

§ Cp. loc. cit. *, p. 87. 

"Cp. Joe. cit cu p. RI, A metrical space is called convex or exteriorly convex 
i tee teatise Ter ech tya di tinel points p and qa point s distinct irou 
pond q oud aun gi po p oy py eae 2 
Cp. for el op 140, 
Cp. Menger, Wien. akad. Anzeiger, 1981. 
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NOTE ON THE GREEN FUNCTION OF A STAR-SHAPED THREE 
DIMENSIONAL REGION.” 


By J. J. GERGEN. 


1. Introduction. The object in this note is to prove the following 
theorem. 


THEOREM. Suppose that the region + D in the (a, y, z) space is star- 
shaped { with regard to the origin O, and that g(a, y, 2) is the Green func- 
tion § of D with pole at O; then at every point in D—O the square of the 
gradient 

(V9)? = ga” + gu? + gs? 


of g satisfies the condition 
(1.1) (V9) =9’/r? > 0 


* Preliminary report presented to the American Mathematical Society, December 
30, 1930. The numerals in bold-faced type in this paper refer to the following treatises 
and papers: 


1. Carathéodory, C., Vorlesungen über Reele Funktionen, Leipzig (1927). 

2. Gergen, J. J., “Mapping of a General Type of Three Dimensional Region on a 
Sphere,” American Journal of Mathematics, Vol. 52 (1930), pp. 197-224. 

3. Kellogg, O. D., “On the Classical Dirichlet Problem for General Domains,” Pro- 
ccedings of the National Academy of Sciences, Vol. 12 (1926), pp. 397-406. 


4, ———, “Recent Progress with the Dirichlet Problem,” Bulletin of the Ameri- 
can Mathematical Society, Vol. 32 (1926), pp. 601-625. 
5. ———, “ On the Derivatives of Harmonic Functions on the Boundary,” Trans- 


actions of the American Mathematical Society, Vol. 33 (1931), pp. 486-510. 
6. Liapounoff, M. A., “Sur certaines questions qui se rattachent au problème de 
Dirichlet,” Journal de Mathématiques (Liouville), Vol. 40 (1898), pp. 241-311. ` 
7. Neumann, E. R., Studien über die Methoden von C. Neumam und G. Robin fur 
Lösung der beiden Randwertaufgaben der Potentialtheorie, Leipzig (1905). 
8. Osgood, W. F., Lehrbuch der Funktionentheorie, Vol, 1, Berlin (1907). 


t By a region is meant an open continuum. 

{A region or, in general, any set of points F is star-shaped with regard to a point 
O when, and only when, each line segment joining O to a point in Æ lies entirely in Æ. 

§ The Green function of an arbitrary star-shaped region may not exist in the 
ordinary sense. In the theorem we understand hy g the generalized Green function 
of D. The generalized Green function is, of course, identical with the ordinary one in 
case the latter exists. For the definitions and properties of the generalized Green 
function, and also for a discussion and set of references on the Dirichlet problem, see 
Kellogg 3 and 4. In these papers Kellogg considers, in general, only regions whose 
boundaries are bounded point sets; but no such restriction is necessary in his defini- 
tion and proof of the uniqueness of the generalized Green function. 7 
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where r==(a" + y? + 27)%, the inequality holding throughout D— 0O unless 
g-—1/r vanishes identically there.* Furthermore, for every positive constant 
c, the region + determined by the inequalily g > c is star-shaped with regard 
to 0. 

This theorem has, as corollary, that the Green function corresponding to a 
convex, three dimensional region, and arbitrarily assigned pole has a non- 
vanishing gradient. This fact was conjectured and mentioned to the author 
by Professor Morse; and it was in an attempt to prove this conjecture tenable 
that the theorem was established. 

In connection with these results it should perhaps be recalled that, in con- 
trast with the corresponding situation in two dimensions,{ the gradient of 
the Green function of a simply-connected three dimensional region may vanish 
at points in the region. The importance of these results is, then, that they 
furnish a partial answer to the general question as to what conditions on a 
region and the position of the pole are sufficient to insure the absence of equi- 
librium points of the Green function corresponding to that region and pole. 
The theorem gives us, of course, more information about the Green function 
of a star-shaped region than that its gradient is non-vanishing. Incidentally, 
the inequality (1.1) is the best possible, in the sense that, if D is the whole 
of space, so that g = 1/r, we have 


(Vg) = gl? 
throughout D— O. 
The proof of the theorem depends largely on three facts: 
(i) If the frontier d of D is a bounded, regular, analytic surface, then 
each of the partial derivatives gs, Jy, gz, of g coincides in D with a function 
which is continuous in D+ d—0O. 


(ii) The function 
u(g, y, z) = 109/0r = TIa + YGu + 292 
is harmonic in D — 0. 
(iii) If f(Q) is defined © and lower semi-continuous for Q on a sphere o, 
and. if 


f(Q)= R, 


“In this exceptional case D is, of course, equivalent to the whole of space, in the 
-vn that its generalized Green function is the same as the Green function of the 
“CY, 
+ This region, vy definon, o.t v fhe point O at which g=- X, 
4 Ci, O good, 8, pp. 588-590, 
§ For an example illustrating this fact, see Gergen. 2, pp. 199 200. 
: ` * here as a possible value of f ihe value œ. 
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where R is independent of Q, then a sequence {¢2(Q)}, n==1, 2, ++, of 
functions ¢n(Q), continuous on o, can be so defined that 


(1.2) R= $:(Q)S ADOS: +> Son(Q)- > S), 
(1.3) lim n(@)=f(@). 


The truth of (i)* and (iii)} is well known, while (ii) can be verified 
by differentiation. 


2.1. Lemmas. To establish the theorem we first prove two lemmas rela- 
tive to D, g, and u. 


Lemma 1. If D is bounded, and star-shaped with regard to O and if the 
boundary d of D is a regular, analytic surface, then 


(2. 11) U(x, yY, 2)S— g (z, Y, 2) 


in D--0.f 
To prove this, consider the function w(x, y, z) defined as 


w =u +g 


in D— 0. By (ii), u is harmonic in D— O, and thus, since g is harmonic 
there, w has the same property. Further, by (i), u is continuous in 
D + d— O, when defined on d by means of its limiting values. Hence, since 
g vanishes continuously on d, w is continuous in D +- d—O, when properly 
defined on d. Finally, since g has the form 


g=l/r+o(2,y, 2), 
where v is harmonic in D, we have 
W = V + Bz + YVy F 2025 p 


and it follows that w is harmonic at O, when defined as v (0, 0, 0) there. Thus 
w is harmonic in D and continuous in D+ d. ‘To show, then, that (2.11) 
holds, it is enough to prove that w is never positive on. d. 


* Cf. Liapounoff, 6, pp. 305-311, and Neumann, 7, p. 178. Liapounoff proves that 
the partial derivatives of g have the property stated for a much more general type of 
boundary, provided also that the Neumann principle is applicable to the boundary. 
Neumann proves that the principle in question is applicable to boundaries of a very 
general character, in particular, to boundaries of the type specified above. For a state- 
ment of the Neumann principle, see Liapounoff, p. 268. See also Kellogg, 5. Kellogg 
considers the boundary values of the partial derivatives of all orders of harmonic 
functions. He obtains results which include (i) as a partieular case, 

t For a proof of (ili) see Carathéodory, 1. 

t Tt is classical that the ordinary Green function exists for regions of this type. 
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Let Pi(21, Yı» 21) be any point on d. Then, since D is star-shaped with 
regard to O, and d is an analytic surface, the segment OP, lies entirely in D, 
except for its extremity P;. Thus we have 


WT, Yn a)= lim w( nk, Yis 921). 
n=l- 
But this is evidently 


W(X, Yr, 21) = lim u(yrs, ny, 72), 
n-1-0 


since g vanishes on d. Accordingly, 


(25 Ys) —Jim {| OP, | [ogorin } 


ZEN: 


=| OP, lim 4 [ag/or] ga} 
N->1-0 2721 
Now, since the limit on the right here exists, and since g is positive in D and 
vanishes continuously on d, we must have w(21, Yı 2:)<=0. This completes 
‘the proof of the lemma. 


2.2, LEMMA 2. An infinite sequence {Dn}, n—=1, 2,- +, of bounded 
regions Dn can be so constructed that 


(a) Dee Dy G2 EC De 2 2 OED, 
(b) Di+Di+-->++Da++--=D, 
(c) the boundary da of Dz is a regular, analytic surface, 
(d) Dz is star-shaped with regard to O. 


The proof rests on (iii). Consider a point Q on the unit sphere øo about 
O. The ray y(Q) through Q, issuing from O, either fails to pierce d or else, 
since d is closed, there is a first point, starting from O, of intersection of y (Q) 
with d. At each point Q of o, then, let f(Q) be defined as the distance from 
O to this first point of intersection if y(Q) pierces d, and as œ otherwise. 

The function f, we observe, is lower semi-continuous on ø, for d is closed. 
Moreover, since O is a point of D and D is open, there is a number R > 0 
such that 

f(Q)=R 

for Q ono. Hence, by (iii), we can find a sequence {¢a(Q)}, n= 1, 2,- °°, 
o? fyeetions &-(VO)= p. (x, y, 2). continuous on o, such that (1.2) and (1.3) 
Howth. 


Now, since &, (Q) is continuous, there cuims a function 


n 
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Yn(P)—= n(x, y, 2) 
which is harmonic in the interior $, of s, continuous in o + $, and which 
assumes the value n¢n(Q)/(nm + 1) at each point Q of o. p 
By means of Yn we define Dr. We choose ra < 1 so near to one that, if Q 
is any point on ø and P the point of intersection of OQ with the sphere on 
of radius 7 about O, 


(2. 21) | Ya (P)— Ya (Q) | < B/(4n)?; 
and we define Da as the set of points determined by the inequality 
T < Ya(ETn/T, Yrn/T, 2n/T). 
A point P belongs to Dn, then, when, and only when, 
(2. 22) | OP | < W(P’) 
where P’ is the point of intersection of OP, or OP extended, with on. The 


set Dn is, we observe, not null, for, if P(x, y, z) be any point on on, 


Yu (P) > Yn(@/Tn, Y/n 2/Tr)— R/ (4n)? 
= non (2/tn, Y/Tn, 2/Tna)/ (n + 1)— R/ (4n)? 
> Y R/16, 


so that D» contains all the points in the interior of the sphere of radius 7R/16 
about O. 

Now plainly D» is bounded, open, and star-shaped with regard to O. 
Moreover, since the boundary da of Dn is represented by the equation 


hn (£, Y, 2) =r — Yn (Ern/T, YTn/T, 2n/?) = 0, 


and since ôhn/ôr = 1 and yn is harmonic and therefore analytic in Ð, da is a 
regular analytic surface. It remains, then, to prove that (a) and (b) hold. 

Consider (a). Let P be any point of Dn, and Pr, Q the points of inter- 
section of OP, or OP extended, with ox and o, respectively. By (1.2), (2.21) 
and (2.22), 


| OP | < yn(Pa) < non(Q)/(m +1) + R/ (4n)? < $n(Q), 


whence 

(2. 23) | OP |< F(Q), 

and | OP | < nøna(Q)/(n + 1)+ B/(4n)? 
<(n + 1) ban(Q)/(m + 2)— R/4(n +1)’, 

whence 


(2. 24) | OP | < Wasi (Pas). 
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From (2.23) it follows that D, is contained in D, and from (2.34) that Da 
is contained in Days. 

As for (b), we have, if P is any point of D and Q the point of intersection 
of OP, or OP extended, with o, 


| OP | < f(Q), 


since D is star-shaped with regard to O. But, denoting by P, the point of 
intersection of OQ with ow, we have also, by (1.3), 


lim Yn(Pa)=lim $n(Q)=f(P). 
n -> 0 n => 0 
Hence, for n sufficiently large, 
| OP | < yn(Prn), 
and so D, contains P. This completes the proof. 


3. Proof of the theorem. As a consequence of Lemmas 1 and 2 the 
proof of the theorem is almost immediate. Let gn(«, y, z) be Green’s function 
of Da with pole at O. Then gx—g tends to zero with 1/7 in D—O,* the 
convergence being uniform in any closed subset of D — O. Moreover, because 
of this uniform convergence, 


Un = Egne + Yny + 2Gnz 
tends to 


Uu = tJa + Yu + 29e 
in D— 0O. Accordingly, by Lemma 1, 
u SE — yg 


in D— 0O. But, by the reasoning of Lemma 1, u + g is harmonic in D and 
thus 
(3.1) u < — g 
in D — O unless 

u+ g=0 
throughout D — O. This equation is, however, equivalent to the equation 

u + g =v + Be + Yvy + 20; = 0, 

where v is harmonic in D and given by 
gy Tr 


“Cf. Kellogg, 3, p. 598, aud the fourth footnote of this paper. 


D 
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in D—O; thus (3.1) holds unless 
v(0, 0, 0)= 0. 


This is possible only when v vanishes throughout D,” and thus (3.1) holds 
unless g reduces to 1/r. 
Now 
(3. 2) g>0 
in D—O, and 
u? = (age + YJu + 292)? = (Vg) 
there; hence 
(Vg)? = g°/° > 0, 


the inequality holding unless g reduces to 1/7. This is (1.1). 

To complete the proof, we observe that (3.1) and (3.2) imply that the 
directional derivative of g in the direction of O at any point in D—O is 
positive. Hence, if c is any positive constant and P, any point in the region 
g >c, g(P)}> c on the segment OP,. Thus the region g > ¢ is star-shaped 
with regard to O; and the theorem is proved. 
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* See Kellogg, 5. We have 
In TF l/r + Ow 
where v, <0 in D, 
v= lim v, 
NOG 
Hence v<0 in D, and therefore cannot vanish in D unless it vanishes throughout D. 


A JUNCTION PROPERTY OF LOCALLY CONNECTED SETS. 
By G. T. Wrysery. 


1. Let M denote a connected and locally connected metric space. In 
this paper it will he shown that if K is any compact subset of such a set Jf, 
there exists a subset JF of Jf which is dense in K (i.e. every point of K 
either belongs to Z or is a limit point of IM: K) and is the image under a 
untformily continuous transformation of the set of all dyadic rational numbers 
on an interval. This proposition yields a number of important consequences, 
some of which will be discussed in the concluding section ($4) of this paper. 
In particular, it yields as a corollary the celebrated theorem of Hahn-Mazur- 
kiewicz that any compact space Af is the continuous image of an interval, 
and it enables one to deduce the recent Moore-Menger theorem on the arewise 
connectivity of complele spaces M from the well known theorem that com- 
pact spaces M are arewise connected. 


2. Lemma. If F is any finite subset of M, any two points a and b of P 
can be joined, for every «> 0, by an e-chain * of points containing F and 
each pair of successive points of which lie together in an «region * of M. 

For let the points of F be a = pi, Pa ++, Pa==b. Now we can join 
pı and p: by an e-chain each pair of successive points of which lie together 
in an e-region of Jf. For this purpose it is only necessary to join p, and pz 
by a simple chain + of «/2-regions and take one point from each link in this 
chain. Similarly we join pz to pa by such a chain of points, and then join 
Ps to ps, and so on until we reach pa. Then clearly the sequence of points 
taken in the order in which they are obtained in this complete process is an 
e-chain of points from a to b which contains F and is such that any two 
successive points lie together in an e-region of Jf. 


3. THEOREM. If K is any self-compacl subset of M, there exists a sub- 
set H of M which is dense in K and which is the image under a uniformly 
continuous transformation of the set of all dyadic rational | numbers on the 
unit interval, . 


* An echain of points joining a and b is a finite sequence a = X,, Xpt ee, Xp 

b of points such that each pair of successive ones are at a distance <e apart. 

A ennn in M is any connected open subset of M, and an e-region is any region of 
diameter < e. 

"Sa RL Le Moore, © On the Foundation of Plane Analysis Situs.” Transactions 

hires ett Nenda Vol, 17 C1960. I heoron 10. 
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Proof. Since K is compact and metric it is therefore separable. Let 


"3: 
P ==) p: be a countable set of points in K which is dense in K and, for 
1 
a n 
each integer n, let Pah = Spi. Let a, €,° °° be a sequence of positive 
1 
los} 
numbers such that > e; converges. 
1 


It follows by the Borel Theorem that K is contained in the sum of 
a finite number of ¢,/2-regions of M; and if we choose one point of P in 
each of these regions and take an integer n, greater than the subscript of any 
of the points so chosen, then every point of K lies in an ¢,/2-region with 
some point of Pa, Now let a and b be any two points of W. By the lemma, 
§ 2, there exists an «,/2-chain C* of points from a to b which contains Pa, 
and is such that any two successive points lie in an ¢,/2-region and which, 
furthermore, we may suppose contains exactly 2% -+ 1 points 


a= Yt, Xt, + +, X44 == b. 


Similarly, with the aid of the Borel Theorem, it follows that there exists 
an integer nz = n, such that every point of K lies in an e2./2-region with some 
point of Pa» For each integer i, 071 2%, let F4! be the set of all those 
points of Pa, which lie together with 1; in an «,/2-region. Since C* con- 
tains P», it follows that every point of Pa, belongs to some set F; Now 
for each i, there exists an «,-region M+ which contains Xa + Fit + Xin, 
because each point of F;* + X'in lies together with X; in some ¢,/2-region. 
Since the region M:* is itself a connected and locally connected space, it 
follows by the lemma that M: contains an ¢/2-chain C;! of points from X: 
to Xu, which contains F: and is such that any two successive points le 
together in a e,/2-region. Furthermore, we may suppose that all these chains 
{Ci*] contain the same number, say 2%-+ 1, of points which we denote by 


id Da . . . . 2 os . 
Xe = A, Xiha s Arun” = X'in 


Clearly the chains [@;+] taken in order form an ¢/2-chain C? from a@ to b 
which contains all points of Pa, and is such that any two successive points 
lie together in an ¢,/2-region. 

Let us continue in this manner. In general, for each W, we choose an 
integer np = mx. such that every point of K lies in an «,/2-region with some 
point of Pa, For each i, 0 SiS Ratet.. twa, Jet Ft be the set of all 
points of Pa, which lie together with X.** in an e1/2-region. Then there 
exists an e¢-:-region .V/;*+ containing Xat + Ft + An By the lemma, 


GT. WHYBURN. Too 


M contains an e./2-chain C from Vi to Xr which contains all points 
of F= and is such that any two successive points lie together in an «,/2- 
_Tegion. We may suppose that all these chains [C;**]- contain the same 
number, say 2**-+-1, of points. Clearly, then, these chains [C;**], taken 
in the order O54, Ot - +, Or. ree form an «-/2-chain O! of points 
from a to b which contains Pa, and is such that any two successive points 
lie together in an «,/2-region and which consists of exactly Bertat... + + 1 
points: 
a = Xo, Xr, trey XM tatvet +e 4th oe b. 


Furthermore, in this notation we have always: 
(i) AX; 9% == Xe, 


Now let D be the set of all dyadic rational numbers on the interval (0, 1) 
and let ¢ be any number of D. Then for some & we can write 


{ = 4/Qrrt0ot se toe, (0 L iS t.n tr), 


To this value of ¢ we make correspond the point X;" and write T(t)= Xi". 
Thus we define the transformation T over D. It is a consequence of (i) 
that T is single valued on D. Furthermore T is uniformly continuous on D, 
as is seen by identically the same argument as given for a similar purpose 
in the author’s paper “ Concerning continuous images of the interval.” * 


œ 
Finally, let H = T (D). Then since H = > 0” and for each n, GC? D Pa, 
1 


n co 

= Ñ pi, it follows that H D X p; = P; and since P is dense in K, therefore 
1 1 

H is dense in K. This completes the proof. 


4. Consequences of §3. (a). Suppose that the set M as above treated 
is a subset of some complete space. In this case it follows that since D is 
compact, so also is M. And since T is uniformly continuous on D, it is well 
known that the definition of T can be extended to the limit points of D in 
one and only one way so that the extended transformation is single valued 
and continuous on D == (0,1). Thus H is the continuous image of an 
interval, and therefore it is a compact locally connected continuum. Ob- 
viously JZ contains K. Hence we have shown that if the connected and 
locally connected set M is a subset of some complete space, then every self- 


this Journal, Vol. o3 (1931), pe 673. Much similarity will be noted betwecn 
CC SO et etaa CT COC OO gO iste Ay Pena FS g ee 
the latter m tarn is very similar to an argument employed by Hahn m Wicaer 
Beeb ite, Vel 129 (19113, p. 2436. 


8 


756 PROPERTY OF LOCALLY CONNECTED SETS. 


compact subset K of M lies in a compact locally connected continuum which 


is a subsel of M. 
(b). Suppose af itself is compact. Then we can take K = M and thus 


we have J = M. Then by the reasoning given under (a), we sce that M is 
the continuous image of an interval. Thus we obtain the Hahn-Mazur- 
kiewicz * theorem as a corollary to our proposition in § 3. 

(c). Suppose AL itself is complete. Then, treating M as the space, we 
have JJ C M =M. Thus by (a) we have that any self-compact subset K of 
a connected and locally connected complete space M is contained in a compact 
locally connected continuum which is a subset of M. 


Thus, using the well known theorem that any compact locally connected 
continuum is arewise connected (i.e. any two of its points are the extremities 
of a simple arc lying in it), we obtain the stronger proposition of Moore- 
Menger ¢ that any connected and locally connected complete space is arcwise 
connected. Indeed, using (a), we obtain an even stronger result which may 
be stated as follows: If M is any connected and locally connected subset of 
a complete space, then every two points of M can be joined by a simple con- 
tinuous arc lying wholly in M. 

It is te be noted, however, that this stronger result is a consequence also 
of some results of Menger’s obtained in his article just referred to. 


(d). By (a) we know that any complete space which contains a non- 
degenerate connected and locally connected set must contain compact locally 
connected continua and hence must contain simple continuous ares. Thus in 
particular, a compact continuum which contains no arc f can contain no 
non-degenerate connected and locally connected set. Since a continuum which 
is hereditarily locally connected, i.e., a continuum every subcontinuum of 
which is locally connected, has § the stronger property that each of its con- 
nected subsets is locally connected, we remark that the arcless continua and 
the hereditarily locally connected continua are diametric opposites not only 
as regards their subcontinua but also with respect to their non-degenerate 
connected subsets. 


THE JOHNS HOPKINS UNIVERSITY. 


* See Hahn, loc. cit., and Mazurkiewicz, Fundamenta Hathematicae, Vol. 1 (1920), 
p. 166. 

+See R. L. Moore, Bulletin of the American Mathematical Society, abstract, 
Vol. 33 (1927), p. 141; and K. Menger, Monatshefte für Mathematik und Physik, 
Vol. 36 (1980), p. 210. 

f For examples, sce Knaster, Fundamenta Mathematicae, Vol. 3 (1922), p. 247, 
and Whyburn, this Journal, Vol. 52 (1930), p. 319. 

§ See R. L. Wilder, Proceedings of the National Academy of Seiences, Vol, 15 
(1929), p. 616. i 


ON THE ANALYTICAL EXTENSION OF FUNCTIONS DEFINED 
BY FACTORIAL SERIES." 


By Howard K. Hvemes. 


1. Introduction. In this paper we shall be concerned with the two kinds 
of infinite series known, respectively, as “factorial series of the first kind” 
and “ factorial series of the second kind.” .\ factorial series of the first kind 
is a series of the form 


(1) È ayn !/e(2-+1) +++ (z+ n), 


while a factorial series of the second kind is one of the form 


G) wt $ alde) eme Š m (752). 


In each case z represents a variable, real or complex, and the coefficients 
lo, 1, @2,* ' © are independent of z. 

Series of form (1) are of fundamental importance in the study of the 
solutions of difference equations, and play a réle which is analogous to that 
played by power series in expressing the solutions of differential equations. 

On the other hand, series (2) is of less value in function theory since 
the representation of a given function f(z)" in such a series is sometimes 
possible in more than one way.t However series (2) frequently enters in 
problems in interpolation, it being seen that the coefficients an are equal to 
the successive differences of the function f(z) at the point z = 1. 

Factorial series apparently made their first appearance in the work of 
Newton and Stirling. They were used by Schlémilch about the middle of the 
nineteenth century in connection with studies concerning definite integrals. 
Nevertheless, it is not until recent years that a critical study has been made 
of the series in question, particularly as to their convergence and analytic 
properties. This has been accomplished in large measure by Bendixson, Niel- 
sen, Landau and Nérlund. A list of papers relative to such investigations 
will be found in the Bibliography. Still more recently, H. Bohr has discov- 
ered some results concerning the summability of series (1). Nérlund has 

sted forther the possibility of developing a given function f(z) in 

Paoartd fe the Ameriesn Vethematical Socity at Chicago, Apul 1, fot, 
t+ Soo. for example, \orland (0), pp. 224226, ¢Beblinerophy at ond of onih., 


ams 
i)i 


758 HOWARD K. HUGHES. 


factorial series of both kinds, and has also discovered some noteworthy results 
on the analytical extension of functions defined by such series. He has 
employed extensively factorial series of the first kind in determining the solu- 
tions of linear difference equations. Moreover, certain generalized forms of 
series (1) and (2) have been studied by Pincherle, Carmichael, Fort, and 
others. 

The object of this paper is to obtain new results pertaining to the analyti- 
cal extension of a function such as is defined by series (1) or (2). As has 
been shown by Nielsen, the region of convergence of a factorial series is, in 
general, a half-plane, lying to the right of a vertical line in the z complex 
plane, this line being called the boundary line of convergence. Our problem 
is to extend analytically into regions to the left of the boundary line of con- 
vergence the function defined by such a series, the series itself being regarded 
as given. 

Chapter I is expository, and sets forth some of the fundamental facts 
concerning factorial series as discovered by Nielsen, Landau, and others. We 
include also a brief discussion of the results already noted by Nérlund on the 
analytical extension of such series. Chapter II is devoted to results on 
analytical extension which are believed to be new, these results being embodied 
in three theorems. As to the methods employed, the proof of Theorem I 
rests upon the properties of a certain definite integral, while the proofs of 
Theorems IT and III rest upon the calculus of residues. For this reason the 
chapter has been divided into two parts. Theorem I, including its proof, 
has been embodied in Part I, while Theorems II and ITI have been embodied 
in Part II. As a corollary to Theorem ITI, certain results pertaining to the 
asymptotic development of a function W(z) defined by series (2) have been 
obtained. Several examples have been introduced to illustrate the results. 


CHAPTER I. 


FUNDAMENTAL THEOREMS IN THE THEORY oF FACTORIAL SERIES, 


2. The purpose of this chapter is twofold. In the first place we shall 
present in concise form several theorems, now classical, concerning the con- 
vergence of the two kinds of series mentioned in the Introduction, namely, 


(1) S anlaa + 1) (2 Kar: 


and 


(2) $ aa 


ANALYTICAL EXTENSION OF FUNCTIONS. 109 


These theorems are fundamental in what follows. In the second place we 
shall indicate briefly the results which have been obtained by Norlund on the 
analytical extension of functions such as are defined by series (1) and (2). 

The domain of convergence of factorial series has been studied by Nielsen, 
Pincherle, Landau, and others. Moreover, Norlund has deduced a noteworthy 
result concerning the region of uniform convergence. The more important 
results pertaining to both convergence and uniform convergence, and the 
consequences thereof, and those concerning analytical extension will now be 
briefly stated, the proofs, however, being omitted. 

I* (a). I£ series (1) converges for z = zo, then it converges for all 
values of z for which R(z)> R(zo)ł except at the points z=-0, — 1, — 2, 


(b). If series (2) converges for z = Zo, where Zo is not a positive integer, 
then it converges for all values of z for which R(z) > R(z). 

In case the series converges neither everywhere nor nowhere, it follows 
from the foregoing theorem that the region of convergence of series (1) or 
(2) is a half-plane, bounded on the left by a line of the form R(z)==A, the 
number A being called the abscissa of convergence. The series converges every- 
where to the right of the line R(z)== A, and diverges everywhere to the left 
of the same line. On the line the series may either converge or diverge. In 
the case of series (1), the points z = 0, — 1, —2,- - -, should any such points 
lie to the right of the boundary line of convergence, are excluded from the 
domain of convergence, since at these points the terms of the series become 
infinite. Series (2) may also be said to converge for positive integral values 
of z, should any such points lie to the left of the line R(z)= A, since at these 
points the series reduces to a polynomial. Theorems will be stated presently 
showing how A may actually be determined for any given series of form (1) 
or (2). 

Landau has proved the following theorem concerning the uniform con- 
vergence of series (1) and (2): 

II. Each of the two series (1) and (2) converges uniformly in any 
region Æ which, together with its boundary, lies interior to the half-plane of 
convergence of the series, provided in the case of series (1) that Æ does not 
include any of the points z = 0, — 1, — 2, ++. 

Moreover Nörlund has shown that if series (1) or (2) converges at 2 = 2 
‘rece at series (2). ty 4 positive integer). then it converges uniformly in 
any sector ò whose vates ds at zanna votius cue Tbe tha Pu enalities 

Sec Nielsen (2), pp. 416-429; (8), pe 124. 285; also Bendixson (J. pp. 15 28, 


n vibe Bes) oceurs. it is understood to mean the real part of z. 
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0S |2—~|S4, — 2/2 + eS arg (z — z) S r/2— 6 


where G is any positive number, and e is an arbitrarily small positive quantity. 
In case of series (1), the neighborhoods of the points z = 0, — 1, — 2, >, 
should any such points lie in 8, are excepted. 

As an immediate consequence of II, we have 


ILI. Each of the two series (1) and (2) represents an analytic func- 
tion in its half-plane of convergence, the neighborhoods of the points 
z = 0, —1,—2,- - + being excepted in the case of series (1). 

We next note the manner in which the actual value of A pertaining to any 
given series (1) or (2) may be determined. For this purpose, let us set 


—_— n anini n-i 
a = lim log | X an | /log n, = lim log| $ (—1)%an | logn, 
n0 o n> o 


Sias ~ p M 
a = lim log| € an| /logn, g= lim log | X (—1)"a, | /log n. 


nav n+l NAN n 


Then we have the following theorem: * 


IV. The abscissa A of convergence of series (1) is given by a or g 


oO 
according as the series >) dn is divergent or convergent; and the abscissa A 
n=O 


of convergence of series (2) is given by 8 or f’ according as the series itself 
is divergent or convergent for z == 0. 

As limiting cases we may have à = — œ or A= + , corresponding to 
which cases the series converges or diverges respectively for all values of z. 


3. We shall now mention briefly some results obtained by Nérlund on 
the analytical extension of functions such as are defined by series (1) and (2). 
We have the following four theorems: t+ 


V. Any function Q(z) which can be developed in a series of form (1) 
‘ean also be developed in the form 


~ 
(3) Q(z) = Can !/ (2 + w) (2 + 20) + + + (2 + no) 

n=0 
where w is any given constant. Let A. denote the corresponding abscissa of 
convergence. Moreover let w; be any fixed value of w such that w, > 1, and 
let w’ be any variable value such that w’ > w. Then lim àw exists, and is such 


"00 
that 


* Landau (1), p. 156, 195; Nérlund (5), p. 223, 257. 
+ Nörlund (1); (2), pp. 341-379; (5), pp. 233-240, and 262-266. 
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As an immediate consegue of V, we have the following: 


VI. Series (3) when the (variable) quantity o is real and greater than 
unity, furnishes the analytical extension of the function Q(2) defined by (1) 
throughout the strip 

às < R(z) Sr 


except in the neighborhoods of the points z = 0, --- 1, — 2, ete. 


VIL Any function W(z) which can be developed in a series of form (2) 
ean also be developed in the form 


(4) WES Geahis=2 90) — hej fn! 


nao 
where œ is any given constant. Let A. represent the corresponding abscissa of 
convergence. Moreover let œ, be any fixed value of w, and o’ any variable 
value such that 0 < 0’ < w: < 1, then lim A,’ exists and is such that 


w0 
Xo’ s Àw = À. 
Hence we have, corresponding to VI above, the following : 


VIII. Series (4), when the (variable) quantity w is real and such that 
0 < w < 1, furnishes the analytical extension of the function W (2) defined by 
(2) throughout the strip 
ào < R(z) ZÀ. 


CHAPTER II. 
ANALYTICAL EXTENSION OF FUNCTIONS DEFINED BY FACTORIAL SERIES. 


I. Analytical Extension By Use of a Loop Inlegral. 


4. As has been stated in the Introduction, it is the purpose of this paper 
to derive new results concerning the analytical extension of functions defined 
by factorial series. In the results of Nörlund, mentioned in the preceding 
chapter, the given series is transformed into another factorial series whose 
Hne of comergenco, in general, lies to the left of the line of convergence, 
Hes Asa tae ese sk Thos, these results furnish a means of ob- 


a tidviteed Mersio of the fanetion defined by the given san 


ie Se ey E i SELA asta k Kos 
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For our present purpose, let us now write series (1) of the Introduction in 
the form 


(1) È g(n)/ale+ 1) > + en) 


where it is understood that z is a variable, and that the coefficients g(n) 
depend only on n. 

We start with a result shown incidentally by Ford in his paper, “ On the 
Behavior of Integral Functions in Distant Portions of the Plane,” * namely 
that the (entire) function f(t,2) defined by the special series 


f(t,2) = > /T(2 +n-+1) 


may be written in the following form for any value (real or complex) of t, 
and for any value of z such that R(z) > 0: 
(2) (te) = EE (ondt 
z a T(z) 0 ` 
If we restrict ourselves to values of ¢ such that R(t) > 0, we may evi- 
dently write (2) in the form 


(3) f(t) =a { [ema f eae }, 


where it is understood that in the first integral the integration takes place 
along the positive axis of reals from t =Q to t= œ, while in the second 
integral it takes place in the direction of the positive real axis from t= +ŁŻ 
to t== œ. We have now only to recall that 


[s] 
f, eteIdt =T (z) 
0 


in order to write (8) in the form 


(4) f(t 2) = ers | tary J eedt \ 
? r(2) a 

But the right hand member here appearing is defined not only when R (z) > 0, 
but is seen to have a meaning whatever be the value of z. Moreover in the 
neighborhood of any finite point z it is seen to be analytic. 

If in particular we take ¢ equal to unity in (4), and multiply both 
members by T(z), the product T(z): f(1,z) occurring on the left is seen to 
be the function G(z) defined by the special factorial series 


* Bulletin of American Mathematical Society, Vol. 34 (1928), p. 91. We here 
change Ford’s notation slightly in order to accommodate his result more aptly to our 
subsequent discussion. i 
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Š a+) (+n). 


Thus, for the function G(z) defined by this special series, we may write 


G(2) = (T(z) — feat, 


Since the right member of this equation preserves a meaning and is an 
analytic function of z throughout any region of the z plane which does not 
include any of the points z = 0, — 1, —2,- - -, it furnishes the value of G (z) 
throughout any such region. 

We shall now show that this special result may be generalized so as to 
obtain an analogous one which will apply to factorial series of the first kind in 
general, at least under some restrictions on the coefficients. In fact, such 
a generalization is possible as follows: 


TueorEM I. Having given the factorial series 


(a) È oma Hm 
let the following power series be formed: 

g0) + Ag(0)(1—#) HAO A 
in i! 2! 


Ag (0) =g (1) — g (0), Ag (0) = g (2) — 2g (1) + g (0), 
etc. Suppose that the function h(t) defined by this series can be expanded 
about the origin in a series whose radius of convergence exceeds unity. 
Suppose further that h(t) is analytic throughout an infinite strip of the t 
plane which shall include the positive real t axis together with the origin, and 
which may be of arbitrarily small width. Furthermore suppose that the func- 
tion h(t) is such that the improper integral 


eo 
f, h(t)ett-dt 
o 


exists, at least for R(2) > 0." Then the function Q(2) defined by (1) may 
be expressed for all values of z in the form 


e m 
(5) OG Wet A f A(ettdt—e fk (eteds, 
“For further comment, on (hi-o conditions, sea Article 3. 


d 
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where the first integral is the loop inlegral oblained by an integration about 
the origin from the point at infinity along the upper side of the positive real 
t avis to the neighborhood of the origin, and returning to infinily along the . 
lower side of the same avis, as indicated in the figure. 





An immediate corollary of this theorem is as follows: If the given series 
(1) has a finite abscissa of convergence, then relation (5) furnishes the 
analytical extension of the function Q(z) throughout all finite portions of 
the z plane which do not contain any of the points z = 0, — 1, —2,---. 

in order io prove vhe theorem, let us start by considering the expression 


t 
(6) OD E f A(t)etledl 
o 


where z has any value (real or complex) such that R(z) > 0, and where we 
shall regard A(t) as any function which satisfies the conditions imposed in 
the hypothesis. Under such conditions the integrand in (6) can be expanded 
in powers of ¢, and the series can be integrated between the limits 0 and ¢ 
provided | ¿| 1. It follows that we may write the function F(t,z) in the 
form 


(7) F(t,2) = cot el + cel? +: °°, 
where the coefficients ¢, are as follows: 
co = h(0)/2 


eı =h (0)/z + [w (0) —}(0)]/(2 +1) 
ca—h (0) /a-+-[h’(0)—h(0) ]/1 2+1) +[h” (0) —2h’ (0) + (0)]/2 1242) 


i Š G(s)/(n— s)! (z +8), 


where 
at) = $ Dr (E) o. 
r=0 
But if we write c, in the form 


cı = A/z + B/z(2 + 1), 
upon clearing of fractions and equating coefficients of like powers of z, thus 


determining the values of A and B, we find 
é 
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cı = K (0)/z + [h(0) — k (0) ]/z(z + 1). 
If we do the same for Cz, Cs, ete., the coetlicients in (7) are found to take the 
following form: 


co = h (0) /z 
cı = h’(0)/2 + LA (0) — W (0)]/2(2 + 1) 
Co = h” (0)/2! 24 [K (0) — R” (0)]/1!z(z + 1) 
(8) + [h(0) —2h’(0) + K” (0)]/2(2 + 1) (2 +2) 


Cn = Š H(s)/(n—s)!z(z+ 1): (z+n), 


where , 
H (s) = > (—1)" (:) himr-8) (0), 


For our present purpose, let us now set ¢ in (7) equal to unity. The 
result is 


F(1,2) =e tets 


where the values of c» are given by (8). We shall next collect the terms in 
1/z, 1/z (z + 1), ete. The coefficient of 1/2 is 


h(0) + (0) + 87(0)/2!+- +>, 
or, simply 4(1). The coefficient of 1/z(z + 1) is 
{h(O) +R (0) + W7(0)/2! 4> - J— {W (0) +A” (0) + (0) /2! +: °) 
or h(1) —A’(1). Having continued indefinitely, we may now write 


(9) FP(1,2)=h(1)/2 + [h(1) — w (1)]/2(2 + 1) 
+A) — 2k (1) + AY) T/e(2 + 1) (2 +2) H 


ob Sy (Smee e tm) tes 
where it is to be noted that the right member is a factorial series of the first 
kind. But by (6) we see that, by placing t= 1, the function defined by 
series (9) is given by the integral 
1 
(10) F(1,2) =e ff h(t)e-tt*dt 
0 
provided that (z) > 0. 


a) Sy elses fa) 


o 
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with the purpose of determining the function A(t) so that the two series (1) 
and (9) shall coincide, thus causing the function Q(z) defined by (1) to be 
given by the integral (10). In order that the two series shall coincide, it is 
necessary and sufficient that 


g(0) =h(1), 
g(1) =h(1) —W(1), 
g(2) = h(1) — W (1) +”(1), 


gin) = È o (i)e, 


These equations are equivalent to the following: 


g(0) ==h(1), 
Ag(0) =— k (1), 
A’9() S 


a9(0) = (=) (1), 


Hence we must have 
h(t) =9(0) +4g(0) (1—#) + A’g(0) (1—2#)?/21+°-°- 


If this function A(t) satisfies the conditions indicated in the hypothesis of 
the theorem, we can now assert that the function Q(z) defined by series (1) 
may be written in the form 


(11) Q(z) =e f netid. 


provided R(z) > 0. If the abscissa of convergence of (1) is greater than 
zero, then it follows that (11) furnishes the analytical extension of the 
function Q(z) throughout that portion of the z plane lying between the 
boundary line of convergence and the axis of pure imaginaries. 

In order to extend this result so as to obtain the analytical extension of 
the function Q(z) over the whole finite z plane, let us now write the integral 
appearing in (11) in the form 


1 [ee] ~ 
(12) f h(tjetidi = f h(t) e-tte-tdt — f h(tjetiedt. 
0 o 1 


By hypothesis, the first integral on the right exists when R(z) >0. When 
regarded as a function of z this integral is seen to be analytic throughout 


Ld 
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any portion of the half-plane (z) > 0, while the second integral is seen at 
once to be analytic for all values of z Inasmuch as the first integral may 

fail to preserve a meaning for R(z) < 0, we proceed to study the function 
oy (z) defined by this integral. In this connection let us consider the loop 
integral 


(13) Iz) = f h(t)etidt, 


the contour L extending from infinity along the upper side of the positive 
real ¢ axis to the point t == e, (e being an arbitrarily small positive number), 
thence around the circle of radius e about the origin, and returning to infinity 
along the lower side of the same axis. It will be sufficient for the moment 
to consider z as real and positive. If we let t==r(cos@ + isin 6), then we 
have #1 = exp [(z—1)(logr+#)], 00227. Along the upper side 
of the positive real ¢ axis, the angle 6 is 0, while along the lower side we have 
0 = 2w. The contribution to 1(z) arising from integrating along the upper 
side of the axis from t= œ to t= is given by the integral 


= f h(t) entt=*dt 
€ 


while the contribution arising from integrating along the lower side from 
t= e to t= œ is given by 


griz f "h (t)e-tte*dt, 
€ 


As e approaches zero, the sum of these two contributions approaches as a limit 
the expression 

(eerie — 1) (2) 
where 


Oe f h(E) etide, 


Upon the circle, we have ¢*1 == (ee#”)*1. Moreover the product h(t) e-t, 
being analytic at the origin, remains less than a constant & in this neighbor- 
hood. Hence the contribution to 7(z) arising from integrating around the 
circle is in absolute value less than 


T 
ke? | f ett do | = rke. 
0 


MTh e fwo se pounregches 70YO, the contribution in auestion vanishes, Couse- 
quently, we have 

t BA oa! a Rei a ed 
(11) J(e) =U(s), (7-1). 


a 
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Suppose now we let z take on complex values. The left member of (14) is 
an analytic function of z for R(2) > 0. But the right member preserves a 
meaning and is analytic for all values of z-except z = 0, — 1, —2,:°°:°. 
Hence (14) must hold for all values of z except zero and negative integers. 
Taking account of (12), and (13), we have, finally, 


(15) O(2) = o/ (0—1) È (etiidi —e ORE 


Hence the proof of the theorem is complete. 


5. Remarks. The following remarks relative to the foregoing theorem 
are now to be noted. 

1’. We have required that the function (t) shall admit an expansion 
in powers of ¢ which shall have a radius of convergence exceeding unity. 
If, however, the radius is unity, but the series can be integrated termwise from 
0 to 1, then Theorem I still holds provided that the other conditions required 
of h(t) are satisfied. 

2’. We require h(t) to be analytic throughout an infinite strip of 
arbitrarily small width which shall include the positive real ¢ axis and the 
origin. This condition will evidently be satisfied by any entire function. 

3’, We have required further that the function h(t) be such that the 
integral 


ioe) 
f h(t) etidi 
(ė] 


shall exist for R(z) > 0. If the condition stated in remark 2’ is satisfied, 
then this integral will evidently exist whenever the following statement can 
be made: Corresponding to any arbitrarily small positive number e there 
exists a positive constant Ke such that for all values of ¢ sufficiently large, 
we may write 

| h(t) | < Ket, 


We note in this connection that all the conditions imposed on h(t) are satis- 
fied in the special case in which the general coefficient g(n) is a polynomial, 
for then the function h(t) is also a polynomial. 

4’. Nielsen * has shown that if series (1) of the Introduction con- 
verges, then the function Q(z) defined by that series may be expressed in the 
form 


(16) Q(z) = f KOLE 


* (8), pp. 239-241. 
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where $(/) is the function defined by the power series 
ao + a(l — t) +a,(1--t)?+-°°. 


Moreover Pincherle * has shown that an integral of the type here appearing 
exists and is an analytic function of z throughout a half-plane R(z) >v, 
where the abscissa « may be greater than, equal to, or less than the abscissa A 
of convergence of the corresponding factorial series. 

That the general result obtained in Theorem I gives the particular result 
of Nielsen when R(z) > max (0, c) may be shown as follows: We have 
defined A(t) in the form 


h(t) —= g (0) + Ag(0) (1 —t) + A%9(0)(1-— 2/21 
Furthermore we may write 
et =(1/e [1 +(1—2t)+(1—1)7/2!+-- -]. 

Upon multiplying these two series, we obtain 

(17) h(t) -e = (1/e) [g (0) + {9 (0) + Ag (0)} G — t) 
+{4g(0)/2! + 49(0)+ g(0)/2HU—t)?+--- 
+ [(A+1)*9(0)/nt}d—*+-::). 

But 


g(0)+ Ag (0)=g(1)= 0 
A?g(0)/21 + Ag (0) + g(0)/2! = 9(2)/2! = a, 


and in general 
(A + 1)"g(0) = g(n)/n! = an. 


Therefore we may write 


h(t)e-t =(1/e) [ao + a (1 — t) (1 — i) +: 0], 
or 


h(t)et = 1/e- p(t). 
Consequently, for R(z) > max (0, e), we have 
eL 
(18) ef meta — f eea, 
; x 5 


Now when R(2) > 0, the quantity 


i f heA\ ort UI 
pres Jr ` 


See Rer. 481. 
od 
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occurring in the right member of (15) reduces to the integral 


wo 
f hljetteadi 
o 


and therefore for R(z) > 0 the whole right member reduces at once to the left 
member of (18). The equivalence of the two results for R(z) > max (0, o) 
is thus established. It appears, therefore, that the result of Theorem I goes 
further than Nielsen’s result since the former furnishes the value of the 
function Q(z) throughout the whole finite z plane while the latter furnishes 
the value of the same function only, in general, for values of z in a certain 
half-plane. 


LHeamples. 1. Let Q(z) be defined by the series 
© 
A nP/a(z |-1)- e(t n). 
n= 
Then we have A(t) = £ — 3t +2. Hence we have 


Ly a 
2(z) -Í eit (1 — 3t -+ 2) + dt. 


This integral fails to have a meaning for R(z) < 0, since the integrand 
becomes infinite at the lower limit. But by Theorem I we have, for any finite z, 


é o TEA 
Q(z)= e f, (2 — 3t -+ 2)e Udi —e f (#2 — 3i + 2)Jettdt. 


2. Consider the series 


Š erea +1) + en). 


Then we have 


A(t) = 14 At) + 12) 


== git, 
and therefore we may express Q(z) in the form 
3 
a(z) = f o*tt-tdt, 
o 


However, this integral has no meaning for R(z) < 0, but applying Theorem 
I we have for any finite value of z, 


e? -2t4g-1 2 aera 
O()— sa fet at—et f “ort dt. 


-7 
-7 
ak | 
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JI. Analytical Extension by the Culculus of Residues. 


6. In this portion of the present chapter we shall employ a method which 
- differs essentially from that used above. In fact we shall employ the calculus 
of residues to obtain the analytical extension of functions defined by both kinds 
of factorial series under the assumption that the coefficients alternate in sign, 
and satisfy certain further conditions. 

The calculus of residues has been used by Barnes, Ford, and others in 
finding the analytical extension of functions defined by various types of power 
series. As consequences of the results obtained, certain further results per- 
taining to the asymptotic developments of such functions have been established. 
The question naturally presents itself as to whether the method mentioned can 
be used also to obtain analogous results for factorial series. We shall show, in 
fact, that some such results are possible. 

Our investigations are based upon the following fundamental theorem 
which is a direct consequence of elementary considerations in the theory of 
functions of a complex variable: * 

“If P(w) and Q(w) are any two functions of the complex variable w, 
both of which are single valued and analytic in a region È of the w complex 
plane, and of which the latter vanishes at the points w = ^, Ae, © An, which 
are zeroes of the first order, and if Cn denote any contour lying in R and 
inclosing the points w—A,,Aes: * ‘Àn, then we have 


1 P(w) & P(At) 
(19) Bri Jon Q(w) iat A)? 


where the integration is performed in the positive sense.” 
Our first theorem is as follows: 


dw = 


THEOREM IT. Given any factorial series of the form 


& (Vym 
nso 2(2-+ 1)-- (z+ n) 

whose abscissa à of convergence is finite. If the function g(n) occurring in 
lhe coefficient of this series is such that, when considered as a function g(w) 
of the complex variable w == z + iy, (a) it is single valued and analylic 
throughout all portions of the w plane lying to the right of (or upon) the 
vertical line m==--14 + iy, except for a finite number of poles situated at 
the points w == M, Ant + + Any (At integer), and (b) to any arbitrarily small 


(20) 





Mees ed wNeti phe Pad ce tie ea Doeg K Saree cad Surearieblity.? Yre: 
pon Katee Sevies, Vol TI, 1916, page 181 


Q 
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positive number « there corresponds a positive constant Ke such that for all 
values of x = — VY and for all positive values of y sufficiently large we may 
wrile 
| g(a + ty) | < Keert, 
o gle) 

then the funclion Q(z) defined by series (20) when R(z) > A may be extended 
analytically throughout the whole finile z plane, except in neighborhoods of the 
points z = 0, — 1, — 2, : : -and throughout this region will be defined by 
the equation 

T(z) (gly + ty) dy S 
Gh ae) 2 f T(z + +iy) coshry f 


where ri represents the residue of the function 





Tt 


22) ai (2jy(w)/T (z+ w + L)sm rew 
al the point w = ^. 


The proof of this theorem is analogous to that of the second part of the 
general theorem proved by Ford in his paper, “ On the Behavior of Integral 
Functions in Distant Portions of the Plane,” already mentioned in the first 
part of this chapter. 

In order to prove the theorem, let us write series (20) in the form 


~w 
(28) È (—1)"T@)g(n)/P(e +n +1). 

n=0 
Furthermore, for simplicity, let us assume first that the function g({w) has no 
poles to the right of the line w == — 1% + ty. Moreover, let us regard z 
as having any fixed value which we shall take as real, positive, greater than 
A, and not an integer. The theorem then results, as we shall show, from 
integrating the function (22) about the rectangular contour Ona formed in 
the w plane by the lines 


w = — 1/2 + iy, w = 1/2 + 2n + iy, w = g + ij, 
where n is any positive integer, and j is an arbitrarily large positive number. 
Taking 


al (z)g(w) 
ENS eg ey 


and applying (19), we arrive at the relation 


Q(w)= sin rw, 


a (—1)"9(n) _ T(z) g(w) dw 
ue Pae > T(2tatl) 2i JeaT(z-+w H 1)sin rw’ 





~~ 
-> 
2s 
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We now proceed to study the integral here appearing in further detail. 

First, along that side of Ca upon which w = z + ij, we have dw = dg, 
sin ww = sin rj (sin mz cosh mj -+ icosrgz). Hence if we denote by J the 
contribution to the contour integral in (24) arising from integrating along 
this side, we have 


T(z) es g(a + ij)de 


~~ Qi sin hrj Jony T(z + & + 1 + ij) (sin re cosh rj + 71 cos 7x). 


Now it is a well known property of the Gamma function that if œ and £ 
are real, then we may write * 


(25) | D(a + 48) | = (2x) | a + iB | eee 8 tan “B/a. (1 +. 8) 


where § approaches zero as æ or 8B becomes infinite. Moreover as j —> -+ œ, 
sinh xj becomes infinite like e7/, and when we take account of condition (b) 
of the hypothesis, it appears that the absolute value of the integrand in I 
vanishes to as high an order as that of e | z + z + 1- ij |24 as j—> + œ. 
Hence we have at once lim J = 0. 
j> 

Similarly, the Sait bundi arising from integrating along that side of 
Cna upon which w == s — ij will be seen to approach zero as j} —> + œ. For 
as the expression in question differs from J above only in that j is replaced 
by —j, and as f —> -+ oo the function sinh (— rj) becomes infinite like et, 
the absolute value of the integrand vanishes like e“ | z + æ + 1— ij |**#"4 
as j= + o. 

Next, along that side of Cy, along which w = 2n -+ 14 + w, we have 
dw == idy, sin ww == cosh zy. If J represents the contribution to the contour 
integral (24) from the integration along this side, then we have 


T(z) C° gh +2n-+ iy) dy 
2 J-a D(z + 2n + 3/2 + ty) cosh wy 


As y — + %, cosh zy becomes infinite like e7”, while as y —> — œ the 
same function becomes infinite like e7». Upon noting relation (25) and 
condition (b) of the hypothesis, we see that as y > + œ, the absolute value 
of the integrand vanishes to as high an order as that of e | z + 2n + 3 
+ ty | 7", while as y > — oo, it vanishes to as high an order as that of the 
quantity e% |z -+ 2n + 35 — iy |+, Tt follows, therefore, that the im- 
wroper intemal appearing in (26) exists. Moreover we may now show 





(26) J = 





u œl ti: to oo his. ser Us Yine A m fne iom 
ae S 


Godefroy, La Fonction Gamma, Paris, 1901, page 45. 
o 
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T(z): g(2n) o gnth tiy) 
T(z + 23n +1) J- g(2n) 


T(z + 2n +1) dy 
T(z -+ 2n + % + iy) cosh ry" 


Since the given series is assumed convergent for R(z) >A, we have at once 


lim T(z) g(2n) —0. 


J =y. 





aoo D(z +H 23n +1) — 
Furthermore, from (25), we may write 
Tetai) | latat ytans c gely 
T(z in % + iy) | S Ta Fen Hi je : 
Finally, taking aeeaunt nf eanditian (h) af the hypothesis, wa have lim J =^), 
nyoo 
Along the fourth side of Cn, we have w = — 1 + iy, dw = idy, 
sin rw = — cosh ry, and the- integration takes place from + œ to — æ. 


If we now take into consideration the contribution to the contour integral 
„arising from integrating along this side, the fundamental relation (24) takes 
the following form (n having been allowed to hecome infinite as indicated 
above) : > 

ra fe Atid 
Cn) eG) 5 J. E Eaenay’ 

Up to this point we have confined z to values which are real, positive, 
and greater than A. Suppose now that z be allowed to take on any value, real 
or complex. The left member of (27) is an analytic function of z when 
R(z) >A, except in neighborhoods of the points z—0, —1, —2, +: 
We may show, however, that the right member represents an analytic function 
of z throughout any finite portion T of the z plane which does not — any of the 
points z = 0, —1, —2,---. To establish this fact it suffices to show that 
the improper integral involved converges uniformly throughout any such 
region. For this purpose, consider the integral 


(28) {3 gl— Yo + ty) dy 
1 T(z + 2 + ty) cosh ry ` 
From (25) and condition (6) of the hypothesis, it appears that the absolute 
value of the integrand for a sufficiently large y is less than 
ev | 2, + y + iy |“ 


where z, denotes the maximum absolute value of z in the proposed region T. 
But we may write 





-o 
Qt 
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e-e | ably + iy [a == gley . gedy | zı + W% + iy ja < Ket 


where K is a constant. Hence we have 


{o g(— Ye + iy) dy 

1 Ter + ty)cosh ay 
provided 7 is a sufficiently large quantity independent of z. Consequently 
the integral (28) can be made less in absolute value than any arbitrarily 


small positive number y by proper choice of the lower limit 7. In the same 
way, we can show that 





<K f grudy = (2/e) Keel? 
t4 


-l po V Al a 
| g(— Y + ty) dy oe 


-œ F(z + % + iy) cosh ry 


provided Z is sufficiently large. Thus the uniform convergence of the im- 
proper integral in (27) is established. The relation must therefore hold 
for all values of z except zero and negative integers. i 

The proof for the special case in which the function g(w) has no poles 
in the half-plane R(w) =—¥% is thus complete. That the theorem is 
true when we allow g(w) to have poles as indicated in condition (a) of the 
hypothesis follows when we note that relation (24) continues to hold (n being 
sufficiently large) provided we add to its left member the expression 

> re 


t=0 


as it is defined in the statement of the theorem. 


Y. Remarks. 1’. The line w—— 4% + iy taken as the left side of the 
contour Cn can be replaced by any line w = k + iy where — 1 < k < 0 pro- 
vided that g(w) is analytic when R(w) Z= k, except for a finite number of 
poles as indicated in condition (a). 

2’. Should the given series converge throughout the whole z plane, then 
the function Q(z) is expressed at all points z by (21). 

3’. Suppose condition (a) is not satisfied, but the function g(w) has 
a finite number of branch points situated at the points w = M, Ast © * Àm 
Then (21) continues to hold provided one adds to the left member the sum 
of the loop integrals at these points. The p-th of these is described as 
follows: Draw the straight line extending from the point A, to infinity in 
ate ip e? tba selitive pxis of tmestin cries, apa Jef this Tine he recge ted 
asa cut ue the w plane. Now let the loop consist of the two lines drown o 
utar side ef cud near the cut, the end. of these lines in the neighherhees: 


o 
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of the point Àp being joined by a circular arc of small radius drawn about this 
point. The integration is to be performed in the positive sense. 


Ezamples. 
1. Consider the function Q(z) defined by the series 


oO 


Q(z) = E (1)! /e(e 4+1) e (+n). 


n=0 


This series converges when A(z) > 0, and may be shown to be represented by 
the integral 


f eola 


which in turn preserves a meaning for R(2) > 0. Sinca the fnnetion ~! 
or T(n -+ 1) satisfies both conditions (a) and (b) of the hypothesis of 
Theorem II, then by that theorem we may write 


at) -I2 (1 1+ wdy 
2 -œ T(z -H 44+ ty)cosh ry’ 
which holds for all values of z except 0, — 1, — 2, +. 
2. Let g(n)=h(n)n!, where the function (w) satisfies condition 
(a), while corresponding to any arbitrarily small positive number e there 
exists a positive constant A’. such that 


| h(a + ty) /h(a) | < Keer", aZ—V, 


“a 


then the function g(w) satisfies both conditions (a) and (b), and, assuming 
that the given series converges, we have 


peaa E h(—% + TA + ty) dy 
2 - U(e+%+ty)cosh ry 
this result holding for all finite values of z different from zero and negative 
integers. 

8. So far our results have been concerned with the factorial series of 
the first kind. We shall now turn our attention to the second kind of 
factorial series. For this purpose, let us write series (2) of the Introduction 
in the form 





9(0) + È g(n) (21) @—2)- (2) 


where, as above, z denotes a variable, and where the general coefficient g() 
depends only on n. Then we have the following theorem which is analogous 
to Theorem II: . 
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THEOREM III. Given any facloriul series of the form 


(29) g (0) + È (D)e —1) (2—2): (2—1), 


whose abscissa of convergence is finite. If the function g(n) occurring tn the 
general coefficient of this series is such thal when considered as a function 
g(w) of the complex variable w = x + iy (a) it is single-valued and analytic 
throughout all portions of the half-plane R(w) È= — Y2, excepl for a finite 
number of poles situated at the points w==Ax,A2,' * ` An, none of which are 
integers, and (b) to any arbitrarily small posilive number «e there corresponds 
a positive constant Ke such that for z È — \% and for all positive values of y 
sufficiently large we may write 


g(a + ty) 
g (2) 
then the function W (z) defined by series (29) may be extended analytically 
throughout all finite portions of the z plane except in the neighborhoods of 
the points z == 0, —1,—2,---, and throughout such regions will be defined 

by the equation 


W(z) rer” g(— Ya + ty) dy S 





| < K egt 7/2789 


Petea wean An 


where r; represents the residue of the function 


mg (w) : T(z) 
T(z—w) sin rw 
at the point w = Az. 


In fact the given series may be written in the form 


Š Dym raren) 


and the proof of the theorem is analogous to the proof of Theorem I above. 
It will therefore be left to the reader. 

9. If the function g(w) is single valued and analytic throughout the 
half-plane R(w) 2 — q — 2, where q is any positive integer, then by taking 
the line w = — q — Y% + iy as the left side of the contour C, used in the 
proofs of the last two theorems, we may show that the following equation 
holds: 


Guy. eed Se Dee) aa AES 


4 
fas 
yari 


hye "ay x 
Le 
-a D(z +q +12 — ty) cosh ay’ 
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If g(w) has a finite number of poles situated at the points w = Ax, Ae," © ‘An, 
none of which are integers, then we must add to the left member of (30) the 
sum of the residues of the function l 
wg (w)T(2z)/T(z2— w)sin rw 
at the points Az. 
As a consequence of (30), we have the following 


COROLLARY. If the coefficient g(n) occurring in the general coefficient 
of series (29), when considered as a function of the complex variable 
w == -+ ty, is such that (a) it is single-valued and analytic throughout 
the finite w plane, except for a finite number of poles Ai, Az,* * ‘An, none of 
which is an integer, and (b) to any arbitrarily small positive number e there 
corresponds a positive constant Ke such that for all values of z and for all 
values of y sufficiently large we may write 

| g(z + iy) 
g(2) 
then the function W (z) defined by (29) will be such that for all values of z 


lying in any sector (vertex at z = 0) which does not include the negative 
real axis, we may write 


< Kev rl, 





Ged). GCL Re Ben ics 
Wi) AS Ment ay ee Ge Ea) 


In fact the expression 


g(—q— Y + vy) dy 
(81). T(z) s Ga FH okas 





may be written in the form 


T(z) +o g(—q— Y + ty) T(z -+q + %)dy 
T(z +g + %2) Jo T(z +4 + Y — iy)cosh sy 





or 
T(z) *° g(—q—% + iy)B(2 + q — Yo, 1 — iy) dy 
T(z +q +2) J-% T(z — îy) cosh ry 


where B is the customary symbol for the Beta function. Now we have from 
the definition of the Beta function 


1 
| B(z+q—W,1—ty) |< If, xr*a-8/2 (1 — æ) -ude | 
1 
<I f edar] =1/|2+q4— 4|. 
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Recalling that 
(z +g —1)T(z +4 — 12) =Te+9+%), 

we see that the absolute value of the remainder (31) is less than 

T(z) | , pole q— Vo + ùy) | dy 

T(z +q +2) -o  [|T(1— ùy) |coshay ` 
By virtue of (25) and condition (b) of the hypothesis, the integral here 
appearing exists. Furthermore, by (25), the expression 
| T(z) 
T(z +9 +) 


vanishes to as high an order as the (q — 14) — th as | z | —> œ, provided that 
z does not go to infinity along the negative real axis. Hence the corollary 
follows. 
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ON SEPARATION, COMPARISON AND OSCILLATION THEOREMS 
FOR SELF-ADJOINT SYSTEMS OF LINEAR SECOND 
ORDER DIFFERENTIAL EQUATIONS.+ 


By G. A. Buiss and I. J. SCIOENBERG. 


In order to indicate the character of the theorems in this paper let us 
consider for a moment the differential equation 


(1) y” + p(x)y + ¢(x)y = 0, 


in which the coefficients p(x) and q(x) are real, single-valued, and continuous 
functions of 2 for zı Ss Sz. The complete set of zeros on 2,2 of a 
solution y == y(x) of (1) which vanishes at x = & but is not identically zero on 
%,% has no limit point on 7,22 and is therefore finite, and the point é defines 
uniquely the whole set of zeros, say ént c c, Én 6 o'tt, & Sturmt 
proved the following 


SEPARATION THEOREM. The sets of zeros on vg of two different solutions 
of (1) coincide or else separate each other, i. e. between iwo adjacent points of 
one set there is one and only one point of the second set. 


Let us consider further two differential equations of a more special type 
(2) y” + A(z)y = 0, 
(3) y” + A*(x)y = 0, 
in which A(z) and A*(2x) are continuous on 2,72 and such that 
(4) A(x) > A* (x) fora, S t S T. 
A consequence of these assumptions is Sturm’s § 


COMPARISON THEORÐM. The zeros of a solution of (2) are closer together 
than the zeros of a solulion of (3). More precisely: let én: + +, ë- é. 
Ett ++, &, be a complete set of zeros of a solution of (3) on T£, then £ 


t Presented to the Society June 13, 1931. 
4. Strom, “Mémoire sur les équations ditférentielles do second ordre” deus, a! 
wernt pores Q Oppliqaces, Val 1 Cisse pp tOo ISH. 
§ Sco C. Sturm, Jor. eita p. 125, where a more general theorem is given. 
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defines a set of zeros for a solution of (2) on a2 which has al least k +141 
conseculive points €1,° + +, 64,6 &,° + +, &, and these are such thal 


éa < Ea (a = 1,2,> ` ‘,k), ég > &_s(8 =1,2,°- *,t). 


Finally let 
(3) y” + A(z, r)y = 0, 


be a differential equation for which A(a,A) has the following properties: 


1. A(a,r) is supposed to be a continuous function of (2,A) for 
vy SeS r and A Z do 


2. For values X, A” satisfying Ap =’ < A” we suppose 
A(T, X) < A(z, A”), for a, SxS ta 


3. For every M > 0 arbitrarily large, there exists a number A( M), such 
that A(z,A) > H, fora, S s S z: and à > AMM). 


4. The interval zz contains no two consecutive zeros of a solution of 
(5), taken for à = Apo. 


The comparison theorem makes it possible to prove under these assump- 
tions the following 


OSCILLATION THEoREM.+ There is a uniquely determined sequence of 
numbers (ào < ar <L ào L'i LAm << o) with 


lim An = ©, 
moc 
such that 


of’ + A(T, Am) y = 0, (m =1,2,: > -), 


has a solution vanishing at s = x, and x = ta and which vanishes precisely 
m — 1 times between x, and ts. 


The assumptions 1, 2, 3, and 4, are always satisfied for A(x, A) = ÀA (£), 
A(x) being continuous and positive on 2,22, and ào = 0. In this case, the 
CO 
sequence Am has the following further property: The series $, Am™* converges 
m= 
for a > Ya and dwerges for aS 12. 
This paper gives a generalization of these three theorems for a self- 
adjoint system of linear second order differential equations. The theorems 


t This theorem goes back to Sturm. For the statement given here see L. Bieber- 
bach, Differentialgleichungen, 2nd edition, Berlin (1926), pp. 155-156. 
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concern. what we call a conjugate system of points with respect to such a 
system of equations. Our separation theorem includes results of J. Radon t on 
conjugate points in the calculus of variations. The comparison theorem, 
which is related to a comparison theorem of Morse f, will be established quite 
independently with the help only of methods which are classical in the calculus 
of variations. This theorem makes it possible to extend to this more general 
situation the well known continuity proof for the Sturm-Liouville oscillation 
theorem. 


1. THE GENERALIZED SEPARATION THEOREM. 


We consider the quadratic form 
(1.1) 20(z, YY) = Pix (x) yiyu + QuE) yiye + Rin(x)ys’yn’s 


its coefficients Pix, Qin, Riz, being functions of 2 of class O’ Ẹ} on 2%, with 
Par = Pri, Ra, = Rri, and 


(1. 2) Rir(x)vim > 0 for vi > 0, a Sram. 
We are to deal with the system 
(1.3) Ji(y) = (d/dx)Qy, — Oy, = 0, (i = 1, 2,- z 7,2”); 


which is the most general self-adjoint system of second order linear differential 
equations. Condition (1.2) implies | Ri | 40 on 2,22 and therefore (1.3) 
can be solved for the second derivatives y:” and put into the normal form on 
the interval z, S s 22. Its solutions y: = y:(z), which we are using later, 
are supposed to be of class C” § and not identically zero on 2102. 

One readily verifies the following identities 


(1. 4) YiQy, + Yi y == 20, Yiz + Yzy = 210, + zy: ? 
yid (2) —2Ji(y) = (d/dz) (yiQe — 2iQy,' ). 


For two solutions y; = y:i(£), zı —2:(@) of (1.3), one therefore has 
YR — 2,Qy, = const. These two solutions are said to be conjugate if 


* J. Radon, “ Zum Problem von Lagrange,” Abhandlungen aus dem Mathematischen 
Seminar Hamburg, Vol. 6, pp. 298-299. The methods used in our §1 may be applied 
without great change to the discussion of conjugate points for the Lagrange problem. 

tM. Morse, ‘A Generalization of the Sturm Separation and Comparison Theorems 
in a-Space,” Mathematische Annalen, Vol. 103, pp. 52.69. For geometrie applications 
oY thos theorem see L-J, Schoenberg, “ Some Applications ot the Caleulu.s of Variation = 
ee PUES TCE CTE LOW COO AP Ar AA GMO) ipnatio OF ALNES. 

$A Gumetien is of elas- C’ if it is coutinuons and has a continuous first derivative. 
dhe Fueetion r oof pel os C% tf alba the cong dorivetive i ciaitimuou-. 
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YiQe,' —2iNQyy =0. We shall call a conjugate system of solutions of (1. 3), a 
system of n solutions tix, Urs. - - > Unk, (k = 1,2,: >+, n), which are con- 
jugate to each other and linearly independent on zitz. 

The solution y: —yi(z) is said to vanish at a—é if y(£)=0, 
(i = 1,2,---,n). We shall prove the following 


Lemma 1.1. Jf uix is a conjugale system of solutions with 
U = | wx | A0 on t£, then no solution yı = yi(x) of (1.3) can vanish 
twice on the interval Tə. 


Let yı = yi (x) be some solution of (1.3). Because of U 40, yi = winar 
defines uniquely a set of functions a, = a(z) on Tı% We put 


(1. 5) Yi = Ui = Ui, Vi == Wann’. 
Primes attached to cxpressions involving u: or v; will always indicate deriva- 
tives of those expressions with respect to æ calculated as if the coefficients 
ak, dz’ were independent of x. One readily verifies, then, the relations 
(1. 6) (Qar be = Qu, (wr y = Qo UNo —ViQe, = 0, 
(d/dx)Qu,’ = (Que yY + Qoe = Qu, + Qy,! 
in which it is understood that the differentiation indicated by d/dx takes 
account of the fact that the coefficients a, are functions of z. With the 
same convention concerning differentiation 
(1. 7) Ya = Wit lk + Uit = U + Vie 
With the help of Taylors formula, the first equation (1.4), and the 
equations (1.6) and (1.7), one readily verifies the further relations 
Q(T, y, y’) = 22(2,u,u’ + v) 
= 20(a, uw’) + 2viQay + Ritti 
= Wis, + Ur Qn, + ViN + Riavivr, 
= Ui (Qn, + Qe) + (ud + vi) Quy 4+ Rive 
(1.8) ROA (T, Y, Y) = (d/da) (Yue ) + Ravive. 
Hence with the help of the first equation (1. 4) 
(1.9) Yi (Qy, — (d/dax) Qy,) + (d/dx)yi(Qys — Quy) = Rivi. 
This relation and condition (1.2) show that y: = yi(#) can vanish at « = é, 
+ Compare G. A. Bliss, “ The Problem of Lagrange in the Calculus of Variations,” 


American Journal of Mathematics, Vol. 52 (1930), § 32, where the same fact is proved 
for the general Lagrange problem. 
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g == é, only if v = une’ ==0 for ES aS; therefore a,’ =0 and hence 
the ax are constant on é@ in which case yi = usu, can Dot vanish at all on 
2102 since U £0 on 2122. 


Lemma 1.2. A conjugate system of solutions (ui) can not have 
U = | ux | ==0 on any subinterval of ttz. 


If U==0 on some subinterval of vız», then one can certainly choose a 
subinterval éé’ sufficiently small so that the same minor of U of maximum 
order shall be x£ 0 on é. This permits us to select functions ar = a(x) of 
class C’ on & with y: = winds ==0 and not all ax(€) = 0. Formula (1.9) 
gives v; == 0 on & and from (1.7) one concludes that uirar = 0 on é. The 
set of functions ui = wince, with cs = ax (é), is therefore a solution of (1. 8) 
which has the properties ui(€)==0, u (£)= 0, and which hence vanishes 
identically on %ızə But Uiz == 0 on gız: contradicts the definition of a con- 
jugate system of solutions. 


Lemma 1.3. There exists a conjugate system of solutions whose elements 
all vanish at an arbitrarily selected point x = & There also exists a conjugate 
system of solutions whose determinant U* —1 at an arbitrarily selected point 
T == É, 


The proof follows readily with the help of the canonical variables 
(1.10) Zi = Oy, = Qriyr + Bay’. 
Solving with respect to yx’ we get 
ye = Ge (x, Y, 2) 
which is linear and homogeneous in y; and z: In terms of the canonical 
variables x, yi, Z; (1.3) takes the normal form 


dyi/dx = Gi (2, Yy z), 
(1.11) 
dzi/dx == Piryr + QirGe(a, y, 2). 


A solution of (1.3) or (1.11) is uniquely determined by giving the values of 
yi and 2; at some initial point z =é The set of n solutions yi = Win, 
2i== Vir, (k = 1,2,° >+, n), defined by the initial values 


(3.12) ua(é) = 0, valé) = ðn, 


worvadily shown to be a conjugate system of solutions satisfying the require- 
ments for the first conjugate system of our lemma. The initial values 
o5 
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(1.13) UinlE) = Six, valé) = 0, 


similarly lead at once to the second conjugate system required by the lemma. 
We will designate further on by U(é,a) and U*(é,x) the determinants of 
these special systems defined by the initial conditions, (1.12) and (1.13) 
respectively. 


Lemma 1.4. Let yi =yi(x) be a solution of (1.3) with yi(€) = 0, and 
let (wir) be the first conjugate system of solutions defined for x = £ in Lemma 
1.3. The solution yi(x) is linearly expressible in the form yi = ixen with 
constant coefficients cr. 


The solution y: = yi(x) defines a set zı = 2:(a) by means of (1.10). 
Let (uix) be the conjugate system of solutions defined by (1.12). We deter- 


mina tha eanctanto a. fram 4./€\ av. LEV a, Mha solution ar. As. Ay 
mime TIS CO2SIILIS Ca Irom 7i\s; VIRS J Cie anc SOLUL yi Wins 





Zi — Vixcx, Of (1.11) has initial values all zero at z = é and hence vanishes 
identically on 2,22. This proves our lemma. 


Definition. The points é and @ on 2,22 are said to be associated if there 
is a solution yi = yi(@) of (1.3) with not all y:(7) =0 on & and having 
yi(€) = 0, yı (E£) = 0, (i =1,2,: i a). l 


THEOREM 1.1. If on the interval 2:22 a point é has a following (preced- 
ing) associated point, then it also has a first following (preceding) associated 
point é. This point é&, which we shall call the following (preceding) conjugate 
point to é, is given by the first root of the determinant U (é, x) = 0 following 
(preceding) the value x = é. 


It is sufficient to make the proof for the conjugate point following the 
point z =é Let & be a following associated point of é We set up the 
conjugate system of solutions defined by (1.12). One readily proves that £ 
is a root of U (é, x) = 0, because by definition there is a solution yi = yi (£) 
vanishing at é and #. By lemma 1.4 there are constants cy, with yi = UixCr, 
and yi(é’) = uir( é) ce = 0 gives U (é, &) = 0. 

Let conversely & be a point following é, with U(é, 2) =0. One deter- 
mines constants cx by means of the system wiz (£) ce = 0, and yi (£) = Win (2) Cx 
has the property yi(é) = yi(&) = 0, which shows that é and & are associated. 

All we have to show is the existence of a first root & of U (é, s) =0, 
following the point æ = é Because U(é,z) is a continuous function of g, 
it is sufficient to show that s = is an isolated root of U (é, s) =0. This 
last point follows from lemma 1.1 and lemma 1.3 and our arguments thus , 
far. The conjugate system with U*(é,&) —1 (Lemma 1.3) defines some 
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It is sufficient to make the proof for é < s. Let ¢ be the conjugate point 


toc preceding é. Certainly ¿77 te (because ¿ and é, are associated) and all 
we have to show js that actually ¢ én Let vs asume é< é Ce. By 


theorem 1. 1 é is the irst zero of C(e, £) = 0 tollowing ¢, and gz is the irst 
zero of U(&..r) == 0 preceding &. Let & be any point with < ¥ < &. 
<r<é, 
because the interval ġġ, can not contain two associated points (theorem 1.1, 
lemma 1.1). Furthermore ((é, 6) +0 would imply a contradiction with 
lemma 1.1, & and & being associated while T (£, r) would be 40 on &&. 
One therefore has ((@,&) =0 for every & with é< & < é. Hence & is 
associated with every such & and it results (theorem 1.1) that U (é, 27) =0 
on éS r22&, which result contradicts lemma 1.2. Hence = é and & 


The determinant ( (E, c) vanishes at e = but can not vanish for £ 


is actually conjugate to é. 

This theorem makes possible the following 

Definition. A set of points é& < é <--> + < é on the interval £172, such 
that each is conjugate to the adjacent points of the set while & has no pre- 


ceding and & no following conjugate point on 7,22, is said to form a conjugate 
system of points. 


THEOREM 1.3. Every point é on ws has associated with if a unique 
conjugate system which is completely defined by any one of its points. 


Every point é defines a conjugate é > é or else none > é on saro 
defines a conjugate & > é or else none > & 


{theorem 1.1). The pomt € 
(theorem 1.1). In this way one defines the points of the conjugate system 
Enri ys ey a tte ery Peete faa ye tel (2.00 9 8 
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SEPARATION THEOREM 1.4. Two systems of conjugate points coincide or 
else separate each other, i. e., belween two adjacent points of one system there 
is one and only one point of the second system. 


2. THE GENERALIZED COMPARISON THEOREM. 


It will be the purpose of this section to generalize the Sturm comparison 
theorem, described in the introduction, to systems of the type (1.3) by mans 
of the notion of a conjugate system of points as worked out in § 1. 

Let Q(2,y,y’) be defined by (1.1), hypothesis (1.2) being retained. 
Besides the system 
(2.1) Tily) = (d/dx) Dy — %, = 0, 


we set up the integral 
(2.2) Iy) = f 20(a, 9, y')ae. 


LEMMA 2.1.¢ If there is on 42 no point conjugate to x, with respect 
to the system (2.1), then we always have 


(2. 3) I(y) > 0, 


for every set of functions yi=—=yi(x) of class D} on tz, with yi(2,) 
= yi (z2) = 0, and which does not vanish identically on Tite. 


In order to prove this lemma we shall prove first the existence of a con- 
jugate system of solutions of (2.1) with its determinant +0 on zzo» To 
show this, we extend the definition of Pir, Qir, Rir, on a slight extension 
tı — È S22, of x22. We do this in a way which preserves the continuity 
properties of the coefficients of Q(x, y, y’) and also (1.2). We suppose this 
8 sufficiently small in order to have U*(21, £) AO on a, — ô Srt S m +8, 
U*(a,,2), with U*(«,,2,) = 1, being the determinant of the second con- 
jugate system of solutions introduced in lemma 1.3. The first determinant of 
lemma 1.3, U(a1,2%), is a continuous function of the initial point 2, and 
therefore it follows from U(a,2) 30 on smn +8SeS%, that also 
U (ao, £) 0 for a, +8 S T S T and some x, on the interval tı — ê` + +a 
and sufficiently close to 2. From Lemma 1.1 and our assumption on 
U* (x, £), one gets also U (£o, x) #0 for t, S z Sx, +8 and z, as described 
above. Hence U (a, £) 0 on t S T S me. 


t Compare J. Hadamard, Calcul des variations I, Paris, 1910, § 288. 

tA function is of class D’ on ,2,, if it is continuous, and if the interval a,x, can 
be divided into a finite number of subintervals, such that in each subinterval its 
derivative is continuous. 
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Let y: = yi(“) be a set of admissible functions. With our special con- 
jugate system just defined and (1.5), formula (1.8) holds. One notices 
that Quy = Qurur + Row’, with Ur = uxjaj and uw’ = u'zja;, is continuous, 
even at the possible corners of yi = yi(x). Therefore integrating (1.8) we 
get t 


(2.4) Ily) = f “20(2, yy) de = f "R uvwda. 
Dı ay 


The interval ziz», can be subdivided in a finite set of subintervals on each of 
which the v: are continuous and not all identically zero. Our last formula 
(2.4) and (1.2) imply (2.3). 


LEMMA 2.2. If the points x, and 22 are conjugate with respect to (2.1), 


then always 
(2.5) I(y) 20, 
for every set yı = yı (x) of class D’ on 2,22, with yi(2ı)= yi (z2) = 0. 

Let yi == yı(x) be a set of class D’ on zzo, with 4 (21) = yi (£2) = 0, 
and defining an arc Ci. in (a, yi)-space. Let 3 and 4 be the points in 
(x, yz)-space whose codrdinates are (£a; y:(@3)) and (va, 0) respectively 
(£i < Ta < V4 <L T2). Lemma 2.1 applied to the interval sız, shows that 
L(C13 + Lsa + Lae) = I (Cis + Loa) Z0, Lg, and Ly, being segments of 
straight lines in (s, y:)-space. Keeping 3 fixed and moving 4 towards the 
point 2, we get at the limit [(Cis + Ls:) 20. Certainly I (0; + Ls2) 
has the limit I(Ci2) = I (y), if 3 tends to the point 2. The last inequality 
insures therefore (2.5) and our lemma is proved. 


We shall prove now the following 


COMPARISON THEOREM 2.1. Besides the system 
(2. 6) Ji(y) = (d/dx)Qy, —Qy, = 0, 
we consider a second system of the same kind 
(2.7) J*i(y) = (d/dz)Q*y, —O*,, = 0, 


20% (x,y y) = P*inyiyr + Q ay +R *iny’y’ having like Q, its coeffi- 
cients of class C” on 22. 

vy For another method of deriving this so called Clebsch transformation of the 
epua Velbon ae b. uke Diba PHO Piette OF CHER ub tne E etas of 
Variations.” Proceedings of the International Mathematical Congress, Toronto, 1921, 
Val, 1, pp. 589 603. 
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We suppose 
(2.8) O(a, u,v) S O* (x, u,v), 


for a, S z x, and arbitrary values of ui and vi. The inequalities (2.8) 
and (1.2) imply 
(2.9) RB*¥ x(a) viv: > 0 for vw: > 0, a Sa Sr. 


Then a conjugate system of points for (2.6) has tts points closer together than 
a conjugate system of points for (2.7%). More precisely: Suppose that 


ERS; te og é*_1, £, "u POPE g E*n, 


is the conjugate system for (2.7%) defined by the point & The point é will 
then define for (2.6) a conjugate system which has at least k 4+-1-+ 1 con- 


sercuting nointe 
ne DO 


E15) ° j ET É, &1,° i Si 


wiih 
(2.10) a Z "a (a = 1,2, -, k), and ép Z ég (B=1,2,-°°,1). 


RESTRICTED COMPARISON THEOREM 2.2. We replace the assumption 
(2.8) by the stronger one: 


(2.11) Q(z, u,v) < Q* (x, u,v), 


for ma StS ta uiti D> 0, and arbitrary values vi. The statement as in 
theorem 2.1 then holds after strengthening the inequalilies (2.10) lo 


(2.12) fa < fala = 1,2, < -, k), and £g > ¿g (B=1,2,' °°, 1). 


Proof of theorem 2.1: We shall prove this theorem by induction and we 
start by proving the existence of é with é S é*,. The points é and é*, being 
conjugate and therefore also associated for (2.7), there is a solution of 
(2.7) yi==ui(xz) of class C on &€*,, with wi(é) = u: (1) = 0 and not 
= 0 on é*,. An integration by parts gives 


oy a 
(2. 13) Pu) — f 2O (x, u w)de = f (tOta, + ufO%,, de 
3 


Ea 
= S, ti (Qu — (d/dx) u Jde = 0. 


Frum (2.8) and (2.13) we get 


E ey 
I(u) = f. RQ (x, u, w) de S f 207 (w, wu’) de = I* (u) = 0. 
£ £ 
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This last result and lemma 2.1 show that there is a point é conjugate to é 
with respect to (2.6), with & = é*;. 

Suppose now that we know already the existence of é, é2,- © -, én1. with 
Éa SS é*,, for a = 1,2,-+-,m—1, (m Sk). We want to show that there 
isa Êm With ém SS &*~. The same argument as above applies again. The points 
é”m-1 and Ém are conjugate with respect to (2.7) and ém-1 S "mı gives an 
admissible set yi = ui(z) on the interval ém.é*m with I(u) SI*(u) = 0. 
Lemma 2.1 insures again the existence of m conjugate to £m- with 
Ém = Eme 

The proof of theorem 2. 1 is complete, because the same type of argument 
combined with the separation theorem 1.4 applies also in the case of the 
points -g preceding é. 

Proof of theorem 2.2: The inequality (2.11) implies (2.8) and the 
inequalities (2.10) are already established by theorem 2.1. All we have to do 
is to strengthen (2.10) to (2.12). 

The set y: = u:(x) used in (2.13) does not vanish identically on é&*,. 
The relations (2.13) and (2.11) therefore give I(u) <I*(u) —0. This 
result and lemma 2.2 make the equality é = é*, impossible. We therefore 
actually have é < é*;. Suppose now fm-1 < é%ma to be true (m S k). A 
similar argument to that in the proof of theorem 2.1 provides an admissible 
set Yi == Ui(%) on Emié*m with I(u) <0. The equality ém = "m would 
again contradict lemma 2.2. A similar argument proves the remaining in- 
equalities (2.12). 


3. THE GENERALIZED OSCILLATION THEOREM. 
With Q(z, y,y’) defined by (1.1) and (1.2) we set up the system 
(3.1) (d/dx)Qy, — Oy, + Aix(2,A) yr = 0, (6 1,2,-- +, n), 
making on the coefficients Aix(z,A) the following assumptions: 


1. Ai(z,A) (i, k= 1,2,:--,n) are supposed to be continuous func- 
tions of (x, à) for zı S t S £a, À Z ào 


2. With the same ào we suppose Ai: (2, A Jiuer < Air(t, A”) Uit, lor 
STS Ta wui D> 0, and SEN <A. 

3. For every M > 0 arbitrarily large, there exists a number A(.W), 
such that ba Ge Adan D> M, foray tT ra, wit, — l and A> ACY), 


1, The soterval ewa contams no pomt conjugare to si WAL respe w 
ut aata (2), tahen for A -= Ay. 
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We shall prove the following 


OSCILLATION TIHEOREM 3.1. The assumptions 1, 2, 3, 4, imply the exist- 
ence of a unique sequence of values (ào < M < àa << Am<- +) with 
(3.2) lim An = ©, 

m00 
and with the following properly: For A == Àm (m = 1,2, °°), there is a 
conjugate system of points wilh respect to the system (8.1), containing exactly 
m + 1 points and whose first and last point are a and zs respectively. 
Of interest is the special case 


(8. 3) © Aig, A) = AAs (2), 


with Aix(x) continuous and Asr(a)usu. nositine definito on ao. If eye, 
contains no point conjugate to x, with respect to the system (1.3), then our 
assumplions 1, 2, 3, and 4, are fulfilled with No =0. The sequence Am has in 
this case the further property: 

Ow 


(3.4) Am converges for «> 4, and diverges for «SV. 
4 1 


m= 


We define the sequence of functions 
(8.5) &,(X), é (A): TA y Em(A),° SEAS for AZ A; 


in the following way: For every m—1,2,38,---, ém(A) shall be the m-th 
conjugate point to x, with respect to the system (3.1), or én(A) =r, if there 
is no such point. 

In order to prove the continuity and monotoneity of these functions we 
need some lemmas. 


Lema 8.1. Let x= (é) be the conjugale point to é (x SES z) 
following é, conjugate with respect to (1.3); and let (&) = 2% tf there is 
no such point. This function «= (é) is a continuous and non-decreasing 
function of € for zı S&S z, and also properly increasing on the interval 
defined by $(&) < a, which interval may have no points. 


The monotoneity property follows at once from the separation theorem 
1.4. From the same theorem and theorem 1.3, one shows at once the 


impossibility of (é) < (é+ 0) or ¢(€—0) < (é). 


LEMMA 3.2. Let Q(x, y, y) be defined by (1.1), (1.2). There are 
always two positive constants b and c, with 


(3.6) P oyy | 20.ga Roya’ PYY i CYS 


toras wE wa und arbitrary values y, and yé, and consequently also 
(s.7) Payg op Oa a Ray yl 2 by 


The qoadratic foun P a’ being positive definite on wor. we hnov 
that alt the priveipal minors of Re will he positive on sisa Vor a partion 
lar e > 0 sutliciently small, the determinant R - -¢°8,, | will have the same 
propery. The voustant e being fixed in this vay, we consider the determinant 


of order 22 


f Qp Pa <- Dein | 
inet) | Rir — Cin Gin ° 
Its principal minors of order 1,2,:°+.", lying in the upper left hand 


corner of the matrix are positive on sirs Its principal minors of order 
n- 1, n+ ?, > +.2n, similarly situated, are polynomials in b whose terms 
of highest degree are respectively | Rir — 8i | 0°, | Rir — Còir | bft 
| Rir — 78, | 6°". We certainly can choose b sulficiently large so that all 
these minors shall be positive for z, S æ S rə. This property of the deter- 
minant (3.8) insures the inequality (3.6), the quadratic form 





20(2,y,y/) + Yiyi — Ey y 


being positive definite for 7; S z S zə. 
Lemma 3.3. With 
(3. 9) I(y) = f 20(2, y, 9')ae, 


we define A as the greatest lower bound of I (y) in the class of sels yi = yi (x) 
of class IY on ixo, with yi(rı) = yi (r2) = 0 and 


(3. 10) w yy dr = 1. 


ri 
Let & be conjugate lo x, with respect to (1.3). We shall prove that A 
is always finite t and 
1 Vo fo ae 


2 A h oore r. 


194 G. A. BLISS AND I, J. SCHOENBERG. 


From (3.7) and (3.10) we get 


L(y) = f ode =— b? vende == — §?, 
ay ay 


and therefore A is finite and well defined. Our statement 1 is a consequence 
of the necessity of Jacobi’s condition for a minimum of I(y) without (3.10). 
The second statement is equivalent to lemma 2. 2. 

If there is no é = 2, we know already that A220 (Jemma 2.1) and 
the only difficulty is to prove that actually A > 0. Our assumptions are the 
same as in lemma 2.1. Let (uix) be the conjugate system of solutions of 
(2.1) introduced in the proof of lemma 2.1. Its determinant never vanishes 
on ito: U (Lo T) += 0 for a; S 2S a. Let us replace in (2.1) the quadratic 
form 20 (2, y, y) by 2Q(2, Y, Y) — syy; with § > 0 very small. The point 
wo being fixed, U (zo, v) will become a continuous tunction of 3, say L (ro; T, è), 
which will also not vanish on 2,2. for some small > 0. For such a 8 the 
interval sıv, certainly contains no conjugate points with respect to the altered 
system (2.1) (lemma 1.1), and (2.3) gives 


f “20 (z, y, f)dx—8 f omi = 0, 
Tı 7 


for every admissible set yi = y: (x), and hence (y) > 8 for all admissible 
sets with (3.10). Hence A=8> 0. 


LEMMA 8.4. The first funclion (A) of the sequence (3.5), is a con- 
tinuous and non-increasing function for A = ào, which is actually decreasing 
on the -interval on which & (A) < ao. 


The monotoneity properties follow from the assumption 2 of this section 
and the restricted comparison theorem 2. 2. 


To prove the continuity of é (à), we consider the integral 


(3. 11) 19A) = f Ol y, y) — Au (2, A) yey] de, 


the set yi = yı (x) being an admissible set satisfying (3.10). Let A(A) be 
the greatest lower bound of I (y, A) in this class of sets y; = y: (x). We have 
seen that A(A) is well defined for A = ào (lemma 3.3). We shall first prove 
that A(A) is continuous for A = Ao: For N fixed and A variable (both = Ag) 
we have from (8.11) 


I,A) — 1X) = S” Mala X) — Ain A) yen 
wy 


\ssmauptian Tan tar etiam nspa theo Peun. e Pot Apes ae tes 
ke n- s 
al Cr A) - AeA <e for aA No tbr moet 

(igh SAS 2s: E a 


aed homes 


Led) — IAN) ef By gel de 
ey ik 


1 1 


~f Cope oan aS OO Ss 
oh 


This implies also A(A)— A(X) tt for AN < Band A(A) is thers- 
fore continuous for A = ào. 

A discontinuity of the non-increasing function é& (A) at A =X (= Aa). 
would imply one at least of the inequalities 


(3.12) &(’ +0) < & A), 
(3. 18) & (A) < &(’—0). 


We shall get a contradiction from each of these inequalities. To fix the ideas. 
we suppose (3.12) to hold. We choose a fixed r, with 


&(V +0) <r < (A). 


Let A(A) be the greatest lower bound of Z(y. à) defined by (3.11) for the 
interval 2,27; instead of r,:22. For A >’ we have 


&,(A) <&(’ +0) [L Ta 


and hence by lemma 3.3 (case 1), applied to the integral (3.11) instead of 
(3.9), we get 
(3. 14) A(A) <0, for ADA’ 


But r. < é& (X), and the same lemma (case 3) gives 
= 2 ao 


(3.15) AAN DO. 
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functions of the sequence (3.5) by induction, it will be convenient to have 
the following lemma: 


Lemma 3.5. We define a function $(é A) for a, SES t, A Z Ào, as 
follows: x == (£, à) is the conjugate point to £, following £, conjugate with 
respect to the system (8.1), or else (fA) = T if there is no such point. 
Let &=&(A) be a continuous and non-increasing function of à, for X= Ao, 
wiih vı S E) Same, for AZ ào Then w(A) = (€(A), A) is a continuous 
and non-increasing function of à, for X= Ao, and actually decreasing on the 
A-interval defined by (E(A),A) < za, which interval may have no points. 


The function $(é,A) is a function of two variables which is analogous 
to the function (é) of lemma 3.1, if one replaces the system (3.1) by 
(1.3). Lemma 3.1 insures therefore the monotoneity and continuity of 
$(& A) as a function of € only when A is fixed. Furthermore 


$(21,r) =é (A), 


and because the proof of lemma 3.4 works also for any é on 2;%, instead of 
É = t, this lemma 3. 4 insures the monotoneity and continuity of (A) as 
function of A only when é is fixed. This, of course, does not imply the con- 
tinuity of (éA) as function of both variables. But the more restricted 
statement of our lemma follows easily as indicated in the following paragraphs. 


We prove first 


a) The values (E, X) being fixed, then for every e> 0 there is a è > 0, 
such that 


(3. 16) = &—E< 8, 0S A—N< è imply 0 = plE, N) — p (éA) < & 


This statement is obvious for & —2,. In the proof we suppose & > t. 
We have 


(3.17) P(E, A) — p (Éo A) = (E, X) + 6(859°) + AEA) — p léo A’). 


The function ¢(,A) being continuous in A at A= A, there is a A° >A’ 
with 0S (E, A) — p (E, A0) < ¢/2. Furthermore $(&,A°) is continuous at 
é=€£ and one can choose a & < € with 0=¢4(&,A°) — (bo, A?) < €/2. 
From (3.17) it follows 0S $(&,°) — e(o à?) <€ This last result and 
the monotoneity of (é à) in é and A certainly imply (3.16) for every 
ò < &—& and < A — N. 


Now we prove 
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b) The values (E, N) being fixed, then for every e > 0 there is a 8 > 0, 
such that 


(8.18) 0Sé— £2 <8, 0SN —A< simply 0 S plé A) —4(8,4) <e 


This statement is obvious if one or both of the equalities & = a2, N = Ao 
hold. In the proof we suppose € < za, X > ào The argument is the same 
as above. We have 


(3. 19) $ (éo `°) i (E, v) am $ (éo, a°) — (£, `°) + p (¥, r°) — (ë, yX). 


There is a A° < X with OS 4(&,A°) — (E, AN) < 6/2, and a & > & with 
0 = (éo A0) — p (E, A?) <¢/2, and therefore (3.18) holds for every 
§<&—& and < X — N. 


The proof for our lemma follows at once. The function 
W(A) = o(E(A), à) 


is certainly non-increasing for A= Apo, and is actually decreasing on the 
A-interval for which y(A) < z» and which may have no point (for instance 
if €(A) = z2). For A fixed, our statement a) insures the inequality 


os (€(A), A) — elél +a) à +7) <e 


for 04 < Y and hence ¥(A) =Y¥(A+ 0). Similarly statement b) insures 
y(à) =w(A— 0), and our lemma 3.5 is proved. 


Luma 3.6. The functions ém(à), (m=1,2,3,-- - ), of the sequence 
(3.5) are continuous and non-increasing functions of à for A È à» and 
actually decreasing on the A-intervals for which ém(X) < x2. 


For m = 1, this is the statement of lemma 3.4. The proof goes on by 
induction. Suppose the theorem holds for 1,2,--+,m—1. We have 


En (A) = $(Em-1(A), A); 


$(&, A) being the function defined by lemma 3.5. By hypothesis ém-ı (A) is 

a continuous non-increasing function of A for A= ào» Lemma 38.5 says that 

é,.(A) is also a continuous non-inereasing function of A for A = Ay. which is 

actually decreasing for (A) < az. This proves our lemma by induction. 
The proof of the osc idletion theorem 3 1 roy moke. no ditt obv, 

We have 


(3 HY) CLONE A Se tat SAN 





o 
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From assumption 4 of this section, we get é (ào) = z£: and (3.20) gives 
(3. 21) En(Ao) = Ta, (m =1, 2,3,- ). 


We shall prove now 
(3. 22) lim én (A) = 21, (m = 1,2, 8,* + +). 
00 


To prove this we determine the constant a > 0 satisfying 
(3. 28) Pix (2) uit + Qir (T) uive + Bix. (x) viv, S a?, 


for a S z Sa, and uiu; + viv; = 1. Inequality (3.28) and assumptior 
of this section give 


(3. 24) 2O (z, y, y) — Aix, A) yiye S a (yiyi + yey) — Myy 
for 7; S z S z2, A > A(M), and arbitrary values yi, yi’. 
We shall apply the comparison theorem 2. 1.for 
20% = (a — M) yiyi + yiyi 
and the left hand side of (3.24) instead of 20. The system (2.7) becon 
(3. 25) (d?/dz*) yi + oy; = 0, 


with « = a (M —a’)* (supposing M >a). In order to determine the cı 
jugate system of points defined by s = g, with respect to the system (3. 2: 
we remark that 


uins) =0 (0k), Un (e) = sin a(s — z) 
is a conjugate system of solutions of (8.25) and hence 

U (a, 0) = | u(x) | = (sin a(x — zı) )”. 

The first zero of this determinant which follows 2, is &*, = t, + r, 
The m-th conjugate point of xı, following zı, will therefore be 
E*m = 2, + m/e. 
The comparison theorem 2.1 gives 
Tı < En(A) S z, + mraf M — a) 


and this implies (3.22), when we allow M to increase. 
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We define Am > Ao(m = 1,2,3, + +) as a value for which 
(3. 26) Em (Àm) = Ta Ém (Am + n) <i Tz 


for every y > 0. Its existence follows from (3.21) and (3.22). We shall 
prove first that z is lhe m-th conjugate point of x, with respect lo the system 
(3.1) for A==Am. We know that &m(Am + 4) (<2) is the m-th conjugate 
point of æ, with respect to (3.1) for A = àm +n, for every n >0. For 
lim y == 0 we get the result that ém(Am) = zə is the m-th conjugate point of 
a, with respect to (3.1) for à = Àm. It follows also that T == ém, (Àm+1) is 
the (m + 1)-st conjugate of x, with respect to (3.1) for A= Ams, and hence 
En (Ama) < To = &m(Am). Therefore An < Ams: and 


(3. 27) ào Ar Ae Kell Kn ctl. 
We shall prove finally that 


(3. 2) lim Am == 00. 


m->00 
Suppose (3.2) does not hold and suppose that Am approaches A, as m 
approaches co. We take m sufficiently large so that ém(A) =z» One there- 
fore has ém(A) = T2 = Ém (Àm) and (3.26) implies A S Am, which result 
contradicts (3.27) and the definition of A. Our oscillation theorem 3.1 is 
therefore completely proved. 


We consider now the special case (3.3) and shall prove the statement 
(8. 4), Let k and K be two positive constants satisfying 
(8. 28) k SAun(c)uim SK, for t S rS t Uu =l. 
The inequalities (3.6), (3.23), and (3.28) give 


(3.29) eyiyi — (KA + b’)yiyi S R(T, yy) 
— Air (2) Yiye S Pyry? — (kA — a?) Yiyi 


for 7; S t S ta A D> 0, and yi, y arbitrary. We shall apply the comparison 
theorem 2. 1 twice, comparing the three differential systems which correspond 
to the three quadratic forms of (3.29). The system corresponding to the second 
form is our system (3.1), while the systems corresponding to the first and 
the third form ore of the tyne (3.25 We have seen how to determing the 
Peete pon his Gi polinis for vets ul ie pe (db. 20). The wine os 
there obtained and theorem 2. 1 give 


kod 
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ey + mre ( K’? Am + b?)-% = Em (Am) = Ze = Ti -+ mart (k?Am — a?) 
and hence 


K-*[ mn (te — t1)? — 67] Sàn S kimra (ve — 2)? + a]. 


co 
These last inequalities show that $, Àm converges or diverges simultaneously 


mal 


~ 
with $, m% Hence (8.4) is proved. 


mal 

We want to emphasize finally the difference between the theorem 3.1 an‘ 
Hickson’s oscillation theorem (loc. cit.). Hickson established for the special 
case of Theorem 3.1 the existence of an increasing sequence of characteristic 
numbers A, for each of which a certain boundary value problem has a finite 
number of linearly independent solutions y; with elements vanishing at 21 
and a. In the preceding pages a similar sequence of characteristic numbers 
An is found for each of which there exists a conjugate system in the sense 
defined above of precisely n + 1 points with z, and g as its initial and 
final point. 
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ON IDENTITIES ARISING FROM SOLUTIONS OF q-DIFFERENCE 
EQUATIONS AND SOME INTERPRETATIONS 
IN NUMBER THEORY. 


By Q. W. STARCHER. 


Introductory. The interpretation of certain kinds of identities in number 
theory has, since the time of Euler, stimulated numerous independent investi- 
. gations for the purpose of obtaining identities involving infinite products and 
series of a simple character. Often identities were discovered empirically and 
later verified or proved, as was the case in some of the investigations of Euler 
and. Ramanujan. Many of the proofs of known identities depend upon a 
purely algebraic rearrangement of products and series. Simple and often 
highly ingenious proofs of certain algebraic identities have been given by 
means of their interpretations in number theory.* Some of the most beautiful 
identities known, many of them having important applications to number 
theory, have been demonstrated by Jacobi t by means of the theory of elliptic 
functions. L. J. Rogers,{ by quite general methods, has established identities 
of considerable interest and beauty in themselves. 

This investigation is based on a study of two linear g-difference equations 
with linear coefficients taken in the forms (1.1) and (4.1) respectively. Each 
of these equations has a unique solution analytic in the neighborhood of the 
point zero and having there the value 1, and hereafter such a solution will be 
said to have the property A. Obtaining various expressions for such a solution, 
and equating them, we have identities. 

While most of the identities found appear to be new they include many 
interesting and classic identities as special cases of the more general identities 
and thus afford new proofs for them. For this reason a number of such 
identities are stated and often new members are added. The method of 
exhibiting these identities serves to relate identities that have previously 
appeared to be quite unrelated. 


1. Solutions of a Non-homogencous Equation. Consider the equation 

“For example, see MacMahon. Combinatory Analysis, Vol. 2. 

t“ Theoria Evolutionis Functionum Ellipticarum,” Gesammelte Werke, Vol. 1, 
pp. 141-239, and Ueber unendliche Reihen deren Exponenten zugleich in zwei ver- 
HCHO Uudtidist ten bonuen oanahen sia, vou 2. pp. .1a-doa, 

$“ On the Expansion of Certain Infinite Products,” Proceedings of the London 
Mathematical Socicty, Vol, 24 (1893), pp. 337 392. ibid.. Vol. 25 (1891, pp. 318 343. 

6 801 


o 


802 G. W, STARCHER. 


(1-1) (1+ Bx) f(a) +(y + 82) f (qr) +A + ue = 0, |g] <1 


If there is a solution of (1.1) having the property A it may be written in 
the form 


(1.2) file) = 1 Sova”, 


where here, as in the following pages, the index v connotes the range 1, 2, 
3,> +. In order that this series satisfy (1.1) and is other than the trivial 
solution f;(2) ==1 we must have 


(1.3) T+y+A=0, «=B8+8+p40. 
Then we have the relations 


~a (l -yg =e; —cvr(1+ yr) evi (8 H), tee 


w Thich datarmina tho maa unjo oly Hanga we haya tha amig? 1e salutian * 
me oS Unique-y. ence w unique soutien 


(1. 4) fi(w)—= 1 + Se(—a)"(B, 8g) v-1(q)’v, 
which is convergent if | 8s | <1. 

Let us consider the possibility of expressing such a solution in each of the 
forms 


(1.5) fe(z) = 1 + Sew’ (Br)’v, 
(1.6) fa(a)== 1+ Sera (Bx)’r, 
(1.7) fala) = 1+ Zova (y, de) vn, (6 = 0), 
(1. 8) fs(a)== 1 + Seal? /l (y, 82) tv/ 21-3, (8 =0), 


where [k] denotes the least integer = k. Clearly each of these series, if it 
converges, defines a function having the property A. 

Substituting (1.5) into (1.1), solving for the successive ¢’s by equating 
coefficients of expressions of the form «’(8zx)’v to zero, we have the solution 


(1.9) falz) = 1 + Bq? 7e(8, — Byg) v- (y4) v (B2) (— 2)”. 
For (1.6) we consider only the case è= 0, to insure convergence of 
series obtained on substituting into (1.1), and obtain the solution 


(1.10) fa(a)—= 1 + 3(—)”e(y4) t (8E), (8=0). 


Similarly when 8 = 0 we get the solutions 


* For convenience we shall write (a,a), for (a+) (a@+qu).- + (a+ g-e), 
(a, #)’, for 1/(a,@),; (#), for (1,a),, and (#)’, for 1/(#),, ete., and throughout 
this paper any symbol marked prime denotes the reciprocal of the expression denoted 
by the unprime symbol. In particular we make (a@,%)>=1 and (æ) = (2) 
== I (1 + g-is). i 

Any values of the parameters or of œ for which a series or product is undefined or 
is infinite will be known as exceptional values for that series or product. Such values 
we exclude by enclosing them in circles of arbitrarily small, but fixed, radius. 
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(1.11) fa(z)—= 1 + 3(—) "eq ta (y, 82) v1, 
(1. 12) fs(2)= 1 + 3(— x) "ed" 
x {qP 2-02 (y, $z) yi (yg) v1 yan grd (y, èr) »(yq) vy}. 


Clearly each of the last four series converge for all z. 


2. Case A =p =0. The Homogeneous Case. By (1.3), (1.1) takes 
the simple form 


(2.1) (1 + Br) f()=(1 — 8x) f (q2). 
We easily obtain as a solution having the property A 
(2.2) fele) = IE [(1 — 89x) /(1 + Bq" *x)] = (— êr) (82y. 


For the rest of this section let 8 = 0. 
If in (2.1) we substitute 


(2. 3) f(@)= 1 + 3ev.(— gz)», 
we obtain (writing co = 1) 
1 + Sev(1 = qz) (— gz) v= 1 + Sev(1 = q’tz) (— gz) vy Sev_18a (— gz) vele 


On equating coefficients of (— g°s)v-ı we get 


(2. 4) Cy = Pg” (— q)’v. 
Tf |8| < |q], f(z) is convergent for all z. By making 8 = A = p = 0 and 
s==— 1 in (1.4) and comparing with (2.2) we have from (2.3) when the 


és have their values given by (2. 4) 
FO) = 1 + 3P (— g)» = 1/1 — g8) = (— 8’ 
Hence, if 8 = 0, f(x) becomes 
(2.5) file) = (— 98) {1 + 389° (— q)» (— gz) }, 
since f(x) is also a solution with property A. 


Replacing q by q? in (2.1), B==0, we get 


(2. 6) f(a, 7°?) —=(1— 8x) f (gz, 9’). 
If in (2.6) we substitute 
(2.1) f(a, P)= 1 + See(—dq72)y, 


awt equate the quantities which multiply the expressions (—-8z)1, v=- 1. 


Wk A SAVO 


Ci -— q/ (1 4); Cy Cy” (1 g), (x Pa 1), 
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and hence the solution * 
f(a, P) = 1 + Bq"? (— sqz) (— q) 


But f(0, q?) = (q) by comparison with (2.2) and (1.9). Then we have 
the solution with property A, 


(2. 8) file) =(g)’{1 + Sgro? (— 9)o(— 8g") v}, 
which by (2.2) is the same as (1 — 6g””*a). 


3. Applications and Interpretations. We replace f(x) by the symbol 
f (Ba, y, du, uz, q), so that fa becomes f(Bz, y, 0, uz, q), fa and fs become 
f(0, Y, ÒT, uT, q), fe becomes F(Bz, — 1,82, 0, q), fz becomes f (0, -— 1, de, 0, q); 
and f;(«,q*) becomes f(0,— 1, ês, 0,q?). From identities that arise from 
equating various expressions for the same function as obtaincd in the prc- 


ceding sections we have t+ 


(3.1) f(Bx, — 1, èx, 0, ¢)—=(— èe) (Be) = 1 + 3(B, 8) o(— 9)’v(— 7)” 
=1 + SPO V2 (8, B)v(— 9)v(Ba)’v(— 2)”. 
From (38.1) we obtain 


(3.2) f (gx, — 1, ga, 0, g)—=(— gr) (q2) = 1 + 23g (q)ra (— g)’(—2)”- 
= 1 23g"? (Gq) va(— 9)’v(qz)’v(— r)”, 
(3.3) F(= qz,—1, + qa”, 0,q)—=(= qa”) (+ gr)’ = 1+ 3(= qe)” (2) »(— q) 
= 1 Ipe (x, 1) ¥(— q) (+ gr)’o(= 2)’, 
(3. 4) f(a, = 1, qE, 0, q)=(— qz) (q)’= 1 + 3(— q)” (s) (— q)’v 
=1 +I (— Pp (a, 1) o(— g) (g)>, 
(3.5) f(gz,—1,— q, 0, g)=(q) (92y =1 + 3(— q)” (z, — 1) (— q) 
= 1 + 2 (— yp ad (x, — 1) o(— q) (qr). 


These examples illustrate the variety of identities one may obtain in this 
way. Note the formulae similar to the last three given by the three corre- 
sponding expressions for f (+ qz?, — 1, = qa, 0, q), F(— q, —T, qz, 0, q); 
and f(qz,—1,g,0,q) respectively. Note also the formulae obtained from 
those above by replacing « by — z, by + 1, or by certain functions of q. For 
example 


* Since this was written my attention has been called to C. H. Ashton’s disserta- 
tion, Die Heineschen O-Functionen und ihre Anwendungen auf die Elliptische Func- 
tionen (Munich, 1909). He has studied the same function in another form; also my 
f(0, —1, qx, 0, q) is identical with his 0,,(2) with g = eriz/w,, 

f Essentially the same formulae have been given by Cauchy, Oeuvres (1) VIII, 
pp. 42-50. 
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(8.6) Flg, —1, q, 0, ¢)=(— 4) (9Y = 1 + 28 (—- q)” (9) v- (— 9)» 

SV R3 (—) gg) va (= 9)" 

and by the theory of elliptic functions the second member is 3. Similarly 
we find 


Da = Rq (1 + q”) (1 — q7”) 
z 2g*n[(1 — q’)/(1 —_ q’*)] = 2g (— g’, — 1, q, 0, q*). 


Thus we have two new expressions for each of the Theta constants Be, Ie, 
and ¥,. Another example of such identities in q is given by 


(8.7) f(—g—1L—G0,a)=(q) (— 9)’ 
l =1 + 3P (q) (— q)» = 1 F Ipag) (g). 


Again we have * 
(3.8) f(— qz, — 1, gi, 0, q)= 1/ i (1— q’x) =1-+ 32 (gr)”(— @)v(— q)» 
=1+ > g (— g) (— 9)’v(— qr) ra = 1 + Zr, pP (v, by P 7) PT, 


where the symbol P (v, p, P j) represents the number of partitions of v into 
exactly u summands none greater than 7; and 


i j j ‘ 
(3. 9) f(g e, — 1; qz, 0, q)= Il (1 + q’r) = 1 + È gen (— gi?) (— gq)’ va” 
= 1 4 Sgro? (— gi) o(— q)’ (Ga) va” = 1 + Zr, uP’ (v, p, P j) gT, 


where the superscript 1 on the symbol P indicates that the parts are distinct. 
We may observe from the second members of (3.8) and (3.9) the theorem, 


P(v,k, $ j) = Pi (v + Wk(k—1),k, $ j +k—1). 
i 
From the expressions in §2 we have 


(3. 10) f(— Qu, — 1, 0, 0, q)= 1/0 (1 — gz) =1 + Z (gz) (— q)’» 
= 1+ 39" (— 9)’v(— geya” = 1 + 2gs (— ge)» 
=1+ Zv pP (v, p, *) gram. 


This is one of the fundamental identities in the theory of partitions. `The 
symbol P (v, u, ”) represents the number of partitions of v into yw positive 
summands. Replacing x by qs we have a similar identity involving the 
function which enumerates the partitions of v into » or fewer summan-ls 


et 


i Dv cauatin cca haeets of ohl in tbese Ttomttt ie. 


1 a 
bos vere vt tay 
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the identity (3.8) and the second and third members of (3.9). 
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we obtain identities in certain partition functions. When s= 1 by the 2nd 
and 8rd members of (3.10) we have an identity due to Euler, and probably 
the most interesting identity in the theory of partitions. Generalizations 
are obtained by writing q™” for æ and q” for g. 

Again we have * 


(8.11)  f(0,—1, gz, 0, q) = U (1 — ga) = 1 + Sqr ?(— q) (— s)” 
= 1— 59a (— qa) v 
14 Sgro" (— r) (1 — ge) (— gz) o-a(— 9)’ 
which for «= 1 gives 


(8.12) f(0,—1, q, 0, q)= U1 — gp)=1 +.3(—) gr? (— q) 
= 1] — 3g (— q)v-1 = 1 + 5 (—) of het fe g’) 


les] 
= > (— Lp ty Cae, 

n=-CO 
The second and last members above constitute a celebrated identity due 
to Euler, of which many proofs have been given. If in (3.11) we replace 
xz by — z and equate coefficients of z* we have the almost obvious theorem 
P! (v + Wek(k — 1), k, *)= P (v, k, *). Similar theorems come from (3. 12). 

Using the fact that (1 +g”)? = (1 — q7) we have + 


(3. 13) (— q; #)fí— g: — 1, qe, 0, *)= f(0,— 1, qe, 0, = (1 ae gz) 
=(= g; P) {1 + 3gp (— 23) v(— g)>) 
=(— q; P1 + 3(—P g (a; g) — 9) 'e} 
=(— g; P) (1 + Sgro 2 (— 2) o(— 4), 
which, by (8.11) with g replaced by g? and x by g“2, 
=1 + 3g (— 2)"(— g; g) = 1 — 3g? ta (— ge; 9°)» 
= 1 + Zq (— g)” (1 7 ga) (— gz; g?) v1 (— g; Eyr. 
We can write 


F(0,—1, qx, 0, ¢°)— U1 — g'z) /M(1 — q”) ] 
= f (0, — 1, qT, 0, q) f(— gz, — 1, 0, 0, q?) 


Each of these can be expressed as infinite series thus giving six additional, 
equally simple, expressions for the function in (3.18). 


* The identity of the 2nd and 3rd members is well known. That of the 2nd and last 
member has been verified by E. Netto. See Lehrbuch der Combinatorik, pp. 163-65. 

7 The symbol (s; qk), is written for (1+) (1+ gre) (1+ qtr)... 
(1 + gr%-kæ), accordingly we write (x; qt) for I(l + qki-De). The third and sixth 
members of (3.13) constitute an identity due to Gauss and verified by Lebesgue. See 
Liouville’s Journal (1), 5, p. 47. 
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From the first five members above we have 
(3.14) f(0,—1, 9°, 0, q?)/f(0,-- 1, q, 0, g?)=(— 8; 9°) (— 43 9°)’ 
=f(— q, — 1, @, 0, g?)=1 + 3P (— q; 47) (— 9) 
= 1—3(—) gr? (— 5 PA a) 0 g*) 1 4 agree, 
Similarly we see that 
(8.15) (—q@?3q*)f(—@’,—1, Ya, 0, ¢?) = f(0, — 1, g’a, 0, g°) 
= H (1 — qx) =(— g; g) {1 + 3g” (— 23g?) o(— 93 9°) v} 
=(— P; P) {1 + 3(—) gr (r; Gg?) v(— gt; g) 
= (— q; F) {1 + Sqr! (— qa) v(— g)’v}. 
By (3.11) we get other equally simple expressions for this function, and 
since 


(0, — 1, gx, 0, g)= f (0, — 1, qz, 0, q) i f(— qz, — 1,0, 0, g?) 

we may, as above, add still other members to (3. 15). 

By previous results we get 
(3. 16) f(a, 0, ai (A—1) (1 + 8)a, g)=1+ Z (— T)’A (8) vu 

= 1 BPO +8) (— 2)” (2) n 

In particular 
(3.17) f(— qz, 0, — ga, 0, q)= 1 + 22 (gr)? (q)v-1 = 1 + IPH (— gar)’ 
These identities can be given interpretations in terms of the partition 
functions. 

It is easy to verify that f(— qz, 0, — qz, — (x — 2)qz, q) satisfies 

(1 — gx) 9 (z)— 2g (gz)— 1 + (1 + q) — r° = 0, 
which obviously has a solution with the property A expressible in the forms 
(3.18) g(z)=14+q?+P(1+9)2+P(1+9)4+ g) 
= 1 + ga?(— qu)'s + grt (— qaa Htt 
and this by previous results 
= f(— gz, 0, — qz, —(t — 2) qa, q) = 1 4 3p (— qr) yat. 

Similarly we may obtain other identities; e. g. those obtained by solving the 
equation satisfied by A(x) = g(s) + z. 

By identities in §2 we obtain 
(3. 19) f(— qr, — A, 0, (1 — A) gx, q) = 1 + SAgq’z’(—Aq)’v 

= 1 + 3 (àz) - Ag) q£) = 1 + Sr'q’a(--- qx)’. 

vo en the theorem 


P(a--¢c,b6--1, $c) =P b,c- 1.55), 
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where P(0,0, > y) = 1, otherwise P («, 8, > y) = 0 when a or Bis 0. From 
this we have as corollaries 


P(a,¢, > c) = P(a—1, c — 1, > c+ 1), 
P(a,b, $ c) = P (a + c—b—1,c—1, P b +41). 
By (3.19) we have the interesting identities 
(3.20) — f(— qe, — z, 0, (1—z)gz, q) 
=] + Igar (— qzy» =i + Sgr? [(— gz)'v] 2, 
(3.21)  f(— qa, 2,0, (1 + x) qe, q) 
n Igo (q2) = Í + 3 (—) "qh?" (— gra ; g?) 
= 1 4 3(— g)“ (— ga)’. 
When |s| < 1 we have 
(3.22) F(z, y, 0,0, q)=1 + Z(— s)” (yg) r =1 + 3(—y yg a(s)» 
e an Iy pee (yg) (eyv. 
This gives 
(8.23) f(— qz,— 2,0, 0, q) = 1+ 3 (g2) (— qa)’v = 1 + Ige (— ga)’v]?. 
Again from § 2 we have 
(3.24) (Ba, y, Byz, us, q)= 1 + IB (B + By + e) (—2#)’/(1 + yg) 
= 1 Sg??? (By) (B + By + u) (— g)v-i (yay r (Bry (— e)”. 


From this we get 





2 7 4 
(3.25) f(@,—¢.—-q@—P —34, 7)=1+ a= a+ 


© ay 
4g*(1— 9°) 
=14 —_—___ 
+a=ptte tian nar mare t 
The second member, by the theory of elliptic functions, == #3", and by a prs- 
vious result == {f (— q, — 1, — g, 0,— q) }*. Similarly we have 





k 4g 3 
(8.26) f(g, — gq*, — 1, 1 — q — 494, pea flgo — g — g, 0, 9) 
4q"? 4q3/2 4q°/? 4g? 4q°/2 (1 Les q) 


= eee — e pone a 


1—4 i—g@ rs  1—@' U= pg) 
4g (1 — q?) (1— 
g'*/? (1 — g*) (1— é) set 





m (i—¢@) (I-99) G— = 
= er oe — 43g" (— ¢) w- (— g; gyr (— g; g) = 


= 44 {f (— q?, — 1, f 0, q*) }?. 
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Also we have an identity involving the series of Clausen “ 
(3.27) f(—g—-14—-49)=1+ 39’/1— 9’) 
1 (geed g) (1— g). 

Many other examples of identities involving f(@z, y, dv, pv, q) for par- 
ticular values of the parameters might be given. Often such identities imply 
identities of interest having many terms involving only simple series and 
products; e. g. comparing (8.10), (3.11), and (3.17) we have 
(3. 28) {f(¢,—1, 0, 0, q)}> = f(0,—1,—4q, 0, Daa Aa qs 0, — q, Q q) 

= f(—- g, — 1, 0, 0, °) = {f (0, — 1, g, 0, °) 75, 
which implies 
(3.29) {f(g —1 0,0, q)}* = W(1 + p)= E (1—47) =1 +IP (gg) 
=1 4 Sg (— g) w = LP Rg (— 95 g)» 1 paa g) 
=1 4 BPM (1 + g”) (q)va(— q) = 1 + Ip (qg)v- 
= {1 Sgr P}/{1 + 2 (P1 g”) ) = ete. 

4. The Homogeneous Linear Second Order Equation. Consider the 
equation 
(4.1) $(2)+ (e + 8r)plgr)+ (y + 82) $(q’x) = 0, 
where 1-++-a--y—0 and @-++ 8540. A unique power series solution with 
property A is found to be 


(4.2) p(w) 1 + 3g"? (8, 8)»(—g)’o(— 79)’(— 2)», 
where we have written 
1 ag? + yg? =1— g — yt + yg” =(1— 9) (1— yr’). 
The series is convergent for all a. k 
When B+< 0 let 
(4.3) . p(z) = (1 — Bq"*z) ®(z). 
Then (x) satisfies the q-difference equation 


(4) ale) + PERE ela) + GE a (ate) =0. 


Ba) (1 y Bq a 
If there is a ne of (4.4) expressible in the form 
(4. 5) (x) = 1 + 3e(— r)a, 


* Journal für reine und angewandte Mathematik, Vol. 3 (1828), p. 95. He 


states that the second member ahove 


|- 1- liy’ 


where 7i») is the number of divisors of v. 
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we find, on substituting into (4.4) and equating coefficients of the ex- 
pressions 2”(8z)’» to zero, 


cı = —(8 + Byq)/(1—¢) (1—74), 
Cv = — vq” (8 + Byq’)/(1— q”) (1 — yg”). 


Hence-we have as a solution of (4. 4) 
(4.6) (s) =1 + 2g’? (8, Byg)(—q)v(— yq)’v(— Bt) (— 2)”. 
When 8 = 0 it can be shown that the equation satisfied by y(x), where 


(4. 7) y (z) = I(1 — 89" *z)*6(z), 
does not have a solution of the form 
(4. 8) w(x) =I] + Zev (— 8x) ve, 


im which the 2s are simply determined, exeent when y ==0. In this case 


y(x) satisfies the aa 


(49) yegi e) + Goa ey He o, 


having the eee 
(4.10)  y(2) = 1+ 3(—)?q?** (8x)? (— q; PY» (— êr). 
When 8 =y = 0 let 
(4.11) (<) = (1 — gq’) ¢(— gad"). 
Then (a) satisfies the equation 
(4.12) ¥(2)—(1— qx) ¥(ge)— ga (1 — gz) (1 — q’a) Y (gr) = 0. 
If this equation has a solution expressible as a scries with constant term 1, we 
find after substituting into (4.12), the expression multiplying the constant 
1 is 
1—(1— gx)— ge(1 — gx) (1 — q’a) = 0-2 + g?a* + gs? (1 — qa). 








This suggests the series 
W(x) 1 + 3 {ceva (-— ga) vr + cove” (— ga)vr + Care? (— ga) v}. 
Substituting into (4.12) and computing the successive c’s we have 
a=0, G=qg’, Ce=—g/ (1—1), 
and in general 


(4. 13) Co = C avg? + Corg?” => C'av-aq + Cov-ige’', 
(4. 14) Cov. = — Cava + Cavi?” + Cav- ae Cova” + Cov-oq?”S, 
(4.15) Cov == — Carag? — e’av_oq°”? — Cova. 
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Clearly we may solve (4.13) and (4.15) for cev or Ca in terms of c’s 
with no subscript greater than 2y — 1 and hence for cov, and ¢’sy-. in terms 
of œs with subscripts not greater than 2v — 3. By repeated substitution for 
the c’s with even subscripts in (4.14) we can ultimately show 


Cova = f ( Cov-s, Cov-sy* * *, 61) + &(q). 
Since c, = 0, k(q) = 0 and hence cs = cs =: - -==0. Then (4.13), (4.14), 
and (4.15) become 
Cav = avq” + Corg” aiaa Cava”? 
0 T an Cav- -+ Cov- -f Cev- 73, 
Cov = — C'av-20%? ate: Cov-2q°?*, 
from which we easily obtain . 
tay =(P PPA a (I~) 1 —@")}, 
and 
Cs ==(— 1) -2/{ (1 ee q) r. (1 Ta q’) }. 
Hence we have * (if 8 = y= 0) 
16) (2) W(1— q’x)$(— qad*) 
= 1 F (Per Pa (— ga) va (— q) H grr Pa?” (— ga) »(— ¢)’r}. 
In particular we have 
(4.17)  E(1)=1 4 3(—) pDA + g) 
— 1 (1— g”) (1— g=) (1 — g”), 
(4.18) W(g)—= 1+ 3(—)rgrPA(1  g) 
= (1 — 9) (194) (1g) /(1— 4). 
The last members come from a well known identity due to Jacobi. 
We return to (4.4) and seek a solution in the form 
(4. 19) S(r) = 1-+ Sev (— Bt)», 
where we make |8/8 | < |q | to insure convergence of series obtained after 
substituting in (4.4). Equating coefficients of (— Bz)’ for v = 1, 2,3,- >, 
we have finally the solution 
(4. 20) S(s) = 1 + 3(— 8>) (8, Byg) (— q) r(— Br)’v. 
By (3.1) 
(0) = 1+ 3 (— B*)*(8, Byg )v(— 4)» = OL — yp) /(1 + 884g") 1. 
Lory 4 y io oba ë p + Ve 


vee E HICLIGS Verified ay Unuaddajan tCodecied Papas No. %0), and of which many 


es . 
heoa  tytye bash Given 
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Hence a solution of (4.4) with property A is 

(4.21) &(2)==(88) (— yq)’{1 + 3(— 87)” (8, Byg)» (— 9)» (— Ba) v} 

where | 8/8 | < |q |. But by analytic continuation we may extend the ran 

of validity of the series and require only that | 8/8 | < 1, which is necessa 
for the convergence of the series. ` ` 
If we write 
$(q8a", q7) = (1 + 89") Ba (2), 

and solve the equation satisfied by ®,(x), we obtain the solution 

(4.22)  &,(%)—= 1 + 3(— 8x) ’g?? (— yg; 9?) v(— 9)’ o(— yg) (èr) 

provided 8 = 0. 

On writing $(f2, y, 8x, q) for (x) we may summarize the main resu! 
of this section 1n the following identities: 

(4.23) (Bz, y, 8a, gy = 1 + IPOE (B, 8) (— 9)’o(— y9)’v(— 2)” 
=(— Br) {1 + Sq’? (8, Byg) (— 9)’v(— y9)» (— Br)» (— 2) 
= (— Bx) (88*) (— yo) {1 + 3(— 8)” (8, Byg)» (— q Y» (— Bar. 

where the last member is present only when | 8/6 | < 1, 

(4. 24) $(0, Yə goa", g) 
= (8x) {1 + Ipo (—- 82)"(— yg; P) (— a)r (— yg) rr) 

(4. 25) ¢(0, 0, éz, q) 

=(— 8x) {1 + 3g? (— Pr) (— g; g) (— 8EY a1); 

(4.26) (0, 0, — gz, q) ae 

=(— qa) {1 + 2 (— Ppa (1 — g?’a) (— q2) v-1(— 9)v} 
5. Applications. From (4.23) we have 


(5.1) (qa, y, 0, q)= 1 + Bq?" (— g)’v(— y9)’v(— 2)” 
== (— gx) {1 + Sqr (— 9)’v(— yq)’v(— 9u)'o(— y2)*} 
==(— ga) (— qy)’{1 + Sqr? (— g)’v(— gr)’v(— y)"}5 


from which we easily obtain 


(5. 2) f(0,— 1, — gr, 0, g’)o(— q2, — T, 0, g?) 
=(g'a3 g) {1 + 3g (— g; PYE; g) a) 
= (ga) {1 + S(—P Ë (— 93 yle) wa”) 
= (gx; P) (1 + 3g” (— g; @?)’v (qu; Pyh, 
(5.3) = p(ga, 1, 0, gy = 1 + Sq??? (— sP (— g) 
=(— ga) {1 + Sqr" [(— 9)’v]?(— gr)» (— &)"} 
=(— qa) (— gy {1 + (poe (— g) v (— gey}. 
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Comparing (5.1) and (38.17) we have ¢(— q, 0,0, 4) = f(— q, 0, — 9, 9, q). 
By (4.23), (4.25), (4.26), and (5.2) we have * 


(5.4) (0,0, — qe, q)=1 + xq" (— q)’ va” 

= (qx) {1 + 3(—)’9°"(— g; 9?)’v (qx) ’eva??} 

= (qa; 7°) {1 + 2g" (— 95 9?) (q?a3 9?) ’va"} 

=(qz; PHa + 29°" (— g; g) (gr; g) a} 

=(— qa) {1 + 3(—)7grtn (1 — ga) (— ga) v-1(— q)” }. 
Again by (4.24), (5.1), and by symmetry in 2 we have 


(5.5) (0, 0, q°a?, q?) = (ga) {1 + Sqr"? (— ¢)’v(qu)v(— #)"} 
=(— ge; g*) {1 -+ Bq? even /2 (— q)’v(— ga" ; g) ve} 
= (— gx) {1 + Sqr? (— q) v (— qr) va}. 

Similarly we find 

(5.6) (0, 0, 2, g*)—=(— qa; P) + 8g (— E5 Ey (— ga; gye} 

=(— ga? g) {1 + 3g (— g; g) al 9x? 5 g*) v2} 
= (qr; 9°) {1 + 3g (— g; 9°)» r; g) eh. 
By (5.4) and (4.17) we get 


(5.7) (0,0, — q, = 1 + 3 (— gr =(¢) 1 + (A (— 675 EA a) 
= (0; P) + 8 5 yla 7) + I e ey 7)” 
=(= {1 + aye OS) = 1/0 (1 — gt) (1 — g>). 

Similarly we find 


(5.8) (0, 0, — g$, g*) /M (1 + g) = 1 + 2 (—)r a (— 9? g?)v(9° gt) 
= 1/1 (1 — g?%=8) el — g) G+ qg”?). 


By (5.6) we have two other expressions for the same function. Again by 
(5.5) and (4.17) we have 


(5.9) (0, 0, — g, E) /E (1 + g= 1 + 3(—) pD gyl; @2)’v 
= 1/0 (1 — gp) (1 — gp”) (1 + g7), 


and by (5.5) two other members may be added. In all we can obtain 
fourteen different representations of (0, 0,—4q, q). 

We could also write a similar set of identities for the function 
(0, 0, —- q°x, q), which for æ = 1 is the function appearing in Ramanujan’s 
second theorem.t For their beauty in themselves we state the following: 


“Ch L J Roger, Pracredicgs of the Landau Wathemotirat Sericry. Noi to 
(1894), p. 330. 
t This theorem is stated by MacMahon, loc. cit, p. 30. 


o 


314 G. W. STARCHER. 


(5.10) (0,0, g®, q?)=(¢) {1 + S(—) "gr? (— g; gy} 
=(— q) {1 + Sgr" (— ¢)r]?} 
== (— g; q’) {1 + Sgr rD (__ q)'v(— g; g*)"v}; 
(5.11) $(0, 0, 1, g*)—=(— g; 9?) {1 + 30° (— 9)*2v} 
=(9¢3 P) {1 + 2(—) "9" (— 73 9°)’ (q3 ¢*)’v} 
=(— g7; g) {1 + 3g" (— g; 9°)’ (— 3 yh. 
By (4.23) we get 


(5.12) (Bz, 0,82, g)=1-+4+ 397? (B, 8) (— g)’v(— 2)” 
© ==(— Br) {1 + 30°” (— q)’v(— Ba)'r(—82)"} 
== (—- Bx) (88) {1 + 3 (— 8/8)” (— q) (— B)v}, 
(5.13) $(g,0,— p, g)= 1 + 3(—) ror? —(— g) 1 + 39°" g) 
(5.14) $(—¢, 0, g, g)—= 1 + Sgro? (g) {1 + 3 (—) "9"? (— 0°30?) v1, 
and this by (3.14) = f(— q, — 1, 9°, 0, g7). Thus we have a new expression 
for this function. From (5.12), (5.13), and (5.14) we get 


$(9,9,— 97,9) + o(— 4,0, 7, d= 24(— P, 9, 97, 9), 
¢(— q; 0, g, q)— $(q, 0, g, q)= 2q ( q’, 0, g, g). 


(5.15) 





Again we have by (5. 12) 


(5.16) $(¢, 0, g5, g )= 1 + S(—) "gre"? (g) (— g) 
=(— ¢) {1+ E(P C q)’v]*}, 
(5.17) $(— 4, 0, g, g) = 1+ Ipee (1 — 9’) /(1— g)=1/(1—q). 
By (4.23) 


(5.18) (ga, 0, qu, g)—= 1 + 23g??? (q) (— gyr (— 2)” 
=(— gr) {1 + 3q°(— q)» (— gax)’v(— 2)’}, 
(5.19) (— qg 0, — g q) = 1+ 289°? (q) va (— q)" 
=(¢) {1 + 39" (— gP; g) hh 








which by (3.11) 
=(q)f (0, — 1, — q, 0, g) = f(— g — 1, — q, 0, 9°). 


Note the two expressions for the latter as given by (3.2). Making use of 
expressions for f(0, — 1, — q, 0, 9°) as given in § 3, we obtain several other 
members for (5.19). From (5.1) we have 


(5.20) (qa, —1, 0, q)—= 1 + Sq??? (— g; q?)’v(— 2)” 
=(— gz) {1 + Bqravn/2 (— g; g)» (— qE) va} 
=(— ga) (qV {1 + Ip (— q) (— qa)’v}. 


By comparison with (5.7), (8.1), and (5.3) we easily see that 
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(5.21) $(—g — 1,0, g°)= (0,0, — 4g, 9) /M(1 + g”) 
ay 1/1 (1 + q7”) (1 a4 q7) (1 — q=); 
(5. 22) CICA a 1, 0, y= f(a— 1, q 0, q)¢(— q 1, 0, q) : 
From (5.20) we may show 
(5. 23) $(— q— 1, 0, q)+ (g, pai 1, 0, q) 
=2 (0; gt) (— F5 gV Dl — 97, 0, gt) = 2A (— 9°, 7, 0, 9°), 
and by comparing with (5.1) 
(5. 24) $(— Q: — 1, 0, q)— $4 = 1, 0, q) 
= 2a (q; 9*) (— 0; 9*)'6(9°, — 7°, 0, 9°) 
` =g — g) J (— g 9,9, 9°). 
We point out two other identities of interest, 
(5.25) (0,1, z, g)—= 1 + 3p (— g) P (— 2)” 
=(gr) {1 + Sgr? (— q; Pi D] (ga g) 
(5.26) g(s, y,— ga, q) = 1 + Sqr? (— yg) (— 2)” 
; =(— g) {1+ 3e (— q)» (— 2)» (1 —y)/(1— yg) }- 
By comparison with § 2 we have 


(5. 27) $(— gz, Y, QT, q)=f(0,—y, — 92, 0,9); 
and by comparison with (5.1) we have 


(5. 28) $(z, 1, — qt, g=(— 2)${0, qt, 0, g= $(2, 0, 0, q). 
Again comparing with §2 (5.1), and (3.10), 
(5. 29) $(a,—1, — qa, g=f(0, 1, a; 0, q), 


(5.30)  $(—1,—1, g, 9) = 2(9) 6(@, 0, 0, (= 24(—40 204) 
=2(q)f (q, — 1, 0, 0, gq)= f (0, 1, —1, 0, q). 
Another way of obtaining identities from those already found is illus- 
trated by the following. On equating coefficients of y* in the last two 
members of (5.26) and using (3.8) we get 
(5.31) agpo» (— g?)s,(— g)n(—2)? 
= —(— x) (Sqr eer (— qY vi (— LY}. 
Replacing « by — 1, dividing by g*, and reducing, this becomes 
(5. 32) 1 + 3go (— gp): (— q)'r oe (q) {1 + > (—) qty (— ide q*) v} 
Se » 0, 7)= $(— g 0, g***, q), 
pow ty a beeen hat teers ald trent Vane romarin weed dy (5, 1) at] f= pus 
Then we may write 


(5.33) (—Ly,q ¢)=¢(—1, 0, q, q)+ Zzp (— q, 0, g*, q) gyt. 
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But by (5.26) and (5.12) we have 
$(— 1, 0, 9, = {1 + E(P I 3 7) H aI Ise) 
=(9 {((— Gg M+— 85 7)} =14-(9) (— Fs M=—14—83F)(—- a") 
By (5.12) and (3.1) 
$(— q 0, gr; qg)==(— q) xf (— ae =o 1, g, 0, q 2) 
=(— f; P) (— r Py (ge 
Then (5.33) becomes 
(5.34) ¢(—1y,¢9)=1+(—@5¢)(—43¢)’ 
+ 3x(— g; 97) (— "3 9?) (— ayala) 
w= 1 +(— gr; P) gey 
X {1 + Ia(— g; 9?) (vg) ™} + Sa(— q; gelya) 
=f(— 4; —y, 9, Qey Gap) 
+(— #397) (— 93 Py H l 075 9°) aa * 
Then by (3.10) 
(5. 35) $(— 1, YL q)—f(— 0—3, 0, 4— 7h q’) 
=(— p; P pn PY e Py 
which obviously implies an identity of several members. 
By (4.23) we get 


(5.36) ¢(z, Yv — gs, gyal ag??? — yg) (eP a — 9") /A— g) 
==(— 2) {1 + 39" (— qy) (yg) r (— 2) 02} 
=(— 2) (— g) (— yy {1 + 3g” (— yg h g) h(a tyh 


which with (5.26) gives the identity 

(5. 87) $(g,7,—9,q) = (I l, gs — g g) 

and 

(5.38) (gz, y, r, q)== 1 + Bq”??? (g) (— g) yq)’v(— 2)” 


=(— ga) {1 + 3g% (y) (— 9) (— y9) r (— g2) (— 2)” 
= (9x) (4) (— yY {1 + 3(— 92)" (Y) (— 9)» (— ge)r} 


which with previous results gives 
(5. 39) p(z, — z, qx, q) =f (qr, — 1, £, 0, q). 


Other relations of this kind might be found. From such relations we 
could evidently state identities of many members as we have already done 
for a number of identities involving known functions. 
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SUMMATION FACTORS WHICH ARE POWERS OF A COMPLEX 
VARIABLE. 


By Water H. DURFEE. 


1. Introduction. By a well known theorem of Frobenius,” if the power 


ce 
series y(z) = © anz” has the unit circle as circle of convergence, and 
n=0 


A 
if $ an is summable by Cesàro’s k-th mean to the value s, then lim y (z) = s 
ned 


as z — + 1 along any path lying wholly between two fixed chords of the unit 
circle intersecting at z = + 1. 

Frobenius stated the theorem for the case, k = 1. Extensions have been 
made by various writers, notably Holder + and Fejér.t Hurwitz,§ also, has 


ies) 
shown that if $, an is summable Cz to the value s, and if gn(z) is a function 
n=O 


of z such that, 1) lim gn(z) 1, 2) for each |z| <1, n*gn(z) is bounded 
zl ` 
fae: 
for all nf and 3) > n*| A*g,(z) | converges for each |z| <1 and is 
n=0 
bounded for all |z| < 1; then $; anga(z) converges for |z| < 1, and 
n=0 


o 
lim Ð a@ngn(2) =s. 
gl n=0 


The theorems of this paper deal with functions which satisfy condi- 
tions equivalent to these, the series under discussion being of the form 


[ee] 
y (2) = E daz’, where a, is real and z is a complex variable. The inquiry 
n=0 


~ is directed toward determining the conditions on f(#) under which the series 
approaches a limit as z => + 1. 

For the purposes of this paper the functions f(n) are restricted to the 
class of logarithmico-exponential functions,|| so expressed that f(0) == 0; for 
brevity these will be designated as D-functions. Certain properties of these 


* Journal fiir die reine und angewandte Mathematik, Vol. 89 (1880), p. 262. 

t Mathematische Annalen, Vol. 20 (1882), p. 535. 

$ Mathematische Annalen, Vol. 58 (1904), p. 62. 

§ Ch. Morse, "Certain Definitions of Summability,” American Journal of Mothe- 
maties, Vol, 45 (1923), p. 263. 

S tre nonnd mov depend rpen < 

| Hardy, Orders of Infinity, THE, 2. 
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functions, which will be useful in the subsequent pages, are: if f(z) is an 
L-function, then f(x) and all its derivatives are ultimately continuous, non- 
vanishing, monotonic, and of constant sign; as 2—>-+ co, f(x). approaches 
either infinity, or zero, or some other definite limit; f(x) is also an L-func- 
tion, and f’(x) = o[f’(z)] entails f(«) =o[f(x)]. 

Fejér, in his paper on Fourier Scries,* proved that Frobenius’ theorem 


oO 
is valid for series of the form y(z) = > anz”, where p may be any integer 
n=0 


greater than zero. It has been shown, however, by Hardy, in a paper “ On 
Certain Oscillating Series,” | that if f(n) has too rapid a rate of increase 


R 
the series $, &nz/™ may not approach any limit as z—> -+ 1. A discussion 
n=0 


of certain series of this type will be found on a later page. 


2. Statement of Theorems. The discussion will he tacilitated by the 
definition of a region within the unit circle, which we shall call R, to which 
the variable z is confined. As in Frobenius’ theorem, let there be two chords 
intersecting al the point z = + 1. They may, without loss of generality, be 
_ considered as making equal angles with the real axis. We now define R as 
the open region, in a neighborhood of z = + 1, bounded by these chords and 
interior to them. 


wo 
THEOREM I. If the series S, an is summable Cx to ihe value s, and if 
n=0 


a) f(z) is an L-function, and f(0) =0, b) logs =o[f(x)], e) f(x) > 0, 
f(z) > 0, and d) f” (<)/f (x) = O[1/z], then the series y(z) = $ anal 


NO 
converges for |z| <1, and limy(z) =s as z—>1 along any palh lying 
wholly in BT 


0 
TuroreM II. If $ an is summable C, to the value s, and if a) f(x) 


n=0 
is an L-function, and f(0) =0, b) f(e) —Oflogz], e) f(e) + œ, 
F(x) > 0, and d) an= O[fAF™f’'(n)], or Sn = O[A™], for every A> 1, 


a 
then the series y(z) = © anz!™ converges for |z| <1, and limy(z) =s 
0 


n=! 


as z2—>1 along any path lying wholly in R. 
3. Proof of Lemmas. It will be convenient at this point to establish 


* Mathematische Annalen, Vol. 58 (1904), p. 62. 

f Quarterly Journal of Mathematics, Vol. 38 (1906-7), p. 269. 

tA somewhat similar theorem, due to H. L. Garabedian, has recently been pub- 
lished. See Annals of Mathematics, Vol. 32 (1931), p. 83. 
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the truth of a number of lemmas which will be of use in the proof of the above 
theorems. 


Lemma 1. As z—-1 in R, | logz! = O(log p), where p= |z]. 


Let 6 he the amplitude of z, —7/2 < 0 < m/2. Then | logz| S| log p | 
+ /6|. Asz—l, 0~sin 6, and since log p = log[1— (1- - p)]~—(1—p), 
|logp{|~1- p. Now let |z- -1|=r, and call the acute angle between 
(z— 1) and the real axis 8. Then sin 0 == r/psin 8; and p?=r?+1 
-— ?r cos 8. Noting that as z — 1, (1 + p)/p— 2, and 2 cos 8 — r— 2 cos £, 
we have 


ie] sin6 __ (1+p)sinð 
jlogp| 1—p Loe 
a [G + p)r/p] sing (1+ p)sing DS asinB ang 
r(2 cos 8 — r) p(2 cos 8 — r) 2 cos B ° 


Since z lies in R, tan £ is less than some constant, A, determined by the chords 
bounding R, whence 


| log z | 5 | log p | + A | log p | = O (log p). 


LEMMA 2. If f(x) ts an L-function, and if f(x) and its first k derivatives 
exist and are continuous, non-vanishing, and of constant sign for « = a, then 
for such values of x they either all bear the same sign, or all derivatives up 
to a certain one bear the same sign and thereafter they alternate. 











To prove this, suppose that for s Z a, g(x) =f (x) and g'(x) are of 
opposite sign. By Taylor’s Theorem, for «= a, 


9(2)= g(a) + (z —a)9"(a) + [(e7—a)*/2] "(a+ O(a—a)} 0<0<1. 


Then, for v > a we may write, 
g {a + O(2 — a)} = [2/ (x —a)*] {g (a) —(4 — 0) 9 (a) — g(a) }. 


If g(a) > 0, and g’(a) <0, then by hypothesis g(s) >0 for «>a, 
and the first two terms in the braces on the right-hand side of the above 
expression are, signs considered, positive; while the last, which is negative, 
is a constant. The second term increases indefinitely with æ; hence.for suffi- 
ciently great values of z, g” {a + 6(x---a)}> 0. But for s > a,.a-+6(4—a) 
>a, that is, there are values of r>a for which g’(r) >0. Since by 
lypotiisis gy? (e) is of constant sign for s a. tt tollows that for alle >e, 

=a 


Tr on the other hand, y(r) < Ov and (y> 0. then fou we Dea, g(a, 


o 
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and for sufficiently great values of x, 9’ {a +0(a—a)} <0. It follows that 
there are values of æ >a for which g”(s)< 0, and hence that g”(x) <0 
for all z Z a. 

Thus if g(x) and g'(x) are of opposite sign for «a, then g(x) and 
g(x) are of like sign for z 2 a; which proves the lemma. 


LEMMA 3. If f’(x)/f'(%)=O(1/z), then for any k 21, f®(x)/f’ (x) 
= 0 (1/2). 


z 


The statement is obviously true for k= 1. Suppose it true for some 
k>1. Differentiating, we have 


| iaa asa Shan Pai A f° ; f’ 
Py F 7 F 


E 4 





17 
0(a)- ol eG lela] 


or PU /f = beat Thus, if the statement is true for b=2, as by 
hypothesis it is, then it is true for all k = 2, and the proof is complete. 


LEMMA 4. If f(z)—= O(log 2), and if f(£)— + œ and F(s) is positive, 
then f(z) is negative for sufficiently great values of x; and further, 


P’(2)/f (z)—= 0 (4/2). 


Tf f(z)= O(log z), then f (s)= O(1/z)*; that is, for sufficiently large 
values of a, |F (s) |< M/s, where M is some positive constant. Hence 
f (z)—0 as s—-+ œ. Since f(x) is an L-function, so is f(z); and since 
f(x)-> 0, ultimately monotonically, f” (x) must be ultimately negative. The 
truth of the first statement in the lemma is thus established. The function 
af’ (z)/f’(z) is an L-function, and therefore approaches either zero, or — p, 
or — oo, where » is some positive constant. Suppose that, for «= Z, 
af’ (x2)/f'(2)<—a, where «>11. Then f’(2)/fP(2)+e/e<0. Inte- 
grating from X to z, we have 


log f (a) -+- «log z —log f/(X)—alogX¥ <0, or af’ (t)< q(X), 
where q(X) =Z (£). 





Putting this in the form f (s)—q(X)/z* < 0, and integrating once more 
from X toz, 


f(#)—9(X)/(1—a)at* — f(X) + g(X)/(1— a) Xe < 0, 
i F(a) < F(E) + g(X)/(a— 1) X04 — g(X)/(a— 1) ae. 


* Hardy, Orders of Infinity. 
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Then we have lim Sup SS f(X)+ AF (X)/(«—1), which contradicts 
the hypothesis foes + œ. It follows that lim af” (x) /F (£)=— p exists, 
and — 1 S — a S 0, whence also P'E (ay O(1/2). 


Lemma 5. The terms in the k-th derivative, with respect to n, of 2f™ 
cun be set in one-to-one correspondence wilh the partitions of k, the com- 
ponents of any partition being the orders of the derivatives of f(n) in the 
corresponding term, so that the number of occurrences of a component in a 
purtition indicates the exponent of that derivative. The number of components 
of a partition is the same as the exponent of log z in the corresponding term. 
The numerical coefficients of the terms are all positive. 


If we set ¢(n)=—2z/™, the first three derivatives are 

p(n) =2 MP (n)log z, 

p(n) == 2f™{(f’(n)log 2)? + f” (nm) log z}, 

p” (n) = AM {(f (n)log 2) + 3f (n)f"(n) (log 2)? + F” (n)log z}. 


Inspection shows that the statements in the lemma are valid for k = 3. 
Suppose now that they are true for some fixed k. Then each term z pP 


is of the form Te = Azi (F )e(f)e. - - (f)%(logz)*, where k = $ Zis 


k tra 
any, or all but one, of the «; may be zero, and k = J, ia. 
q=1 
From any partition of & partitions of (k+ 1) may be formed, either 
by adding a new component, 1, or by increasing any single component by 
unity; and if each partition of k be so treated in every possible way all the 
partitions of (k + 1) will be obtained. 


Now, ¢% == do /dn, and by differentiating Tọ we obtain 
T'o = dT o/dn = Azt { (P) (pr) > Geslag a) 
Hao o (fE) > as [fer /f@ ] (log z)*}. 


These terms correspond to the partitions of (k +1) obtainable from that 
partition of Æ which corresponds to Tẹ. Further, in each term of Tọ the 
sum of the exponents is equal to the exponent of log z, and $ ix: =k + 1. 
Finally, the numerical coefficients are either 4 or Lgi, and in either case they 
bear the same sign as 1. 

Thos if the statements of the Jemma are true for some portioner P, 
La ugato thes are abo true ror (i 4-1). Being veqsiied ior #2 8, ino 
hold for every positive integral value oi F, 


a 
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4. Proof of Theorems. We proceed now to the consideration of the first 
Theorem. In showing that, under the conditions of this theorem y(z) con- 
verges within the unit circle it will be advantageous to go further and prove 

oO 
that for |z| <1, > | dnzf™ | is convergent. We note that since p ad, is 
Vesommable, | an $ Z Gn*, where G is a positive constant; it will therefore 
suffice to ‘prove the convergence of S nf, 0S p <1, logn—ol[f(n)]. 
n=0 
Since f (n)/log n — +œ, for a fixed p, and n > N, we have [f(n) /log n] log p 
<—k—2. That is, f(n)log p << —(k + 2)logn, or pf ™ <1/n**. Then 


CO 
ipl < 1/n? for n>N. The convergence of X n*p/™ thus follows from 
- n=0 


oo . 

that of > 1/n?, and the absolute convergence of y(z) within the unit circle 
n=0 

is thus established. 


The series ŞS dy, being summable Cy, we have lim C0, =s, where 
n=0 nwo 


n = Sn EC) = [So (k-1) + Sy (k-1) +: -+ BaD] (Hr), 


and Sp = Sn = lo +ai+:°-:-+a. Thus, if we define CC. —0 for 
r > 0, we have 





Sn L) a Ba ík) sE et (3) Cn (kd a sare ab ee es 
(k-2) 2 (k-1) te ie am: { ntk (he) _ 2 n+k-1 (hk) nthe? (k) 
sD =en — Baer me ee aT) + (Pre 


n-2 ° 


and so on. This process ultimately yields 


(0) ccs — (tk () oo fk nk-1 \ (k) 
Sn Sn ( i yen . k ye 


+ OLG jom — f “Et DH COC 
“An = 8n — Sn-1 == ("5 ) Cn (ky a F DOAA 
+: + (— 1)* (% ) Cea (— 1 jhe phe CS) CO 


This may be written, 
‘el * 
aa me E (—1)9(4) (EPO 
and accordingly we have . 
S k+l +h (kh) fen) 
ve ntk- 
y(z)= = = a Gs y¢ kp yO gi, 


If now we set up the expression. : 


ra 
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Cy f (g $ (1) Cg (B Car pegy l 
= Ce ) Í (ea -+ (£) Coat + (HE) Ce +: ne" } 


a (2) 1 Ce JO- 0 ob. (X RAY Oa gr 4 (De Ugh 4. Pa 


naan k+i ae lek- tik) k-k T 7, 7) k-k+1 Tsk) yf (2) 
HCE) EO, + (DEMO F (HOR 
each row, in view of the definition C_-“ = 0, r > 0, is seen to be a series of 
x a 
the form > (=) (r) Cazi mo, The terms of this series are not greater 
nro 


ro 
in absolute value than the corresponding terms of > (==) (n A 1O E, 
n=0 
for f(n + q) = f(n), and 


J pS N -(n+2)(a+ 1) i 
(= PEL aa S pyn 


Since aiso Cn,“ approaches a definite limit as n —> o, this latter series con- 





verges with Š nk, the convergence of which has already been established. 
It follows that each of the row-series in the above expression is convergent, 
|2| <1. Since the number of rows, (k +2), is finite, the series formed 
of the sums of columns also converges and.represents the same function as 
the sum of the row-series. But the series of column-sums is exactly the 
function, 


y (2) = S: 5S (— 1) (1) (Bryon gi, 


n=0 p=0 
It thus appears that we can write 


y (2) z= CS) È $ (et) C,H gf — Ce) z > (OCR gto 


n-1 


Leia cd te {1ye ree | -1 O yf 
+ +( 1) H > 2 (5 ye git), 


n-k-1 


n=0 


Rewriting this in such manner as to omit terms containing C_,, r >O, 
we have 


y (2) = (5) ŞS CF) Cn (dg fCn) __ aC 3 C) Ca H gftnti) 


n=0 azo 
a + (- av] )ke ae È Ca a 


ar 


KS Wa Ss 
LEV Cy SOA ele Paes sh GN: 
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ktl 
= [ntk — k+. n 
where ba (2) = ( * ) 2 ( 1)?/( yah +p). 
It must now be shown that the transformation whose coefficients are 

o 

ba (z) is regular; that is, that the limit of the sum of the series $, bx(z)Cn™ 
n=O 

as z— 1 in R is the same as the limit, s, of the sequence (,™. The necessary 

and sufficient conditions for regularity in this case are four,* namely, 


I. For each n, lim b,(z) =0. 
21 
~ 
II. For each z in R, X, |ba(2) | converges. 
n-0 


III. For all z in R, 5 | ba (z) | is bounded. 
n-0 


Since 
3 k+l ‘3 
= Ce) a a 


for each value of n, condition I is evidently satisfied. 
Bearing in mind that (%4) S (n + 1)*, and that | aro | S pf for 
p = 0, we have 


a 
H 


; | ba (2) |s Cas) $ Cee =< Qk (Cn 4 1t, 
Thus 


9 œ 
> hlo S2 E (np, 
n-0 n-9 
= o 
which converges with 3) n¥of™. Therefore the series $ | b,(z) | is con- 
no n-o 


vergent for each z in R, and condition TI is satisfied. 
It is equally simple to deal with condition IV. We have 


On, = [1/(#*)] Í (=) ao + (1m oe + (i)a? À 
In particular, if a1 and a; = 0, i > 0, then for every n, Cn == ao = 1. 
In this case, therefore, 


[oe] 
y(z) = E anzl™ = age! —1, 
n=0 
and likewise 


y(2) = È ba(2)On® = È Bal). 


* Bulletin of the American Mathematical Society, Vol. 28 (1922), p. 17. 


+ % ui 7 
Wangi ou th sa gat eee . TE oe oa Oa s ee es ee 
no 


gly condition TV is satisiied. 

Trove comatose covaition [I] We note, tn the alist pleas that sone 
fry isan F-function there is a value of as, wa saa such that fora >r, 
fer aod its drsi (F 1) derivatives exist, and are contiauous, montone. 
edom coustart sien, TY thes tom ove st ela) <2 .we have. tore De, 
the tirst difference 

an 
, pts 
A@(uji— pla) ola + 1)= f (ridi, 
a ES 
the second difference 
A u fi F 
A$ (n =A9(n)- -a t= S p” (rz) dradri, 
ped Ty+1 
and the (k + 1)-st difference 


Ard (n)== At (in)- AN (n + =f" 2 ee . few (fist) ditaa cee adradry. 


rytl ath 
Now. in this last expression, set ri = n + $, r2-=r, + S2. and in general 


MPT + Si. 


0 0 0 
Aig (1) == SS ee rare f pie) (u) Stat E dsods,, 
pi $ pa 


where p= n 4 s sH: Sea Observing that 


ba l= (mF) | 2 (iHe |S aE AM O(n) |, 


and that the above expression for A¥¢(n) is valid for n> no, we may 
now write 


Š | bu(z) |S È |b(2) | 


wy va Š n 0 0 
+ 5 (n -+ 1)* | Sf Se f PHD (aY da ° r -deads | 
nTHyrl : ; x 
<= ¥'b.(z)| 
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1 1 AY 
i) 
won (n + af Sf ~~ f | p (p) | ASt T d82ds1 
j o o 0 


is bounded for all z in R. 

It is evident that the statements made in Lemma 5 regarding 2f™ are 
equally valid for p/™, where p = | z |. If we set y(n) =p!™, and indicate 
by Ty a term of y™ (n), 


k 
Ty = Apf (Pafe - + (f)% (log p)", h= > a, 
i= 
k 
we note that T’y—Ty{f logp + X aiff}. 
421 
Suppose now that the alternation of signs of the f? commences with f”. 
Then, for n > mo, f and f“ have opposite signs, and since f logp < 0, 


it follows that T'y and T’y bear opposite signs, and hence also y and y=" 
On observing that y’(7)= p?f’(n) log p < 0, we conclude that 


(— 1) yD (2) > 0, n > No 
By Lemma 1, and the conclusion just stated, 
l pH (n) | =< B | wD (i) | e (— 1) By) (n), 


where z is in R and B is some positive constant. Since p = n, we can write 


notl 


3 mine f f $ y |p? (2) | dsrn . - Sod; 


notl 


pi 1 i 
<B Ş ff EX of (— 1) (u + 1) (p) dsr" + + dseds1 


A first integration gives 


hotl 


B 5 ff wee f (— 1) [ (u -H1 (u)— k(p+ Lyt E-D (w) 


F Ele — 1) (aF LY (p)— (1e yla] doe dds. 


81450 


oO 
This may be expressed as B > {g(n)—g(n + 1)}, where 


g(n)—= (fy (= 1) {Con + 1) 9 (m) 


— he (py 4 1) BAW? (wm) + (1) (or) dse’ + + dsedsi, 
in which p =n + s1 + S++ + Se 


The tease dhe di te@rene On fie RDE eel ste oi Tus pression e 


vi aoas aveli 4 ay ce i 1) oy E T E E E T 


l ~f f Paha (Lee (ht m D (ne a Drg dds = dead, 


A 
we an wite g(w)-- X Ca. Notmg that p1 n -t k, we see that 
1 1 1 
sa aai ah 5 
C. ESC E tl) f f oe f (1) et (yds dyads, 
m. 74 P 


1 1 1 
of ' m 8251 
At(@@t+h+)) f f ent f (— 1e (aa) | deat dyads. 
a « a 81. 
0 0 0 








m ! =0 


Now if m is even, y1 (p) is negative and increasing, if m is odd, y- (p) 
is positive and decreasing; in either case, therefore, (-— 1)”y n} (m) is 
negative and increasing, and hence 


1 1 aL. 
at ` ne 
Un< Ba f siy f (== 1) Py- (ua) dsr + + dsedsi, 
0 0 0 


where p = n + s1 +s. He + ++ Spa. 


After m such integrations we find 


1 £ 1 
:! k+ 1)” 
Um < $ in + T ar ) f f ES f Y (temsa) dSk-m ae ok dseods1, 
0 b 0 


where gma =n F si Hte Skomm Since y (pma) = pf" is a positive, 
monotonically decreasing, function of pm.1, it follows that 


OSUn < [ki (mn EEA) */m!]pi™, 








and hence that 
lim sup Cm 17 lim sup [et (a -4 1) Jin t phim. 
rN nN 


Terah Mat tee is sae labo ag a Aone Pha Wea che OF 
i ; 
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Thus lim Um = 0, and as there are but a finite number, (k +1), of such 


n00 
terms in g(n), we have lim g(n)=0. As a result, 
n>% 


B Š {g(n)— g(a +1)}= Bg(m+ 1) 
<B Š pe! (no + k +2)"/m! Jott < Bk! Š [no + k+ 2)”/m! L 


which is bounded. 
Collecting these results, we have 


> [a(z) | < [L2 + (to + 1)*] + BE! Š (m+t+2)"/m!. 


It is thus proved that providing the alternation of signs of the derivatives of 
CO 
f(z) commences with f’(x) condition TII is satisfied, >! | b.(z) | is bounded 


2-0 


for all z in R. 

On the other hand, if f’(xz) > 0, then for this, and possibly other deriva- 
tives, sgn f? —(—1)*. These may enter certain terms of 6% (n), for 
example To, T'9,,° °°, Z,, in such manner as to make the signs of these 
terms different from that of the leading term, 2/ {f (n) log z}***. In this 
case we have 


| 6% (n) |S (— 1) By (m) + (— 1B (Ty, + Tyt: + Ty). 


The series > (n+ 1)* | A**¢(n) | is bounded if = nk | ate (n) | is 


bounded; for the ak of simplicity the proof will be Dei for the latter. 
We have 


> në | Arig (n) | <B = SS S (— 1)» py D (p) dsr: - dszdSı 


notl 


(s9] 
12B Š m we = f (—1)*(Tp + Tya F+ Ty,) dera deads. 
0 0 0 
The first of these summations, after a first integration, gives as before, 
oO 
BS {g(n)—g(n + 1)}, where now 
notl i i i 
g(n) -Í f- sas f (-— 1) {uty (m) — ent yO (u) 
0 0 o 
H's H 1)"kel y (m)} dse > > dsads, 


k 
and m =n + sı +s: +: +s Here again we may put g(n)= X, Un, 
m=0 
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where, 
1 1 3 
Um = SS ar f (—1)”(k l/m 1) py ™ (m) dsr’ ele dsodsy. 
0 0 is} 


In this case, however, we cannot be sure that (—1)”"y'"-) (m) is negative 
and increasing; so the former procedure cannot be followed beyond this point. 
But the terms of y“” (1) are all of the form 


Ty— Apt (PAP «= (f) 2 (log p)', k= Ta, m= Fia. 


By Lemma 3, and condition (d) of the theorem, there is a positive constant, 
Mi, such that, for n sufficiently great, 


[FP (p) [8 < Mi [P (a) J/s. 
Supposing no so chosen that this inequality holds for all values of i occurring 


in any of the Ty, and setting iat MM, = M, we have 
q=1 


| Ty | < Apt MEP’ (a1) ]* | Jog p |*/us™*. 


Thus the absolute values of the terms in the integrand, 


(— 1)" (b/s (na) 
are less than 


(AME!/m!) pf ps [F (ua) ]* 


provided p > 1/e. In this expression A, M, k, m, are constants p S n + k, 
f(m)SP (m+ k), and pl < pf ; hence 
lim sup pf ma [P (ax) ]* 
a> 
= lim sup exp{f(n)log p + h[log(n + hk) + log F (n + &)]}. 
But log n = o[f(n)], and since f” = o(f’) entails f/f —o(f), it follows that 
the limit on the right-hand side of the above expression is zero. 


There being a finite number of such terms in the integrand of the ex- 
pression for Um, it is clear that lim Um = 0, and hence that lim g(n) = 0. 


n00 nwo 
We thus have 


B È {9(n)—g(n + 1)) = Bo(no + 1). 
But 
| (to HDS È | Un (no +1)! 


I 
n 5 I e!m !) ff S ze” | Ty i dss- a sass, 
m=0 
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where the summation in the integrand extends over all the terms in yy, and 
pı = no -+ 1 -sı +: +s It has also been shown that 


Ty | < Ap MEP (pa) ]* | log p [/m”> < AMIP (m) nn” if p> 1e 


Hence 


T 1 1 
k 
| g(no-+1) |< Š AMC I/m!) = ff ef wr*[P (ur) Tse + E 
0 0 0 





and since pm S no + k +1 and f(m) is a positive, monotonically increasing 
function of m, 


k 
| gm +1) |< BAM (Em!) Z (m+ e+ DAL (Mo FEED 
where h takes on all valnes corresponding to the terms Ty in y™. 
Thus g(m + 1) is bounded for all z in R, and so also is the first summa- 
lee) 
tion in the expression for X n* | A*¢(n) |. 
notl 


With regard to the second of these summations, we note that any of 
the Ty, therein is of the form 


- k+l 

Ty, = Asp! (PAP) > + (fe) #2 (log p)*, hm Dae 
Suppose now that the derivatives for which sgn f® =(— 1)? are f2, fi, 
- + +, f%, and for these let 


Ai F Gig Gi, = A, Ms T lolis fo rH, = B. 
By Lemma 3, and condition (d), we may set 


[FP (p) | < Mer P (uw) ener, 
and accordingly 


| Ty. | < AsMpl (fore - + (FOP) ae | log p |*/u*s, 


where now the f‘,---, f@?, no longer appear, and X «: =h, but 


DSiejx=h—Bt+ati=—j+i<k+1. Then we have 


1 1 1 
È n f f oe f (—1)*Py,doea* + E 
o 0 0 0 


1 i 1 
co 
<AM > Sf sate $ (— 1) pipt (Fea. + + (f+) ana (log p) "Aste « «> ds, 
0 0 0 


notl 


But the integrand in the latter expression is, except for a constant factor, g 
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one of the terms of (—1)/*pip%" (p). Tf the terms in w%* are all of 
like sign, 


T 1 1 
x 
S nè f f or f (—1)"T yu, dber* «Anes, 
Nytl s “ 7 


1 1 1 
<A 5 f f PE f (— 1) uiy D (u) dsrs e.’ dsods1, 
0 6 ° 


Not 


which can be shown bounded as was done for yy) in like circumstances. 
But if the terms are not all of like sign the above process is repeated with 
yy instead of uw. As the order of the derivative of y is lowered at each 
repetition we are certain ultimately to reach the form 


1 


1 1 
5 Sf oe f — y (u) dsr e dsods,, 
notl a 
0 o 


o 


which can readily be proved bounded. 
The second summation being thus proved bounded, it is established that 


(ae 
> |ba(z)| is bounded for all z in R; condition IIT is satisfied. This 
n=0 


completes the proof of the regularity of the transformation whose coefficients 
are ba(z). It follows that, as z— 1 in R, 


[e e] 
lim y(z) = lim $ ba(2)0n P = lim C, =s, 
zl zl n=0 n> 


_and the proof of Theorem I is complete. 


Owing to the less general nature of Theorem II, its proof is considerably 
simpler. We set up the series 


w(z)= S (n + 1) {2f™ — Qgf (ntl) + ateng E= 5 bn(z)Ca™ ; 
n=0 


n=0 
and the proof consists in showing that, under the conditions of the theorem, 
[oe] 
u(z)—>s as z—1 in R, and that for all z in R, y(z)= È anz!™ converges 
n=0 


to the same value as w(z). 


As before, vince Lim Ca® =s, we must ostablish the regularity of the 


‘` 


‘ + ayes 4 ror mre E S y 4 7 
aruh aber oal Ve taken sh aowa Otis dast ida de Fin Clit Oal wb desu dhas ok 
those ehea en the proot of Theorem L 


o 
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It is evident that for each n, lim ba(z)=(n + 1) (1—2 + 1)=0, so 
that condition I is satisfied. i Z j 

Since f(z)== O(logz), by Lemma 4 the alternation of signs of the 
derivatives begins with f’(x). Accordingly, if we again set ọ(n)= z2 ™, 
y(n)= pf, and recall Lemma 1, we can find an no such that for n > no, 
|¢(n) | S Bl y(n) | = (—1)*By™ (n), where z is in R and B is some 
positive constant. We also have, as before, but this time with k = 1, 


| bn (2) | =(n + 1) | ZED __ If (nr) +- gf (nt2) | =(n + 1) | A2p (n) le 
Thus 


fos) no œ% 

X | bn(z) |= È |ba(2)]| + È (n +1) | A’p(n) |. 

n=0 n=0 n=notl 
Since the absolute valne of b,{7) is not greater then 4(n— 1), the first 
summation is less than 4{1 + 2 +: -+ (no +1)} =2 (n +1) (no +2). 


o0 
With regard to the second summation it will suffice to consider X n | A?%¢ (n) |. 
n=notl 


o 9 
We have A?¢(n)= f f p” (u)dszdsı, where u =n -+- sı + Se, and so 
A 1 


Sn] ae(n)|— Sal ff 6 (u)deds: | 


H=Ngtl 


NENgtl 


Cc 7 7 [ee] a x 
sn f 19) |dd SBS n Sf 0 Wards, 
Qa 0 oi 0 13) 


Now, y” (u)= pe! {[f’(u) log p] + f” (u)logp}, and by Lemma 4 there 
can be found constants, M, >0 and M: > 0, such that for n > m f(e) 


<M;/z, | f’(2) | <Mef’(2)/2. Finally, for p > 1/e, | logp | > [log p]?; 
whence 


y(u) < — pl™ (log p) (ALP (ue) /m + Mf (u) /u} = — Mp! ™ [F (un) /u] (log p), 
where M = M, + Ma. Then, since n S y 


S n| aro(n) |< BM È n f f of LF (u) a] (og p) deads: 


noti 


1 1 
wo 
<Bu 3 f f — pl (u) (log p) dssds: 
0 o 


1 


> 821 00 

=BM > È [~p] ds, = BM > {g9(n)—g(n+1)}, 
Not 82=0 Noth 

0 iA e 


Q 
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where g= f pi dsi < pf, Therefore lim sup g(n)& lim pf = 0, 
; 7 paso 
that is to say, lim g(n)—0. On the other hond; gl(no +1) < pho <1, 


(2S) 
whence > n | A$ (n) | < BM, which is bounded. 
gtl 


We have thus proved that for all z in R, X | 0n(z) | is bounded; since 
n=0 


the series is one of positive terms it is also convergent for each z in R. 
Conditions II and III are thus satisfied. 
To test the series for IV, iim Š ba(2)= 1, we suppose as before that 


n=0 
dy = 1, a; = 0, 1 > 0, whence for ih Nn, C,™ = ao = 1. Thus, in this case, 


oO co 
w(z)= ©, ba(z), and y(z)= E an2zf™ = agf =1. If now it can be 
n=0 n=0 


shown that, for all z in R, w(z)—y(z), then IV will certainly be satisfied. 
To this end we note that a, =(n + 1)Cn™ — 2nC0™ +(n—1)C™, 
that 


con 
y(z) = > {(m + 1)On™ — 2nC® + (m—1) CO) } f™, 

If we indicate by ym and wm the sum of the first (m + 1) terms of y(z) and 

w(z) respectively, we have 


Yn — Wn-g = { (n + 1) CaM — RCN } 2h + nO giad 
=f{(n+1)0,” — 20 } ef O p {giad — ght] no g 


The coefficient in the first term of this expression is simply sn, and by 
condition (d) of the theorem for a given A œ> 1 there is a constant H such 
that for all n sufficiently great | sn | S Ha. If, therefore, for a fixed value 
of z, ‘we choose A so that 1/A>|z|—p, then for n sufficiently great 
| snz ™ | = | sn | pf S H(Ap)?™. But the value of this quantity approaches 
zero as n increases, wherefore the first term in the above expression for 
(Yn — Wn-2) also approaches zero as n increases. 

The second term is n[Az?]C, and the absolute value of this is less 
than Dn| C% | S = pF (e) (log p)ds, where u =n — 1 +s, and Disa 


positive constant. Since [f’(#)] < Mı/p S M,/(n— 1), and | logp | < 1 if 


aS S 
p > 1/e, and f peds < pf), we can say that 
a7 t) 


ws [Aree jea ox DM ya (a 1), ae pred s 


and this expression certainly approaches zero as n increases. As a result we 
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have lim (Yn — Wn-2)= 0, or y(z)=w(z) for all z in R. Condition IV is 
n= 


accordingly satisfied, and the transformation is regular; hence as z — 1 in R, 
lim y(z) = lim w(z) = lim CO, =s. 
gm1 RL noo 

It remains only to show that y(z) is convergent everywhere within the 
unit circle. Its convergence within the region R has been established, and 
it is obvious that for any fixed z, |z| <1, we may so choose the chords 
defining R that z will lie within the angle formed by them. We now define R’ 
as that part of the annular region between circles of radius e > 0 and (1—e), 
with centers at the origin, which lies within this same angle, « being so chosen 
that z lies in R’. 

Recalling the proof for the case where z was confined to R, we have in 
the present case also for n greater than some ne, | 6 (n) | S(—1)*By™ (n), 


and 5 | ba (2) | = 3 | ba(z) | + 5 (n +1) | A’o(n) |. The first summa- 
n=0 nz=0 notl 


1 1 
~ 2 
tion is bounded, and the second likewise provided that B > nf f y” (u) dseds, 
Rotl 
0 0 
is bounded. Since | log p | < | loge| we now have 


y” (p) < — M | loge | p? [F (x) /p] (log p) 


oo 
and hence BS n f f y” (n)ds.ds, < BM |loge|. It follows that for z 
o % 


Rotil 
. ~= > 
in R’, E | ba(z) |, and hence w(z), is bounded and convergent. 
n=d 
Again, 
-1 

Yn — Wn-2 = { (n + 1) Gn — ROOD Jat F {z0 — at ns 

The first term approaches zero as n increases, and for the second 


n | {20 — at myo |=n] [azro] | 
< DM n/(n — 1) | Om log €) |e, 


a-l 
which also approaches zero as n increases. It thus appears that y(z)== w(z), 
and y(z) consequently converges, for all z in R’. 

It is clear that for any fixed z, 0 < |z| < 1, e may be so chosen that z 
will lie within Æ’. It is obvious also that y(z) is convergent for z==0. It 
thus follows that y(z) is convergent everywhere within the unit circle; and 
this completes the proof of Theorem IT. 

The proof as given makes use of the second form of condition (d), 
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Sn = O[AT™)] for every A > 1. The condition &n = O[A® F (n)] for every 
A > 1, is stronger than s, = O[Af™]; it is sufficient to assure the fulfillment 
of the latter. For, if the former holds, then there is a constant H, and an N, 
such that for n > N, an < HAT F (n) (logaA). Thus for n>N, 


[sal Sls + lava | +s ++ lan] < [sw 
+ H (log x) {A NDF(N 1) ++ -4AP (n)}. 


Now A can be so chosen that Af™}’(n) is ultimately a decreasing func- 
tion ; for since f(n)= O(log n) and f’(m)== O(1/n), an N, can be found such 
that for n > Ni, f(m)< M,(logn) and f’(n)< M,/n; hence for such values 
of n, AMP (n) << AMsdoe™ . Nf, /n == MyeMalogr-Dlog, Since Ms does not 
depend upon the choice of A the latter may be chosen so small that 
(M,logXA—1)< 0, whence M,e™Msloer-Dloen_5(), Accordingly, for n >N, 
Ni, we can write 


ESAE Hf MOF (2) (log A) da = | sy | + Hat — Bren, 


| Sn | | sy | — HAM 
yhoo < ia 
But it follows that an W can be found such that for n > No, | sa | S HAT, 
or, what is the same thing, Sn = O[A/™ ]. 

' Either form of condition (d) is sufficient. On the other hand, an 


Then. 








; Sn 
+H, and on sup a sH. 


wo 
=o[Af™]-is necessary. For if X anv’, 0< a2 <1, is convergent, then 
n=0 


co 
> a,/M™ is also convergent for all à > 1. It follows that lim a,/A‘™ = 0, 


n=0 n>% 
whence an = o[A™]. 
5. Oscillating Series. It was mentioned in the-introductory paragraphs 
a? 
that if the exponents of z in the series >! an,2f have too rapid a rate of 


n=0 

increase the series does not necessarily approach any limit as z—> 1. Hardy * 
co 

cites as particular instances the series S| (—1)"2*", p=2 integer, and 
n=0 


oO 

> (—1)"2"!; he shows that these both oscillate about the value 14, the 
n=0 

Cesaro mean of their coefficients, as v — 17 along the real axis. 


~~ 
Belinfante t has proved that the power-series y(@)== 3%) (—1)*af™, 
nzo 


T Qata y Tovinal of Methe metion Vol 39 (1809 71. p. 269 
* Koninklivle Akademie van Wetenschappen te Amsterdam, Verslagen 32 (1923), 
p. 472. 


o 
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f(n) integer, approaches no limit as x — 17, provided two constants, a > 1 
and b, can be found such that for all sufficiently great n, 1-+-(a?—-1)/2a 
<bSf(n+1)/f(m)Sa. The function f(n)= p”, p > 1 integer, falls into 
this category, for then we may choose a = b = p, and 1+(p?—1)/2p <p 
= prt / p". 

This theorem may be extended to the case where f(n) is not an integer 
as follows. Let [f(n)] be the greatest integer in f(n), so that [f(n)] 
< fin) < [f(n)+ 1], and 


[f(n +1) ] 


fat - taty 
Fi] 


< Fn) Fm] ” 


whence 
f(m)fm+1)) 2, Ema 
fat DE] ~~ ~ fatal * 
Then, for all sufficiently great n. 











ami Mnt) ntn Ffan 
thia Ian O C5) Ja + DFA] 
ONETIES 
S Fa DTO ” 


and likewise, 
Fant] ye Ent , _ Ema t1) 
f(n+ Dfa T fin) f(n + 1)[Fn) 1] 
f(n+1) — 


a. 
f(r) = 
Now choose a >a, and bı <b, such that 1-+(a,7—1)/2a, <b, < b.* 














< 


Then, since 


DFD] gn OODE _ | 


lim at DFA i atiran i 


we have for all sufficiently great n, 








PEN f(n)[f(n-+1)] fim +1)] steti 

1t a CSia tAr = Geil T 
Hetit at E 

SET FR a A 


* That such a choice can be made is apparent from the fact that 1 + (a? — 1)/2a 
is an increasing function of a. Since 1 -+ (a°?°— 1)/2a <b an a and b, can always 


be found such that 1 -+ (a? — 1)/2a < 1 + (a° —1})/2a, < b, <b. But then certainly _ 


a, < a, 
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It now follows that the series with integral exponents, 


g(z)= g — gD g- gif] __ olf @) +f glory... ; 
h(z)= g— gl ®t] -+ gE] o gif] + gif) fees, 


satisfy the conditions of Belinfante’s theorem, and hence approach no limit as 
z—>1-. But [f(2n+1)] Sf(2n +1) < [f(2n+1)+ 1], and f[(2n) 4-1] 
> f(2n) = [f(2n)], whence g(z)< y(z)< h(x). Now 


h(z)—- 9(2)=(1 — T) {2lf@))] + ef] + lf] + P *}. 


Since 1<bSf(n+1)/f(n), ultimately f(n) = Cb” where C is a positive 
constant; and hence for any positive constant M, ultimately [f(n)] > Mn. 
Thus there is an e such that for n= no, cf] < gMn, Then 


h(z)—g(2)< (1—1) {mo —1 + È alr} (1— e) {mo + $ at) 


gino Mino 
= ‘Lees — —— = — 
2 ( z)no +(1 s); ym (1 DERE Gg a pM 
ence 








l ee gMr 1 
im sup {h(z)—g(2)) S lim | (1—2)ne-+ pp ayaa b= 


But M was any positive number, whence lim {h(z7)— g(x)} =0. It follows 
that lim {h(x)—y(x)}==0, and gy aine oscillates between the 
same limits as A(z). 

6. Limits of Oscillation. It is interesting to see what can be done toward 
determining these limits. Hardy has shown that for the series Da (—1)"a"! 


they are actually 0 and 1, and the same is true for any series whose exponents 
co 


increase at a more rapid rate than n!. For the series y(2)= X (—-1)*2?", 
n=0 


since x > y(x) > s — z, it is evident that 0 and 1 constitute lower and upper 
bounds; but a somewhat closer approximation may be obtained, as follows. 
Consider the ratio m(2)—=(2? — )/(x—s?). Its first derivative, with 
respect to æ, is [(p—1)a?/(x—a?)*]y(we*), where y(t) = 1-—(p + 1) 
pi, Now y (t)— plp- Le r() 1) is negative if ¢ <1, and further- 
ooie babel OU varers gs oa Buus ae NE 


: { 
(4) >u(1)—=1  (p-l-1) 4+ p—0, and since ret <1, it follows that 
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dm{x)/de > 0, and m(s) is a function increasing with z. Then m (a?) 
increases with æ”, and so also with z, and in general m(2?") increases with 2. 

Now suppose that the expression (2? — 2?"")/(z—2) increases with 
x. If so, the product l 


ge” oe a ge __ gr? g ge? gent. ges 


must also increase with æ. But the supposition is true for k=1, since 
(a? — x?) / (x — a2?) m(x) -m(a®) certainly increases with s; hence it is 
true by induction for any positive integer k. From this we conclude, since 


y(x 2 gh — g 
D i Da oou 
z — P ket g — r” 


that y(s)/(z— z?) is a function increasing with g, and hence that 
y (a) / (2 — 2?) > y(a?)/ (z? — 2”). Observing now that y(a?)= v — y(r), 
we have, on the one hand, {(2?—2*)/(¢#—2?)+ I}y(z)> 2, or y(x) 
> 2[ (@— 2?) /(x—a®")], and on the other hand, [(#®?— 2)/(a#—2*)] 
X {a —y(a?)} > y(2), or y(a®) < z [ (2? — 2”) /(a@— a”) ]. Taking de- 
rivatives of numerator and denominator in these expressions, we find, 


. — g? ; 1 — pz” 1 
lim {a2 Se} = tim { pai 





e17 g — sr f gz>17 1— pra? me 
and P 
: P — 2 : pa? — part p 
lim | a225 = lim {2 =>. 
z> g — a pol 1— part 1+p 


Thus, lim inf y(z7)21/(1+ p), and lim sup y(#)Sp/(14+ 27). 
g>” t ->17 

It will be seen that as p — 1 these limits both approach 1⁄2. It should 
be remarked, however, that they do not seem to be very close approximations 
to the actual limits of oscillation, as is evidenced by numerical calculation for 
certain particular values of p. The series y(x) converges so slowly for values 
of x near 1 that this calculation would be very tedious but for a device ascribed 
by Hardy to Wedderburn. We set up the companion series, 

= loge 4 1 (loge)? 1 (oge) . 
g(2) Aror Lie aI S 

which is convergent for 0 < v. If we then set F(s)= y(x)— g(2), we have, 


F(a) + F(2?)= y(x)— g(x) + y(2?)— g(a") 


t+p a iFP 


o— {i+ EEES gi UE puha \ Ss pe T VEE 





Nov. bray PE aie pS ae rg ba, My, 
Mol, 4 (er) Wu osedlate about zero with the same winplitude.,  burties, 
since Fwy i Pore’) = Owe have Pr) eB Ge Ge Rae) ao any posite 
integer aA. While yte) converges slowly ror values or w neat lami. Yta) 
converges there very rapidi. A piopee choice or f bo, ovo, aihen ose h 


a: Xv 


yar O and ater). both or which converge aniy qu esye Tous ine celet sou 
wry) Eey p ye E A gery y e gE) aera 


renders the calenlation af y(r) comparatively simple for values af o cen 
mity, fn the tignre are shown graphs of E(w) for three values of p namel 
pee, Lib, and Lo. Tt will be noted that tie amplitude of the ostaliri 
for p = 2.0 is of the order of five times that for p-= 1.75, and one hundred 
times that tor p= 1.5. In the latter case then. the actual range of oscillation 
of utr) ate -1 is approximately from 0.199978 to 0.500022, whereas the 
hounds given by the expressions above are 0.4 and 0.6. 


i. .Luolher Type of Oscillating Series. In the article mentioned above 
Hardy also discusses the series 


M= (1a) 1414 paH 1l (4p Be 


He shows that this series likewise oscillates in the limit as a approaches zero 
along positive real values. The behavior of M(a) near a= 0 is closely 





analogous to that of y(r) near r= 1. Jn this connection it is interesting 
to note that the series M (4) may be obtained from y(r) by a rather simple 
transformation. The series 


tet ty(e)— Haet- ate pati ooh, 4> 0 fixed, 


is uniformly convergent in the closed interval O07 esze <1. Therefore we 


can wiite 


vf £ £ f r€ A l 
t f st ly(ryde=t f ate ł f sdei l f rt tade E eS 
TEL a7 e70 a7 0 
Jn tery 


t+ 


í A ok 
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whence it appears that our series is uniformly convergent for 041. 
We may therefore pass to the limit, and write 


ZL 
bf atty(a)de—t/(E+ 1) —Y (E+ p)bi/(tt py +o. 
If we now set 1/t =a, we have the desired expression, 


M(a)=1/(1 + a)—1/(1+ pa) + 1(1 + pa)— +: :. 


We proceed to develop some of the more interesting properties of this 
series. In the first place, 


M (a/p) = 1/[1 + (a/p*)] —1/[1 + (a/p)] + M (a) > M (a), 


" ' j 2 4) koe hy + in- 
and therefore the earmenea, Mla), M(a/2°), MW (a/o*), , ig monotone in 


creasing. Since M(a/p?")< 1 for every n, it is also bounded above, and so 
possesses a limit. We set, lim Jf(@/p*")==y(a). This limit-function plays 
ROO 


a part similar to that of F(s). It is evident that p(a)— p(p°a); and also, 
since : 
M (a/p) = 1E + (a/p*)] — M (a/p) = 1/[1 + (a/p%)] — M (pa/p™), 
we obtain, when n is allowed to increase indefinitely, the relation p»(a) 
= 1— p(pa). 

Again, since 

; 1 1 1 1 

PE) SAG) r Fa  1ẸFa/p ] + a/p l aye + 


and since 





S ie eg tae bs ee [1—- oe | = [1i ] 
Tf a/p™ iFa 1 a/p 1 a/p 
= a/p" a/p” 1 = 1 
1 + a/p 1 + a/p?” NF, 1 -+ p/a 1 + psa 7 
we have 


1 1 1 1 
rl eae a E + p/a =] Taa ltl + p/a = rA ee 
or w(a) =M (a) + M(p/a). From this relation we deduce 
u(a) = M (a) + M (p/a) =M (p/a) + ME p/(p/a)] = a(p/a). 


By means of these equations we can readily find the value of (a) when 
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A NEW CALCULUS OF NUMERICAL FUNCTIONS. 


By D. H. Leumer.* 


1. Introduction. In the theory of numerical functions there are two 
outstanding types of finite integration, namely 


(1) Zio) and (2) = £08) 


where ô runs over the divisors of n. The first of these processes leads to the 
calculus of finite differences, while the second one gives rise to a calculus 
of numerical functions which has been extensively studied.t If we make the 
sums (1) and (2) homogeneous as follows: 


O SfO)g(m—») and (4) B FOB) g (8) 


we obtain formulas for the n-th coefficient of the product of two power or 
Dirichlet series respectively. Both these sums are of the form Ð f(a)g(b), 
where (a,b) are solutions of y(a, b)=n, for y(a,b)—a-+b and ab re- 
spectively. 

It is the purpose of the present investigation to develop the fundamentals 
of a new calculus of numerical functions for which (a, b)= [a, b], the least 
common multiple of a and b. That is, we shall discuss sums of the form 
Enf (4)9(7), where it will be understood that for the subscript n, the sum 
extends over the solutions of [i,j] =n. Thus for n = 6 


Def (*) 9 G) =f) (6) + F(2).9 (38) + (2) 9 (6) 
+ £(3)9(2) + F(3)9(6) + F(6) 9 (1) 
+ f(6)9(2) + F(6)9(8) + F(6) 9 (6). 


t 
2. The function d(i,n). In what follows we suppose that n = J] py 
pol 


where py are distinct primes. The function d(i, n) may he defined as follows: 
d(i,n)== 0, if i is not a divisor of n. Otherwise d(i, n) is the largest divisor 
d of i for which n,’d is prime to d. To obtain a formula for 7(i,n) suppose 


> Notional Research Fellow, 

Vad cen brea et the Tarun d at Nemesis VO Adn ath w 

elo. another type of yie y), co N. V. Borvy, Matenaty beskii Sbornik, Vol 1%, 
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t 
that i = J[ pr where 0 S fv S av, and that m (k = 1, 2,3,- - +) are those 
rzi 
values of v for which By==a. Then d(i,n) = JI py» If w=], 
V=PYR 
(v =1,2,- - - t) then n is called a simple number. If n is simple, d(i, n)= i. 
If n is a power of a prime, then d(i, n)= 1 or n according as i < n, or i =n. 


THEOREM 1. If ip is a fixed divisor of n, then the solutions j of [io j] =n 
are j = n/8, where § are the divisors of d(1, n). 
Proof. If i) = 1, the theorem is obvious since d(1,n)—1. For ù >1, 


let us order the prime factors py of n = [I p°» in such a way that 


i = I pit I prr, 

where By <a. Any solution j of [io j] = n, must be a divisor of n. Let 
Jei pvr, then it follows from the definition of the I. C. M. that y must 
satiety the following requirements l 
(1) max. (av, yv) = &v (v=1,2,'°°,h) 
(iT) max. (By, yv) = a (v=hħh+ 1, t) 
(1) is satisfied for any yv such that 0 S yv S a, while (II) requires yv = a. 
Hence j = I pve Í pry = n/8, where ò divides I pr = d (io n). Hence 


2 p=ħh+1 
the theorem. 


CoRoLLARY 1. If n= p%, then 


a=-1 a-i 
©) BFG = F) E gH) E F) + El )g o) 
Proof. Since in this case d(i, n)= 1, or n according as i < n, or i= n, 
the corollary follows from the theorem by collecting the coefficients of f (p°). 


3. Factorable Functions. A numerical function f(n) is said to be fac- 
torable if f(1)==1, and 
f(n) f(m)= f (mn) 


for every pair of coprime integers m,n. In particular 
t 
f= Ijoe). 
THEOREM 2. If f(n) and g(n) are factorable functions then F(n) 


== Daf (i)g (j) is also factorable. 
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Proof. Let m,n be any pair of integers for which (m,n)—1, then 
F(m)F(n)= Xin f(a) 9g a) Ea F(a) 9 Ge)- 
Since (in i2)==(j1, j2)==1, it follows that 
(S) F(m)F(n)= Sf (tris) 9g (jije). 
Since also (ù, j2) = (iz, j1) = 1, we have 
[tries Jije] = [in j1] < [izje] = mn. 

Therefore every term of the above double sum (S) appears in 

(S) F (mn) = Emaf(1)g (j). 


Conversely if [i, j] = mn, then [ (m,i), (m, j)] = m and [(n, +), (n, j) |] =n. 
Hence if i; =(m, i), ia = (n, i), jı =(m, J), j2 =(n, J), then [t j1] = m and 
[iz j2] = n, so that every term in (S) is in (S). Therefore 


F(m)EF(n)= Ximnf (1) 9 (7) = F (mn) 
which is the theorem. 


THEOREM 3. If f(n) and g(n) are factorable functions, then 


t an-1 Qy 
O Sof (8) gi) = LL F(a") E 9 (pot) + 9 (po) XE). 
This follows immediately from Theorem 2, and Corollary 1. 


4. Integration. The following lemma which properly belongs to section 
8 is interpolated here to facilitate the proofs of Theorems 5, 9, 11, and 12. 


Lemma. If f(n), g(n) and h(n) are any numerical functions, then 
Enf (i) Dig (Ga) h (J2) = Eng (4) Vif (Ja) h (Fe) 


= nh (i) Sf (ja) g Ge) 
where [ji jo] == j. 


Proof. Consider all one rowed matrices (41, i2, i3) for which [%, îs, ig] = n. 
Then it is seen that each of the sums of the theorem is equal to 


Df (ir) g (2) A (ts) [in te, ia] = n. 


Let us now consider in detail the case in which g(n)==1, or in other 
words sums of the form 
6a} Yaris- rini. 


The operation which carries f into £ is a type of finite mtegration, ansloeons 
f A S : E 


O 
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to the well known types (1) and (2), and may be referred to as L. C. M. 
integration, or simply integration when no confusion can arise. 
The sum of the type (2) may be reduced to the type (1) as follows 


Z £08) = X Fela) 


where e(x)= 1, or 0 according as z is or is not an integer, but it is seldom 
advantageous to discuss a sum over divisors in this form. In a similar way 
a sum of the type (7) may be written 


(8) af (i= Z F(8)m(4(8, n) ) 
where m(n) is the number of divisors of n. Although this is a sum over 
divisors it is not always easily dealt with as such. 


5. The Inversion Function. In the present theory the following function 
takes the place of Möbius’ » function. 


t 
THEOREM 4. Let M(n)= II {(@ +1)*— ar}, M(1)—1, then 
pal 
DM (i) == [1/7]. 
Proof. Obviously M is factorable and the theorem is true for n = 1. 
If n > 1, by (6) 
t 
Sint (i) == (M(H M (po) +--+ M( pote) + (ay + 1) (por) } 


t 
—1G+%—-14+%—-%+--: 
ay? — (ay —1)* +-(av +1) ((av + 1)7—a)} = 0; 
hence the theorem. 
THEOREM 5. If F(n)= Daf (t), then f(n)= EnF ()M(j). 
Proof. dnl (1) M(j)= Dall (7) Def (4) 
= Daf (7) Di (4). 
This follows from the Lemma with i and j interchanged and one of the 
functions identically 1. But EM (i)= [1/2]. Hence the theorem. 


This theorem is an analogue of Dedekind’s inversion formula, and gives 
an explicit formula for the derivative of I’. 


6. Successive Integrals. Any numerical function determines a sequence 


(9) ss fa(n), fln), faln), fola), film), faln): 
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in which fma(n)= Dianfr (7) or, what is the same, fr1(2)—= Enfa(i) M (j). 
THEOREM 6. If any fr is factorable, so is every function of the se- 
quence (9). 
This follows at once from Theorem 2. 
THEOREM 7.” Let f and g be two factorable functions and let 
f(p*)= p(p**)— p(p*) 
g(p*)= 8(p*"")— 8(p*), 
p(1)=6(1)==0. Finally if F(n)= Sf(a)g(7) then 
F(p") = p(p) o(p )—p(p°y0 (pt). 
Proof. By Theorem 3, 
P= feH +  (6(p"4)—O(p"))} 


+ (0HE È elp’) 


= {p (p )— p(p*)} O(P) + (p )— 0(p*) } op") 
= p(p™) o(p )— p(p*)0 (p°), 
which is the theorem. 
To study the properties of the general sequences (9) it is first necessary 
to consider the special case in which fo (n)= [1/7]. The r-th member of this 
special sequence we denote by M,(n). 


THEOREM 8, If Mo(n)—[1/n], then I { (a +1)" — ar} = M,(n). 


Proof. In Theorem 7 put 6(p*)==a. Then g(n)=—1. Assume the 
above expression for M,(n). Then if we set p(p*)== a" we have f(n)= M: (n) 
and by Theorem 7, Mra (p*)—= DetM,(t)=(e+1)7*— ar. If we put 
6(p*)== a, then g(n)= M(n) and for the same choice of p(p*), Mr1(p*) 
= Set, (i) (j)=(a +1)7*— a. But the theorem is true for r= 0. 
Hence the induction is complete. It is to be observed that 


M(n)=Ma(n),  -M,(1)=1. 


The formula for M,(n) must not be used for n= 1, 7 < 1. 





* An equivalent statement of this theorem: XF (6)== =f(6)Zg(6). |n, has been 

tof yar Steel We atebetie For Lathe patil upd Physik Volt 5 (18R4), 
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THEOREM 9. If fo(m) is any numerical function, then 


fr(m)—= Enfo (i) M- (j). 
Proof. The theorem is trivial for r==0. Assuming it true for f;(7), 
we may write, (using the lemma with g(n)= 1) 
fra (1) = Enfr(j)= En Difo (j1) Mr (je) 
= Lnfo(t) EM (jr) = Vnfo(t) Mra (9). 
For frs(n) we have 
frat (n)== XnaMa (4) f- (7) = Endi (i) Difo (ja) Mr (Jo) 
E Enfo (i) DAL (ja) Mr (je) = Dinfo (4) Mra (7). 


This proves the theorem. 
Since f(n) defines the same sequence (9) as does fo(m) we may put the 
preceding theorem into the following form. 


THEOREM 10. If r= r, + sı =r: + s be any two partitions of r, then 
Fe (n) = Enfr (1) Me (7) = Enfre) Ms. (j). 
More generally we have 


THEOREM ll. If r= r, + s = r + 82, then for any pair of numerical 
functions fo(n) and go(n), 


Enfr (4) ge (J) = Enfre (i) Jro(J)- 
Proof. 
Enfr (4) gs (7) az Ènfrn (2) Ego (ja) Ms, (j2) 
= Engo (i) Difrs (71) Me, (Go) = Engo (i) fr (j). 


The last two equalities follow from the Lemma and from Theorem 9. Since 
the last result does not depend on 7; and s,, but only on their sum, the 
theorem follows. 

The preceding theorem justifies the following notation 


Pris (n) = Ènfr(i)ge (j). 
As r+ s varies we obtain a sequence 
(10) .. Faa (n), Fln), Fi(n), Foln), Pilin), Feln), Poln), >. 


The relation between any two elements of the sequence (10) is the same as 
that between corresponding elements of (9). To show this it is sufficient e» 
to prove the following: 
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THEOREM 12. If Prig(v)—= Dafr(dgs(J) where fo and go are two arbi- 

trary functions, then 
Fra (n)= Sal’ (i). 
Proof. By definition 
Fra (2) == Enfo) gre (J) = Enfo (i) Digr (js) 
= En Difo(j:) 9r (jz) = Dal’ (j), 

which is the theorem. 

7. Multiple Integrals. It is possible to give another interpretation to 
the sequence (9) for +>0 by considering all the one rowed matrices 
(to, 41, tz," + +, ty) of positive integers whose L. C. M. [fio i i2,° 7° +, ir] =n. 


THeEoREM 13. If f(n), r> 0, is a member of the sequence (9), then 
fr(m)== Efo (io), [to, iis * tir] =n. 


Proof. The theorem is obvious for r= 1 as it reduces to the- definition 
of fı(n). Assuming the theorem true for f (n) we have’ 


fra (n) = Ènfr (i) 
= Zn dfo (io) Lios i os tr] =í [t j] =n. 
If we write j = im, we have 
m fi, tras | = [Eio iy PI is tr], trot | == Figs i" A TS irn]. 
Then frai (n)= Sfo (to) [io inp ? tro] —=h. 
This completes the induction. 
If we set fo(n)= 1 == M, (n), we find by applying Theorem 13 that the 
number of solutions of 
Lio; hy day * t; ir] =n 
is M,a (n). These matrices correspond to the 7-th divisors * of n in the 
ealculus of divisors. 


8. General r-th order Inversion. From Theorems 9 and 13 we obtain 
the following generalization of Theorem 5. 


THEOREM 14. If 
P= EfG) Deisi] =n 
then 
a N Al Le Le WE) 


Tererican Joureat ot Vathematios, Volo o2 (19800, pp. 293-304. 
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Proof. If we write fo for f, then F = fr by Theorem 13. 

Since Lio, io t broy r] = [to, Lis [iz [ r [tra irl] te J we may 
replace [iss iz, °° *, tr] by ju k = 0, 1,° + -, r—2, and have [ix ju] = fra 
In particular [%, jo] =n. The sum in (12) may be written 

Enfr (to) Diol (i1) M (i2) ` M (tr) = 
(13) Bnfr (io) Ea M (i) Ds A (i) + + + Dip oN (ir-2) Di-cllf (ir-1) M (ir). 


But the very last sum has the value M-ə(jr-2). The last two sums therefore 
may be replaced by 


Divo (ira) M-e (jr) = M-a (jr-a). 

Continuing this process the whole sum (18) is seen to collapse to 
Lin}'r (60) atv (jo) == for) 

by Theorem 9. This proves Theorem 14. 


9. L. C. M. Multiplication. The sums (11) and (12) are the simplest 
examples of the general type 


(14) P(n)= Zhi (ir) fo (te) fs (ts) «+ + fr (tr) 


where fv(#) are any numerical functions (not necessarily belonging to a 
sequence (9)). The function F might be called the “L. O. M. product” * 
of the Ps, and we might write F = fit fet fet --f,. Such a symbolic product 
enjoys all the properties of ordinary multiplication and with this operation 
as basis, it is possible to construct a theory of numerical functions of which 
the present paper is but a small part. 


10. Ezamples. The following examples illustrate the nature of the 
functions in the sequence (9), which arise from a number of familiar fac- 
torable functions. 


fo(m) fr(p*) 
I nk pear + M,(p*)or(p*) ` 
— g" dd 
II A(n) | (a 41)" a vei 
III p(n) #(p*) 
IV $ (n) p% (a + 1)” — p'ra" 
y gti) 2ar + M,(p*) Me (p*) 
VI Qt (n) A(p*) Mor (p*) /AL, (p°). 


* This is the analogue of what E. T. Bell designates ideal product in the divisor #@ 
theory. Compare: University of Washingion Publications, Vol. 1, No. 1, pp. 9, 10. 
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To illustrate L. C. M. products we give the following examples: 


VII Èn?! py (7) = pa (2) wa (n°) 
VIII TOAG) = a(n) 
IX ERDA —a(n) TI 4a 
x EADP G) = IL E) + (o), 


where f is any factorable function. The next 5 examples illustrate the 
L. ©. M. powers of certain functions. 


XI Enpi (i)e (j) = pë (n) 
XII EROU = H y(n?) 
XII Ent PA) PAG) = [1n] 
XIV Tlie lio) win) + + (én) = p(n) Mra (0) 
XV Xd (to) (2) > > (ir) = O(n). 


In the last two formulas [io in: © c, tr] =n, (r> 0). In the above table 
tin) 

A(n) = JI (—1) is Liouvilles function, ox(n) is the sum of k-th powers 
pal 


t 
of the divisors of n, and 6 (n) —n* JT (1— pv*) is Jordan’s generalized 
pal 


totient function. 


11. Periodic Sequences. Thus far we have developed features of our 
calculus which have precise analogues in the divisor calculus. It would be 
misleading not to consider some of the essential dissimilarities of the two 
theories. The first of these has to do with periodicities in the sequence (9), 
and its divisor theory analogue,* namely the sequence obtained from fo(n) 
by repeated application of the operation (2). One may show that no sequence 
of this latter type is periodic except for the trivial case of fo(n)==0. For 
the sequence (9) however we see from example III that the sequence defined 
by fo(n)== u(n) is periodic with the period 1. To show that this is essen- 
tially the only periodic sequence, we use 


TrroreM 15. If f(n) satisfies the following conditions. 
(15) f(n) = Faf (i) M: (j) (r0) 
(16) f(1) =0 


then f(a) vanishes identically, 


For a detailed account of this sequence sce American Journal of Mathematics, 
Vol. od (1950), pp. 290-299. 
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Proof. Suppose that f(n) 40. Then an integer L exists such that 


(17) fv) =0, v<bL, f(L)~0, L>1. 
In (15) set n= L, then in view of (17) 

(18) f(L) = Erf (i) M (j) —f(L) E Mr(8). 
But 


3, M-(8) — I Š at. (p*) = 1 (av +1)" = m” (L). 


Since r40, (18) implies that m(L)= 1, which contradicts the hypothesis 
L >i. Hence the theorem. 


THEOREM 16. If f(n) = Enf (i) M, (j) r0 then f(n) =f(1) p(n). 
Proof. Let f(n) —f(1) a(n) =x(n) then 


Dax (4) (J) = Sof (OMG) — f (1) Eneli) M, (j) 
= f(n) — f)a(n) = x(n) 


by hypothesis and example III. Moreover x(1) 0 and therefore by 
Theorem 15, y(72) vanishes identically. Ifence the theorem follows. 

Thus if any two members of a sequence (9) are equal, all members are 
equal and are proportional to the » function. This property of x is only 
a special case of 


THEOREM 17. Let g(n) be any numerical function for which g(1)= 1, 
then Sing (i)u(j7) = p(n). 
Proof. By Theorem 1 


dng (te(7) = È g) B w(n/9). 


ijn Bl dCisn) 
Since p is factorable p(n/S) =p(n/d(i, n))w(d(i, n)/3). Hence 
Sag (iui) = Zgan) E e) 
= a ee) ia n)]. 


It follows that the coefficient of g(i) is 0 or a(n) according as d(i,n)> 1, 
or =1. Hence, if n is not simple, u(n)=0 and the whole sum vanishes 
proving the theorem. If n is simple we have seen that d(i,n) ==i. In this 
case the only non-zero term is that for which i =1. Hence Ding (t)u(J) 
= g (1)a(n)= p(n). This proves the theorem. By Theorem 16, p is the 
only function which satisfies Theorem 17. 


A NEW CALCULUS OF NUMERICAL FUNCTIONS, 83 
COROLLARY. If g(n) is any function ab all, then 


(19) Sng (ta) = 91) a(n). 
12. The Equation f: g =h. In the preceding section we considered two 
special cases of the equation 


(20) Enf gG) =A (n) 


in which h(n) = f(n). The equation (20) has other special cases which 
should be compared with those of its analogue 


(21) = fO)a(n/8) = h(n). 


For brevity we shall write (20) in the form f'g == h, adopting the notation 
of section 8. Likewise (21) will be written fg = A. 


Case I. f=g=h. It may be shown that the only solutions of ff = f 
are f(n) =0, f(n) = [1/7]. The equation f-f =f has however an infinity 
of solutions. To exhibit infinitely many factorable solutions it is sufficient 
to select any finite or infinite increasing sequence {vp} (k == 1,2,8, +) 
of non-negative integers. Define f(x) as that factorable function for which 


(Gye ee ee 


otherwise. 
Then by (5) 


(22) BAOU =P) HA) E fo). 


If « is not a member of the sequence {v:}, the right hand member of (22) 
vanishes. Otherwise it becomes for a == w 


14e È (=De 1e a 1) m = fp) 


Therefore f:f= f. Special examples of these functions are [1/n], e(n), 
A(n). There are also infinitely many non-factorable functions for which 


fi=f. 

Case II. f= g, h(n) = [1/7] = Mo(n). The equation ff == M, has 
only two solutions f(n) = + Me(n). But f: f= M, has infinitely many 
other solutions. To exhibit infinitely many factorable solutions choose any 
function O(n) for which 6(1) =1, O(n) =+ 1 (n>1). Define f(n) as 


that “actorphle function for which 


f(a =O(a-- 1) A( 2), 2 > 0. 
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Then by Theorem 7 


Zoff G) = 6 (a +1) — F(a) = 0. 


Obviously for n = 1, f- f=1. Hence for any such f, f: f= Mo. The only 
never vanishing factorable solution of this equation is f(n) = 2'™A(n), 
obtained from @(n) = (—1)"* (Example XIII). 


Case III. h-==0. The equation fg ==0 implies either f(n) =0 or 
g(n) = 0, or both. However one may find infinitely many solutions of 
f: g =0 in which neither function is identically zero. In fact it follows from 
the corollary of Theorem 17 that if f = p, then f+ g = 0 is satisfied by every 
function g, which vanishes for n = 1. 

The discussion of the infinite series aspect of the above theory will be 
included in a paper on infinite series in general. 


ON CERTAIN IDENTITIES IN THETA FUNCTIONS. 


By RUSSELL SMITH Park. 


1. Introduction. The object of this paper is to obtain certain identities 
in Jacobi’s theta functions, by a method essentially the same as that used by 
Latimer in his paper, “On Certain Identities in Theta Functions.” * In 
that paper sets of integral elements in generalized quaternion algebras were 
used in which all the parameters æ, 8, y were odd. It is proposed in this 
paper to obtain similar identities when y = 20, where ø is an odd integer. 
The.sets of integral elements, to be used in obtaining the first identities, 
were obtained by Miss Darkow + for a generalized quaternion algebra A. 
The elements to be used in obtaining the last two identities are algebraic 
numbers. 


2. Change of notation and definition of sets. Consider the rational 
algebra A, with the basal numbers 


1, I == (By), J = (ya) *j, K =(aB)*k, 


where y = 20 and a, ß, o are positive odd integers such that «@o contains 
no square factor > 1, and 4, j, & are the usual quaternion units. 

In Miss Darkow’s algebra A the multiplication table involved two even 
parameters « and 8 which were factored into i 


à= 2p, B= 28, 


where u, v, were odd integers and 28 was the positive g, c.d. of « and £. 
If we assume that « < 0, 8 > 0, and in the multiplication table of A replace 
Fs v, 8, Cis E2, 63 by — B, %, o, I, J, 2oK respectively it will be seen that A 
is equivalent to A. The multiplication table of A, is 


P = — By, J? = — ya, K? = — aß, 
IJ =—JI = yK, JK =—KJ=al, KI=~—IK= BJ. 


Let « = Aa’, B= BB’, o=Co’ where A, B, C are defined as follows. 
A is the product of all the prime factors A; of a such that — 28e is a 
quadratic non-residue of every Ai; or A = 1 if « contains no such factor. 
Let B, C be similarly defined by a cyclic interchange of A, B, C; Ai. Bi, Ci; 


7, By Qe. 


Trangoctions of the Aneru Cn stuticmntedl Doite, Vol 12 (1000), pI 


pA ets of sathematirs, Vol, 28 (1926 27), pp. 263-270. 
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The properties of the integral elements of A obtained by Miss Darkow 
will be enumerated in the new notation. There are odd integers Zi, Fi, Hs 
prime to f’, a’, o’ such that 


1+ 2a08;?=0 mod pf’, 1+ 2BcFi2=0 mode’, 1+ «8H,? = 0 modo’. 
Define the class ijk of algebras A, as the class of algebras for which 
— Bo=imod8, eo==jmod8, — «p = k mod 8. 


Since ij = k mod 8, algebras of four types are defined. 


A, of type A, of class. 
A 155 875 515 735 
B 133 357 BYR 717 
C 111 831 551 771 
D 177 313 537 753 


Define set S’ as the totality of elements in the form 
= 1 PED E Soe 
(@) o= shal tag! — zee] 


where é, 7, Ë, A are integers which satisfy one congruence of each pair of the 
equivalent congruences 


„=Á EA or à= — «OE mod p’, 
(2) = 2B FA or à=— B'OFt modo, 


C== Ba'Hyn or q==— B'AIE mod o, 


and also satisfy condition (3) below. Æ, F, H are arbitrarily chosen Ei, Fi 
H; mentioned above. Let 8”, 8”, STY, SY, SVT be defined in the same way 
except that instead of (3) we employ (4), (5), (6), (7), (8) respectively. 


(3) é=Amod2, 7, ¢ even, „== ¢ mod 4; 
(4) é= =l mod 2, y,feven, (==7+2mod4, 
or é= à= 0 mod 2, 7», even, = é mod 4; 
(5) é= mod 2, n = ¢ mod 4; 
(6) é== \ == 0 mod 2, n, ¢ even, n = ¢ mod 4, 
or é= = 1 mod 2, n feven, n= f+ 2 mod 4, 
or ķeven, n, €, À odd, » = ¢ mod 4, 


or Aeven, é n Codd, „= E -+ 2? mod 4; 
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(7) é= A mod 2, y Leven, „= ¢ mod 4, 
or é= à mod, y,fodd, n=£+2mod4; 
(8) €=A=O0mod2, y Leven, „= ¢ mod 4, 
or é= \ == 1 mod ?, „éeven, = ¢ -4-2 mod 4, 
or éeven, 4, É, à odd, „=¢ + 2 mod 4, 
or Aeven, é, 7, € odd, n = ¢ mod 4. 


Let F’, E”, E”, EY be integers, congruent mod 8’ to E, such that 
of E = ACE” = 38A0' E” = 34 QEY = 1 mod 8. 
Let F”, F’’,- + +, HY satisfy the conditions 


Bo! I” = Bol H! = 7p'CF” = 7p’ All” 
= 3Bo' E"” = 3B H” = 5B'OFY = 58'AHY =1 mod 8, 


where each F“ is congruent mod g’ to F and each H® is congruent mod o’ 
to H. 


3. Construction of the theta functions corresponding to sets S® and 
derivation of the identities. It may be shown that y, é, A satisfy (2) and (3) 
if and only if they may be written in form (9) below with r and p subject 
to the indicated inequalities. Similarly y, £, A satisfy (2) and (4), (5), or 
(6) if and only if they may be written in the forms (10), (11), or (12) 
respectively. Let (11’), (12’) be the forms obtained from (11), (12) re- 
spectively by replacing E’, I’, H’, E”, F”, H”, by E”, F”, H”, EY, FV, HIV 
respectively. Then it may be shown that 7, é, A satisfy (2) and (7) or (8) 
if and only if they may be written in the forms (11’) or (12’) respectively. 


A= 2a’B’m, +7, 
(9) qn = 4B’o’me + 2Ao’ ir — 2af’Hp, 
f= 40’o’m, + 2Bo’Fr + 2a’p, 
OSr < WR, 0OSp < Ro. 


A = 20’B’m, +7, 
(10) n= 4f’o’m, + 2(p’ + AE) o’r — 2af’Hp, 
E = 40’0’ms + 2Bo’Fr + 2e’p, 
OSr < 2a’p’, OS p < 2o’. 
rA-= 2x8’ m, + r, 
ETRA PA Bor. t AT” IRG 
E- txo ma-i 2Bo' b's -+ xp, 
O EE E 0-7 p< i. 
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A= 2a’B’m, + r, 
(12) n = Af’o’m, + 2 (8 + AE” )o'r —(aH" -— 20’) Bp, 
E = ba'r Mm + 2Bo’ Pr -+ ap 
OSr < ap, OSp<4eo’. 
Let q be a complex number, |q | <1; a = A/«', b= B/B’, c= 0/20 


and 
F(w; r)= 5 ger*ssearrwt, 


mı 
Gi (y; r, p= È g termwi, 
me 
H;(237, p= E ghe, —— (j=1,2> +6), 
where the summation extends from — œ to +0; r, p are integers; 


A= Bm, Lr: y E are given hy (9), (10), (11), (12). (11°) or (12) 
according as } = 1, 2, 8, 4, 5, or 6. We may write 


F (w; rj qh erwid [AB (w — rki), q8], 


where 24 = log q, and @, is Jacobi’s theta function. Hence F is absolutely 
convergent. The other twelve functions may be similarly expressed in terms 
of theta functions and hence are absolutcly convergent. Let s, p be integers 
such that 0s < a'g’, OS p< 20’. Then 


yu (8, p)== 85 (2) F (w; 28) Gi (y; 28, p) Ai (z; 2s, p) 
os > qE tben taot taba")/4 elEatbonytac{ztabhw) t 


where the summation extends over all quadruples é, ņ, ¢, A such that 
é= à= 0 mod 2, x, feven, q= ¢ mod 4, 


and such that y, £, à may be written in form (9) with r replaced by 2s. 
For every term of yı, there is a corresponding element of S’. Conversely, 
if Q is an element of S’, with & even, there is a uniquely determined pair of 
integers s, p; OSs <p’; OS p< 20’, such that yı contains exactly one 
term corresponding to Q. Let 


yia (s, p= Bo (x) F (w; 2s + 1)Gi(y; 28 + 1, p) H(z; 2s + 1, p) 
and repeat the above argument except that 


é= A= 1 mod ?, y, even, q= ¢ mod 4. 
Then 


a’'ß’-1 2a'-1 


6, (2,4,2,w)== 5 D [yn + y] = z gh @ g2ROX"4 


s=0  p=0 
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where, assuming for the present that 2, y, z, w are real 


w 
Tarsa T — yar Bs 


R(QX’) is the real part of the quaternion ae and the summation extends 
without omission or duplication over the elements of S’. 
Let 


Yo (8, p)== B2(x) F (w; 2s + 1)G2(y3 2s + 1, p) Ma (z; 28 + 1, p), 

pao (8, p)= Os (22) F (w; 28) Ga(y 28, p) H(z; 2s, p), 

oi (8, p)== ba (a) F (w; 2s + 1)Gs(y; 2s + 1, p) H(z; 2s + 1, p), 

Yaz (s, p)== Da (2) F (w; 2s) G: (y; 2s, p) Ie (2; 2s, p), 

War (8, t) = Da (£) F (w : 28) Ga (y ; 2s, 2t) Ha (z; 2s, 2t), 

Wao (8, t) = Da (x) F (w; 2s + 1) Gay; 2s + 1, 24) H(z; 2s + 1, 2t), 

Yaa (S, t) = a(s) F (w; 28 + 1)Galy; 2s +1, 26 +1) As (2; 28s +1, 2t +1), 
YaalS, t) = Da (£)F (w; 2s)Ga (y; 28, 2t +1) Milz; 2s, 2t + 1), 

and 


a'ß’-1 S 


®, (a, Yo Zs w) = > S [a(s P)+ Yr2(s, p)1, 


(2,92, 0) = > > "Iya (8, p)+ ¥s2(s, p) l, 
arias 


Sa (T, Y 2%, W) = È ` [War (s, t) + pals, t) + pas (S t) + Yas, t) 


Let ®;(2,7,2,w), @c(x,y,2,w) be the functions obtained from 
P(T, Y, Z, Ww), Ba(L, Y, z, w) respectively by replacing Gs, Hs, Gs, Ha by 
Gs, Hs, Ge, He respectively. Then it may be shown as for ẹ, and 8” that 


©; (2, Y, 2, w)— Z g PaRa, (j=1,2- . -6) 


where the summation extends over the elements of 8‘. For each of the 
sets S we thus have a ; such that the terms of ©; are in one-to-one carre- 
spondence with the elements of 8“. By Miss Darkow’s results, the sets 
indicated below have the properties R, C, U, M according as the algebra 
is of type A, B, C or D. 

Type A, S, 

Type B, 8”, 

Type C, 8%”, SF, 

Type D, SY, STI 


oe g] aay ye Fine o Pre ea Oe 4 
Hoye ht S he cae or the So wha Deas Wuce propriis gad let @ ue iae 


cotievspouding ®,, then the argument of TLatimer’s paper heeinnineg, “ Let 


c 
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Z Yi, Zy Wy be.. .,” and leading to equation (1) may be repeated word 
for word, except that we set 





and employ the , S, X, Q of this paper. We obtain 


TrEoREM 1. Let S be one of the SP (j==1,2,: + +6) which has the 
properties R, O, U, M and let ® be the corresponding ®;. If U is an element 
of S of norm unily and if 21, Yı, zı wi are defined in terms of x, J, 2, w 
by means of XU =X, then 


P(T, Y, z, w)== P (Ti Yi, 21, Wi). 


The theorem is trivial for certain U’s, for example 1. Furthermore, there 
may not be a set with a unit yielding a non-trivial identity. It may be shown 
that if a = 8 = 1 and o be a product of distinct primes in the form 4n-+ 1, 
then the algebra contains a set with a unit which yields a non-trivial identity. 


4. An identity based on A==s?-+ prt?. The sets of elements used 
hereafter will not in general be integral. Let r and p be positive integers 
and let s and ¢ be integers such that s is prime to 


A= 8 + prt. 
Let p = 7%, r = ip% and let S be the totality of numbers in the form 
Q = A% (kp +77), 
where é and y are integers such that 
sé == pty mod A. 
Let Sı be the totality of numbers in the form 
Q, = ép + MT, 


where é and q are ordinary integers. 
I£ U = A-4*(s-+ tpr) and 
QU =Q, 


it may be shown that Q, belongs to S, if and only if Q belongs to S. 
Jt may be shown that if 


Pp (x, y= Pr erui (rtara J, [Are — pripki, g]0,[Apy — pspki, qê], 


where k = log q, then 
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bp (ay y= > q Eton (Sek rieron i 
where é and » range over all integers such that 


é= pla mod A, 4 == sa mod A, 
Then 


B(x, y)= 5 Bulz, y) = Z qy VeiRAxX 
B-0 2 
where X == A#(pz + ry), and the summation extends over all numbers of S. 
It may also be shown that 
Y (a1, :)=9o (121, 7") 93 (py, P) = z a Et 


where X, == px, + ry, and the summation extends over all numbers of S84. 
Let zı, yı be defined in terms of a, y by 


= XU, 
or zı = su — ply, 
Yı = riz + sy. 


By means of Q, = QU we have a one-to-one correspondence between the terms 
of @ and Y. For corresponding terms 


N(Q,)== N(Q)N(U)= N(Q), 
oX =(0U) (XUY —(QU) (V' X’ )= OX". 


Hence cuzresponding terms are equal and 
U(x, Yı) Ea O(a, y). 


If we express this in terms of theta functions and replace rAg, pAy, 721, pYyi 
l by £, Y, 21, Yı respectively, we obtain the identity below. 


THEOREM 2. If rand p are positive integers and s, t are integers such 
i s is prime to 


A=s? + pri? 
then 
A-1 
Da (w g7) Ds (y g) = E gpeerinD, (e — prtuki, qê) 9, (y — pspki, g?) 
H-0 


w spos ruy A y =( ptr + sy4)/å. 


fn jth nity hastal tn A` . Hay z v Fhe Genin S 
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Let S be the totality of numbers in the form 
Q = Ép + 17, 
where é q are integers such that 
sé = pty mod A, 
and let Sı be the totality of numbers in the form 
Q = ép + mir 
where &, eh are integers such that 
sé, = — pty, mod A. 
Let . U = s 4 tpr. 


If QU = AQ, then Q, belongs to S, if and only if Q belongs to S. If 
» is an arbitrarily chosen integer and if 


Bu (x, y) lren (rtarsy)}, (rAr — Apripki, q™) 33 (pay — pAspki, g*’) 
then 
Py (z, y) — > green e2 (réatpny)t 


where the summation extends over all pairs of integers é, y such that 


== ptp, 4 = su mod A. 
Therefore 


A-1 
&(2, y) = = a(z, y= = gh P g2ROX+ 


where the summation extends over all the numbers of S and 


X= Tp + YT. 
Let 


Wy (as, y1) E= Aet enrio 9, (rag, + Aprtpki, g™) 9s (pAy, — påspki, P% ) 


then 2 
Paltry) = gq EPPP e2 rirortpmynd) i 


and the summation extends over all pairs of integers é, 7, such that 
é = — pip, m = sp mod A. 
Therefore 


A-1 
Y(t, Yı) eS > Wu (a1, y)= 5 Qh (Ma) eR MaX i 
u=0 Q 


where the summation extends over all numbers of 8; and 
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N; = Tıp + Yt. 


The terms of © are in one-to-one correspondence with the terms of ¥ 
and for corresponding terms N(Q)—= N(Q,). If we set 


AX, = XU, 
tı = (st — pty)/A, 
or Yı = (rtz + sy)/A, 


it follows, as before, that 
E(x, y)= (2y). 


If we express this in terms of theta functions and replace g%, Arz, Apy, 
Arzı, Apy: by q, £, Y, — Tı, Yı respectively we obtain the identity below. 


THEOREM 3. Let p, r bé positive integers and let s, t be integers such 
that 
A? == 2 + prt, 


where A is*a positive integer prime to s. If 
A-1 i 
F(a, y= D qgheruntd, (x — pripki/A, q°)9s(y — psuki/A, qP), 
=0 
then : F(a, y)= F (21, Y1); 
where Tı =(— sz + rty)/A, yı = (pte + sy) /A. 
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ON THE ZEROS OF A POLYNOMIAL AND OF ITS DERIVATIVE. 
By Husert E. Bray. 


1. Introduction. This paper deals with polynomials all of whose roots 
(zeros) are real.* We subject the roots of the polynomial P(2) to certain 
simple operations and study the effect of these operations upon the roots of 
the derivative P(x). The main object of this study was to find a proof of the 
theorem (A), below, which is a striking extension of the classical theorem on 
the coincidence of the respective centivids of the roots of P(x) and P’(a). 

The statement of the theorem, communicated to the writer by Doctor J. 


Shohat, originated with SL. T. Dopovici. 


THEOREM A. If P(x) is a real polynomial of degree n = 2, whose rools 
Tı, Tar’ * * Hn, are all real and non-negative, and if the roots of P’(x)= 
DP (x) are &, &,° + +, na and if m is a postlive integer, then 


n n-1 
Dei nee J, &”/(n— 1). 
1 Fl 


The equalily is valid if, and only if, either m —1 or all the roots are equal. 


It is a little surprising that a theorem so simple in statement, whose 
proof requires fairly elementary methods, should be new. This may be due to 
the fact that the theorem, so far as the writer could determine, is not imme- 
diately deducible from the well-known recurrence formulae of Newton, which 
would seem at first glance to provide a natural method of proof. The writer 
proved a few special eases of the theorem (m = 2, 3, 4, 5), by direct use of 
Newton’s formulae, but the calculations became quite complicated as m 
increased and seemed to lead to no general method. However, he was led by 
this means to a stronger inequality than that of Theorem (A). This inequality 
is established in general in § 4. 


2. Auxiliary Theorems. 


THEOREM 1. If P(x) is a real polynomial, all of whose roots are real, 
then in the domain of real numbers the polynomial 


Pp’? — PP" 


* In what follows we shall refer to the roots of P(#)=0 as roots of P (æ), instead 
of zeros; this is in order to avoid awkwardness of expression in distinguishing between 
zeros which are equal to zero and those which are not. 
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is never negative and vanishes at multiple roots of P(x), but at no other 
points. If x’ isa multiple rool of P(x), of order k, x’ is a multiple root of 
P — PP” of order 2k — 2. 


The proof is immediate. Write 
P(2)=(2—2’)'Q (2) 
where Q(2’)40. We have, after differentiating twice, 
P’? — PP” = (a —2")*(Q* — QQ”) + h(a —— 2) "Qe, 


Assuming that the theorem is true for the polynomial Q of lower degree it 
follows immediately for P. It is obviously true when Q is of the form 
(a — xo)" and we may take this as the initial case in order to complete the 
proof by induction. 

The proof of theorem (A) may be simplified in the following manner. 
Let 

n n-i 
sm — X am/n— $ &”/(n—1) 


i1 
and suppose that all the roots of P(x) and P’(x) are subjected to a positive 
displacement of magnitude h; then the quantity 8“ becomes a function of h, 
Sm (h) 5 8 (0)== 8. Replacing z: by ai +h, & by & +h we obtain 
easily i 


Bm) (h) = 8 -4 |) gim-D fp, 4 (per eee (m w 2 Jons, 


since 8 is zero. It follows immediately, from this formula, that if Theorem 
A is true in the case where the smallest root of P(x) is zero, then it is true, a 
fortiori, when all the roots are positive. In future, therefore, we may confine 
our attention to this case and we shall write P (x)= 2z*Q(x), where Q(z) is a 
polynomial of degree n — k. 

We next consider the effect produced upon the roots of P’(z) when we 
subject the non-zero roots of P(x) to a positive displacement, the other roots 
of P(x) remaining equal to zero. To fix the ideas let Q(x) represent a poly- 
nomial whose smallest root is equal to zero and write 


P(2,h)=2"Q(2--h), 


© tue suicide st postive root of ure) is equal to A By varying ine 


parcimeter A the positive roots of P(x, h) are rigidly displaced. We now prove 


Tiroren 2. If 
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where k is a posite integer, and if é is a positive root of P’(a,h) = 
(0/02) P(x, h), but not a root of P(x, h), then £ is an increasing function 
of h such that 
0< d&/dh <1, (h = 0). 
We have 
P’ (a, h) = kQ (z —h)+ 2'Q’(a@—h). 
Consequently, 


= — kQ(E—h)/Q’(E—h). 


Since £ is positive, and not a root of Q(2—h), Q(é— h) and Q’(£— h) are 
different from zero and of opposite signs. Differentiating with regard to h 
we have 


„E _ pQ (E—h)— O(E—A)Q"(E—h) , 

a toa GEL h) C 
By Theorem 1 the first factor of the right-hand member is positive, since & is 
not a multiple root of Q(a—h). Hence & and 1— are of the same sign 


and therefore both are positive. Explicitly we obtain, on eliminating k, 


E = &(0” — 00") /[E(Q” — 90”) — 20’). 


This quantity is clearly positive, and less than unity, since QQ’ is negative; 
thus the theorem is proved. f 


3. Proof of Theorem A. The proof of Theorem A is effected by show- 
ing that Theorem A is implied by Theorem B, below, as follows: Suppose that 


the different roots of P(x) in ascending order are 0, @:, @2,° ` `, Mp, with 
respective multiplicities mo, Mi, Me,‘ * *, Mp. Let 

tı = ħi, Qe — dy == he, + © Qp — Ap-1 = hip, 
where hi, > -, Ap > 0, and consider the sequence of polynomials, of degree 73 


4 Po=P, Pa, Pa} + Po 


which are related in the following manner : 

The roots of P; are obtained from those of Pi. by decreasing all the 
positive roots of Pi, by the same quantity hi, the zero roots of Pi-ı remaining 
unaltered, (i= 1, 2,- ++, p). In p stages P(x) is thus transformed into 
P, (£)= z”, the case in which Theorem A is evident. Hence the theorem vill 
be established in general if we can show that the quantity 8 formed for 
Pia (z) is greater than the corresponding quantity formed for Pi(z). But 
if we represent P(x) by the formula 


Pi(a)= +Q (z) 
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"© ve the smallest root of Q(x) is equal to zero, then : 
Pi (x)= Q (z — hi) (i= 1,2, . *,p). 
‘ll be sufficient, therefore, to prove that if 


P(x, h)= Q (£ — h) 


l 


Pl 80w formed for thé polynomial P(z,h) is an increasing function of h. 


u other words, Theorem (A) is implied by the 


THEOREM B. If the smallest root of Q(x) is zero and if h = 0, and 


P (a, h)= Q(z — h) (k 21) 
ny 
3 (h)—= Žan F &"/(n —1) (m = 2) 


te {zi} are the roots of P (x, h) and {&} the roots of P’ (x, h), then 8™ (h) 
Fen, increasing function of h. 


h We prove that d8“ (h)/dh is positive. On differentiating with regard to 
op, “membering that dei/dh is equal to 1, if a: is positive, and equal to zero 
Wrwise, 


d8™ (h) /dh = m[S r/n — X égy (n —1)]. 
r 1 


d8™ (h) /dh — md" (h) == m 3 Ei" (1 — #)/(n—1). 
=1 


>, if h is positive at least one of the roots v; is positive and therefore at 

~ one of the roots é is positive and unequal to any s: Hence, by Theorem 
>. U right hand member of this equation is positive. The proof is now com- 
sed by induction. Assuming that 5°") (h) is an increasing function it 
_ ™C"Uheorem (A) is true in this case; that is, 8" (h) is non-nega- 


SAN OD os 
* S8Pduently 
d&™ (h)/dh > 0 (h > 0). 
N vN . . . > - . . . 
~~ Pg, clearly a continuous function it is an increasing function 
= 1 
ae P ooed with if, Theorem A. is proved. 
" < Inequalities, In this section we shall Had n tvisinit 19 


“tht change of notation. Let Pi(e) represent the pols nomiel 
“fix the smallest root of P(x). We designate the 
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P(x) by Ti, T23' ` `y Un 
P, (a) by T2,* ` * 3 Eny 
P(x) by bo, $s, ae Ens 
P(t) by hys: taAa; 
each set of roots in order of increasing magnitude, 


Consider the quantity 


n n 7 n 
om =n (š g” — > an) —(n— 1) (3 g” — >Y n”) o 
1 2 2 3 
We shall prove in this section that 6 is positive except in two cases 


(a) when all the roots are equal to zero, 
(b) when zı = 0 and m =1. 


If we increase all the roots by an amount h we find, after replac 
by ai + h, & by & -+ h, ete., the new value of 0, a 
y hm 
m (1) wr 
w (h) = om 4 (fom oe (na) Dhn- L o 1 6 f e 
This formula shows that 9% is increased by a positive displacement s „malest 
roots. Hence we may confine our attention to the case where Tas 2 
root of P(x), is zéro. 4 not 
Ata? 

THEOREM 3. If P(x) is of the form 2*Q(x) where k is pos sae roots 
necessarily an integer, and Q(x) is a polynomial of degree = 1 i not roo” 
are real and positive; if éis a positive root of P’(x4)== D:P (2); bur 
of P(x), then & is an increasing function of k. 

We have 

P’(2)—= Q (2) + kQ (2). 
The positive roots of P’(z) are roots of the polynomial 
LQ (t)+ kQ (2), 
that is f 
(1) EQ’ (E) + kQ (é) = 0. Lae 

Regarding £ as a function of the parameter k, we havs, oe 

with regard to k 
{ +1) EHE ELE HENS! 
and on eliminating k from the last two equations _ A © 


LWVO+EWOVO—-CO} le Te — 
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or 


E = d/dk = Q?/[E(0" — 00”")—0Q'}. 


From (1) we see that Q, Q’ are different from zero and of opposite signs. 
And since Q — QQ” is non-negative, hy Theorem 1, it follows that & is posi- 
tive and the theorem is proved. 

N. B. If k=0, that is P(x)==Q(2z), then it may happen that P’ has 
no positive root which is not a (multiple) root of P. This will be the case if, 
and only if, P has but one positive root and this a multiple root. 

It is worth while also to remark that if € is a positive root of P’(#) and 
also a (multiple) root of P(s) then d&/dk ==0 since multiplication by a 
factor g” will not affect the positions of multiple roots of P(x). 

We utilize this theorem in order to show that if X is an integer = 0, and if 


P(t)=2"Q(z), 

Pi(a)=a*Q(), 
where P(x) is a polynomial of degree n = 3, and Q(x) is the polynomial of 
Theorem 3, then 


Me 


&r > Dny” 
3 


where é.,° >, & are the roots of P (<) and qa’ * >`, qa those of P’(x), the 
roots being arranged in ascending order of magnitude. This result follows 
immediately from Theorem 3 if & is positive, since if é is a positive root of P’ 
but not a root of P, (such a root always exists if k > 0), it is greater than the 
corresponding root 4; of Pi’. But if k= 0 then P’ has exactly one positive 
root é lying between 0 and the smallest root of Q(z), i. e. Pi(z) 5; each of the 
other roots é; of P’, (i = 3), is equal to or exceeds the corresponding root y 
of P’ according as é; is a (multiple) root of P or not, by Theorem 3 and the 
remark following it. 
In any case therefore the inequality 


n n 


5 é” > > qi” 


i-2 4=3 


is valid. Introducing the abbreviations 
n n 
Pu = 2 zi” — > é", 
1 2 


q = us D> yi" 


ve May now sei dho resin: 


CE be used fo prove 
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THeoreM ©. If Q(x) is a polynomial of degree = 1 whose roots are real 
and positive, and if P(x) is a polynomial of degree n = 8 of the form: 


P(z)= 29 (zx), 
and 
Pr(£)= æQ (2), 


where k is an integer = 0;. then 
n n n an 
n(È ri” — 2% &") > (n—1) (X r” — Zm") 


where £i (i = 2, ` ; *, 2), ni (t= 3,° 5 " n), ri (i= 1, . n n), ti(i =R: a) 
n) are the roots of P’, Pi’, P, Pı, respectively, and m is an integer = 2. 
We first observe that > z:” is the coefficient of 2“ in the expansion 


i 
of the rational function P’ (s)/P (x), analytic at œ, in powers of 1/#. For 
if we write 


> 1} (æ — z) — P(z)/P (2) = È aint 
then it follows that 
> zin —(1/2ri) f [P' (2) /P (2) Jade = anes 


on integrating termwise about a contour C, in the complex plane, which 
encloses all the roots of P(x). Consequently the quantity 


is the coefficient of 2-“"*? in the expansion in powers of 1/z of the function 
P’(2)/P (2)— P” (a) /P" (x)= [(P? — PP”) /P*]/(P/P). 
But since 
P'/P => (2—2) 
then, also, on differentiating i 
(P? — PP") /P = Ż (2—11). 


Thus we have to calculate the coefficient of ¢‘"*» in the expansion of 


3 (e—n)/ (2 — m). 


` 
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Now this coeflicient is the same as the coefficient of y” in the expansion in 
powers of y of the function: 


n n 
2 (1— 21y)°/ E (1 ary)" 
obtained by substituting æ = 1/y in the preceding and dividing by y. Hence 


já n 
> (1 — ey)" a (1—aiy)* = po + py + py? +>, 


or 
a+ Sort pay /(n+ È sar) = È py, 


n 
where sy = Sai". On clearing of fractions and equating coefficients we obtain 
i=l 


the recurrence formulae 
Po = 1 
npı + Posi == 281 
NPs F PıSı F PoS2 = 3S2 


m 
NPm -+ >; SiPn-i = (m + 1) sm. 
1 
or 
NP = 81 
Npe + S1p1 = 282 
m-1 
NPm + > SiPm-i = MSm. 
11 
The same analysis provides corresponding recurrence formulae for the quanti- 
n n 


ties qm = X U4" — z ni”. We have immediately, since zı = 0, 
iz 


i=2 


m-i 
(n — 1) Gm + > SiQm-i = MSm- 
i=1 


On subtracting the last two equations we have: 


m-i 


npm — (n — 1) qm = = 8i((m-i — Pu-i), (m = 2). 


But we have already proved that gi- p > 0 (i=1.2, 3, ++). Hence 


H - an ty Ite > 8 


cacept in the case m = L where we have apr — h(n- 1)p = oe 


a 
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Uniting the result of this theorem with the fact, established at the begin- 
ning of this section, that 6 is increased by a rigid displacement of all the 
roots in the positive direction, we obtain 


THEOREM D. If P(x) is a polynomial-of degree n= 3 whose roots are 
real and non-negative, and P,(x) is the polynomial P(a)/(a—), where a 
is the smallest root of P(x), if we denote the respective roots of P, Pa, P’, Py’, 
by yes; fu), (as © *, On), (°° *, Éa) (73, ° t, Mm) then the in- 
equality 


n n n n 
GOD a n( > g” — > E”)—(n == 1) ( > g” — 5 ni”) > 0 
L Pd 2 3 


is valid; moreover 6 = 0 if, and only if, either 


(a) 2.=O0andm—=—1, 
or 
(b) all the roots are equal lo zero. 
Finally we remark that if x,—0, so that P(x) aP,(z), then, the 
hypotheses of Theorem C are satisfied and we have, if m = 2, 


tt a n n 
> aryl > é™ n—? > xy” > m” 
omw = n(n—1)4 +— — 2—. — —__| + 4 >0 














n n— 1 n n—1l n—2 


provided not all the roots are equal to zero. 

This formula evidently provides an immediate proof of Theorem A, by 
recurrence, for all values of n= 3; for it shows that if Theorem (A) is true 
for the polynomial P, (z) of degree n —1, then it is true for the polynomial 
P(x) of degree n having its smallest root equal to zero; whence the theorem 
follows, a fortiori, when all the roots are positive. When n = 2, Theorem 
(A) may easily be proved by elementary algebra, and when this is done the 
proof by recurrence is complete. 
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ON THE NUMERICAL CALCULATION OF THE CURRENT IN 
AN ANTENNA. 


By F. H. Murray. 


In a preceding paper * the additional field produced by a system of con- 
ductors in an impressed electromagnetic field (#°¢?', Het) has been repre- 
sented in terms of surface integrals, which are equivalent to certain integrals 
of MacDonald ł in the applications to be made. In a calculation which was 
made of the resonance wavelength of a long wire it appeared that the integral 
representing H could be taken as the basis of a numerical calculation of the 
current distribution, giving a fair check with experimental results. The 
usual formulas of alternating current theory correspond, however, to the repre- 
sentation of E, and the problem reduces to the numerical solution of an 
integro-differential equation. In the present paper the analysis of the problem 
of a straight wire in an impressed field has been developed and extended to 
include the theory of the loaded vertical antenna, and the inverted L antenna: 
the latter is briefly discussed in the special case in which the height is small 
compared to the length of the antenna. 

The theory is based on the method, well-known in the theory of integral 
equations, of assuming an expansion of the unknown function in a series of 
mutually orthogonal functions Ja(s) which satisfy the boundary conditions 
at the open ends of the antenna. If the boundary conditions at the surface of 
the wire are written down, a set of linear equations can he constructed for the 
unknown Fourier coefficients of the current. It is shown that in the case of 
the loaded vertical antenna the functions J, can be so chosen that the principal 
diagonal terms in these equations dominate the others; if the antenna wire 
is of small diameter, a good approximation is obtained with a small number 
of equations. The assumption often made in practice { that a single current 
component J, gives an adequate approximation can therefore be partially 
justified analytically. It is shown that when this is possible, the impedance of 
the loaded antenna may be defined; from this impedance the fundamental 
period of the antenna and the radiation resistance can be calceulated.§ 


* American Journal of Mathenaticos, Vol, a3. April, 1931. pp. 275-288. 
“OUP Desald Meetie Wares (19031, p. 16. The retarded potentials oi Lorentz 
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An extension of the analysis to other types of antenna, constructed 
of straight wires in the same plane, is made possible by the formulas of 
Appendix IV; the analysis, however, is not developed here. 

1. The fundamental equations are taken in the form 


4r Ez =f {[n, E] curl o’ + En div v + x[n, M] v’} dS 
Sa 
4r E, =f {[n, EJ curl y” + En div v” + k[n, HA] v”} as 


4r E; = Í, f {[n, E] curl v” + En div o” -+ «[n, H] o”) ds. 


Tt is assumed that the conductivity of the exterior region is zero, while the 
dielectric constant and the permeability are both unity; hence, h == A = —-x 
= w/c. In these formulas 


p = el/p, p = [(£ — 21)? + (y — y)? + (2—2)]*, 
v = ($, 0, 0), v” = (0, $, 0), v” = (0, 0, $) 
and the ficld components appearing in the integrand are those of the total 
field exterior to the conductors. 
If the conductor is a segment of a cylinder, while (7, 0,2) form a right- 
handed codrdinate system on the surface, and (lo, ĝo, 20) are the codrdinates in 
space, the axis of the cylinder being the z-axis, then 


n = (cos 6, sin 6, 0), 


Ez = En cos 6 — Ey sin 0, En = E, cos 0 + E sin 0, 
E, = En sin 6 + Ey, cos 0, Eg = — Es sin 6 + E cos 6. 
Substituting, 


[n, E] curl v = — E, cos 606/02 — E,dp/dy 
[n, E] curl v” = — E; sin 006/02 4- E,dp/dx 
[n, E] curl v” = E,0¢/or. 


Inserting in the fundamental formulas, if the contributions of the ends can 
be neglected, 
dr En = SS {— E; cos (0 — 0) 06/82 . 
(1.1) -+ Ey/1o06/00, — E,6¢/ly + «Hz sin (9 — 60) p} dS 
4r Eg = f f {— E, sin (0 — b) 46/02 

; — E406/0lp — E,/1p06/00) — xH, cos (8 — 8) h} dS 
dr Er = SS {E.0¢/0r + E,.06/02 + «H9p} a8. 


nansystemen,” Annalen der Physik, 5. Folge, 1930, Band 4, Heft 7, p. 829, developed a 


related method for a different problem. 
o 
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Tn cylindrical codrdinates, 
$= e"/p, P= [ (2 Ga zu)” + l? +r 2lyr Cos (6 as bo) 1% 


If E and H are interchanged, while x is replaced by A, the representation of H 
results. In particular, the average value H of Hy, on a circle of radius lo, and 
the average value of Æ; become 


dee fT E Sa f Tae f (84 /Alo) dho 
(1. 2) —AB(z)r fs cos (8 — 9) do} dz 
> b 2T m 
4a E (lo, 20) = {E(z)r (¢/0r) dO, 
J: J; 2r = 2r 
+ E,(z)(0/dz)r f pdb +- KH (1, z)r f A pdha} dz 


the integrals with respect to % being independent of 0. From a statement 
above it is known that the average components Ez, He which appear under the 


integral signs may be replaced by the corresponding averages of the total 
field components E: + E, Hy + Hg. Let 


2 2 
seis = rf "(g/dl doo M (2 — to l) =F f $ cos (8 — bo) dôn. 
0 o 
The boundary conditions become 
E: + E? =E, H4 Hp = Hy. 


For ordinary solid copper or iron conductors of small radius at both low and 
high frequencies the relation E’, — CH’, holds very approximately. (Riemann- 
Weber, JI, 2d. Edition, pp. 516-518); at high frequencies 


C = (1/c) [iop/tao (e.m.u.)]*; 
hence, if 


F(z) = E°(z) — CHp? (2) 


the first equation may be written 
= "b 
(1.3) 4e H (los za) + ( [K(2—2nr) + ACH (2 — zo lo)} 


-~ b 
X U(r zid =) f MW (a zo lu) Fe 


“a 
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A(E,° + Er) = (1/r)0 (He + H.) /38 — 0 (B +- He) /3z 
one obtains by integration 
\(E,° + E.) =— 0 (He + Hy) /ôz. 


In the second equation (1.2) let the components of the total field be sub- 
stituted under the integral sign; with the aid of the definitions 


2r 2T 
L(a— zn) = (1/2) f (06/8r) dO, G (2 — 2o lo) = (1/2) f $d, 
0 0 
this equation becomes 
b 
(1.4) 4B (ly) /2ar = 0 S Il’ (2) L (2 — zo be) de 
& b 
+ (d/rdz) f (dil (2) /dz) G (2 — 2o, lo) dz 
v 7 a 
+e ff IV (2) (2 — zo, I) da. 


An integro-differential equation for H’ is obtained from the boundary con- 
dition along the wire, 


lim E (Io, zo) = — E° (r, zo) + C Hf’ (20). 


lyor 
From the fundamental equations, the total current through a section 
of the cylinder perpendicular to the z-axis satisfies the equation 2arfl’ = 4rI; 
for a perfect conductor C = 0 and the first term on the right of (1.4) 
vanishes, while at high radio frequencies it is still very small. Neglecting 
this term, let 


BGS a f ndesane: amon 
W (za) =f E ETT 


(1.4) becomes 
(1.41) E (lo, 20) == — dP /dzo — h W (zo) (Zr). 


2. If the conductors of an antenna system are not all straight, but are 
constructed from wire of small radius, it will be assumed that with a negligible 
error the cross-section of each is circular. .\ssume also that if Hy is the 
angular tangential component of the total magnetic field Hl, only the average 
value of Hy about a circumference need he considered. (s, 0) may be taken 
as the codrdinates of any point of any conductor, except junctions of several 
conductors which will be neglected, and approximately dS == rdsd@ on each 


conductor. 
o 
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With these approximations, and neglecting the tangential components of 
the total electric field as before, the reflected field exterior to the conductors 
is represented in the form 


yj = — grad P — AW, 


P= (do S Engrs g= ee 


Wm (1/41) {a8 f [mW] ards p= Lla) (yo) (a) 


P is the retarded scalar potential, and W the retarded vector potential, if the 
time-factor exp(pt) is omitted. Neglecting [m, H’]., 


2r 2 
r f [n, H’]d0 =r f "Hdd = 4all = 4r (idz /ds + jdy/ds + kdz/ds)J. 
0 0 


Hence if the variation of H’, over the circumference may be ignored, 


W= f Ids Í, * odd. 


From the field equations in cylindrical codrdinates, (see equations just 
after (1.3)) the average field components on the surface of the conductor 
satisfy the equation 


h(E, + EL) = — d(H, + Hy)/ds = — dH’)/ds = — (2/r) dJ/ds 


EF’, =— (2/hr) dJ /ds. 


In the integral for P let E’. be replaced by its average over a circumference ; 
then if 


2r 2r 
G(s,%) = (1/27)? f f pdðdð = G (so, 8) 


at a point (so) the averages of P, W become 


Pls) =— (1/h) f G(s, so) (dJ /ds) ds, 
(2.1) 


Pis) = f G(s, s) I(s) ds, Pels) = f G(s, so) J ($) cos (8, So) ds. 


The average values being understood. the tangential component of F at the 
: i 


AA E o=--dP isi —h W (sa). 
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If the antenna system is composed of several unconnected systems, P 
and W will be represented by sums of integrals each taken over one connected 
system. 


3. The vertical antenna. If the earth is assumed to be perfectly con- 
ducting, Es on the antenna is the same as the Es due to the current in the 
antenna and its image in the earth’s surface, the earth being absent, and 
twice the loading impedance connecting the antenna and its image, if the 
loading impedance is at the base. Let this total impedance be an inductance 
L in electromagnetic units. The variable current J will be assumed to be 
represented by an expansion in mutually orthogonal functions J» which vanish 
at the open ends of the antenna, and satisfy other conditions to be specified 
later; on the central inductance it is assumed that each Jn is constant. On 
the antenna, 


J = = tnJn(2), 


Jn == glitz) __. g-an(dtz) — d SZ z S — c 


(3.1) 


== gnll) __ g-an(d-2) exe d, d—-c=—l. 


The coefficients a are to be determined from the boundary conditions 
along the antenna and the central inductance; on the surface of the coil 


‘Es + Ep = Z’';J (s) 
and along the antenna 
E: + EL? = ZJ (2), Z; = (1/cr) [pio/ro]* 


if cZ’;, cZ; are the internal self-impedances of the coil and of the antenna, 
respectively, E,°, E.° are the average values of the impressed field. 
On the antenna it is assumed -that 


2° = D-end n (2) . 


The constants ¢, will be determined later in such a way that the condition of 
orthogonality on the antenna 


(f+ S) eto oman 


is satisfied, Nm = -—— 41 (1 — sin 2Bml/2Bml)- 
To compute the coefficients an, let each side of the boundary equation 


(3.2) — åP/ds — hW, = — E; Ea 
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be multiplied by Jn and the products integrated over the coil and the antenna. 
Integrating the left-hand side over the coil, 


i f ” Im (dP/ds) 89 = Jal LP (81) — P(s2)] 
8 


(3. 3) {Tn o( 0) ds = In(e) Te) f” ds {a G(s, So) COS (So, 8) 
= LIn(c)J(c) 


if the axis of the coil is parallel to the antenna. Integrating over the 
antenna 


Sac S.) Taka = MNES Ea A aro] 
+( f + Í, ) P(o) (A n/ dee) dey 


since Jm vanishes at —d and d. The integral of the left-hand member 
becomes 


-0 a 
ALI (¢)In(e) + ( f i+ Í ) {P (20) dJà/dzo — hW = (20) Jm (20) }dzo 
(3. 4) 
Assuming : 
8a 82 
AB = f" Esd, Z= S” zas 
writing D, Amndn for the integral on the left of (3.4), this becomes 


(8.5) S {Ann —hLTn(c)In(c) —Z'In(6)In(6) —8,"NnZi}dn 
n=1 
=x — AEJ n(c) — N mem 


3,7 — aa (m = 1, 2, 3,° . “Ji 


1, m =n, 


Since h = p/c, this indicates that the ratio cAmn/Jm(c)Jn(¢) has the dimen- 
sions of an impedance. 
Assume the antenna constant c so small that with a negligible error, 


exp (a,c) = 1. Let 
I, =h— Xn == te, | ka | ` Wa = h + Xn == ie'n | In | . 
Then approximately (see Appendix I). if y = .5112157, 
a 
Il) = f Gi (ar yes dir 
of Q 


= log (Xr) -=y — log (RTA C hdl) -aisi bul). 
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Let h = ik, and 
An = Ia (21) — In (1). 
From the analysis of Appendix II it is found that if am + a, 0, 


hAmn/2 == (ke? — män) / (Gm + Mn) { (Lm + Tn) [1 + e amran] 
— (Im + In) [1 4 oemt] eamm (T a — In) 
p tan-an (I p — Im) — 0m A m H elm Am — MA n H en2lana, t 
(3. 6) 
(he? + aman) / (am — an) { (Im + Lm) [1 4 er amram) 
— (Im + In) [1 + eman] p olaman (T p — Im) 
+ e7l(amtan) (Inm San Jal + elm A n — g? lan A n + e-2lana, — EMA n} 


Since the constants @, are unrestricted above, the coefficients Ann may be 
calculated by a passage to the limit. With the approximation employed 
already 

dT y(t) /dan = (1— 0%) /kn = Tn 

dln (1) /dan = — (1 — ®t) /k'n = Fa. 


Allowing am to approach & above, 


hAnn/2 = (k? — an?) fon [Tn (1 + e°) 
—In(1 + etaa) Tg — In + 620A, — mAn] 
(3.7) 
I (K be [— (In A4 In) + 2 (Tn — Te 
— I’ ne? 4 21(A_,e7 4" 4 Apea) + A’, 67! — A'pen], 


For ordinary antenna wire the functions log (21/1), log (41/r) are the 
dominant terms in J,(1) and J,(21), respectively; taking only these terms, 
and replacing A, by zero, it is seen that the corresponding value of Amn 
becomes : 

1GKL’ sin 1B» sin lBn/h, 


if an = in, and the constants Bn for every n satisfy the equation 


(3.8) Ba cot lB, = K, L’ = log (RI/r). 
Now J,(0) = Risin Bal, hence the dominant terms on the left of (3.5) 


become 


sin [Bm sin 1B, [16 KL’ + 4k L]/h. 
These vanish if 


K.= PL/4L' 
except if m = n; hence the principal diagonal terms, m = n, dominate the 
others and the equations (3.5) can be solved by the method of successive 
approximations. 
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To determine the fundamental period of the loaded antenna, approxi- 
mately, assume k =, and consider only the logarithmic terms as before; 
neglecting A,, A-1, 

Ay = — 167 L’ cot kl sin ? kl 
and approximately, 
1u — AL J (0)? =i sin? kl [— 16 L’ cot kl + 4L]. 


This vanishes if 
cot kl = kL/4E. 


A value of k which satisfies this equation is also one of the set of numbers Ba 
defined by the transcendental equation (3.8). 

If a condenser is in series or in parallel with the inductance, the total 
retarded potential will have an added term due to its charge; the calculation 
is similar to the preceding, if the mutual capacity between the condenser 
plates and any part of the antenna may be neglected. 

It is easily verified that the functions J, determined by equation (8.8) 
are orthogonal on the antenna. 


4. Theory of the inverted L antenna. The antenna considered here 
consists of two arms of equal length I, parallel and with the distance d between 
the centers of the wires; it is assumed that the length J and the wavelength A 
of the fields to be considered are large compared with d, and that the current 
is sensibly constant on the conductor or conductors joining the two branches. 
The inverted L antenna over a perfectly conducting earth is equivalent to such 
a pair of arms, if the earth is assumed absent and the image of the actual 
antenna is assumed to be present instead. 

Let s be the distance increasing from the lower to the upper open end 
of the antenna, while I has the direction of increasing s at every point, 
J(— s) =J(s). Employing (2.2) and integrating by parts as before, one 
obtains the equations (3.5) for the Fourier constants on, if 


hAm = f F G(s, So) {k°Jm (S0) Ja (s) cos (So, 8) 
ai (dJ m/dso) (dJn/ds) } dsdso 


fhe integration being extended over the antenna alone. The same value of 
wo Teton Mies Fdteraction hefween the vertical sae horizontal 

parts of ‘hi antenna will he neglected, and dy is assed to bo the ternama 

inductance plus the self-inductance of the vertical connecting aim. 
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Let h = a, dt; = 1 + [d? + 1?]%, and on the upper arm 
Jm = eee) __ emam (l-2), OxX2 1. 

Let 

I, = log (21/r), 

I, == Ci(dk) — Ci(dk/ti) — i [Si(dk) — Si(dk/t1) | 
(4.2) 

ILa = log (2l/r) — y — log (2k1) + Ci(2kl) — iSi(2kl) 

I, = — Oi (kd) + Ci(kdt,) — i [8i(dkt:) — Si (dk) ]. 


Under the above assumptions, 
Ar = (40°/h*) (1 + 0%) Zs — 14) —(1 +) (i —hh)). 

If d<<l, kd << 1, then dt; = 21, d/ti = d?/2l, and 

Ci(kd) ==y+logkd, Ci(dk/tr) =y + log (d?/21) | 

Ly ei Ía sie TA = A = log (d/r) = IĮ”. 
Hence 

R(41/i) = — 16I cot kl sin? kl 

= 477 cot kl J2 (0), Ja(0) = 2i sin kl 
and the imaginary part of the coefficient of a, in (4.1) is small if 
(4.3) cot kl = &L/4L/. 
The equation 
Bn cot Bal = W L/4E 


again defines an orthogonal set of functions Ja(s) on the antenna. 
If the interaction of the vertical and hdrizontal parts of the antenna is to 
be taken into account, it is necessary to employ the formulas of Appendix IV. 


5. Calculation of radiation resistance. Employing clectromagnetic units, 
(Lom = cles); and writing 


Zo = wL + cZ’, 
Zmn = (— cAmn + Sn” NmeZ:)/Imn(0)In(0) 


equations (3.5) become 
(5.1) 3 (Zn + Zo) dnIn(0) = AB? + Nmem/Im(0). 


In many cases a rough approximation to the antenna current can be found by 
considering only the first equation and neglecting az, @s,* °°. If the antenna 
is transmitting, em is zero, and 
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m = AE?/ (Zn + Zo) 0), J(0) = aJ (0). 


If Z is defined by the equation 

AE? = ZJ (0), 
then 

Z =Z, + Zn 


The orthogonal functions J» were determined in such a way that the 
imaginary part of Zo + Zi is very nearly zero if & is suitably chosen; if the 
imaginary part is zero, and the remaining Fourier components of the 
current are negligible, the antenna behaves as a resistance, of amount 
Zo + Zu. The constant R(cZ:) represents the high-frequency resistance per 
unit length along the antenna; the radiation resistance is cR(— A11)/J1(0)?. 
For instance, suppose the unloaded vertical antenna excited by a field in 
which k = 2/21; in this case «n = nzi/2l, and from (3.7) 

Au ar ares 4[I (21) NEAS, 1 (21)]. 
Since Jı (0) = 24, 
—cAn/J1 (0)? = co[1, (21) -— I, (21) ] 
= c| y + log (27) — Ci(2r) + i8i(2r) ]. 

Tence the reactance of the unloaded antenna vanishes only for a wavelength 
slightly different from 41; it can be shown that if 

Lo = 2 log (41/r) —1— [y + log 2x — Ci (2r) ], 
and the ratio 41/r is large, the fundamental wavelength is very approximately 
given by 

1 — 41/d = Si (2r) /r[ Lo — 1 + Si(2x) /r]. 


As the difference is small, the radiation resistance at resonance is very nearly * 
ely + log 2r — Ci(2z) |. 


The outward energy flow due to the reflected field is easily expressed in 
terms of the coefficients an and Amn. If X is a sphere of large radius enclosing 
the antenna, assumed isolated in space, the energy crossing > per unit time 
is equal to 


S = (c/8x) Sf ((E, Hf], + [E, W]n) a8 
= 


Li wÀ C C 1E ta mit Poa mo 
yf ` ‘ 


< Ballantina, Z c., p. 828 (15). 
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The integral is independent of the shape or position of the surface; evaluating 
it on the antenna, and assuming [n, H]/4r = I/27r, as in the preceding 
paragraphs, 


S =— (c/2) f (BJ + BJ) ds. 


Let Fs have the expansion in orthogonal functions 


00 
E: = > bmJm(S). 
n=1 
Then 


(5. 2) ae ee (c/2) 2 (Onan + Dintim) Nine 
From (4.1), g 
Nmbm = S an{—hLJm(0)Ja(0) + Amn}. 


Hence if Jm(0)Jn(0) is real, 
S =— (0/2) È Im (0)Fn(0) [Ont (— BL) + ddim HL] 


SF. (¢/2) 5 [Annām + AmnOmdn | S 


M N= 
The first sum on the right drops out; if all the current components except 
the first are neglected, 


F = — c | ay | 2(Ay + Ai) /2. 
The current at s = 0 is given by J = a,Jı (0), hence 
S’ =— cJ*BR(Au)/J1 (0)? = JR 
if 
(5. 3) Rı = cR(— An) /J1(0)? 


the value found previously. 


6. Explicit formulas for a perfectly conducting earth. A set of func- 
tions Jn(s) which are orthogonal on the antenna with its image are also 
orthogonal on the upper part alone, while when this half alone is con- 
sidered, N’m = Nm/2. Also, if the integration is extended only over the 
“upper half in the calculation of Amn, just half the former value is obtained, 
as a result of the equation Jn(—s) = Jn(s), s= 0 denoting as always the 
grounding point. If Z'o denotes the loading inductance in the upper half, 
Z’ = (1/2)Zo in equation (5.1), and Z’mn = (1/2)Znn. Hence instead 
of (5.1) one obtains 
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(6.1) È (Zan + 2/0) ndn(0) = AE + N'mem/ Ja (0). 


The radiation resistance, when this can be defined by means of J, (s), comes 
out half its former value; the definition of the numbers on, n is the same 
as before. The constants em in the equation above are now the Fourier 
constants of the impressed field on the upper half. 


v. The reciprocal theorem. Let two antennas be present, while the 
presence of the earth is neglected. Let X’, be the electric intensity on antenna 
1 which would exist if this antenna were absent; Æ’ is the field impressed 
by acurrent J” in antenna 2; similarly, Æ” is the field impressed along 
antenna 2 by a current J’ in antenna 1. The fields E’, E” can be represented 
in the form 

E’ = — grad P” — AW”, 
E” === — grad P —hW’. 


Here 
P's, —=— (1/4) È (d7”/ds2) G (61552) ds 
©) 
W”, = f J” G (81, S2) COS (Si, S2) da. 


(2) 
It follows that 


f E’,J' (s,) ds, = — f f J (sı) (d/ds,) [ (— dJ” /hdse) G (81, $2) ]ds,ds2 


a) ql) (2) 


a f f J! (s1) J” (82) c08 (815 $2) G (S1 S2) ds,dsq 


(1) (2) 


= (1/h) f f G (Sa, S2) (K°I’I” cos (Su 82) 
(1) (2) 


— (dJ’/ds,) (dJ””/ds2) }dsıdsz. 
Hence 


f E’,J’(s,)ds; = f E” ,J” (s2) dsa. 
() (2) 
Let J’ be the mth orthogonal function on 1, J” the nih orthogonal func- 
tion on 2; the integrals above represent Fourier expansion constants on their 
to syntennas. it the AZ impressed between the terminals of the loading 


oe N 1 4 ` 
BEE EENAA tt UE ei Trais se 


f J'ads = Nn, f J” Ade, ot N as 
& 


othe 


e 
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and it may be assumed that on the antenna, 


E’,= > mdm (81) 5 Cm = (1m) f E’ oJ’ (81) asi. 


a) 
The integral identity becomes, 


Nn e'nm metn N a el ik 


© if é’nm is mth Fourier constant of the field due to the nih orthogonal function 
of the set defined for antenna 2. The first subscript indicates the origin in 
each case. The functions on each antenna may be normalized by the condition 
N’» = N”, = 1; in this case the simpler equation ¢’nm == e”mn results. 


APPENDIX I. 


The integrals Z,(1) may be calculated as follows. Let 8 be a number 
large compared to r, but such that æ 8 is very small, h—a—=h—=—cl|k|. 


Tess f G(w)ermau =à f " f) Gerwdw = I’ + I”. 


+8 ô 
r= f G(w) [1 + aw + w?/2! +: - -] dw =f G(w)dw 
Q 0 


= (1/2) f G(w)dw = Io (hr) Ko (hr) * — f, È grodwjw 
——log (hr/2) —y + Ci(d |h | ) +é[a/2—Si(a |b} 1, 
= — log (7/2) — log | h | — ri/2 —y + [y + log 8| 2 |] 
: +i [r/2—sSi(è|h|)] 
— log (28/r) +8 lA] (++). 
P = — [Ci(s| k| )— Cit |e] )]— ilsi |r|) —8i(8| kl)] 
Neglecting powers of 8| k |, 
Ci(8 | k | ) =y + log | & | + log è. 
Ia(l) = log(21/r) —y —log | kI | + Cill | k | )—isi(l |k |). 


APPENDIX II. 
Let Jn(z) on the verticle antenna be defined by 


(1) ‘In(z) = Qisin Br(d+2), aSz2eSb (iBn = @n) 
(2) = isin Bn(d—z), eS2Sd- (l==d—c). 
a = — d, b = — c. 


* Integrating first from — œ to + œ, 4rk,(hd) results from No. 917 of the tables 
of G. A. Campbell, Bell System Technical Journal, October, 1928, p. 687, if d is the 
distance from a point outside the cylinder to a line on the surface. The integration 


with respect to @ is easily performed using the addition theorem, Watson, Theory of 
Bessel Functions, p. 361 (8). ‘ 
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Ti h = ih, and the lower and upper parts of the antenna are denoted by (1), 
(2) respectively, 


hån =F da f dali (z — 29) {lea (40) Ta (2) — (dI m/dzo) (dJm/dz)}. 
ijt 
Ct) (j) 


Each term of this sum can be expressed linearly in terms of the integrals 


[nn = f dzo È deG(z— zo) etrsorans (r,s= 1,2). 
r) tg) 


Integrating by parts, assuming ¢m + an Æ 0, 


b b b b-z0 
i, = f dzo J, daG (z — zo) etm Forane — J. elamtan)zodz, G(w) e’dw 
a a a 


a-zo 


= [1/ (am F an) ] {0r [Tn (D) Lm (2) ] — m [Im (1) + In (1) 1} 
if 
In (1) = a G(wyet"dw, = Im(l) = f G(w) een dw, 
Similarly, 
Te” = [1/ (am + on) ] {etma [Tm (1) + Ln (1) ] — eam, (1) + I, (1) J}. 
Also i 


l+20 i 
Ito ee 1 OP = [1/(@m + an) ] Cas i G(w)ervdw 


21+2¢ 
— g7(amrand f G (w) er dw 
l+20 


2 1+2 
+ elam+an)d "a g Ime Jay — glamtande Í, i g (w) enemy |. 
2¢ 


t+2e 
It is seen that if c= 0, 
S MR oom [Mn = pllamtan) fmn -m-n— Jnm — [ma 
i” T% GAR In 2 i is Iz g 


The formulas (3.6) are obtained on substitution of the integrals above in 
the expression for Amn, ¢ = 0. 


APPENDIX ITI. 


Let the superscripts 1, 2 denote the upper and lower arms, respectively ; 
the integral in (4.1) is the sum of four terms 


Asm = | EA + A sah + A Rai + der 


tho rest peonon shove end below denatme > Qe the lower half 3 -- 


ALLL Hence 


D 
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i z t 
A nn m A mn =(1/h) f J G (zo, 2) {Im (%0)In(Z)—(dI m/deo) (dIn/dz) } dz 


I L 
4:2 = AS = (—1/h) S, Í. G (2o, 2) {kT m(20)In(2)—(d]m/dzo) (dJn/dz) dzo 


G=e/p, p= [(z— z)? + d?]*. 
The reduction of the double integrals to single integrals takes place as 
before; if 77” has the same meaning as in Appendix II, 
hai aren (k? —_ Aman) Kae 7 ae + gantan) [ae | 
= (k? + Amn) [e7 am-an 7 m-n -}- otaman Tann | 
and 


— ha” == (k? renee Om%n) fe anran Kes A glamtan) -m-n | 


see (k + Aman) pe tara Knn oo anes K zen ] 


if Km is obtained from 1" by replacing G by G. If Z, is obtained from In 
by the same substitution, 

Ken = [1/ (am + an) ] {eee (Tm + En)—(Im + In)}. 
The integral 


=f * gmot dwy (de - w2) 
o 
is easily evaluated by substituting 


di= [a 4+ w]*+w, [P + w] = (4/2) (t + 1/4) 
(d/t) = [P + w]*— w, w= (d/2)(t—1/t). 
Let 
k = (h — a)/2, kK = (h + a)/2. 
Then 


a f "garia /tt/t — Š- dk')”/n!] f -aride fim 
Integrating in l l 
f raw = eV 1/nt™ — y/n (n — 1) t 
ay {nlm 1) (n—2)i? -+ + (sy) a] 
+ (—y)*/n! f “eVdt/t, 


The above expansion may be used if h -+ « is small; if h— « is small, the 


integral can be written 
3 1/ti 7 
In = gik u-dk/u du Ju 
1/ts 
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and expanded in the same manner. The second and fourth formulas of (2. 4) 
result from the substitution k = + a. 


APPENDIX IV. 


If an antenna is constructed of straight wires in the same plane, the 
constant Amn may be calculated as a sum of integrals over the same seg- 
ment, already discussed, and integrals of the form 


A f, "ody Í. “eerteda/p; p= [2° + y? — 2ory]* 
y: Tı 


: c = cos (z, y). 

In a first approximation only integrals occur for which h—« or h-+a, 
and h— 8 or h + B are small compared to h. If h —« is small, the trans- 
formation o = — a, g =— zT, = — c reduces the integral to the form 
in which 4 + æ is small, and this will be assumed. 

Let ¢ be defined by 


y(1—c)t =p + @— cy 
y(1 + ¢)/t =p — (2 — cy) 


Then 
e= (y/2)[(1—e)t+ (4 + ¢)/2], 
s— cy = (y/2[(1—e)t— (1 + ¢)/t]; 00 /dt = p/t. 
Substituting 
k = (h— a) (1 — 6)/2, k = (h + a) (1 + ¢)/2. 
Ya 
, I= f” we (y)dy, 


ta ta 
J (y) = f etuè-k'u/tdt/t = Í. oru-koludufu, tı = t(a, y). 
t t 
One obtains : = 
ðJ /ðy = J’ + J”, 


J = [eno (1/yb) (Oyt/dy) + 26/4] T 
ti 


tz 
J” = Qch’y É ett du/u. 
yti 


neeleeting terms in e. Inteerating by parts, 


Po pA (yond eB A- ae) fae -- [1/(B -+ ae] f P pal ae (I? 4 J”) ly, 
wa 


i} 
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Let 


f(y) ee ey (Brac)-kyt-K'y/t 
R(e)—= f ” #(y) (Oyt/dy)dy/yt,  8(e)= f "#(y) (0yt/ðy) dy/t, 
Yı parea Yı 
T(2)= |  fly)dy/t. 

V (y) = kkr ba yy (B + ac)—1/(8 + ac)°]. 

Then if B+ ac £0, 

PI ss wy Brae 2 oe uf. =43 
Vm f reno dy — [V (y) fom çdu/u) Jt 


— [2kk"/ (B + ac) ] {8 (%2)— 8 (21)— [R (22)— R (21)]/ (8 + ae) }+ kC) 
and to terms in ķ”? 


I= [J (y) Po /(B + ac) le — [1/(8 + ae) 
X {R(a2)— B(as)-+ 2k [T (a)—T(m)] +I”) 
The integrals &, S, T can be evaluated by the same method. From the 
definition of t, 
(dyt/dy) /t = 1—2/p. 
Let the variable u be defined by 


v(1—c)u—=p-—+y— ce p= (2/2) [(L—e)u + (1 + ¢)/u] 
a(1-+¢)/u—=p—(y—cr). y—cx—= (2/2)[(1—c)w— (1 + c)/u] 

dy/du = p/u. 
Let 


y= (1+ 0)/(1— c), m= (h—f)(1—0)/2, m = (h + 8) (1 + ¢)/2. 
It results that 


y= 2(1—c)(u—1) (u+ y)/2u, 1/t = (u—1)/(u +y). 
y(B + ac) — kyt — k'y/t = a(a + Be) — mru — m's /u. 


Substituting, 
R(x) = g7 lapo) if a 1/u + 2/(u + y) |du 


S(x) = er abo f reiia — c) (1 + y/u?) /2 — z/u]du 
T (2) = [e(1— c) eraso yp] f" amonat 
[1 + (y + 1)/yu— 1/4? — (y + 1)?/y(u + y) ]du. 


For small m’ the series expansion of Appendix III can be employed. 


ON THE GROUPS GENERATED BY TWO OPERATORS OF ORDERS 
TWO AND THREE WHOSE PRODUCT IS OF ORDER EIGHT. 


By H. R. BRANANA. 


1. Hypotheses and definition of H. A group a whose generators, S and 
T, satisfy the relations: 
(1) S = T?=(ST) = 1, 


has a commutator subgroup A’ generated by o, = TSTS and o: = TOTS? 
which, since (ST)® =o: oyo201:02'0, S?==1, contains S. If K contains T 
also then {S, T} is perfect and hence is isomorphic with some simple group 
of composite order. The knowledge that a group is perfect reduces very 
greatly the number of additional facts that must be ascertained before the 
group can be identified because the number of simple groups of low order is 
small. We shall be interested here in the cases where G is not perfect. 

When G is not perfect, K is of index 2 and contains all operators which 
are squares in G. (ST)*t written in terms of the o’s and S is eroro’ 8. 
Then (S7)*S? is conjugate to c Hence * we have the 


THEOREM. If S and T satisfy conditions (1) and if in addition the 
order of TS°TS is of the form 6k +1, then the commutator subgroup of 
{S, T} contains a perfect group. 


The conjugates of T, which we shall use to denote (ST)* generate an 
invariant subgroup H* which is in K. The quotient group G/H* is of order 
2, 6, or 24, its generators satisfying conditions which determine the octahedral 
group. We shall consider cases where G/H! is of order 24. Since this group 
is octahedral the operator 7'S?7'S must have an order which is a multiple of 3. 
If this order were exactly 3 it is easy to prove that the order of {S, T} is 24 
and that the order of (ST) is 4 instead of 8. The lowest order of o;, if (ST) 
is actually to be of order 8, is 6. We propose to consider this case. We are 
then dealing with groups generated by two operators satisfying (1), isomor- 
phic with the octahedral group, in which TS?7'S is of order 6. 

Under the conditions above the group {8,(S7Z’)*} is generated by two 
operators of orders 3 and 2 whose product is of order 6. Then {8, 7'.} con- 


Chen Peerd Groups, ctu,” Ameraun doureat of Uethematics, Vol. 00 
(1998), p, 247, 
891 
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tains an invariant Abelian subgroup *-of one-sixth its order, its commutator 
subgroup, which is generated by one or two operators. This Abelian group is 
generated by (7:72) and (TiTa) where Te = S7 T5 and T? = S“17.8. 

The group -{7', Te, Ta} is generalized dihedral and may or may not be 
invariant under G, depending on whether or not T transforms T, into some 
operator of {71, Te, Ta}. If {T1, To, Ta} is invariant then the quotient group 
corresponding to it is of order 24. If it is not invariant then it is one of a 
set of conjugate subgroups which are transformed according to a group 
gencrated by operators satisfying the same conditions as generators of G. 

In case {Ti To, Ta} is invariant we have the abelian invariant subgroup 
{T,T2, T T3} which we denote by M. Then none of the operators S, T, and 
T, is permutable with every operator of the Abelian group and hence {S, T} 
corresponds to a subgroup of order 48 in the group of isomorphisms of H. 
This subgroup is generated by operators 8; and T: which satisfy (1) and for 
which (S:T:)* is an invariant operator. J cannot be cyclic since its group 
of isomorphisms contains Gs. This last fact requires that {S, Tı} be among 
those groups described by Miller (loc. cit.) which have non-cyclic commutator 
subgroups. A further condition on H is imposed by the fact that its group 
of isomorphisms contains Gs. The Abelian groups of order p? and type 1,1 
are of particular interest because there is much known of their groups of 
isomorphisms that is applicable here. 


2. H of order p’. Let us suppose that H is of order p? and type 1,1. 
There is a 1—1 correspondence between the operators of the group of 


isomorphisms of H and matrices ( a} whose determinants are different 
Y 
from zero, mod p. Let us arrange the operators of I in cosets with respect 


to the central C which consists of operators of the form C >) and let us 
arrange the operators of the central C so that the first two are G 1) and 


—1 0 i : . 
( 0 ay The determinants of matrices in C are all squares. The 


matrices whose determinants are squares form a group whose order is half 
the order of J. We may then require that the first half of the cosets contain 
only operators whose determinants are squares. We may arrange the matrices 
in each coset of this first half so that the first is of determinant unity for if 
it were another square, b?, the set would contain a matrix whose determinant 
b?a;? for some a; would be unity. Then the second matrix is also of deter- 


* Miller, “On the Groups Generated, etc.,” Quarterly Journal, Vol. 33 (1901), 
p. 76. 
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minant unity. There are no matrices of determinant unity except those of 
the first two rows of the first half of the cosets. The remaining operators 
of I may be obtained by multiplying the matrices whose determinants are 


squares by ( : ) where « is an arbitrary not-square. The group made up 


of the matrices of the first two rows of the first half of the cosets is SLH (2, p) ; 
its quotient group with respect to the two operators in C is DF(2, p). 

Now G transforms Hf according to a group of order 48 which has an 
invariant operator of order 2. Hence Gas will be isomorphic with a subgroup 
of order 24 of the quotient group of T with respect to C. Since both I/C and 
the G2, contain a subgroup of half its order then the Giz of Ges is in the 
invariant subgroup composed of operators which correspond to squares in I/C. 
Gas determines therefore a Gi: in LF (2, p). The Gag can determine a Go, in 
LF(2,p) only if p is of the form 8h + 1. 

We require not only that G determine a Gy, in I/C but also that G be 
generated by S and T of orders 3 and 2 respectively. Then the determinant 


of the matrix f A ) corresponding to T must be 1 or — i. If this deter- 


minant were 1, T could not be of order 2; T might correspond to an operator 
of order 2 of LF(2,p) but would itself be of order 4.* If Gz, is in LF (2, p) 
p is of the form 84 = 1; then since the determinant of T is — 1, — 1 must be 
a square, mod p, which requires that p. be of the form 4k + 1. Hence, 


If G is isomorphic with a Gz, of LFE (2, p) then p is of the form 8h + 1. 
If on the other hand the @z, of I/C is not in LF (2, p) then — 1 must 
be a not-square, mod p, and p must be of the form 4k — 1. Therefore, 


T'here exists no group G of the type in question containing an invariant 
subgroup H of order p° and type 1,1 where p is of the form 8h — 3. 


Let us consider next an operator S of order 3 which we denote by Gs P) 


whose determinant is A. Then A? = 1, mod p, and we have the following 
conditions * on @, 8, y, and 8: 


a + apy + By  =1, 
aBy + 2By8 + F=], 
p(o + a + 8° + By) =0, 
y (a? + a8 + 8° + By) =0. 
Tix last two require that (x + 8)*— A=: 0, unless hoth 8 and y are zero, 
Kicin-Pricke, Theorie der elliptischen Vodulfunttoner, p. 393. 
The cougeteaces that follow are all mod p. 
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We have seen that the determinant of T must be — 1; then since (ST) 
must be of order 8 and such that (ST)? corresponds to an operator of order 2 
in LF(2,p) its determinant (— A)? must be 1. Since we have both A? ==1 
and A? == 1, it follows that A—1. So whenever not both 8 and y are zero 
we have a -+- ô= + 1. If we select the positive sign the above conditions on 
a, B, y, and è become: 

aë + aBy + Byla +8) =1, 
«ð — By =1, a+s=1. 


The first reduces as follows, in view of the other two: 
a -+ By + By=1, 0? +(a+1)(e3—1)==1, 

a +. aè -+ as — a — 1 = ], a? + a —a¢—1l=1, a — g — 1 = 1, 
which is impossible when p542. Hence we may assume that a -+ è == — 1. 
when not hoth 8 and y are zero. Since all the subgroups of order 3 of 1/0 
are conjugate and since for every p there exist operators of order 3 for which 
not both 8 and y are zero, it will not be necessary to consider that alternative. 
0 —1 


We may therefore assume that our Gss contains the particular 8; ~( 1—1 


We next seek a T: such that {S;, Ti} is a Gas in I. 


Let T; be 6 ) where «, 8, y, and 8 satisfy the relations 


a+ §=0, að — py =— 1, 


which we determined above. We now consider (S:T:) and arrive at further 
conditions on &, 8, y, and è 


my f or — ô 

Gms as ). 

The determinant of (S:T) is —1. 

(SiTi)? = y—ad-+-5 y8— 83+ T (z e 
(ay ty (ay) (6—3) ab 78+ (8-8) T Ay 8 


If this is to be an operator of order 4 and to correspond to an operator of 
order 2 in LF'(2, p) we must have «’ + 8’==0. This condition, in terms of 
%, B, y, and ô is 


y? — 2a8 + 2y5 + B?— 285+ & =—0, 
which may be written as 


Y? + BP + 8 — 288 + 2y8 — By — 2 (aò — By)==0, 


which is 
(B—y— 8)? = 2 («8 — By) =— 2. 
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This last relation states among other things that ? is. a square: this implies 
that 2 and 1 are simultaneously squares or not-squares. Now - 1 is a 
square if and only if p is of the form 14+ 1, and 2 is a square if and only 
if pis of the form Sh + 1. Hence, the last condition can he satisfied if p is 
of the form 8h + 1 or 8h + 3. 

Conversely, when p is of the form 84+ 1 or Sh +3. then - 2 is a 


a — 2)% 
square, and J contains the operator T, = C eae, ) of order 2. 


0 --1 


0 —1 „f0 1 
; . P a; i g 1 r] i 4 
I also contains 9; G 1) . (S:7Ti) is C Cay) and (&:T:) 


-3 4) which is of order two and invariant. Therefore S; and Ti 


satisfy the relations 8° == T: = (SiTi)®=—1. Hence, {S Ti} is a sub- 
group of order 48 of the group of isomorphisms of JZ. We thus have the 


THEOREM. A necessary and sufficient condition that an Abelian group 
of order p° and type 1,1 have in its group of isomorphisms a group of order 
48 isomorphic with the octahedral group and generaled by an operator of 
order two and one of order three is that p be of the form 8h +1 or 8h + 8. 


The existence of the Guas establishes the existence of a group of order 484°. 
We have now to determine whether this group of order 48p? can be generated 
by two operators of orders two and three, respectively. 

Let us consider G to be written in cosets with respect to H. Then these 
cosets will correspond to operators of Gas, and we shall designate the coset 
which corresponds to S; or Ti by Hs, or Hr, The operators of Hy, are all 
of even order since T; is of order 2, and T; is an operator of the quotient 
group. If we take any such operator, the cyclic group generated by it is 
contained half in M and half in Jp, Since p is an odd prime, the operator 
of order two is in II, Denote one such operator of order two by T. 

Likewise, if p 543, then Hs, contains an operator of order three. For 
any operator of Is, has an order a multiple of 3 and generates a cyclic group 
which lies in M, Hs, and Jsp; the operators of order 3 could not be, in HM. 
Lip 3 the group of isomorphisms of IZ is Gig and it is known that the 
oot order PS0 3? can be generated by two operators of orders two and three 

"Ty a denote one such operator by S. Then ST must be of 


GATO So on a Lon ; gi avaa onerator in Ms 7, has its souith 
posa 8 TR s Aa the opon Ahera Seber yg | ecatse oue 
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ote athet Society, Vol Ba qndi, aot 


896 E. R. BRAHANA. 


is generalized dihedral. Thus we have shown so far that for p of the form 
8h + 1 or 8h + 3 there exists a group {8,7} contained in G and that S and 
T satisfy (1). We have yet to show that there exists an {S, T} satisfying 
the same conditions and containing H. 

If {8,7} contains one operator of H it contains H because the invariant 
subgroup of index 48 is non-cyclic. So we shall assume that {9,7} is a 
proper subgroup of G. Jt must then be Gus. Then T, =(ST)* will be 
invariant in {8,7}. Now since TMT = Myt the operator MT which is 
in G will be of order 2. Let us denote this operator by 7” and consider the 
group {S,7’}. If we use the relations 


TMT = MMF and SMS = M~ 
TM:-T = Mt S738 = MMe, 


where k= — 1 + (— 2)*, to simplify the relation 
(S7’)* = SMT SMT SMT SMT 
we arrive finally at ` 
Tl = (ST’)# pen (ST)4 = My 8k) . Mp PHPH 
On substituting the value of k we get 
T = (ST) MPD% «MPO Ty OO ren , 


Then if we let 7’, — ST T’S, we have T'i T: = Mo?) %, Since this last 
operator is not the identity, the group {S,7’} must be G. Therefore, 


For every prime of the form 8h + 1 or 8h + 3 there exists a group {8,T} 
which contains the Abelian group of order p° and type 1,1 invariantly and 
transforms its operator according to the group of order 48 whose generators 
as well as S and T satisfy (1) © = T? = (ST): =1. 





3. H of order p”. Now let us suppose that H is of order p” where n > 2. 
H will have two generators since its group of isomorphisms 7 contains Gus. 
Then H must contain a characteristic subgroup Hy, of order p? and type 1,1. 
This subgroup H, will be transformed according to a group isomorphic with 
Guas; moreover the invariant operator of G4s is the operator which transforms 
every operator of H into its inverse and therefore transforms every operator 
of IZ, into its inverse. Hence H, must be transformed according to a group 
of order 48, 24, or 6, which is non-cyclic and contains an invariant operator 
of order two. Since, moreover, this group is generated by operators of orders 
2 and 3 whose product is of order 8, it must be Gss. Therefore, the group 

3 
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of isomorphisms J, of H, must contain Gas. This fact combined with the 
theorem of $2 gives the 


THEOREM. If H is of order p”, then p must be of the form 8h +1 or 
8h + 3. 


The Gs, of J, is isomorphic with some Gz, in the group LF (2, p) which 
is determined by H,. Since these G2,’s are all conjugate we may fix attention 
on one of them. If the invariants of H are not equal then H will contain 
a characteristic subgroup of order p, which will be in H.. The subgroups 
of order p of H, may be designated by matrices (1 «) determined by gen- 
erators MM,” where M, and M: are generators of H.. Then taking the 8; 
and T; of § 2 we seek conditions on p that there exist a subgroup of order p 
in M, which is invariant under Gas.” 

The subgroup (1 æ) is transformed by Si into (2 —(1-+«)). If this 
subgroup were invariant under S; we should have the congruence 


(1) aw + «+ 1==0, mod p. 
The operator T; transforms the subgroup (1 æ) into (1 —1 = (—2)* — a). 
This is (1 a) only if a==_—1+(—-2)*—za, or 

(2) a =(— 1 + (— 2)*)2, mod p. 


Substituting the value of « from (2) in (1) we get 4 = 0, mod p, which is 
impossible. 

It follows therefore that Gis leaves no subgroup of order p of H invariant 
and that H can have no characteristic subgroup of order p. Hence, 


If H is of order p”, p must be of the form 8h +1 or 8h + 3, n must be 
an even number 2m, and H must be of type m, m. 


We inquire whether the above necessary conditions on H are sufficient to 
insure the existence of a group G of order 48p°™, and of the type in question. 
If H is abelian of order p°™ and type m, m its group of isomorphisms I 
is of order p*”-°(p —1)(p?—1).t J transforms the characteristic subgroup 
II, of order p? and type 1,1 according to its group of isomorphisms J, of 
order p(p—1)(p?—1), for there is a 1— 1 correspondence between opera- 


: a ; 
tors of J, and matrices ( P ) of non-zero determinants whose elements are 
Y 


The aeloogap onpa l te Wo yd oep ye tia D 
: ; Eo = as wast Sa de abe Crit s Oja 
t Raum, V Groups of Classes of Cangrnent Matrices, oti.” Transeo tions of che 
Ameraun slathematioal Society, Vol, 8 (1907), p. 87. 
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integers reduced modulo p, and every such matrix determines an operator 
of I, viz. 
M, me M,¢M.8, Ma lament MIM,’ 


where M, and M, are generators of H. I is therefore isomorphic with Z, and 

the corresponding invariant subgroup of H is of order p*”-*. It consists of 
Í 1 ; 

all matrices ( To 1 4 a) where a, b, c, and d are residues mod p” which 


are congruent to zero, mod p. 

When p is of the form 84 + 1 or 8h + 3, J, contains a Gae and I con- 
tains a group isomorphic with it. We shall show that J contains a group 
simply isomorphic with it. 

= = —2)A\ # 

I contains the operators S; = : =i) and Ti -(; HA 1 2) ) 
where the elements of the matrices are residues mod p”, for — 2 is a square 
mod p™ whenever it is a square mod p.f} These operators are of orders 3 


and 2 respectively and r= 1) The group {S:, Ti} must 


0 — 
then be Gis, and we have accordingly established the existence of a group G 
of order 48p°" which contains M invariantly and transforms it according 
to Gas. We have yet to show that G may be generated by operators S and T 
which satisfy conditions (1) of § 1. 

Let the operators of G he arranged in cosets with respect to M, and let 
Ha, denote the coset which corresponds to the operator Q: of the Gus in J. 
The operators of H(s,r,)* are all of even order and one of them must be of 
order 2 since // contains no operator of even order. Then it follows that all 
the operators of I(s,r,)* are of order 2. From this it follows that all the 
operators of H,s,r,) are of order 8, and all the operators of Hisi? are of 
order 4. The operators of Hp, are all of even order and therefore one of them 
is of order 2. Let this operator of order 2 in Hr, be denoted by T. If ps3, 
then Fs; contains an operator of order 3. The argument of §2 in which 
the M, and Ma are now taken to be the operators of order p” which generate 
H proves that @ of order 48p?" is generated by S and T of orders 3 and 2 
whose product is of order 8. 

If p= 3, then it is conceivable that every operator of Zs, has for a 
third power some operator not the identity of H. Such an operator must of 
course be invariant under Sı. Every operator of I may be written as HW,“Mf, 
and this is transformed by S; into M,8Jf.7¢. If M,*df.° is invariant under 


* We shall hereafter denote the corresponding operators of I by 8,, and Wi 
} Tchebichef, loc. cit., p. 93. 
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S; we must have Bt=a and 8 == — 2a, mod p". From this it follows that 
3¢= 0, mod 3”, and x is a multiple of 3*-!. Hence the only operators ot H 
invariant under S; are of order 3 and the operators of Hs, must be of orders 
3 or 9. Moreover, since (MVPS)? == St, where S is any operator of Hs, 
it follows that every operator of Hs, is of order 3 or every operator is of 
order 9. We shall show that they cannot be of order 9. 

The group G of order 48p°™ contains an invariant subgroup of order 
24°", which in turn contains an invariant subgroup of order 8p°"; these 
subgroups consist of operators in the cosets corresponding to the group 
{8i,(SiT;)*} and the group generated by the conjugates of ($i7':)*, respec- 
tively. The former group is generated by an operator 8 of J/g, and the 
second group. By a theorem proved in On the groups which contain etc. the 
third power of S must be in the central of the group corresponding to , 
{S:, (S:T:)°}. We have already seen that S° must be MeMa. (SiTi) = 
Ta cau) which transforms MM% into M e-DA titt), 
Therefore, S must be of order 3. 

Incidentally we have proved the 


THEOREM. “The central of G of order 48p°™ is the identity. 


We are now assured of the existence in G of S and T which satisfy the 
relations 8° == T? = (ST)! = 1. We have still to show that S and T may 
be chosen so that {S,T} is G. This will follow provided we can 
show that {8,7} contains one operator of highest order of H. We 
suppose that T,’T.’ =(S’T)*- 8’1(8’T)*S = R, where 8’ is in Hg, and R 
is some operator not of highest order in H. Then if we take S = M,S’ and 
find 7,T,—(ST)*:S4(ST)*S we get T Ta = My? M9. R, Since 
— 2 is prime to p and R is not of highest order, T T is of highest order. 
Hence, G is generated by S and T. We have thus arrived at the 


THEOREM. If p is any prime of the form 8h -+-1 or 8h-+ 3 and m is 
any positive integer, there exists a group of order 48p?" which contains 
invariantly the abelian group of order p°™ and type m,m and transforms its 
operators according to the Gas isomorphic with the octahedral group, and G is 
generated by operators of orders 2 and 3 whose product is of order 8. 


Conversely, 


A ara ag FO THY Pe ear eet a ? ‘ à = 
are ma ES a Z ‘ Aap Fe ee a AAt PREGL ARN 
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S == T? = (ST) = 1, which is also isomorphic with the octahedral group, 
whose commutator TSTS is of order 6, and which contains an abelian in- 
variant subgroup of index 48 of two invariants, and of order a power of a 
prime, is such that H is of order p*™ and type m,m and p is of the form 
8h + 1 or 8h +- 3. 


4. H of any order. Now let us suppose the order of H is pi" + past t py” 
where the p’s are distinct primes. The group of isomorphisms of H is the 
direct product of the groups of isomorphisms of its Sylow subgroups of orders 
pi, po™,* © + pr". Since I contains Gas which is not a direct product some 
Sylow subgroup of order p:™* must have G,, in its group of isomorphisms. 
Hence some p: is of the form 84 + 1 or 8h +3 and n; is an even number. 
Every Sylow subgroup of order p:™ is transformed according to a group Ti 
isomorphic with G4s and, unless all the operators of the Sylow subgroup are of 
order 2, T; contains an invariant operator of order 2. This operator, which 
transforms every operator of H into its inverse, is the fourth power of an 
operator in T; and hence T; contains operators of order 8. Therefore T; is 
Gas itself. From this it follows that every one of the p’s which is different 
from 2 is of the form 8h + 1 or 8h + 3, and the ws are all even numbers. If 
pı were 2 the operator (ST)* which transforms every operator of H into its 
inverse might transform every operator of the Sylow subgroup of order p,” 
into itself, in which case the Sylow subgroup would be of type 1,1,1,- - and 
hence would be of order 4. If the Sylow subgroup is not of type 1,1 then 
T, is Gas. Moreover, the operators of order 4 would be transformed according 
to Gas. This requires that both invariants be at least as great as 2, and that 
the Sylow subgroup contain a characteristic subgroup of order 16 and type 
2,2 whose group of isomorphisms contains Gss. This is impossible.* 

Let us consider the possibility of H being the four-group. Then 71:72 
is of order 2. The group {M;, M2, Tı} is abelian of order 8 and type 1, 1, 1 
and is invariant. It is transformed according to a group of order 24 in its 
group of isomorphisms, or a group of lower order isomorphic with it. The 
group will then be in the holomorph of Gs, and can be written on 8 letters. 
The operators of Gs are transformed according to an intransitive group on 
seven letters, since {1f,, Mə} is invariant. The four operators of Gs not in 
{3f,, M2} must then be transformed according to Gis. These four operators 
must contain the fourth powers of all the operators of order 8 in {8, T}, and 


* The group of isomorphisms of the group of order 16 can be written on 12 letters 
for the operators of order 4. The fourth power of an operator of order 8 would be of 
degree 8, but the operator which transforms everything into its inverse must be of 
degree 12. 
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therefore one of them must be invariant under (ST). However, if Gə. is 
written on four letters the operator (ST) is of degree four. Therefore such 
a group is impossible. 

The only other possibility, if p, is 2, is that M is of order 2. Then 
TT; = TT; = T-T; and Tı, To, and T; are the same. In this case, how- 
ever, H is identity. Hence we have the 


THEOREM: A necessury and sufficient condition that there exist a group G 
generated by S and T sulisfying the conditions. 


(1) S =T? —(ST)*§ =], 
(2) (TETS)? =1, 
(3) the commutator subgroup H of {S,(ST)*} is invariant under G, 


is that the order of H be p™: po™- - > py, where the ws are even numbers 
and the p's are of the form 8h +1 or 8h + 3. 


5. H non-invariant. We have seen that the group {S, 71} contains an 
abelian subgroup H. The groups which we have studied are those for which 
H is invariant under G. Let us suppose now that JI is not invariant under G, 
and denote its conjugates by H, (= H), Ha: +, Hn. If H contains ‘a sub- 
group which is invariant under @ this subgroup must satisfy the conditions 
determined for H in the preceding pages. Moreover, the quotient group of 
G with respect to this invariant subgroup contains n subgroups M: correspond- 
ing to the Ms, which are not invariant and contain no invariant subgroup. 
Hence the quotient group can be represented on symbols for the n subgroups 
H;. Therefore the group G of lowest order for which H is not invariant can 
be represented on symbols for the H’s. Then the group H generated by the 
IPs cannot be abelian, for it would leave each of the H’s invariant. Then 
since (ST) does not leave JI, fixed, and since T, does leave A, fixed but 
permutes the H’s according to an operator of order 2, it follows that n must 
be at least 10. It is easy to prove by similar considerations that n must be at 
least 12. Hence 


If JI is not invariant under G, then H is nol abelian, and IT, is one of at 
least 12 conjugates. 

Since practically nothing is known concerning non-abelian groups whose 
groups of isomorphisms contain subgroups isomorphic with (fs, the considera- 
tien of FP von-myaviant prom ses to be a eige undertaking and to involve con- 
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ON A NEW NORMAL FORM OF THE GENERAL CUBIC SURFACE. 


By Arnotp EMCH. 


1. Introduction. Mapping processes are not uncommonly used to give 
information on, or to facilitate the investigation of certain geometric problems. 
I refer for example to Segre’s cubic variety in S, and its relation to the 
Kummer quartic surface, or to the Veronese surface based upon the system of 
conics in a plane with applications to Steiner’s Roman surface, the theory 
of plane quartics, etc. 

Such problems arise for example also in the mapping of projective 
spaces S; upon rational hypersurfaces in Sr. Associating the variables (e) 
and (y) to these spaces respectively, the mapping may be accomplished by 


PY == T3 ` © ` Eri PY2 = Zitz’ * * Wrst, 
(1) 


PYra = UB." Ery PYraz = LEa" eB as. 
By eliminating the v’s it is found that S- is mapped upon the hypersurface 8%: 


(2) YY $ t Yra” + YY t Yra” + o YE e Y 
— (PY © © Yra) Yr = 0 


of order 7? in Srii(y). It is easily recognized that the mapping of S, upon 
8,’ is birational, moreover that spaces with an even or odd number of dimen- 
sions are respectively mapped upon hypersurfaces of even and odd order. 
Restricting the problem to an Euclidean space by putting yr = 0, that 
spaces have maps of finite or infinite extent according as they are of even or 
odd dimensions. This fact is related to the unilateralness or bilateralness of 
projective Sax or Sex. respectively. 

As a more detailed study of the transformation (1) will appear elsewhere, 
I shall restrict myself to some interesting applications. 

One that is already well known is the mapping of a plane 82 upon a 
Steiner surface 2’: 


(3) YY? H YP? H Yr Yo” — YrYeYsys = 0, 


or conversely. To the plane sections Saiyi—0, (i = 1, 2, 3, 4) of So’ corre- 
sponds in S, an œ? system of conics 


(4) MLT + Aolat + latita + la (21? + 2 + x) = 0. 
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To the æ? sections by tangent-planes corresponds in Sa a net of couples of 
lines among which are four double lines corresponding to the tropes of Nz. 
The degenerate order conics of this net are apolar to the oo? class-conics 
inseribed in the quadrilateral of these double lines. The latter are more- 
over the invariant lines in the quadratic line transformations pu,’ = wis, 
ply’ = Us, pus’ = Uus in S These few indications suffice to show the 
importance of this mapping process. 

In this paper I shall consider the mapping of Ss upon the nonic hyper- 
surface 84’: 


(5) YYY + YPY Y H YY + YYY — YYY Y Ys = 0; 
and its connection with the theory of cubic surfaces. 


2. The cubic surface as the map of a hyperplane in Ss. It is obviously 
not difficult to establish corresponding figures in S3 and S,’ by means of the 
transformation (1) when r = 3, i.e., 


(6) PYL = TTT, PY2 = W1U3h1, PY3s = TiTi, PYa = MUX, 
PYs = Ti? + 2? + T? + z. 


Thus, to a line Z: 8g; = ai + Abı, (i = 1, 2, 3, 4) in Ss corresponds in 8,’ 
the space-cubic 


tyi = Ko PA + KON + KOA + K”, (i=1,---,5), 


which lies on a certain hyperplane 3 ciyi = 0, and which is uniquely deter- 
mined by the line 7. A plane in Ss may be represented parametrically by 


pty = MGi, p2 = Agl2, pTz = Ags, pls = Ar + Àa + Az, 
or explicitly by 
(7) CoCa F Calit P 61CoC3 — C1CoC3T%, = 0. 
To it corresponds in parametric representation 
òy, = CoCgA2A3 (Ar + re + As), by = C3CAsd1 (Ax + à + às), 


(8) dys = C162AA2 (Àr + Xe + As)> bya — C1C2C3A1A2A35 
bys = C A? + CaA? + C3°A3° + (àr + Ae +à)’, 


w 


or also the intersection of the hypercone 


(9) Cola YoY fs F CM YY i E CCA YY 1 — CY YY = 0 


vith the hyp mone (a). ‘Dre A SUTIRCEO OF OPEC TECe SOUC (YJ anw yoy 


iniersset dire sti fece of order 27. But (5) has the six planes (r; = 0. -- 0). 
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izk, i, k = 1, 2, 3, 4, as fourfold planes and (9) has these as single planes 
in S, so that the residual surface of intersection is indeed of order 
27 — 4-6 = 3. 

Conversely, to the intersection of the hyperplane 


(10) Caya F CY + CaYs + Crys + Coys = 0 
with (5) corresponds in Ss the cubic surface Fs 
(11L)  Gy@eagrs + Cotytyts + Cette, + Choy + Cs (T13 + Ta + 25° + 243) = 


depending evidently upon four effective constants. 

Now the 19 effective constants of a general cubic surface may be reduced 
to 4 effective constants by collineation in 83, which thus indicates, as far as ` 
counting of constants is concerned, that the general cubic surface may be 
written in the form (11). That this is true will be proved subsequently. 


3. The configuration Aig connected with the normal form (11). The 
reduction to this normal form depends upon the properties of a configuration 
of 18 points Aig which is common to all cubics of the o* system (11). 
That this configuration is of a very special type appears from the fact that 
ordinarily 18 generic points determine a pencil of cubics, while here there 
are 5 linearly independent cubics on the Ais. The intersections of this system 
with the codrdinate planes are syzygetic pencils. For example on g, = 0 we 
get i 
(12) a5 + Da? + wa? + (64/C5) Bito = 0, 
with its fixed flexes on the three sides A.A;, 4341, AiA2, and the three real 
flexes on 4, + %2-+2%3;==0. The same situation exists on the three remain- 
ing codrdinate planes. The flexes on A,A, for example are obtained by putting 
Ta == 0, za = 0, so that 2,5 + £ == 0 determines on A,A,» the flexes 


(1, —1, 0, 0); (1, —w, 0, 0); (1, — w’, 0, 0); w? == 1, 


In a similar manner are found three flexes on each of the remaining 5 edges 
Aix. We thus obtain a configuration Aig of 18 such flexes through which 
all cubics of the system (11) pass. This configuration is invariant under the 
Abelian collineation group Gar. - 


ty! = Ly, Le’ = WLe, T? = wee, Ty = WIZ, 


%, B, y=0,1, 2. But as together the 4 syzygetic pencils are invariant under 
the symmetric group G4 OD 21, Lo, Za, Ta, the entire configuration Ais is in- 
variant under a collineation group Gar.24 = Geis of order 648. 

To establish the properties of Ais, consider the plane `z: -+ z2 + £s 
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+z =0 which contains the four lines cut out by 21-0, z, = 0, a, = 0, 
re=0, These intersect in 6 points (1, — 1, 0, 0),... which are flexes 
of the configuration of 18 points. Each of these lines, for example 
a -H ra fry F Ta = 0, Ta + Ta + ri = 0 determines a pencil of planes 


a+ (A+ Ur + (AF 1a + A+1)0:=0. 
For à = 0 we get the unit plane. For A+ 1 =w we have, 


“y+ wre + wry + ur. = 0, 


in which lie the six points (0, 1. — 1, 0); (0, 0,1, —1); (0, 1, 0, —1); 
(1, — w°, 0, 0); (1, 0, —w*, 0); (1, 0, 0, — w°), which belong to the Ais 
and which are the six vertices of a quadrilateral of Maclaurin lines (3 
collinear flexes). For 1--A==w? we obtain the plane 2, + wr. + wrs 
+ wg, = 0 in which lies likewise such a quadrilateral. Thus through every 
Maclaurin line not identical with an edge Aidy there are three planes each 
containing a quadrilateral formed by Maclaurin lines from the Aig. There 
are (12 — 3)4 = 36 such lines, hence 3 X 36 such planes. But as each of these 
planes is on 4 Maclaurin lines, there are altogether 3 X 36 : 4 == 27 such 
planes. These are obtained from 3a;=-0 hy the substitutions of the Go. 
The result may’be stated in the 





THEOREM. The 18 points of the configuration As lie by 6 vertices of a 
quadrilateral in 27 planes, not including the coérdinate planes. Through 
each Maclaurin line different from an AiArx, there are 3 planes each containing 
such a quadrilateral. The entire Ay, is invariant under a collineation group 
of order 648. 


That there is a finite number of Ais configurations on the general 
cubic surface will be proved in the next section. 


4. Reduction of the general cubic surface to the As normal form. Tt 
is necessary to first point out an important property of the configuration Ag,2 
of the nine flexes of a general cubic and its twelve Maclaurin lines. By 
collineation such a cubice may always be reduced to the Hessian normal form 


(13) ry + ag + T — BAT ror, = 0. 


Tho Avia is Independent of the parameter A, from which follows thet these 


Woon vet cubes are projectively equivalent. This can 


oe ae Pee ere 
wins soe 


PROC HINA DIA a 


Lie naiiixtonenns or (iby at (1. — 1.0): (1, 0-1): (aa, 
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pty == AX; + Ta + 2 = 0, 
(14) pte’ = 2, + Atots = 0, 
: pts) = ti + Lz + ÀT = 0. 


If these are chosen as the sides of a new codrdinate triangle, (13) assumes the 
form 
, A+ 2)8 

(15) (ay! + a2’ + g)? -—— eater (ay’ + ae” + g7) = 0. 
(14) may be interpreted as a perspective with (1, 1, 1) as a center and 
Tı + £2 + z3 = 0 as the pointwise invariant axis. Now choose arbitrarily 
three lines 

PE = Ai (Ti + t + ta) + pt, = 0, 
(16) ptr = M (T1 + To 4-3) + pt, = 0, 

pts’ = Ag (T1 -F Ta + Ts) + pte = 0, 


as flex-tangents of a new cubic at the points (1, —1); (1, 0, —1); 
(0, 1, — 1) respectively, which will be of the form 


(17) (z: + @2 + z3)? — By[Ay (41 + z + £3) + uz] 
X [Ae(21 + 2 + @3) + ate] [As(a1 + 22 + z3) + ur] = 0. 


(16) may again be interpreted as a perspective with sı + ta + z = 0 as an 
axis and (Ax, As, As) as a center. From (16) 
p(x" + ao’ + z3) = (41 + z +43) (Ar F Ae F As H 2), 
so that by (16) (17) is transformed into 
(18) (ay + a + g) — By (Ar + Ae + As + p+) Lr Er E, 


or into one of the cubics of the pencil (15). The three real flexes of (15) 
are identical with those of (18). Moreover two of the vertices of all flex- 
triangles of (15): (1, w, w°) and (1, w°, w) coincide with those of (13). 
Hence the 


THEOREM. All cubics of the pencil 
By + To -+ t3)? — 8maraers = 0 


have perspective flex-configuration Agi. -Moreover two cubics with real flexes 
at (0, 1, — 1); (1,0,—1); (1,—1, 0) have perspective flex-configurations 
with Tı + £: -+ £3 = 0 as the axis of perspective. 

This proposition can evidently be extended to the case where the axis of 
perspective is any of the 12 Maclaurin lines, 


A NEW NORMAL FORM OF THE GENERAL CUBLC SURFACE. OF 


Now assume two plane cubics C3 and Cs, in S, with the two 
real flex-triangles A, and A, respectively, situated in two planes py and jio 
which intersect in a line 1. Let A, and A, have 7 as a common side and on-it 
three common flex-points W,, We, Ws (one real, two imaginary), so that the 
flex-tangents of C3 and C,°’ at these points determine the entire flex- 
configurations Ag.» for both curves. „According to the foregoing theorem 
these are perspective with 7 as the axis of perspective. Choosing A; as 
A,A; and A, as AAA, of a codrdinate tetrahedron, then F; has the form 


LCa Lg? — BUL LoT — 374 (aat? F 22% 27 + 33%" + Ast sy? F UTT: 
+ A3%1La + QL2k3 + ATiTg + a Doky + lgt) = 0, 


For 2; ==0 this must reduce to gm, + 2.3 + 243 — 3a3¢,@e0, = 0, which is 
only true when an = 0, Gag == 0, 33 == 0, agg = 1/3, lig = 0, üz == 0, lzy == 0. 
Thus Fs has the form 





(19) v3 + Tè + z3° + gt e 3 (122% + AsE Ugly + 1g UoVy + BsLL2k3) som: 0. 


The existence of two plane cubics Cy and C3‘, as described above, on a 
cubic surface thus necessarily leads to the form (19). 

We next determine the manifold of cubic surfaces Fe which may be 
constructed in this fashion. There are cot planes p, on a line 7 in S The 
line 7 may be chosen as one side of a real flex-triangle A,. ` The two other 
sides of A, and the line of the 3 real flexes may be chosen in 0° ways. In 
another plane pə on J we can choose a perspective flex-configuration in o? 
ways. The planes p, and pa or J can be chosen in co? ways, hence the two 
perspective flex-configuration (A,)(A2,) in œ% == cot ways. On each of 
these there are œt As cubic surfaces (19), hence on J «* such surfaces. 
As l may be chosen incot ways, the manifold of Aig cubics is therefore 7%, 
i. e., identical with that of cubics F, in S}. This may be verified as follows: 
There are 0035 = ool pentahedrons (tetrahedron + unit point), hence 
%15- cof = œ? Ae cubics Fy. 


The unit-plane cuts F; in a cubic on which lies a hexagon formed by 
the vertices of a quadrilateral cut out by the coördinate planes. On each 
side of this quadrilateral lie three flexes such that the flex-tangents lie in 
the corresponding coördinate plane. The existence of this figure again insures 
the form (19) of the cubic surface. A generie plane p cuts the cubic surface 

1 


in a plane cubic Ca in which may be tuscribed 267 quadrilateral hexagons 


yal Pow d yds Fe TO rersechion OF TO sips OF a atdi aporal + 1 ‘le 


Consider the ssemptotie tanvepts Aye AG tt bo bt?! te the 
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surface at the points Ain Aiz, Aig on the line l. Through J; and ti,“ pass 
a plane k, then the condition that tj. shall lie on h absorbs one constant. 
As ta and ti2™ are two flex-tangents of the plane cubic cut out by h, one 
of the third pair, say ti;, will necessarily become a flex-tangent of this cubic. 
Thus the condition that ta, tie, ti ® shall lie in a plane requires one 
constant. The same argument may be repeated for each of the three remaining 
lings of the quadrilateral. Thus a quadrilateral (like in the unit-plane of 
the As cubic surface) requires four conditions and as there are oo* such plane 
inscribed quadrilaterals on a cubic surface, there can exist only a finite number 
of A,s configurations on a general cubic surface. The result may be stated in 
the 

THEOREM: The manifold of cubic surfaces on all Ais configurations of 
Ss ts identical with the manifold of general cubic surfaces in Sy. From this 
follows that every general cubic surface may be represented by an equation in 
which the terms v472, are missing. 

In this representation the cubic monoids ure included as will be seen in 
the next section. 


5. The 27 lines on the cubic surface. The tetrahedron on Ais cuts Fe 
in four plane cubics C,, C2, C3, Cs, so that each of the 27 lines on Fg is a 
quadrisecant of this system of four cubics. In the theory of ruled surfaces the 
following theorem is known: Let Ca, C2, Cs be three curves of order Mi, Ms, Ma 
respectively, and let C, and Ca have ss, C> and C; have sı, Cs and C, have se 
points in common, then the trisecants which each cut Ci, C2, Cs once, generate 
a ruled surface R of order n= 2m,m2m3— (simi + Some + Ssma) with 
Ci, Co, Cz as (mzmz3—s,)—, (msm, — $2)—, (MıMı— s3)— fold curves 
respectively. If we apply this to the three plane cubies Ci, C2, Cs on Ars, 
we obtain a ruled surface R of order 2-3-3-3 — (3-3 + 3-3 + 3:3) == 27 with 
each Cy, Cz, Ca as a 6-fold curve. Ci, Ce, Ca cut Ca in 9 points which in 
counting the proper intersections of R with C, must be subtracted as sixfold 
points. ITence R cuts O, in 3.27 — 6.9 = 27 points outside of the flexes of C4. 
From this follows that the four curves CiC.C,C, admit of 2% quadrisecants 
which therefore lie on F3. This again proves the generic cubic surface on Ass 
as a general cubic. 

The foregoing procedure may be applied in precisely the same manner to 
the four plane cubics cut out on a general F; by the faces of a generic 
tetrahedron and constitutes thus a novel prove for the existence of 27 lines 
on a cubic. 


6. Cubic Monoids. To a generic point P(di, Q», ds, a1) in 8a corre- 
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sponds on S3 by (6) a point P’(dettsts, üsta’ ©). The tangent hyper- 
plane at this point is easily found as 


(20) ti (a? + la? + a — 28) y, + a.(a + a;2 +a 


+ aa (0? + a? + a? = Ra) ys 
+ aa (0? + a + a? — 208) ys — aidetsdays = 0. 





a)y 


To this corresponds inversely in S; the cubic surface 


(21) My =a, (08 + 4 + as? — 20,3) otata + de (a1 + aa? + G45 — Rao?) arya 
-H aa (d? + ag? + 4a? — 205°) ator, 
-+ ag (a? + a? + ag” — 204°) 210213 — Q102030,(23 + Të + w? + g) = 0, 


which has a double point at P (ai, a2, a3, &a) and is therefore a cubic monoid. 
M, depends upon three effective constants. Every point (a) in Ss determines 
such a monoid uniquely and is the double point of M. We have thus the 


THEOREM: The generic points of Sa as double points determine the œ? 
cubic monoids on the configuration A,, uniquely. 


If in M, we leave (z) fixed and let (a) vary we have obviously the 


THEoREM:, The locus of the double points of all cubic monoids on As 
through a fixed generic point is a quartic surface. 


To the intersection of a hyperplane Sce:y; —0 with S; corresponds in 
Sz the cubic surface F, in a normal form on Aig. Among these are evidently 
the monoids Ms. The discriminant D of F; is a homogeneous polynomial of 
degree 32 in the c’s, which puts a condition on the ¢s. From (20) it is 
evident that this discriminant may be expressed parametrically by 


ply = & (a? H aa? + a48 — 2a,°) 
ple = to (dy® + aa? + aa? — 202°) 


(22) ps = as (a? + a2? + as? = Raz?) 
pls = Qa (1? F A? + aa? — 2a,°) 
PEs- == —— Ajo 3l, 


as a rational hypersurface of order 32 in a projective hyperspace S.(¢i, ¢2, 
C3; Cay cs). 
This may be verified by making use of the pentahedral normal form 





23) Eer? z= 0, Sr, == 0, TS 1, 2 3, A, 5. 
every PHS GAENE RAIDING 


wary 
ook, 


“ Salmon-Viedler, Analytische Geometrie des itaumes, Vol. 2 (1674), pp. 367 
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(2+) E V CalsOats E VGCt Et + V Cy Colgls = 0, 
which may be expressed parametrically by 

ea = A2 Ag (Ar Ha tàs +d 5 

pe: = Ag A (AL + àe + As + 1I: 

pls = M? (Ar + A + As + 1)?, 

pes = AL AR Aa (Ar + Ag + Às + 1)*, 

pes = ALPA Aa’, 


These results may be stated in the 


THEOREM: The discriminant of the cubic surface in the Ais —, or also 
the penlahedral normal form, may be represented by a rational hypersurface 
of order 32 in a projective 84. 


UNIVERSITY OF ILLINOIS. 


ON PLANE CREMONA TRIADIC CHARACTERISTICS. 


By CHARLES C. TORRANCE. 


The problem of finding plane Cremona transformations having only 
three groups of basis points, that is, transformations with triadie character- 
istics, has been attacked by Ruffini, Montesano,? and Farnum.’ Jn this 
paper twelve infinite sequences of two-parameter triadics are obtained, al! of 
which have for one of their groups a single point of highest multiplicity. 
These triadics result directly from the development of a new procedure +58 
whereby all geometric characteristics may be found. The principal feature of 
this procedure is its perfect regularity and simple explicit formulation. 


1. It is a well-known theorem that if P, Q, and R are basis points of 
multiplicities p = 0, q 2 0, and r = 0 of a plane Cremona transformation T'a 
of order n and also are the basis points of a quadratic inversion Ta with which 
Ta is compounded, the resultant transformation Tw of order n” has the same 
number of basis points at Ta of the same multiplicities except that it loses 
the points P, Q, and R, and gains three basis points P’, Q’, and R’ of multi- 
plicities p = p+e, f =q+te, and 7 =r +e, while n” =n -+ e, where 

= n —(p -+q +r). It will be convenient to regard the three points gained 
by Tw as the transforms of the three points lost by Tn. 


2. We give the symbol P a particular connotation. If a transformation 
is to be successively compounded with Ts and one of its basis points is called 
P, it is intended that P and each of its transforms are to be successively used 
as common basis points. If T, is compounded with a 7, having P, Q., and 





1“ Sulla risoluzione delle trasformazioni Cremoniane,” Memorie Istituto Bologna, 
Series 3, Vol. 8 (1877), pp. 457-525. 

2“I gruppi Cremoniani di numeri,” Atti Accademia Napoli, Series 2, Vol. 15 
(1914), No. 7. 

3 “On triadic Cremona nets of plane curves,” American Journal of Mathematics, 
Vol. 50 (1928), p. 357. 

4 Montesano, “Su le rete omaloidiche di curve,” Rendiconti Accademia Napoli, 
Series 3, Vol. 11 (1905), pp. 259-303. 

5 Montesano, “Su i quadri caratteristici delle corrispondenze birazionali piane.” 
Ber deaoti teendemia Vengli, Series 3, Vol ?1 (1915), on 3038 6978 413 199 

BVowte oca t Sy gloom peotdomy teed re cant abe vetia dg ris dope eu i eed sys 
Cremoniane,” Readicoati Accademie Napoli, Series 3, Vol. 34 (1925). pp. 42-00. 89-97, 
tad 190. 
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Ff, as common basis points, e=(n—p)—(qa+tn), nM=n+e, 
p=p+e, and n — p =n— p. If the resultant transformation Tw is 
then compounded with a Tz having P’, Qə, and Rz as common basis points, 


A 


= (n — p) — (qe +72) = (n— p) — (qe +72). A sufficient condition 


that e’ = e is that qe = qı and rz =r,. Hence, in a succession of compound- 
ings involving a point P and its transforms, (n — p) is invariant, and e is 
invariant if Q and E are each repeatedly taken with invariant multiplicity. 


3. The characteristic (1) is known to be geometric. Let P be the single 


point of its first group. Compound it with a Ta having its other two basis 
points general [i. e., of multiplicity zero in (1)]. The resultant is (2) since 
e= zoa. If this compounding is repeated, (2) is altered in the same way 
as was (1). The resultant of 71, of these compoundings is (3). In general, 
compounding with Tys each having one basis point on P and two general 
will be referred to as compounding in the first way. 


(1) 
(2) 
(3) 
(4) 
(5) 


n==[@oi+1] ; 1, 17a, (22%:—1)'. 
n==[zo lto] ; 11ra, (142) 7, (2zo—1)t. 
n==| toot lzot]; Dasa, (12ra) ; (22%91.—1)*. 
n==[Cotl-+totiu—l]; Ltt, (1422,,—1)%, Lear, (2x,—1—1). 
n== [%ou+ 1+ 2'91%11—@12 ] 3 Ditori, ( I Ftit) Por, Tyl, (2zo—1—z:12) 


4, Compound (3) with a Tə having one basis point on the last transform 


of P, one on a point of the second group, and one on a point of the third. 
The resultant is (4) since e = — 1. If this compounding is repeated, (4) is 
altered in the same way as was (3). The resultant of vı: of these compound- 
ings is (5). In general, compounding with Tys each having one basis point 
on P, a second ‘on a point of the second group, and the third on a point of any 
other group will be referred to as compounding in the second way. 


3. The procedure for obtaining all geometric characteristics may be 


described in general terms as follows: suppose the characteristic 


(6) n; lea, (1 yee)*, yeas yee, ye 


k+1 


to be geometric, with n = Zkı + xe, where the y’s and 2’s are polynomials in 
Tra T= 0, 1,--+,k, and s=1, 2,---,27. An illustration of such a 
characteristic is (5). Take for P a point of multiplicity zxz (involving a 
change of P) and write (6) in the form (7) so that P constitutes the first 
group. 


. Zh 3 e ee d oe ee gh +1 
(7) n; 1%, 1%, Yo Yas > Us > Yigea * 


KB ? ki? keke 
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(8) w == [n F aE]; eterna, (1 Rake) 
E coos atts sah arte tie, ome Rests 
Yas? > 2 Ja > 2 Yine 
aksi phe 
(9) w = [n F tres D eke]; Lanata — Statins is 
i=2 i-2 
pisl 
z -zra Inr Rk > > u 
(1 Rarna- > Teni), geaman, e raem, F 
Bala a (Yez — Tri) * +, (Yes — Trai) +, 


(Yreat*? — Tri, gt) aE, 


Compound (7) in the first way Trw, times, where e = 2r, getting (8). 
Compound (8) in the second way Zr+ı,: times with the third basis point of 
the compounding Ta on a point of multiplicity zri, t having successively all 
integer values from 2 to 2%", getting (9), since e = — Zrii. As (9) is of 
the same form as (6) the procedure is inductive. The set of compoundings 
used to obtain (9) from (6) will be referred to as one step of the inductive 
procedure, and (6) itself will be referred to as the general characteristic 
resulting from k steps of this procedure. It should be noted that each general 
characteristic includes all preceding ones. 

The only condition on the 2’s is that all the base numbers (i. e., the 
expressions giving the number of points in each group) must be non- 
negative, and if this condition is satisfied all characteristics obtained by this 
procedure are geometric, since (1) is geometric. 


6. THEOREM. Every plane Cremona geometric characteristic can be 
obtained as the result of sufficiently many steps of the above procedure [start- 
ing from (1)] and proper evaluation of the z's. - 


This theorem will be proved hy showing that the inverse of the pro- 
cedure will reduce a given characteristic to a particular case of (1). Let the 
characteristic of a given transformation T be n; yz", Pe Y where 
h denotes the highest multiplicity in T. (In the course of this proof A will 
also denote the highest multiplicity in any particular transform of T.) Take 
one of the points of multiplicity 4 as P, and let the multiplicity of this particu- 
lar point be denoted by p. The reason for the notation is that (n— p) is 
always invariant, but (n — h) is not. 


“ 


i. If there exists in T a point Q (other then P) ef maltiplii, n, 
Braces He sx s ' ' Vaa zeA A AE aS Nb e A 


one on Y, aid one general, In the noiaion of paragiaph L 2 >, 


a : yo du N n pp, 2, 50 that this compounding is in the 
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inverse of the second way. For simplicity we drop the primes in considering 
this and succeeding transforms of T. In this way all points Q may be re- 
moved, so that there remain only P of multiplicity p = h, points of multi- 
plicity (n— p), and points of multiplicity not greater than (n— p)/®. 
Before making further compoundings we use 


8. Noether’s Extended Theorem. In any geometric characteristic the 
sum of the first, third, and fifth highest multiplicities is greater than the 
order. It follows that there are at least three points of multiplicity greater 
than (n—h)/2. Hence, if p= h and there is no point Q, there are at least 
two points (other than P in the event that p= n— p) of multiplicity 
(n— p), and p È n— p. 


9. Compound T in its present form with a T, having one basis point on 
P and two ou points A and B of multiplicity (n— p). In obvious nota- 
tion e = — (n— p) and « =b’=0, so that this compounding is in the 
inverse of the first way. Let this compounding be repeated as many times 
as possible, that is, until p < n — p. 

If now gYn-p is positive, n— p = h > p=—n—h, and the group con- 
sists of but a single point. Since h + p= n, p is the second highest multi- 
plicity, and T has been reduced to a transformation 7” of the form (6) with 
P of the proper multiplicity, so that, if the procedure produces 7” it also 
produces 7. 


10. If, however, Yn-p is zero, then p< h S (n— p)/2, since T now 
contains no point Q. Compound T in its present form with a Ts having its 
basis points on P, a point JI of multiplicity h, and a general point K. Since 
V=n—p>p Z K =e Z (n— p)/2 this compounding is in the inverse 
of the second way. But P is now a point of second highest multiplicity 
and Y-p = 1. Hence in this case also T has been reduced to a transformation 
T’ of the form (6). 


11. As this last compounding is the inverse of the second way its 
use here is unwarranted. But the difficulty may be overcome without 
affecting T’. Because of the invariance of (n — p) the effect on T of each 
compounding is independent of the others, so that the order of the compound- 
ings may be changed without altering T’ and a compounding may be omitted 
without impairing the effect on T of any of the others. Let K’ be the point of 
multiplicity &’ involved in the last compounding. If K’ was present in the 
original T as a point Q, the continued product of the compounding which 
removed it, the last compounding of paragraph 9; and the compounding of 
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paragraph 10, is the identity. Hence they may all be omitted without affecting 
T”. If K’ was not present as a point Q, the compounding introducing it is 
necessary, but may be performed in paragraph 7. 


12. Now take the single point of multiplicity (n — p) as a new P and 
repeat the above process, noting that the new value of (7 — p) is less than 
the old one. By sufficiently many repetitions of this proccss it is possible 
to reduce the value of (n— p) to one, and when this has been done the 
result must necessarily be a particular case of (1).7 


13. This proof was conducted in such a way as to show that any char- 
acteristic may be obtained with P a point of highest multiplicity, not only in 
it, but throughout the process of getting it. Hence, in constructing T from 
(1) by the inverse of the above reduction, all gr, r = 0, 1, 2,:- +, k (where 
k is the required number of steps in the inductive procedure) are positive. 
The vanishing of an a; by no means invalidates the procedure; it leads only 
to duplicates. We shall assume in the sequel that all such 2’s are positive. 


14. If we now impose the condition that all but three of the base num- 
bers vanish in the general characteristic resulting from k steps of the induc- 
tive procedure, k > 1, it results that all the 2’s can be evaluated by six 
different sets of “formulas in terms of zo, and 21, taken as independent param- 
eters and in no other way. If, for successive values of k, these values of the 
z’s are substituted in the general characteristics, triadics 1, 2, 3, 4, 5, and 6 
result. (In these triadics we have written merely to for x, and g, for gu-) 
We omit the proofs of these statements because of typographical difficulties. 

Other formulas for evaluating the 2’s so that triadics result may be 
obtained by making two or more of the multiplicities equal in the general 
characteristics. For example, the condition x, = 2 makes every other pair 
of multiplicities equal, so that four, or even five base numbers may be positive 
without involving more than three different multiplicities. However, this 
particular condition leads only to special cases of the triadics given below, 
together with some half-dozen isolated triadics. 


15. Let +--+, ue, Ur, Uo, Ui U2,° * be the two-way sequence of poly- 
nomials satisfying the relations 
(i) U at Uir = PU i even, 
(Aa) Uia + Uii = Uin è odd, 

tbo epndoipn NPI 


u= w=. 


Irat ss {Temenos Transformations. p, 88. 
PT 
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It follows immediately that all the ws are polynomials in the one variable 2 
and that ui = — u-i, since u-ı = — 1. These polynomials are connected by 
many relations, among which the following are used in the sequel: 


(Be) Wize F LUi — Uin = Uize, 1% even, signs dependent. 


(Bo) Uraz + LUi — 22yUier == Vise, i odd, signs dependent. 


(C1) Wisc jar) Wi-cja1) = TUisjUij — Uj (i f) even. 
(O2) Btirjaytbicja = Uiii — Uzis (i j) odd. 
(03) Uinga Ui-cjen -i = UisjUi-j-— Uj all (t jf). 
(04) Wis (j42)Ui-cjag) = UiajUi-g — Uj (i pam j) even. 
(05) Uis binj) ==  Uiajli-g —@Uejwn, (ij) odd. 
(06) Uistin- = Us jUi-pa— Ujas all (t j) š 


Relations (B) are proven directly by substitution from relations (A). 
Relation (C1) is proven by induction first for the case j == 0. Then relations 
(C2) and (03) are proven directly for the case j == 0 by substitution from 
relations (A) and (C1). Finally relations (C1), (C2), and (C3) are proven- 
for general j by showing that if they all hold for all proper i when j = s, then 
they all hold for all proper i when f =s+ 1. Relations (C4), (C5), and 
(C6) are proven directly by substitution from relations (A) and the other 
relations (C). Details of the proofs are omitted because they offer no difficulty. 

As a digression we may point out an interesting property of these 
u-polynomials. Transform u; into wu’; by the substitution zı = 2, -+ 2. The 
roots of the equation u’;= 0, where 4 is positive and even, are equal to 
2 cos (2mm) /i, n = 1,2,- - +, (i —2)/2. 


16. The following triadics can be shown to be geometric and their con- 
jugates can be determined by Montesano’s method °: 


"ppo 2 
‘ppo ? 


“ppo 
‘u34 


"ppo 
‘U94 
‘ppo 
RENC 
"ppo 
“uA 
“ppo 
‘T343 
“ppo 
‘uə4ə 
"ppo 
UdAa 
“ppo 
‘uaaa 
"ppo 
"HA 
‘ppo 
‘3A 
"ppo 
“maAd 
“ppo 
"WaAd 


4 
4 
4 


(in + Bin) (Hin — Hn) os tf 


(n + hin) -+ (hin — Yn) os = to 


“etgin (T + org = teg) 


ya -Trt po-tn ( Į + org — teg) 


sritan (T + ey — rg) 


Op Tey thn ( Į + org = Trg ) 


“yea (T + ze — zg) 
“abaya (T + "zg — 12) 
in (T + "rg — eg) 
aon ( T + zg — "zg ) 
‘mapuan (72) 

rripin ( 12g) 

“tain ( Teg ) 

“latin ( *£@) 

“apr-an (*28) 

‘apron (728) 

“un (Tg) 

tasin (FEQ) 

‘agtean (728) 

“uqui (728) 

‘avran (FE) 

Cni- (12g) 

“atqhan (72) 

“igen (728) 

“eiottin ( Ki ) 

‘raonan (EZ) 


‘2 [e 

> Te 
“aeyttin ( Lo os) 
Suapin ( I— ogg) 
“torn (1 — 92g) 
t-agin (T — PTZ) 
‘aytan (T — "EZ ) 
“j4oetaytaso-un (1 — 92%) 
‘gon (T — Eg) 
“s00-test-aotian (T — 928) 
spin ("LE — T — °B) 
pina CEZ — T — rg) 
tsin Ceg a E osg) 
“aotnta (EZ — T — °@Z) 
pin (Eg — g — ag) 
ipinta Crg g o ezg) 
Som (123 — q — 9) 
roina (TLE — T — lrg) 
‘rn (T— lrg) 
“yqunta ( D ezg) 
“arm (T — lrg) 
apinīs ( T= sg) 
‘ugin (T— °g) 
“xqunte ( p= oeg) 
‘wn (T— @@) 
‘vnia (T — 9%) 


am —m(g—s)= op 
ESAN, — mg opi "jes 49 


€ 
afin-qr-u) T 
e 
Onto sttn cru) E 
€ 
toin- (1-4) T 


c 
Og slo T-gitin. (T48) Tt 


¢ 

apin~ (1-0) T 

Scapa tan tH i Tope (t-u) T 
[3 

Yorn er-u) T 


€ 
Opatet~totiin..¢—w) T. 


¢ 
apin =qr-u) L 
(3 
apnīg- r-u) T 
¢ 
torn -(r-uyT 
< 
nointæ-(r-u) L 
¢ 
apin - (qu) T 
6 
uprnte~ (qu) T 
€ 
aoin ~qr-u) T 
(3 
Yotnte(1-u) L 
¢ 
agin -eru T 
(S 
gata er-u) L 
(3 
apin (r-u) TL 
ig 
uinie- er-u) T 
é 
agin -er-u T 
€ 
agnt- qru) T 
awin ~ (pay L 


‘ 
totnm- er-u) | 


nme mn | 
ye In = 


[T +t- 

[r (02 e) 
[T4 w -- 
[T+ (02 — s) 
[r+ 


[rH ee) + 8 


‘(14 


Cr+ + oe — tt) oe t n, 


ees 
i 
+ 

“m 
kai 
+ 


on 
om 
ri 
+ 
T 
+ 


| 


Renee 


~ 
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17. A necessary and sufficient condition that a characteristic be geometrie 
is that there exist a set of 72s with which it may be successively compounded 
so that the resultant is the linear characteristic. If the characteristic is 
geometric its conjugate may be found by compounding the linear character- 
istic (written so as to contain a basis point of multiplicity zero to correspond 
to each basis point of the given characteristic) with the same set of 72's taken 
in the same order. Triadics 1c, 4e, and 6¢ may be derived in this way as the 
conjugates of triadics 1, 4, and 6, while all the others in the preceding table 
are self-conjugate. 

Unfortunately the algebra involved in the investigations of these triadics 
is long and complicated, so that we shall merely sketch the outline of the 
procedure, using triadic 1 to illustrate it. Let the linear characteristic be 
written under, and in the same form as, triadic 1. Let P be the single point 
of the first group (see paragraph 2). Compound with 7T.’s having two basis 
points in the second group so that this group is reduced to a group of simple 
points. (One T, will have only one basis point in the second group and 
one gencral.) Reduce the multiplicity of the third group by compounding 
with Tys having two basis points in it. If the multiplicity of the new third 
group is repeatedly reduced in the same way it is found that the formulas for 
all of the multiplicities change according to a certain simple law, so that the 
formulas for the multiplicities resulting from an arbitrary number of such 
reductions can be calculated directly. The number of such reductions needed 
is approximately &. When the triadic has been reduced in this wav to the 
simplest possible form it is finally compounded with a set of T.’s which 
obliterates the group of simple points that has been carried along, and the 
result is the linear characteristic. In the meantime the same sets of Tys 
have operated on the original linear characteristic to produce triadic 1c. 
Algebraic simplifications in this procedure are made with the aid of relations 
(B) and (C). 

18. The conjugates of triadics 1, 4, and 6 may be formally obtained by 
substituting — i for k in these triadics when they are written explicitly in 
terms of the w’s. Triadics 2’, 3’, and 5’ were obtained by this same formal 
operation when applied to triadics 2, 3, and 5 respectively. 

19. In paragraph 14 the case & 1 was not considered. Triadics may 
be obtained from (5), paragraph 3, either by making one of the base numbers 
vanish or by making two of the multiplicities equal. Triadics 7, 8, 9, 10, 
and 11 result respectively from the conditions 2%), — 1 — ti: = 0, %, = 0, 
1+ 224; — t = 0, 1—-1—1, and 14 Zoti — tı = £o. Their con- 
jugates are easily derived by Montesano’s method. We write merely æo for 


Ton Tı for T1, and x, for 22. 
s 


3 2 lr re) 4 (8 
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=a + 1) 
“(TH Seg) 
va (T -F a) 
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‘oe (T+ ee) 


"e+ re — ez) 
‘is (ee org- = Tag) 


‘(0uE-- 82 4 eg) 
“vn (OLIE - -y + teg) 
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t-hr-Org I 
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A DETERMINATION OF THE DOMAINS OF INTEGRITY OF THE 
COMPLETE RATIONAL MATRIC ALGEBRA OF ORDER 4.* 


By E. J. FINAN. 


“m 


1. Introduction. The set of all two-rowed square matrices with rational 
elements constitutes the complete matric algebra of order 4. We shall call a 
domain of integrity (or merely a domain) of this algebra any subset which 
(1) is of order 4, (2) contains the identity matrix, and (3) is closed under 
multiplication, the constants of multiplication being rational integers. Every 
such set has a basis + having the above three properties. 

If E, Es, Es, and FE; is a basis for such a domain, it is well known that 
E, E's, E’;, and Ef’, also constitute a basis where 


4 
Li = p> taj Hj (t= 1, 2, 8, 4), 


the ti; being rational integers such that | ¢; | = + 1, and that every basis 
of the domain is so obtainable. We shall call this change of basis a trans- 
formation (1). 

It is evident that if W is any non-singular two-rowed square matrix with 
rational elements the domain with basis W^, W'a, E's, and Ei’, is isomorphic 
with the domain whose basis is 


E= MEM (i= 1,2, 3, 4). 


If two domains are so related we shall call them equivalent. We shall call 
the process of obtaining an equivalent domain a transformation (2). 

Since transformations (1) and (2) are both associative and commuta- 
tive, we may consider any sequence of transformations as a transformation 
(1) followed by a transformation (2). We shall use this result later to show 
that two domains with the same discriminant may be non-equivalent. 

Since the constants of multiplication remain unchanged, the discriminant 
is invariant under transformation (2). Also it is invariant under a trans- 
formation (1). 


* Presented to the Society, April 19, 1930. 
t Dickson, Algebras and Their Arithmetics, Chicago (1923). Page 161. 
t MacDuffee, Annals of Mathematics, Vol. 2, No. 2: 2nd series. 
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Chere is an infinite number of non-equivalent domains, but it is shown 
in this paper that for a given value of the discriminant there is only a finite 
number. In $2 we obtain two canonical forms for the basis of a domain. By 
applying to these canonical forms arbitrary transformations (1) and (2) all 
sets of matrices are obtained which constitute bases for domains of integrity. 
Finally the number of non-equivalent domains is calculated for small values 
of the discriminant and a canonical form is obtained for each. 

This problem was first attacked by Du Pasquier,* who obtained after a 
more laborious reduction a reduced form which included all domains, unfor- 
tunately with much repetition. Ifis attempt to classify domains by means of 
the greatest common denominator in his canonical form was not successful, 
since this function is not an invariant. 


2. THEOREM 1. Every domain of integrity is equivalent under trans- 
formations (1) and (2) to one of the domains. 




















Case I 
ji 0 0 1 0 0 0 0 
lo 1 | | 0 | la a ka 0 | 
Case IT ` 
1 0 0 1 0 0. 0 0 
[o 1 | m 1 | la a ka 0 | 



































in which a, k, l, m are rational integers, OS1<k, 0S m < ka and in Case I 
P—m=0, mod.k while in Case II P +1—m==0, mod. k. Conversely, 
every set of matrices of this form, satisfying these conditions, constitutes 
a basis of some domain. 


By a theorem due to Du Pasquier in the article mentioned above, we 
may assume that the basal matrices have integral elements. 
Let this basis be #,, E», Es, and E, in which E, is the second order 
identity matrix. W, does not change throughout the reduction. 
Evidently the operation of replacing a single E; (j = 2,3, 4) by Ej —aEx 
(k = 1,2,3,4; 754%) is a transformation (1). We shall call this kind of 
transformation (1) a transformation (1-A). 
By a transformation (1-A) with j==2 and k==1 we can put Fe into 
the form 
0 b 
c d | i 








Vierteljahrssel ifi der Voto * a tee je ta Zuriek (1809), pure 197 
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There is an infinite number of non-equivalent domains, but it is shown 
in this paper that for a given value of the discriminant there is only a finite 
number. In § 2 we obtain two canonical forms for the basis of a domain. By 
applying to these canonical forms arbitrary transformations (1) and (2) all 
sets of matrices are obtained which constitute bases for domains of integrity. 
Finally the number of non-equivalent domains is calculated for small values 
of the discriminant and a canonical form is obtained for each. 

This problem was first attacked by Du Pasquier,* who obtained after a 
more laborious reduction a reduced form which included all domains, unfor- 
tunately with much repetition. Jis attempt to classify domains by means of 
the greatest common denominator in his canonical form was not successful, 
since this function is not an invariant. 


2. THEOREM 1. Every domain of integrity is equivalent under trans- 
formations (1) and (2) to one of the domains. 























Case I 
1 0 0 1 0 0 0 0 
fo af fm of fe el) fe of 
Case IT f 
1 0 0 1 0 0. 0 0 
lo a m 1 la a ka o | 






































in which a, k, l, m are rational integers, 0 SI < k, 05S m < ka and in Case I 
L— m= 0, mod.k while in Case IT B +1—m==0, mod. k. Conversely, 
every set of matrices of this form, satisfying these conditions, constitutes 
a basis of some domain. 


By a theorem due to Du Pasquier in the article mentioned above, we 
may assume that the basal matrices have integral elements. 

Let this basis be #,, Es, Fs, and E, in which F, is the second order 
identity matrix. Æ, does not change throughout the reduction. 

Evidently the operation of replacing a single E; (j = 2, 8, 4) by E; — Er 
(k = 1,2,3,4; 754k) is a transformation (1). We shall call this kind of 
transformation (1) a transformation (1-A). 

By a transformation (1-A) with j ==2 and k==1 we can put E, into 


the form 
HE! 


burt lebrooeh ift der Nutuiforohcenden Gesellschaft in Zurich (1909), page i3i. 
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1 0 
o o| 
then replaces F, by a matrix of the same form with b==1. Another trans- 
formation (2) with 
1 0 
—n 1 | 


followed by a transformation (1-A) with j =2, k=1 and g==n replaces 
E, by 


A transformation (2) with 


n= | 





M = 








0 1 
e d— 2n 











By suitable choice of n we can make the lower right element in Æ+ 0 or 1 
according as d is even or odd. We shall now divide the discussion into two 
cases. 


Case I. dis even. E, is now in the form 
0 1 
e 0 











By a transformation (1-A) we can subtract multiples of #, and Es from 
E, and E, and give them the form 


0 0 0 0 
rl on el 


There exist relatively prime integers, A and p, such that àg -+ wg==0. Also 
there exist integers, é and y, such that ué — àņ = 1. The transformation (1) 
with matrix 


E, = 





1 0 0 0 
0 1 0 0 
0 0 é 7 
0 0 A p 


leaves F, and E, unchanged, replaces Fs by a matrix of the same form and 
replaces Æ, by 

0 0 
r 0 | 


If we now express the products #,#, and F,E: as linear combinations 
of £,, Eo, Es and E, with integral coefficients, we get certain relations between 
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r, f, gande. After some simplification these amount to r = kg, f = lg and 
F == e, mod. k. Hence the basal matrices may be written 


oaf Im a 


in which == m, mod. k and ka540. The latter condition follows from the 
linear independence of the basal matrices. 

We shall now show that it is possible by transformation (1) to make all of 
the elements positive or zero. If ka is negative, apply transformation (1) 
with T equal to the identity matrix with the exception that tą = — 1. Ifa 
is negative, use a similar transformation with ts, ==— 1. Also, with ka 
positive, we can make 0m < ka and 0S1 < k by repeatedly adding F4 
to F, and Es respectively. None of these transformations changes the condi- 
tions on the elements of the H’s which are given above, for the 1 in F, is not 
changed, and none of the zeros is lost in any of the #’s. Hence we have 
arrived at the canonical form given in the theorem. 


0 0 
ka 90 


2 ? 


la a 














B® 




















Case II. dis odd. The procedure is similar to Case I. We shall not 
include it here. The conditions on the elements of the #’s are given in the 
statement of the theorem. 


To show that any four matrices satisfying the conditions given in the 
theorem constitute a basis for some domain, it is sufficient to construct the 
multiplication table of the matrices. This shows that the constants of multi- 
plication are integers. The other conditions for a domain are evidently 
satisfied. 


3. Conditions for equivalence of two domains. In our investigation we 
shall need the discriminant matrix of the domain. This is given by the 
formula * 


Drs == > CrijCsjt 
ji 


in which the ¢’s are the 64 constants of multiplication. Using the basis given 
in Theorem 1, the discriminant matrix for Case (1) is 


4 0 2a 0 
0 4m la Zka 
2a Ala 2a? 0 
0 2ka 0 0 


So teutivucd in $4 )2)—— ibb is an invariant under transtor- 


“ MacDuffee, loc. cit. 
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mations (1) and (2). From Theorem 1 it is evident that there is only a 
finite number of non-equivalent domains for a given value of | D |. Hence 
using a constant ka?, which is evidently the simplest function of the invariant, 
we can make a determination of the non-equivalent domains with a given 
discriminant. (] D | is called the discriminant of the domain.) Although 
we have no formula which gives the number of non-equivalent domains for a 
given value of ka®, we shall give 6 auxiliary theorems which are useful in 
determining this number. The rest of this paper will be devoted to the deter- 
mination of the number of non-equivalent domains for values of ka? from 1 
to 31 inclusive. In many cases the calculations are long; hence we are 
including only one typical calculation. The results are given in tabulated 
form at the end of the paper. 

If two domains are equivalent * under transformations (1) and (2), it 
is necessary that there exist a matrix T of determinant = 1 such that 


TDT =D 


where D and D’ are the discriminant matrices of the two domains and T = T 
transpose. Also, since each domain contains the principal unit, it is still 
quite general if we demand that the first row of T be all zeros’ except the first 
element, which is unity. 

The last equation evidently gives certain relations between the elements of 
T, D, and D’. There are 3 sets of such relations that we shall need; one when 
D and D’ both come from domains of type (I); one when both D and D’ 
come from domains of type (II); and one when D is of type (I) and D’ is 
of type (II). However, we shall include only those equations which must 
hold when both domains are of type (I). There are 9 independent ones and 
we shall refer to them as A-1, A-2, etc. The theorems which follow from the 
other sets of equations will be stated without proof. In the following equa- 
tions the unprimed letters are elements of the basal matrices whose discrimi- 
nant matrix is D; the primed letters belong to the basal matrices whose 
discriminant matrix is D’. These A-conditions which must hold when two 
domains of type (I) are equivalent are 


A-1 2ta + ates = 0, 
A-2 Rta + ats = 0, 
A-3 Rian + ats = 0", 
A-4 Coi + Mto: + lataztos + katosta = m’, 


* MacDuffee, loc. cit. 


A DETERMINATION OF THE DOMAINS OF INTEGRITY. 925 


A-5 — #75, + Mts + latsatsg + heatgats, — Qtagts: = 0, 

A-6 fay + mt aa + latsstas + batistas, = 0, 

A-Y —Atagtor + 2mtsetbaz + latssteo + kataster + latsstes + kätt = Ua’, 
A-8 — atatzs + 2mMtaglos + lataster + kataslos + latsotes + kalates = k'u’, 
A-9  —atatss + 2mrtastsg + latggtse + kalsitga + latsotes + hataats, = 0. 


4. Auviliary theorems. The following theorems are useful in determin- 
ing the number of non-equivalent domains with a given discriminant. 


THEOREM 2. If 21==0, mod. a, the domain is equivalent to some domain 
in canonical form in which l==0. 


To prove this it is sufficient to give the transformation which makes l 
zero without changing the canonical form given in Theorem 1. The following 
transformation works for both cases. 


1 0 0 0 
1 122 0 
T = a $ > 
0o 0 1 0 
0 0 0 i 
and 
ee e E 
AE = [aea ; 








This transformation leaves k% and a invariant. If m is such that the domain 
is not in canonical form, this can be corrected by adding or subtracting ka 
a sufficient number of times. 


THEOREM 3. Any domain of type (II) with a odd is equivalent to a 
domain of type (I). 


The following transformation will put the domain of type (II) into one 
of type (I). 


1 0 0 0 
l+a 
a 1 1 0 
T = — 2 3 
0 0 1 0 
0 0 0 1 
and 
Ii 1 oH 
U= || ji -& | 
je 
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THEOREM 4. If ka? contains no square factor other than unily, all 
domains are equivalent. 


By Theorem 3 we need consider only domains of type (I), since a is 
evidently 1. By Theorem 2 we may take / as zero. Hence 


m= 0, mod. k. 


But by subtracting or adding & we can evidently make m zero. Hence m and 
l are both zero and a@ is 1. Hence there is only one such domain for such a 
value of ka.? 


THEOREM 5. Two domains of type I are non-equivalent if a is even in 
one and odd in the other. : 


If a’ is odd A-3 is impossible unless a is even. This proves the theorem. 


TuuorEM 6. A given domain of type (IZ) is not equivalent to a domain 
of type (I) with a even. 


THEOREM 7. Two domains of type (II) in which the a's are even are 
not equivalent unless the m’s are both even or both odd. 


5. Non-equivalent domains when ka? 18. We shall now make a de- 
termination of the number of non-equivalent domains for which ka? = 18. 
This is a typical case. Since 1 and 9 are the only square factors in 18 it is, 
by Theorem 3, sufficient to consider only domains of type (I). The following 
seven domains are the only ones satisfying the conditions given in Theorem 1. 


k a l m 
D 18 1 0 0 
D 2 3 0 0 
D 2 3 0 2 
D 2 3 0 4 
D 2 3 1 1 
D 2 3 1 3 
D 2 3 1 5 


The domains D, and D, are non-equivalent, for if we apply a transfor- 
mation (1) to Dz, we get 
(A-5) eo Car + Clsotss = Btastar = 0, 
(A-1) tay + 8t33 = 1. 


The first of the above equations demands that łą = 0, mod. 3, and this is 
impossible in the second one. 


ybo deed Ho Gass nokagubeon tia 0Y i ya appa tte see” 1 


to JA. Ae d pecolues 


But i 2oanad. 3 has no roots. Thence JA and J, die nona quis at. 
Noy Poad D aw noneguivaleat, for cio ye apply a trar formations 
(ito D e howe fram A-1 and A-t resnectively: 


Ua + Bf, 0, 
Cuer tn 2 
which have no common solutions. 


The transformations 








1 0 0 0 
6 — 3 — i 4 
oo D EE an fall Ni 
— 6 6 4 — 5 
and 
— 1 1 
M == 
s | 
put PD, into D,. Also the transformations 
1 0 0 0 
p= | 3 1 2 —1 
0 0 1 0 j 
0 0 0 1 
and 
ae nate l : 
3 — 1 











put Da, Da, and D, into domains which are evidently equivalent to Des Dr; 
and D, respectively. 
This concludes the determination. There are evidently just three non- 
equivalent domains, These are Di, Pos and Da which are listed above. 
SF tel fopa tngah aon-eanionl at domains with ku? 22 31. We 
i iai a ne C’ ot loscia rep volisa mi tu 
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PENCILS OF HYPERSURFACES.* 


By TEMPLE Rice Hoiucrort. 


1. Introduction. A general pencil f of hypersurfaces in r-space Sy is 
defined by the equation 
(1) f == Àth + Asta = 0, 


in which w, and wz are given, non-singular hypersurfaces of S, and À == à1/Às is 
the parameter. 

Pencils of plane curves were first studied systematically by Cremona.t 
Certain properties of pencils of surfaces of Ss have been found by various 
mathematicians, but in most cases only as special properties of a k-parameter 
linear system for k = 1. Doehlemann f devotes a short section of his article 
to properties peculiar to pencils. 

The purpose of this paper is to determine the characteristics of a gen- 
eral pencil of hypersurfaces in r dimensions. 


2. The basis manifold. The basis manifold M of the pencil f is of 
dimension r—2 and order nè. It is the complete intersection of w, and uz 
or of any two, three,- - -, infinity hypersurfaces of f. 

The i-th class m: of a manifold Ma of dimension « in Sr, «= r— 1, is 
the class of the section of Ma made by an arbitrary Sras; that is, the num- 
ber of Sy-asi-1 through an arbitrary S;asi-2 of Soi that are tangent to the 
section of Ma made by Sr-aiz. For a general hypersurface of order mo, mi = 
Mo(Mo — 1)4. 

The basis manifold M of dimension r— 2 is the complete intersection of 
two hypersurfaces in S,. The i-th class of M is the i-th class of the manifold 
(hypersurface of Si) that is the projection on Sis, from an arbitrary point 
of Size of the section of M made by Si. The basis manifold M has, there- 
fore, r— 2 distinct classes, mi, t = 1, 2,- ++, r—2, which are respectively 
the classes of the sections of If made by an arbitrary Siz 

Under the above definition, the order of a manifold may be considered as 
* Presented to the American Mathematical Society, September 9, 1930, 

(UL. Coca, Y“ Piulcitung in eine geomotrische Theorie der Ebenen Crivien.? 


ta " oe 
JN. deacaicmann, “Lincare Systeme von (urven und Flächen,” Mathematische 
analen, Vol, di C1883), pp. 960-083, 
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the class mo; that is for M, the class of the section of M by an arbitrary plane 
which is n’. 

The class m, of M is the class of a 8-space section of M. This is the 
rank of a space curve of order n? (or class of the plane curve projection of 
this space curve from a point of 8s) which is the complete intersection of 
two surfaces of S, of order n. Then m,=n°(n?—1)—n?(n—1)? = 
2n?(n — 1). . 

The class mz of M is the class of a 4-space surface (or class of the 3-space 
surface into which this surface projects from a point of S,) which is the 
complete intersection of two hypersurfaces of order n of Sy. Since such a 
surface has no improper double points, its class 


Me = BL + Yam [8m — (m, — 1) (mo + 2) ],* 


wherein the order mo =n”, the class of a 3-space section m, = n? (n — 1), 
the number of apparent triple points t= n?(m%—1)?(n—2)°/6. Hence 
M = 8n?(n— 1)? 

Comparing the above three values of im: for i =Q, 1, 2, it is evident that 
the values of the classes m; of M are 





mı =(i + 1)? (n—1)4, (i=1,2,3,: --, r—2). 


Using the formula for the equivalence + of a manifold of given dimen- 
sion, order and classes which occurs simply on r hypersurfaces of given order 
in Sr, the equivalence of the basis manifold M on r hypersurfaces of order 
N in S; is found to be 


Eu =n? [ON — 2, COnN + 3,0 n2NOt —- + 
+(— ra (r — 2)rOnr N +(— 1)"(r Seas 1)nt-?].t 


For r= 2 and all values of N, Ex has the value n?, that is, the equiva- 
lence of n? points common to any two curves is n’. Also, Ex has the value n” 
for n = N, that is, in S,, M is the complete intersection of r hypersurfaces 
of order n. 


* P. Severi, “ Intorno ai punti impropri di una superficie generale dello spazio a 
quattro dimensioni e suoi punti tripli apparenti,” Rendiconti del Circolo Matematico di 
Palermo, Vol. 15 (1901), pp. 34-36. 

+ F. Severi, “ Sulle intersezioni delle varieta algebriche e sopra i loro caratteri 
e singolarità proiettive,’ Memorie delle Reale Accademia delle Scienze di Torino, 
Ser. 2, Vol. 52 (1903), p. 115. e 

$ The expression resulting directly from substitution in the formula is in powers 
of N—-1 with increasingly long coefficients. On expanding the binomials (N —-1l)it 
and combining like terms, the above comparatively simple form is obtained. 
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3. ILlypersurfaces and systems of hypersurfaces associated with the pencil. 
che L-polar hypersurfaces of a pencil of hypersurfaces form systems, linear 
in the parameter A and of degree k in the r independent codrdinates of a 
gcneral point of S;. 

The Hessian of a pencil of hypersurfaces of order n is a one-parameter 
family of hypersurfaces of order (r + 1)(2—2) in whose equation the para- 
neter A occurs to the degree r -+ 1. The Hessian does not contain M. 

One point P given on the Hessian determines the Hessian by means of 
an equation of degree r -4-1 in A. Then a point given on the Hessian of a 
pencil of hypersurfaces determines r + 1 hypersurfaces of the pencil and the 
a 1 Hessians associated with them. From the definitions of the Hessian 
-as a locus, we have, therefore: A given point P considered either as a contact 
of two first polars, as a node“ on a first polar, or as a pole whose (n — 2)- 
polar is a quadrie hypercone (all polars with respect to the pencil of hyper- 
surfaces) determines r + 1 hypersurfaces of the pencil whose r -+ 1 respective 
Hessians all pass through P. 

Eliminating 4 from the equations of the pencil and the Hessian, the 
equation of a fixed hypersurface J of order 2(r -+ 1)(n— 1) is obtained. 
This hypersurface contains M (r-+-1)-fold and is the locus of the parabolic 
_ manifolds of hypersurfaces of the pencil. 

The envelope of the Hessians of a pencil of hypersurfaces of order n 
is a unique hypersurface of order (2r + 1) (n— 2) which does not contain M. 

The above results for the first Hessian can easily be extended to any 
k-Hessian, 1 = k S n—2,} which includes the Steinerians of the pencil. 

The k-polar hypersurfaces of a fixed point P with respect to the hyper- 
surfaces of the pencil themselves form a pencil of hypersurfaces of order 
n— k with a basis manifold of order (n — k)? and dimension r— 2. These 
pencils are all projective to the original pencil and to each other for the same 
or different positions of P, since all are linear one-parameter systems with 
the same parameter A. A multiple infinity of fixed hypersurfaces associated 
with the pencil can be determined as loci of the intersections of corresponding 
hypersurfaces of any two of these projective pencils. 

The most important of these fixed hypersurfaces is the locus of inter- 
sections of corresponding hypersurfaces of the original pencil and the first 
polar pencil of a given point P. This hypersurface ¢p is of order 2n—1. 
it as the locus of contacts of all tangent hyperplanes from P to hypersurfaces 


ves Ae se eene LO rite dee pad Oa CAIN C 
ea an eatirely gencral tangent guadric hy percone, 
TT. R. Hollevoft, © The Generslized Hessian.” Quarterly Jourral of Mathewetics, 
"30 (1927), pp. 362-372. 
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of the pencil. It contains the basis manifold MW and passes through the nodes 
of hypersurfaces of the pencil. 

For all points of S+, the hypersurfaces dp form an œ” system of surfaces 
of order 2n — 1. This system has Mf as a basis manifold and the nodes of the 
pencil as simple basis points. The Jacobian of this system is of order 
2(r-+1)(n—1), contains J (r+ 1)-fold and has nodes at the nodes of 
the pencil. 

This Jacobian hypersurface J is identical with the hypersurface J found 
above by eliminating A from the equations of the pencil and the Hessian. 
This is easily seen by writing out the equation of J according to both defi- 
nitions. This equation is a determinant, equated to zero, of order r-+-1, 
whose principal diagonal contains the elements 


Ugur? — UUT, (i= 1,2,---,r+1). 


4. Nodes of the pencil. Algebraically, the determination of the number 
H of hypersurfaces of the pencil that have nodes consists merely in finding 
the order of the discriminant of a quantic of order n in r independent varia- 
bles. This discriminant is of order (r + 1) (n— 1)”. Hence 


H=(r+1)(n—1)". 


This result may also be obtained synthetically. Consider r hypersurface 
$p, defined in the preceding section, determined respectively by r distincl 
arbitrary points P; of S+.” Each of these r hypersurfaces passes through M, 
the H nodes of the pencil and the r(m—1)** contacts of hypersurfaces of 
the pencil with the S;.. determined by the r points P: (see section 5). Sub- 
stituting N = 2n — 1 in the formula for Lar derived in section 2, there results, 
on expanding the binomials and simplifying, 


Ey? = n?[-02.(n — 1)? + eCgn(n—1)78 4: rant’ (n—1)4+ ne]. 


Hence 
H =(2n— 1)" —r(n— 1) — By? =(r + 1) (n— 1)". 


Another method used by Cremona (loc. cit., pp. 122-123) can be gen- 
eralized. Consider the first polar pencils p, respectively of r+ 1 distinct 
points P; and the r hypersurfaces of order 2(n — 1) generated by the r pairs 
of projective pencils pipe, Pips,’ ``, PıPreı These r hypersurfaces all pass 
through the nodes of the pencil and the basis manifold of p,. This basis 
manifold is of order (n — 1)? and its equivalence Æ” on r hypersurfaces of 


* This method applied to pencils of plane curves was used by Guceia, Rendiconti 
del Circolo Matematico di Palermo, Vol. 9 (1895), p. 15. 
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Wor 2(» -1) is found by replacing N by 2(m—-1) and n by n—1 in the 
rmula for Ey. This gives 


“== (n—~1) 7[-Og2? 2—2,.C 927-3 wee + (—1)"(r—1 ) ]e=(n—1)* (27—r—1). 


ence 





H = [2 (n—1)]— E’ =(r +1) (n — 1)". 


5. The number of hypersurfaces of a pencil tangent to a given manifold. 
e shall first find the number of hypersurfaces of a pencil tangent to a given 
m-singular hypersurface u of order m. 

The solution of this problem is equivalent to finding the order of the 
ct-invariant T of u and a general hypersurface of the pencil. Since all 
efficients of both u and the pencil are constants except A, T is a function 
A. The roots of T = 0 are values of A defining hypersurfaces of the pencil 
ngent to u. l 

To find the order of the tact-invariant T, we shall first consider the net 
‘hypersurfaces in Sr, 

Au + Àt + Aste = 0, 


which u == 0, u, = 0, ua = 0 are hypersurfaces of orders m, n, p respec- 

vely. The locus of contacts of the hypersurfaces of the net is the Jacobian J, 
hypercurve whose order will be found. Let p == n. Consider the two hyper- 
irfaces u = 0 and f= Àth + Astle = 0 of orders m and n respectively be- 
nging to the net. The contacts of these two hypersurfaces will lie on J and 
ill, therefore, lie at the intersections of u and J. The number of inter- 
ctions of u and J will, therefore, be the order of the tact-invariant of « 
id f in the coefficients of f. 

The equations of J are most easily derived from the following definition 
: J: The Jacobian of three hypersurfaces of S, u==0, u, = 0, ue—0 of 
‘ders m, n, p respectively is the locus of points whose polar hyperplanes with 
jspect to the three hypersurfaces have an Sr-2 in common. 

From this definition, the equations of J are given by the matrix 


i i u’ u” u” P att) 

b 

p Wa u, wh ere 
we Uy Wy a N 


i which the superscript 7 denotes the partial derivative with respect to wi 
oo eanations of J consist of r- 1 independent determinants of this matrix, 
Sa oh tavern Waen car theses Pocynataes apos oa, 

paw of order m toe | p 3. The hypercurve J is the portion or tne 
fersection ol a set of r- 1 independent hypersurfaces that 1s common to ail 
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Salmon * has derived a method for obtaining the order of the syst 
common to all the determinants contained in any given matrix. Using hi 
notation, we may write the above matrix, which contains 3 rows and r—. 
columns, in the form 

a & @ tts @ 
BBB: B 
y ypy RAY i 


The order of the system common to all the determinants of this matrix is 


> apiy (i +j+k=r—1); 


that is, the sum of the r(r + 1)/2 products a*@/y* in which i, 7, & each range 
from 0 to *—7-1 subject to the restriction t + j + k =r— 1. 
Since « = m — 1, 8 =n — 1, y = p— 1, the order of J ig 


(m — 1) + (m — 1)" [(n—1)+(p—1)] 
+ (m — 1) [(n— 1)? +(m— 1) (p—1)+(p—1)?] 
+o Hlm i)i) a)l) Fe par 
+ (m1) (an1) Hp) 


For p =n, the order of J becomes 


(m—1) -+2 (m — 1)" (n —1) 4+ 3(m— 1)" (n —1)? 

poo plr) (m— 1) (n— 1) H r(a— 1) i 

The number of points common to u and J which is the order of the taq 
invariant T of f and u in the coefficients of f is, therefore, 


m[(m— 1) + 2(m — 1)" (n— 1) 
+e e+ (r— 1) (m—1) (n— 1)? +7 (n—1)"7]. 


This is, moreover, the number of hypersurfaces of the pencil which are tal 
gent to a given non-singular hypersurface of order m. 

The above result is easily generalized to obtain the number of hype: 
surfaces of the pencil that are tangent to a given manifold Ma of order * 
and dimension «= r— 1. 





* G. Salmon, Lessons Introductory to the Modern Higher Algebra, 4th editio 
pp. 286-290. i 
+ Cf. T. R. Holleroft, “Nets of Manifolds in i Dimensions,” Amnali di Mat 
matica, Ser. 4, Vol. 5 (1927-28), pp. 261-267. The work of section 2 in finding t 
order of J and the tact-invariant is a special case of the above for m =n == p. ! 
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rae, given a hypersurface Ma of order m. The contacts of members 

pencil with Ma will all lie in San, that is, they will be the contacts 

and a general pencil of manifolds of order n and dimension 2, the 

~- of the pencil of S» by Sas. This is the same as the original problem 

== a@-- 1, Then the number of hypersurfaces of a pencil of order n 

‘. that are tangent to a given non-singular manifold of order m, dimension 
r—1, which is contained in an Sas, is 


Na = m [(m—1)*+ 2(m— 1) (n — 1) 
+++ +--+ (m — 1) (n — 1) 4+-(@+ 1) (n—1)°]. 


For m=1, formula (2) becomes (#+1)(n—1)*% the number of 
2rsurfaces of the pencil tangent to a linear manifold Sq. 

Formula (2) may be interpreted as follows: The pencil of. hypersurfaces 
rder n of S, intersects Ma in a pencil of manifolds of order mn and 
ansion & — 1 lying in Ma. The number of manifolds of this pencil in Ma 
have a node is Wa. This is evident because a node of a manifold in Mea 
rs at a contact of Ma with a hypersurface of the pencil. 

A hyperspace curve C of order mo intersects the pencil of hypersurfaces 
single infinity of groups of mon points, each group of which is such that 
one point determines the remaining mon——1. If C is of genus p, this 
lution on C contains 2(mon-+ p—1) coincidences.” There are, then, 
= 2(mon + p— 1) hypersurfaces of the pencil that are tangent to a 
e of order mo, genus p and belonging to any space. 

This formula shows the effect only of nodes, apparent or actual, since 
additional property of a cusp does not appear in a formula involving only 
order and genus. From either the above formula or the succeeding one, 
is reduced two by each additional node or apparent double point. 

Let m, be the rank of C. Then p= m, —?(m,—1) and the above 
‘ula becomes 
N’ = m, + 2mo(n—1) 





be Gee He ; 
e A'i is the number of hypersurfaces of the pencil tangent to a hyper- 
Pear € orau va and rank m. Tt is now seen that each cusp reduces 


Bye Wet veneral s-fold point of C reduces Vi by s(x 1). since 
T 
uN, ue 


v « ; 
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ai. given a hypersuriace Ma of order m. The contacts of members 

o ownd] with Ma will all lie in Saa. that is. they will he the contri. 

a «ud u general pencil of manitolds of order n and dimension z, the 

moot the pencil of S- by San. This is the same as the original problem 

= x -p l. Then the number of hypersurfaces of a pencil of order n 

that are tangent to a given non-singular manifold of order m, dimension 
1, which is contained in an San, is 


No == m [(m—--1)* + 2(m—-1)*(n- -1) 
+o plm - 1) (nm -1)%? + (a+ 1)(m--1)4]. 


For m=1, formula (2) becomes (æ + 1)(n—1)% the number of 
ersurfaces of the pencil tangent to a linear manifold Sq. 

Formula (2) may be interpreted as follows: The pencil of. hypersurfaces 
wder n of Sy intersects Ma in a pencil of manifolds of order mn and 
ension « — 1 lying in Ma. The number of manifolds of this pencil in Ma 
; have a node is Ng. This is evident because a node of a manifold in Wy 
irs at a contact of Ma with a hypersurface of the pencil. 

A hyperspace curve C of order my intersects the pencil of hypersurfaces 
‘single infinity of groups of mon points, each group of which is such that 
ae point determines the remaining mọn — 1. If C is of genus p, this 
lution on C contains 2(mon-+ p — 1) coincidences.” There are, then, 
= 2 (mon + p— 1) hypersurfaces of the pencil that are tangent to a 
e of order mo, genus p and belonging to any space. 

This formula shows the effect only of nodes, apparent or actual, since 
idditional property of a cusp does not appear in a formula involving only 
order and genus. From either the above formula or the succeeding one, 
is reduced two by each additional node or apparent double point. 

Let m, be the rank of C. Then p = mi—2(mo—1) and the above 
ula becomes 


N’, == m, + 2m (n- 1) 


e N’, is the number of hypersurfaces of the pencil tangent to a hyper- 
> curve O of order my and rank m;. It is now seen that each cusp reduces 
by three. Also a general s-fold point of C reduces N’; by s(s— 1). since 
reduction occurs in the rank. 

In Sai consider a general manifold Ma of dimension z. order m. and 
em, > vee HBa (Oe Le ah, such that a rT. Sub 
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stituting m: for the respective products mo(m>—1)* in formula cA 
results: The number of hypersurfaces of a pencil of order n in S, i 
a manifold Ma of dimension g, order mo and classes mi, m2, Ma," * *3: 


(3) Ng == ma + 2mar(n—1)+ 3m¢-2(n —1)? 
feo ft amy (n— 1) +(e + 1)mo(n—1)% 


This is the general formula of which formula (3,) above for the hy, 
space curve C is a special case for «= 1. Formula (3,) can be derived fr 
(2) by setting « = 1 and m, = mo (mo — 1), the value of m for a gene 
lane curve. This is the same process by which (3) was derived from i 
‘Lor any « Formula (3:), however, was derived independently for a hy, 
space curve of given order and class and therefore holds for a curve of : 
space. - 
Because of this and other evidences and analogies (e. g., to equivale 
formulas), it would appear that formula (3) holds for manifolds of ; 
order n , classes mi mo(m o—1)*, and dimension «, defined by in 
ze vons of r— g linear or non-linear hypersurfaces of S,, but this has 
veen Proved. 
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CORRECTIONS. 





J. L. Dorrow, Some metric properties of descriptive planes. 


“ce 


p. 403, 1. 5 change “segment Hy,” to “segment of Hy”. 

p. 407, 1.13 change “| f(4%,V)—f(Z,a|” to “| F(Z, V)—f(Z, 2 
p. 407, 1.29 change “Ye” to “Y,*”. 

p. 415, 1.12 change “L” to “E”. 


